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Inelastic electron scattering form factors were measured for the low-lying odd-parity states of Al over a
'momentum transfer range of 0.57 to 2.41 fm '. Reduced ground-state transition probabilities were deduced
for states at 4.055 MeV(1/2 ), 5.156 MeV(3/2 ), 6.159 MeV(3/2 ), 6.477 MeV(7/2 ), 6.605 MeV(1/2 or
3/2 ), 6.651 MeV(5/2 ), 6.993 MeV(3/2 ), and 7.228 MeV(9/2 ). In addition, the results support odd-
parity assignments for the 5.827 MeV(3/2 or 5/2+) and 7.477 MeV(7/2) levels. Attempts have been made
to interpret the results in terms of the weak-coupling and strong-coupling models. The measurements
confirm the apparent high concentration of 1p-shell proton hole strength in the 4.055 MeV, 1/2 and 5.156
MeV, 3/2 states. To satisfactorily account for the observed properties of these two levels using the weak-
coupling model requires an anomalously small value of 1.35 MeV for the spin-orbit splitting of the 1p shell.
The structure of levels in the 6 to 7.5 MeV region is shown to be based on the excitation of 1d-shell
nucleons into the 1f shell.

NUCLEAR REACTIONS Al(e, e'), E=70—340 MeV; measured 0 (E; 8), DWBA
analysis. ~= -1 levels, deduced B(A), 6. Strong-coupling model, weak-coupling

model.

I. INTRODUCTION

In contrast to the even-parity states, the low-
lying odd-parity states of the 2s-1d shell nuclei
have received relatively little attention, either
experimental or theoretical. For example,
whereas reasonably successful shell-model calcu-
lations of the even-parity spectra can be made by
considering only the sd-shell configuration
space, any realistic calculation of the negative-
parity levels would have to include active 1p and
2p-lf shells. In the absence of such theoretical
work, approaches to the understanding of the
structure of odd-parity states are usually based
upon more collective descriptions.

The 2s-1d shell nucleus considered here, "Al,
is frequently regarded as transitional in shape,
intermediate between lower-Z, prolate rotational
nuclei ("Mg, "Al, and "Mg), and heavier nuclei
of oblate deformation ("Si and '9Si). Nevertheless,
available experimental evidence seems to suggest
a clearly prolate character for "Al: The sign of
the observed ground-state quadrupole moment is
positive (+ 0.140eb),»and. a Nilsson-model interpre-
tation' of the low-lying level scheme favors a pro-
late deformation corresponding to g = 3. On the
other hand, a simple rotational description of 'Al

, is not nearly as convincing as it is for the & = 21-
25 nuclei. More satisfactory interpretations in-
voke appreciable band mixing, the coupling of ro-
tational and vibrational motions, '. the strong inter-
action of particles in different Nilsson-model or-
bits, ' or the weak coupling of a proton hole to the
collective rotational levels of a "Si core.' " Even

so, insofar as the even-parity states are con-
cerned, none of these models is as comprehen-
sively successful as the shell model calculations
of Cole et aL.' or Wildenthal and McGrory. '

Recent (p, y) measurements by Maas and colla-
borators'4 have done much to clarify the spin-par-
ity assignments of low-lying levels in "Al. The
odd-parity spectrum shown in Fig. 1 is principally
based upon two different configurations, one rep-
resented by the excitation of an sd-shell nucleon
into the pf shell, and the other by the creation of
a 1p-shell proton hole in the ground state of "Si.
A comparison of data from, pickup and stripping
reactions" indicates that the 4.055 MeV, ~=~
and the 5.156 MeV, 2 levels are hole states, and
that the 6.159 MeV, & and 6.477 MeV, —,'states
arise from particle excitation into the pf shell.
In the framework of the ¹lsson' model, Hopke
et al. identified the latter pair of states as the
lowest two members of the &'=~, [330] rotational
band. " This identification is supported by ob-
served similarities with negative-parity states in
neighboring nuclei.

Presented in this paper are electron scattering
form factors for most of the odd-parity states
identified in "Al up to an excitation energy of 7.5
MeV. The availability of these form factors per-
mits further tests to be made of the various mod-
els proposed for the structure of this nucleus.
Previous electron scattering experiments
have not defined the form factors of the odd-parity
spectrum, primarily because these experiments
lacked the resolution to cope with the increasing
level density at excitations in excess of 4 MeV.
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FIG. 1. Experimental and weak-coupling level
schemes for Al. Only the lowest-lying even-parity
states are shown. An asterisk denotes that the corres-
yonding weak-coupling level was fitted exactly to the en-
ergy of an observed state.

II. EXPERIMENTAL DETAILS

The measurements were performed using the
22-section linear accelerator of the Bates Labora-
tory in Middleton, Massachusetts. This 8-band
device can accelerate electrons to energies of 350
MeV or more with a duty factor of about 0.5'%%uo. The
energy-analyzed beam emerges from the beam
switchyard with a horizontal momentum dispersion
which is rotated to the vertical plane by a system
of five quadrupole lenses. When the beam is sub-
sequently intercepted by the target it has a mo-
mentum dispersion of 10 cm//o and usual beam-
spot dimensions of approximately 1 mm wide by
30 mm high.

For the experiment reported here, average on-
target beam currents of up to 55 p, A were deliv-
ered within a momentum spread of +0.15%%uo. Beam
currents were monitored by means of two identical
ferrite toroids, ' the calibration of which had been
previously established using the Faraday cup at the
National Bureau of Standards Laboratories in

Maryland. Further details of the Bates electron
accelerator and beam-handling system are given
in Befs. 20 and 21.

Scattered electrons were momentum analyzed in
a 900 MeV/c, split-pole magnetic spectrometer"
having a 2.23 m mean bending radius and a total
deflection angle of 90'. The maximum spectrom-
eter aperture subtended at the target was 26.8
x 130.9 mrad, corresponding to an acceptance
solid angle of 3.514 msr.

The spectrometer focal plane instrumentation2'
consists of a pair of multiwi. re drift chambers and

V' V'

two Cerenkov counters. The Cerenkov counters
fulfil three separate functions: They assist in the

I

rejection of stray room background, provide in-
formation for the assessment of counting losses
due to the wire-chamber dead time, and supply the
timing start pulse for the delay-line circuit which
measures the trajectory of incoming electrons. In
.the first wire chamber, the positions of the elec-
trons in the momentum-dispersion direction are
determined with a spatial resolution of 0.12 mm.
Further trajectory information, from both cham-
bers, is'used to correct for focal-plane curvature
and other spectrometer aberrations. " In the
course of the present experiment, momentum
resolutions as fine as 26 keV were obtained oper-
ating in the dispersion-matching mode. " The use-
ful momentum bite spanned by the focal-plane de-
tection system is approximately 5/o.

Measurements were performed at'three scatter-
ing angles: 90', 160', and 180'. The 180'data
were collected as an adjunct to a separate experi-
ment to determine the cross section for elastic
magnetic scattering. ' When 180 scattering is
being measured, an additional four-magnet sys-
tem is employed to deflect backscattered electrons
into the spectrometer. " The targets used in, this
experiment were high-impurity aluminum foils of
thickness 6.62 to 30.6 mg cm '.

III. ANALYSIS OF DATA

A preliminary step in the analysis procedure
was to determine the spectrometer momentum
calibration. In the momentum-dispersion direc-
tion of the focal plane, the position x of an elec-
tron, momentum k2, can be parametrized by"

x=x, +(x~5)) ' +(x(«}~ '&k, -k. I'k -k,
E'k.

'
k,

where (x~5) and (x ~5&) are first and second order
spectrometer dispersion coefficients, and x, and

k, =66.85 B MeV/c correspond to the central tra-
jectory for a spectrometer field of B kG. From
the reaction kinematics, "an electron scattering
from a level of excitation energy ~, will have mo-
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mentum
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where k, is the. incoming electron momentum, ~

the scattering angle, M the mass of the target
nucleus, and & is the ionization energy loss.

By observing the focal-plane positions of several
well-known peaks in the spectra of electrons scat-
tered from targets of at least two different mass-
es, the values of the unknowns, (x~&), (x~&&), x„
and k„can be accurately determined.

Corrections were applied for wire-chamber
counting losses and the raw data were bin sorted.
No corrections were applied for variation in the
relative detection efficiency along the length of the
chamber, since measurements have repeatedly
shown the response to be flat, within a percent or
so, across a broad range. " A representative bin-
sorted spectrum is shown in Fig. 2.

Notwithstanding the fine momentum resolution
of this experiment, the density of states at higher
excitation energies necessitated the use of a line-
shape fitting procedure to extract the integrated
counts for each peak. The excitation spectra were
divided up into convenient 1-3 MeV regions, each
of which was individually fitted by an empirical
polynomial background and a set of resonant peak
functions g,.(v, &o,.) centered at various excitation
energies ~,.:

Counts/(Coulomb MeV) = A +B&u" + Ce"

+ z,.a,y, ((u, (o,) .

The background coefficients &, 8, and t" are free

parameters, determined in the fit.
The line-shape function Q,. (~, ~, ) is defined by

several different processes which take place in
the measured target. Most important of these are
the emission of soft and virtual photons during
scattering, hard-photon bremsstrahlung, and radi-
ation and ionization straggling. The observed line
shape is obtained by convoluting the distributions
for these processes, together with an empirical
function which characterizes not only the strength
distribution of the measured nuclear state, but
also the response of the particular experimental
system, which is dependent upon the finite spatial
resolution of the detector system and upon optical
uncertainties in the accelerator, beam-handling
system, and spectrometer. A detailed examination
of the total electron scattering line-shape function
has been made by Bergstrom. "

From our point of view, an important aspect of
the line shape is that the dependence of the so-
called "radiative tail" ' be given accurately,
especially in the region close to the associated
spectrum peak. This importance stems from our
method of computing the differential cross sec-
tions. The total number of counts in a particular
peak is determined by integrating the fitted curve
out towards the low-energy scattered electron
side. The integration is continued until some
specified cutoff energy & below the energy of the
peak E, and corrections for the previously men-
tioned radiative and ionization processes are then
applied. If the shape of the tail is appropriate,
corrected areas obtained to various integration
cutoffs should closely agree.

Insofar- as the complete calculation of the line-
shape function is rather time consuming, we have
used an alternative, approximate method to gene-
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FIG. 2. Identification of Al odd-parity states in a representative bin-sorted spectrum. A target of thickness 14.3
mg cm was used in transmission geometry.
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rate the line shape. " This derives from the func-
tional form of the predominant Schwinger correc-
tion factor, "

» = (2n/m)[ln(q'/m, ') —1], (4c)

may be altered slightly to incorporate contribu-
tions from radiation and ionization straggling cor-
rections. Given the dependence of Eg. (4b), it may
then be shown that the proper line-shape function
can be well approximated by"

Js„yo(E')dE'
(E) =» J" (E E)y (E')dE'

x E'dE'+ 0 E+—S d,dl

s~ ' 2i

where

Ei/2Ex/2 13
& (b,)=» lnS 12

17 1 2Ei 1m
+ (2n/m) —+ —ln' —' +— -I,, c—os' —

~36 4 E, 2 6 '
2~

(4b)

E, being the incident electron energy, and I, the
Euler dilogarithm. The parameter z, given by

lated.
The choice of the function p, is somewhat arbi-

trary. We have used asymmetric Gaussian para-
metrizations, Lorentzians, and Fermi-type func-
tions for cases of relatively thick targets in re-
flection geometry. In any case, the particular
form of p, is important only within approximately
2 full width at half maximum (FWHM) of the peak
position. At lower scattered electron energies,
the shape of the radiative tail is strongly deter-
mined by calculable parameters entering into the
equations for the radiation correction factors. It
has been found that this method of calculating the
line-shape function is quite amenable to interac-
tive analysis carried out on small computers, such
as the PDP 11/40 used in the present case.

An example of a line-shape fitted spectrum is
shown in Fig. 3. The absolute scale of the deduced
differential cross sections was established by nor-
malizing a set of "C elastic scattering measure-
ments, taken concurrently during the course of the
Al experiment, to the 'C cross section of Sick and
McCarthy. " At 180', where scattering from the
spinless "C nucleus is much reduced, the data
were normalized to the proton cross sections. "

A more explicit and convenient comparison with
theory can be obtained by transforming the mea-
sured cross sections into electron scattering form
factors":

where d is the bin-sort channel width and $0 de-
scribes the peak shape in the absence of radiation
and ionization effects. Proceeding from the high-
energy scattered electron. side, the line-shape
function for a particular peak may then be calcu-

where k, and k, are the initial and final electron
momenta and q„ is the four-momentum transfer,
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FIG. 3. Example of line-shape fitting analysis. The peak positions are fixed to tabulated excitation energies, and
all peak widths are assumed equal.
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given to good approximation by

q =4k,k~sin &/2.

In the plane-wave Born approximation, the form
factor separates into longitudinal and transverse
components, dependent only upon the three-mo-
mentum transfer q'.

I
0-'

Ip"

I F, l'—

q'= (k, —k,)

For our purposes, the coefficients V~ and V2

are given sufficiently well by

V = — ' 4k k cos &/2+m 2+—+—1 q~ 2 k~ k2
I 2 4 1 2

k2 k
(10a)

IV. RESULTS

Theoretical C3 form factors for the most likely
single-particle transitions are shown in Fig. 4.

1 2

', [(k,+k,)' —2k,k, cos'&/2j, (10b)
2

where m, is the electron rest mass.
For the present data, obtained using many differ-

ent incident electron energies, comparison with
theoretical models would normally be a tedious
procedure in that each different energy requires
a separate distorted-wave calculation. However,
tests showed that it was adequate to compare the
data with a single distorted-wave result calculated
for one incident energy (250 MeV), provided that
both the data and the calculated curve are plotted
against an "effective" momentum transfer, "given
by

3gQ
eff q 1+2k ~1

The parameter A represents the "uniform-density"
charge radius, 3.94 fm for "Al.

In the course of the experiment inelastic form
factors were obtained for both odd- and even-par-
ity levels up to 8 MeV excitation energy. Of the
levels tabulated by Endt and van der Leun, ' only
the 5.752 MeV, ~' state remained unobserved be-
low 6 MeV. In the entire measured spectrum, the
only established odd-parity state not to be ob-
served was the & state at 6.993 MeV. The data
span a momentum transfer range of 0.57 to 2.41
fm ', with low-q measurements being sparse for
the higher excited states. Although the focus of
this paper is constrained to the odd-parity spec-
trum, a large quantity of data was also collected
on even-parity levels. This will be presented at
a later date. Complete tables of cross sections
and form factors are available from the authors.
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FIG. 4. Comparison of C3(e, el) form factors for sin-
gle-particle, ,odd-parity transitions in 'Al. The form
factors were comput6d in the distorted-wave Born ap-
proximation using harmonic osciQator radial wave func-
tions with a range parameter b equal to 1.82 fm. The
magnitudes of the form factors have been arbitrarily
normalized to emphasize the different q dependences.

These have been computed in the harmonic oscil-
lator model, with a value of 1.82 fm for the oscil-
lator size parameter b. Although a small degree
of freedom is commonly permitted in this param-
eter, meaningful theoretical interpretations re-
quire it to lie within 5-10%%uz of the value deter-
mined from the ground-state rms charge radius.
For 7Al this value js 1.815+ 0.030 fm.

In view of the recognized collective nature of the
'Al inelastic spectrum, we might not expect to

observe the pure transition q dependences shown
in Fig. 4; at least some degree of configuration
mixing is anticipated. Nonetheless, a comparison
of these calculations with the observed form fac-
tors shouM permit identification of the essential
underlying character of the various odd-parity
states. A detailed examination of the various mea-
sured form factors now follows.

The measured longitudinal form factors were
predominantly of &3 character. Except for the
form factor of the 5.156 MeV, 2 state, evidence
for C1 strength was minimal. Form factors de-
duced for the 4.055, 5.156, and 5.827 states are
shown in Fig. 5. The observed momentum trans-
fer dependence identifies these levels as proton-
hole states, rather than states involving the pro-
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FIG. 5. Inelastic form factors measured for 1p-hole
states in Al, and comparison with best-fit theoretical
curves. The calculated longitudinal form factors were
obtained in the distorted-wave Born approximation using
the single-particle, harmonic oscillator model with b
= 1.85 fm. The q dependence of the data differs mark-
edly from that expected for the C3 multipole of a 1d 1f
transition, which is represented by a dotted curve at the
top of the figure.

motion of a d, &, nucleon into the pf shell. This is
in accord with the structure indicated by particle
transfer reactions. " The enhancement of the 5.156
MeV longitudinal form factor at low q discloses the
existence of a measurable 1 component. No such

enhancement is observed in the form factor of the
4.055 MeV level. The experimental form factors
are therefore consistent with the respective as-
signments of & and & made recently by Maas
et a&.' The spin and parity of the 5.82V MeV level
are currently restricted to two possibilities:
or —,". Our results for this state, although of rela-
tively poor statistical precision, lend support to
the odd-parity assignment.

The value of the harmonic oscillator parameter
which best describes the momentum transfer de-
pendence of the 1p-hole form factors is 1.85+ 0.09
fm. The deduced &1 and C3 transition probabil-
ities are listed in Table I. It is noted that the com-
bined &3 strength of the 4.055 and 5.156 MeV
states amounts to (58+29)% of the total single-
particle strength allowed for excitation to lp-shell
proton-hole states.

By comparing the 90'data with the measure-
ments made at backward scattering angles, we
were able to determine the transverse form factor
of the 4.055 MeV state. This form factor is also
shown in Fig. 5. The shapes of the constituent
M2 and E3 multipole components were again com-
puted using the harmonic oscillator, single-parti-
cle model with b =1.85 fm and the normalization of
the E3 form factor was fixed to the B(&3) value
established previously, as required by Siegert's
theorem. Adjusting the magnitude of the M2 com-
ponent to give a best fit to the experimental form
factor leads then to a deduced multipole mixing
ratio for the decay to the ground state of

Z'(E3 ) 1/ 2

I'I =
~(~2) =0.11+0.03,

where the error includes a component correspond-
ing to a +5'%%up variation in the parameter b.

Figure 6 shows 90' form factors deduced for
odd-parity states in the 6 to 7.5 MeV region.
The q dependence of these form factors is charac-

TABLE I. Transition. probabilities for excitations from ground state of Al, deduced from
harmonic oscill.ator model fits.

Ex'
(Meg 2J7F

B(C1~)

(e'fm')
B(C3~)
(e2 fms)

B(C5~)
(e fm)

B(M2 ~)

(e fm)

4.055
5.156
5.827
6.159
6.477
6.605
6.651
6.993
7.228
7.477

1
3

(3 , 5')
3
7

(1, 3)
5
3
9
7

0.041 + 0.011

207
217

86
367
&15
604
281

y44
+32
+21
+55

+91
+42

60 +25
41 +17
5.5+ 2

(8.0+ 3.0) x10

(2.3 ~1.1) x10

(1.7+ 1.2) x 104

(3.3 +2.0) x10

0.034 ~ 0.011

Excitation energies and spin assignments taken from Ref. 4.
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nucleon in the 2P-shell. Note, however, that in
order to fit the observed form factors with the q
dependences calculated for either the 1d-2P or
1p- 1d transitions, respective b values close to
1.48 and 2.27 fm are required, values unaccept-
able for "Al. We conclude that the &3 excitation
strength in the 6 to 7.5 MeV region originates
mainly from 1d- 1f particle transitions.

At a scattering angle of 90, longitudinal strength
is expected to dominate these form factors, except
in the q ~ 2 fm ' region above the first maximum of
the C3 multipole component, where the transverse
contributions may be appreciable. The fitted B(C5)
values that are listed in Table I are therefore
rather uncertain. In any case, only the —', , 6.477
MeV level shows evidence of strong C5 excitation.

Three levels deserve individual mention. Two or
three statistically imprecise data points, not
shown in Fig. 6, were obtained on the (2, —,), 6.605
MeV level. Based on these points we were able to
make a crude estimate for the strength of C3 ex-
citation to this state. On the other hand, the fail-
ure to observe the ~ state at 6.993 MeV meant
that only an upper limit could be set for the 3
transition probability to this level. In order to do
this, the form factor was assumed to have a q de-
pendence similar to that of neighboring negative-
parity states. Finally, although the parity of the

» 7.477 MeV state has yet to be identified, the
close similarity of its form factor with those of
established odd-parity states in the vicinity sug-
gests that this state also belongs to the odd-parity
spectrum.

10-"
0.5

/

I

1.0 1.5 2.0 2.5

teristic of 1d- 1f particle excitation, differing
markedly from the dependence observed for the
1p-hole states. The best-fit value of the param-
eter b was 1.94+ 0.05 fm, which represents a
slight increase over the value obtained from the
ground-state charge radius. This enhancement
may reflect the presence of weak admixtures of
other particle-hole configurations in the excited
states, most probably configurations containing a

q, )) ( frn ')

FIG. 6. Measured (e, e') form factors for Al odd-
parity states characterized, in large part, by the excita-
tion of a 1d-shell nucleon into the 1f shell. For compar-
ison, the q dependence expected for a CB excitation to a
1P-hole state is shown by the dotted line at the top of the
figure. The best-fit DWBA curves were calculated using
the single-particle harmonic osciQator model with b

=1.94 fm. Transverse components were assumed to be
small and are excluded from the calculated curves.

V. STRONG-COUPLING MODEL

In the preceding section, the extreme single-
particle model has been utilized to establish the
underlying character of each observed odd-parity
state. By following this procedure, we have been
able to discriminate between the hole states and
the particle states, and the conclusions reached
are in accord with those indicated by data from
pickup and stripping reactions. Moreover, by ajd-

justing the single-particle parameters to fit the
experimental form factors, reduced ground-state
transition probabilities have also been deduced.
It is clear, however, that the extreme single-par-
ticle model is unable to account for the large num-
ber of observed odd-parity states. The single-
particle excitations are evidently coupled to more
collective modes. In this section, and the one that
follows, we therefore attempt to interpret the odd-
parity states in terms of two collective models,
the strong- and weak-coupling models.

The 2 and 2 levels at 6.159 and 6.477 MeV have
been identified as the lowest two members of the
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Z'=a, [330] rotational band which is based on the

lf,&, subshell. " It has long been recognized that
strong decoupling inverts the ordering of this
band, displacing the J'=

& member to the position
of lowest excitation energy. ' This is followed by
the —,'and & members. Although the odd-parity
state at 6.605 MeV still bears an ambiguous spin
assignment of & or &, it is tempting to identify
this as the ~, third member of the [330] band, and
to further assume that states at 6.651 and 7.228
MeV represent the 4'= —,

' and —', members. In the
rotational model, the probable second —', state at
7.477 MeV and unobserved 2, 6.993 MeV level
must belong to a different band or bands.

The reduced transition probability for electro-
magnetic transitions of multipolarity & between
bands of angular momentum projections E and E'
is given by"

& 5 'lI'2~+1
B(Z~;ZZ- Z'Z') = e'i

i
G

x
i
c(z w';z z' z z')

+b,(-1)'" '

x c(JyJ', z z' z z') i', (12)

where the second term contributes only for cases

in which A. -K+&'.
t"3 transition rates computed using theoretical

values" of the coefficients bs, and Gz~ (which de-
pend upon the nuclear deformation) unfortunately
lie in poor agreement with the rates observed ex-
perimentally. In particular, the measured rates
are not obtained unless the parameter 0» is ap-
proximately doubled. We have therefore chosen
to fit the values of b» and ~» to the excitation
strengths observed for two low-spin band mem-
bers. The results presented in Table II corre-
spond to

b~3 = -0.04

and

[G»]=5.434.

With the solitary exception of the —,'state, ex-
cellent agreement is obtained with the experiment-
al B(C3t) values. It is possible, of course, that
the 7.228 MeV —,'state in fact belorigs to a different
band. The true,—' member of the [330]band is ex-
pected to be excited only weakly, and hence may
have remained unobserved in this region of rela-
tively high level density. The failure to locate a
possible —", band member is scarcely surprising,
in view of the very weak excitation strength pre-

TABLE II. Comparison of experimental excitation energies and transition probabilities with
predictions of weak- and strong-coupling models.

2JK

Experiment
Ex a(CL, ~)

(Me~ (e2 fm2~)

Weak coupling
&(CL&)

(MeV) (e fm )

Strong coupling
a(CI ~)

(e fm )

1+
3+
7+
5+

9+

1
3
3
5
1
3
3
5
5
7
7
9
9

11
11

2
2
2
2
2
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3

0.843
1.013
2.211
2.734
3.001
4.055
5.156
5.827

6.605
6.159
6.993
6.651

6.477
7 477e
7.228

13.5~ 1.0
27 + 2
95 +10

8 ~ 3~d
57 + 3
60 +25
41 ~17
5.5+ 2

86 +21
207 + 44 207
&15
367 +55

217 + 32 498
281 + 42 +53
604 + 91

0.62
1.11
2.27
1.89
2.30
4.06
5.16
5.96
6.01
6.52
6.20
7.55
6.09
7.73
6.32
7.87
6.92
8.20
7.83
9.12

37
43
65
29

129
69
39
12.8
4.2

74
156

398
200

1049

1282 1286

446
405

55
207

367

232

90

12

~ Reference 4.
References 4, 9, 34.
Parameter fitted specifically to measured value.
Assuming CO excitation strength can be neglected.
Observed state has uncertain spin-parity assignment.
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dieted for this state.
The existence of E'=2 rotational bands based

on 1p-hole states has long been recognized in the
mass 21 and 23 nuclei. For example, band mem-
bers up to J'='2' have been identified in "Ne and
"Na." From the spectroscopic factors observed
for proton pickup it is apparent, however, that the
lowest-excited odd-parity states of "Al cannot
similarly be interpreted as members of a single
rotational band. The respective spectroscopic
factors measured for the 4.055 MeV, ~ and 5.516
MeV, & states are 2.9 and 2.3, and since each
Nilsson level can contain just two particles, the
involvement of several different rotational bands
is implied. That such bands may be strongly
mixed is not unexpected, inasmuch as it is well
known that the Coriolis interaction in sd-shell nu-
clei results in appreciable mixing of bands whose
angular momentum projections K differ by 15.
(Such band mixing may also account for the neces-
sity of having to increase the parameter 6» in
order to generate the appropriate strength for ex-
citation of members of the [330] band. ") Further-
more, the sizable &1 multipole component in the
form factor of the 2, 5.156 MeV state also points
to this level having a somewhat different structure
from that of the ~, 4.055 MeV state.

even-parity "Al levels, even when the weak-coup-
ling basis was extended to include higher-excited

Si core states.
Notwithstanding these problems, we elected to

recompute the weak-coupling model once again,
with particular emphasis on the negative-parity
states. For the mid-sd-shell nuclei the weak-
coupling model can be expected to provide a better
description of the unnatural-parity 1S~ states than
it does for states of Olw character. The lowest
even-parity levels mere retained in the calculation
primarily for the sake of achieving reasonable
self- consistency.

In the weak-coupling model, odd-parity states
in the 6-8 MeV region of the 'Al excitation spec-
trum can be constructed by coupling a 1d,&, pro-
ton hole to the strongly collective 3 state of ~Si
at 6.878 MeV. This representation is lent meight
by the closely similar q dependences observed for
the respective (e, e') form factors. '" However,
as pointed out by Brain et al. ' the 4 core state at
8.413 MeV should also be included, since this is
observed to be connected to the 3 state by an ap-
preciable E2 matrix element.

Following the formalism of Thankappan and
True, 44 the core-hole interaction was assumed to
consist of dipole and quadrupole terms:

VI. WEAK-COUPLING MODEL

During the decades of the sixties and seventies,
numerous attempts were made to describe the
lowest-excited even-parity levels of "Al as re-
sulting from the weak coupling of a 1d», proton
hole to the first excited 2' state of "Si (Refs. 9-
13). Support for this interpretation came not only
from the fact that the center of gravity of the rela-
vant "Al levels lies close to the 1.779 MeV excita-
tion energy of the ~Si core state, as expected in
the weak-coupling limit, but also from the mea-
sured inelastic scattering cross sections, ' '"
which appeared to follow the predicted (2& + 1)
strength rule. As both the range and precision of
nuclear data have been progressively improved,
several deficiencies have become apparent in the
weak-coupling interpretation of these levels. ' For
example, in the mid-sixties Thankappan" and
Evers et al."independently obtained good fits to
the. observed energy levels and electromagnetic
properties using the- then unknown quadrupole mo-
ment of the "Si first 2' state as a free parameter.
Their respective best-fit values of 0.035 and 0.017
eb were later shown to be in substantial disagree-
ment with the experimentally observed moment,
+0.16+0.04 eb (Ref. 40). Subsequent recalculations
using the measured value experienced some diffi-
culty in reproducing the observed properties of the

where J, and Q, are the angular momentum and
mass quadrupole operators for the core, and j„
and Q„are the corresponding operators for the
hole. The required core matrix elements were
determined from measured electromagnetic tran-
sition rates and quadrupole moments or, where
experimental data were lacking, mere computed
using the rigid rotor model. ' C2 matrix elements
for the 1d», proton hole were calculated using
harmonic oscillator radial wave functions with a
size parameter of 1.815 fm. To perform the actual
weak-coupling calculation, the program INTER"
was used, with the strength parameters $ and ri

being varied until a reasonable compromise solu-
tion was found for both the energy levels and the
electromagnetic properties. The results summar-
ized in Tables II and III correspond to the values
$ = -0.113 and 'g = 0.008 54.

Before discussing these results, mention should
be made of the basis chosen for the calculation of
the lowest-lying odd-parity states at 4.055 and
5.156 MeV. These states were assumed to be giv-
en by the coupling of 1p», and 1p», proton holes
to the 0' ground state and 2' first excited state of
the 'Si core nucleus. A similar construction has
been used by Benson and Flomers ' to compute the
lom-lying negative-parity spectrum of "F. Two
additional parameters entering into the calculation
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TABLE III. Weak-coupling eigenvalues and eigenvectors for low-lying states of YAl. Listed
at the head of each column is the weak-coupling basis state,

~ Jcj„&.

&x
(Me@

I
o "& l2'~&

I
o+ ~& I2+ ~&

0.00
0.62
1.11
1.89
2.27
2.30
4.06
5.16
5.96
6.01
6.09
6.20
6.32
6.52
6.92
7.55
7.73
7.83
7.87
8 ~ 20
9.12
9.78

5+
1+
3+
5+
7+
9+

1
3
3.
5
5
3
7
1
9
3
5

ll
7
9

ll
13

0.9642 —0.2651
1.0000
1.0000

0.2651 -0.9642
1.0000
1.0000

0.9292
0.9210
0.9686
1.0000
0.9992
0.3897
0.3696
0.8822
0.2484

-0.0393
-0.4708

0.3696
0.3897
0.2484

-0.0393
-0.9210
-0.9292
—0.4708
-0.9686
-0.9992
-0.8822

1.0000

0.9823 0.1875
-0.5578 0.7934 -0.2438
-0.8065 -0.5875 -0.0666

0.9930 -0.1178

of these states are &~ and &~. .. the energies of
the lp-shell proton ho/es relative to the 1d, &, hole.

A, comparison of the calculated and experimental
level schemes is shown in Fig. 1. Only the lowest
even-parity states are depicted. Given that the
bulk of the theoretical spectrum is computed using
only two free parameters, $ and i&, the level of
agreement is generally quite fair. The calculations
are seen to support the & and —', assignments pre-
viously suggested for the states observed at 5.827
and 7.477 MeV.

The most notable deficiency of the model is the
locating of the first excited —,

"state 0.85 MeV be-
low the measured excitation energy. This has
been a persistent problem in the weak-coupling
interpretation of "&l.'" Moreover, as indicated
in Table II, the predicted B(C24) strength leading
to this state exceeds the experimental value by a
factor of approximately 3. With the exception of
the 2.211 MeV —,

"state, the B(C2&) values for the
even-parity states are also overestimated, al-
though the calculated ground-state quadrupole mo-
ment of 0.136 eb lies in good agreement with the
observed value, 0.140+ 0.002 eb. 4 Proton pickup
measurements give rise to further misgivings in
the weak-coupling description of the low-lying
positive-parity spectrum. The pickup angular dis-
tribution for the ~' 0.843 MeV state is character-
istic of an l = 0 angular momentum transfer, indi-
cating that this level has a somewhat different

structure to that of the neighboring even-parity
states, which are observed to have l = 2 distribu-
tions. "'"

Turni;ng to the odd-parity states, measured
B(C34) values for the s, 2, and —', levels in the
6-8 MeV excitation range are seen to be reason-
ably well described by the weak-coupling calcula-
tion. On the other hand, the strengths of the neigh-
boring —,

' and —, states are substantially overesti-
mated. To some extent this disagreement can be
rectified by assuming greater mixing of the two
sets of basis states; those formed by coupling to
the 3 6.878 MeV sta.te of the 'Sj. core, and those
constructed by coupling to the 4 level at 8.413
MeV. However, the corresponding E2 matrix ele-
ment appears to be reasonably well fixed by ex-
periment, 4' and, in any case, any ad hoc increase
in the magnitude of the matrix element leads to a
rapid deterioration in the agreement between the
observed and calculated energy level schemes.

The properties of the lowest-excited odd-parity
states, those formed by coupling a 1p proton hole
to the ~Si core, prove to be rather sensitive to
the values chosen for the proton-hole energies

and s~, , For nuclei in this region, (p, 2p)
an (e, e'p) reactions suggest'c

=11 MeV and &~ =15.5 MeV.
Z/2 3/2

However, in "Al the proton promoted from the
1P -shell is strongly attracted by the configuration
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that has a single hole in the d, &, shell, and the
energies q~ and E~ are greatly reduced. ' In

U2 3/g
our first calculation oi' these states, the 4.055
MeV excitation energy of the first & level was
fitted, at the same time retaining the 4.5 MeV in-
dicated as appropriate for the 1p-shell spin-orbit
splitting. This calculation left the & state 0.5
MeV above its observed excitation, but more
seriously, underestimated the C3 excitation
strength leading to the state by a factor of 12.

In order to generate the missing strength in this
transition it was found necessary to introduce ap-
preciable 1p,&, admixtures into the wave function
of the first ~ state. The observed excitation en-
ergies of the 4.055 and 5.156 MeV levels can be
fitted exactly with

= 4.01 MeV and q = 5.35 MeV,~3] a

values corresponding to a 1p-shell spin-orbit
splitting of only 1.35 MeV. Nevertheless, using
these values we obtain the results listed in Tables
II and III. It is somewhat remarkable to note that
not only is excellent agreement obtained for both
the excitation energies and the B(C3t) values of
the ~, 4.055 MeV and &, 5.156 MeV levels, but
the calculation also provides a good prediction of
the excitation energy and weak transition strength
to the probable second ~ state at 5.827 MeV.

In an attempt to improve the overall level of
agreement between the weak-coupling predictions
and the experimental observations, we investigated
the effect of assigning to the proton hole an effec-
tive charge of 1.5 e. The improvement was only
marginal. At the same time, we have refrained
from extending the core-hole interaction [Eq. (13)]
to higher order than quadrupole in the belief that,
if the weak-coupling interpretation is to be cred-
ible, it should be able to reasonably reproduce the
observed properties without the introduction of
multiple free parameters. Furthermore, the in-
troduction by Singhal' of terms to fourth order
yields little improvement in the B(C2) values cal-
culated for low-lying even-parity states.

VII. CONCLUDING DISCUSSION

The simple strong- and weak-coupling models
are seen to provide only partial explanations for
the data presented on the odd-parity spectrum of
'Al. In the 6-8 MeV excitation range, the strong-

coupling model can account for the &3 excitation
strengths to the lowest ~, ~, —,', and P states,
but only at the cost of approximately doubling the
¹ilsson coefficient 6». Furthermore, not only is
the strength of the ~, V.228 MeV poorly given, but
the model also fails to account for the probable

existence of a second —,'state at 7.477 MeV. In
part, these problems may reflect the existence of
band mixing, which is readily apparent in the
properties observed for the 1p-hole states at
4.055 and 5.156 MeV. Moreover, as pointed out by
Bhatt' and others, " the single-particle Nilsson
model is fundamentally incapable of explaining the
rich detail of the "Al inelastic spectrum; the en-
ergy required to recouple a pair of d, &, nucleons
may be less than that required to promote the un-
paired nucleon. Such coupling effects have been
noted in the even-parity spectrum. ' In this re-
gard, it would therefore be worthwhile to, have
available a calculation which represented 'Al as
three sd-shell particles moving in Nilsson orbit-
als about a deformed & = 24 core.

It has been shown that the weak-coupling model
can provide a reasonable description of the odd-
parity level scheme. However, although &3 ex-
citation strengths to states in the 6-8 MeV excita-
tion region are less satisfactorily given, perhaps
the greatest difficulty is encountered in the inter-
pretation of the lowest-lying even-parity states.

In large part, these problems are attributable to
fundamental defects which become apparent in the
weak-coupling model when it is examined from a
microscopic viewpoint. Some of these weaknesses
lie in the nature of the 1d»~ hole states, in which
the hole is coupled into a subshell that is already
actively depopulated in the formation of the ex-
cited ~Si core states. " For example, the core
states undoubtedly contain strong components with
two holes in the d, &, shell. ' When another d,&,
hole is coupled to such a configuration the pairing
energy will make it much easier for a nucleon pro-
moted into the 2s, &, or 1d», subshells to drop back
to the d, &, shell. To some extent, such components
could be included in the calculation by coupling
2s y( g and 1d» ~ holes to the "Si core states, how-
ever, care must be taken to ensure that the ortho-
gonality of the basis states is not jeopardized. '~

This objection is less easily applied to the case
of the 1p-hole states, so perhaps it is not surpris-
ing that this is where the weak-coupling model
seems to enjoy its greatest success. However, in
order to account for the excitation energy and ob-
served transition strength of the &, 5.156 MeV
state, it is necessary that the 1p-shell spin-orbit
splitting be set equal to 1.35 MeV, in contrast to
the 4.5 MeV indicated by-experimental measure-
ments, "and the 4.25 MeV used by Benson and
Flowers in their calculation of low-lying odd-
parity states in the "F spectrum. The reasons
for this discrepancy are unclear.
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