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We analyze pion elastic-scattering data for *°Ca and *Ca using a covariant theory of the optical potential
developed previously. Combining these results with the information obtained from the analysis of pion
scattering from '2C and 'O reported earlier, we are able to discuss the systematics of the pion-nucleus
optical potential. Our model contains a first-order optical potential which is obtained from a parameter-free
calculation. The parameters of a second-order potential are determined by requiring that the sum of the first-
and second-order potentials provides a fit to the elastic-scattering data. The parameters of the second-
order potential exhibit a smooth dependence on energy and target mass number. These parameters have a
marked resonance behavior. We find that the maximum value of the magnitude of the imaginary part of the
second-order potential occurs at about 150 MeV while the first-order potential has a maximum for the
magnitude of the imaginary part at about 240 MeV. The imaginary part of the first-order potential has a
width at half maximum of about 200 MeV. This corresponds to a kinematic broadening of the (3,3)
resonance due to the effects of the Fermi motion of the target nucleons. (This increased width is unrelated
to the effects of the true absorption process or of collision broadening.) We also find a significant isospin
violation in the second-order potential. For example, the imaginary part of the second-order potential for
a~ scattering is found to be systematically larger than that for =+ scattering for nuclei with N =Z. An
explanation for this feature of the optical potential is presented.

[NUCLEAR REACTIONS Elastic scattering of pions from 40ca (40-241 MeV) and
48Ca (130 MeV). Systematics of first- and second-order optical potentials.

I. INTRODUCTION

Pion elastic-scattering data for some light
nuclei (“He, '2C, and '°0) were analyzed success-
fully! using a covariant scattering theory.? In
these calculations a complete integration over
the Fermi motion of the target nucleons was
carried out and the off-shell effects related to
nuclear binding were treated carefully.®* The
first-order -optical potential is parameter-free
and is believed to be quite accurate. Parame-
ters of the second-order phenomenological poten-
tial were determined by fitting the experimentally
determined differential cross sections for elastic
scattering. In general, the parameters for 2C
and '°0 varied smoothly with pion energy and
exhibited a marked resonance behavior.!

In the present work we have tested the validity
of the aforementioned parametrization in the
medium-mass region. In particular, we have
studied the importance of the first- and second-
order optical potentials for pion scattering on
%Ca and %®Ca at all the energies for which experi-
mental data are available. The systematics of
the variation of the optical potential with pion
energy and target mass are investigated. With
some exceptions, parameters for 2C and *°0
were found to be similar in the earlier work.!
Hence, exploring the possibility of a universal
parametrization of the optical potential was one

of the motivations of the present work.

The problem of determining the neutron matter
distribution in the calcium isotopes has received
some attention. Information may be obtained
from the conventional methods of a-nucleus? or
proton-nucleus scattering.® Recently measure-
ments of 7-nucleus scattering cross sections
near the (3, 3) resonance have been made to
study the neutron-matter radii in the calcium
isotopes.® Another aim of our work was to study
the utility of pion-nucleus scattering for the de-
termination of neutron-matter radii. We con-
clude, however, that there does not seem to be
much possibility of learning about the neutron-
matter distribution from the studies reported
here.

We believe that our studies do provide signifi-
cant insight concerning the interaction of pions
with nuclei. In particular, the pion-nucleus
optical potential is found to exhibit some extreme-
ly interesting systematic features. We believe
our analysis should stimulate further micro-
scopic studies of pion-nucleus dynamics.

II. STRUCTURE OF THE SECOND-ORDER POTENTIAL

Pion-nucleus optical potential can be written
as

(K| Ve |R) + (&' | v (W) |K) +(K'| v (W) |K),

where V, is the Coulomb potential and V® and
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V® are the first- and second-order optical po-
tentials, respectively. The calculation of the
first-order potential has been extensively dis-
cussed previously.? We note that we have used
a (spherical) Hartree-Fock code to calculate the
neutron and proton wave functions which are
required in the calculation of the first-order po-
tential. (The charge density constructed from
these wave functions is consistent with electron
scattering data.) Experimental separation en-
ergies are used for the least bound nucleons.

In the absence of a microscopic calculation of
the second-order potential we have introduced
a phenomenological model by writing®’

(k' |ve (w)|K)=R?(k")2M, AA -1)G(K - k')
xX[B(W)+C(W)k-K']RY/2(K).
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FIG. 1. Differential cross sections for r*-4’Ca elastic
scattering at 40 and 50 MeV. The data are taken from
Ref. 9. Dashed curve: first-order potential only; solid
curve: first- and second-order potentials included.
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Here R is a kinematical factor defined as®
E (K)+E, (k) 1
R(K) ==L 450 ., 2.2

B = ) EOTE® (2.2)
Further,

W= (K2 +m 22 + (K2 +M,2)/? (2.3)
and

GE-K)=(2ry f expli - &) Flo2(D)dF.  (2.9)

Here K, is the pion momentum in the m-nucleus
center-of-mass frame and p(¥) is the nuclear
matter density. In Eq. (2.1), B and C are com-
plex parameters to be determined at each energy
by performing a x? fit to the experimental differ-
ential cross sections. The parameters B and C
are determined in what may be termed an energy-
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FIG. 2. Differential cross sections for r*-4Ca elastic
scattering at 115.5 MeV. The data are taken from Ref.
8. Dashed and solid curves have the same meaning as
in Fig. 1.
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dependent manner; that is, no smooth energy
dependence of these parameters is assumed be-
fore a X® analysis is carried out. We also re-
mark that the data for the total cross sections
have not been used in the x2-fitting procedure.
Details of similar calculations may be found in
Ref. 1.

III. RESULTS AND DISCUSSION

Calculated cross sections are presented and
compared with the experimental data in Figs.
1-6. The %°Ca(n*) data at 115.5, 163.5, and 241
MeV are from Ref. 8. Uncertainty in the abso-
lute normalization of these data is estimated to
be <15%.% Similarly, the *°Ca (130 MeV) and
48Ca (130 MeV) data® have absolute normaliza-
tion errors of +5%. In Figs. 1-6 the dashed
curves represent cross sections calculated with
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FIG. 3. Same as Fig. 2 with 7,=130 MeV, however,

the data are taken from Ref. 9.
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V™ only and the solid curves represent calcula-

tions with V& + y®),

is included in all these calculations.)
As can be seen from Figs. 1-6, the second-
order optical potential is quite important for the
two nuclei studied. This result is consistent
with the earlier calculations® for lighter nuclei
(“He, 2C, and !°0).
the second-order potential varies with scattering
angle and with pion energy. The former depend-
ence is understandable because of the different
radial shapes of the Coulomb, the first-order
potential (~p), and the second-order potential

(~0).

(The Coulomb potential

The relative importance of

In Figs. 7 and 8 we have presented the real and
imaginary parts of %,°C, for various pion ener-
gies, for the nuclei *C, '°0, and *°Ca. Table I
gives the values of the complex parameters B and
kj2C. In general, the imaginary part of B is very
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FIG. 4. Same as Fig. 2 with 7,=163.5 MeV.
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FIG. 5. Same as Fig. 2 with 7,=241 MeV.

small compared to the imaginary part of &,°C,
hence a graph of Im(B) + Im(k.2C) would be very
similar to that of Fig. 8. Except for the lowest
energies, ReB is smaller than Rek?C. The fit
for 7~ scattering from *®Ca (Fig. 6) is not very
good and therefore we believe the numbers given
in the last row of Table I are subject to modifi-
cation. Since we only have data for *°Ca at a
single energy (130 MeV) we have not been able
to study the systematic behavior of the potential
parameters for this nucleus. We believe that
more data are required before we can fully under-
stand the optical potential for such nuclei with
N+Z.

Some interesting trends emerge from Figs. 7
and 8. First of all, all the curves show a marked
resonance behavior, a feature probably related to
the resonance in the true-pion-absorption (TPA)
process. [Landau and Thomas have used the
knowledge of the cross section for the reaction
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FIG. 6. Differential cross sections for 7*-%Ca elastic
scattering at 130 MeV. The data are taken from Ref. 9.
Dashed and solid curves have the same meaning as in
Fig. 1.

040t (m*d— pp) to estimate the magnitude of the
potential describing the TPA process.” Other
authors have performed microscopic calculation of
of the absorption process.’® The description of
TPA is also an essential aspect of isobar-hole
calculations! and gives rise to an important
contribution to the A isobar self-energy.] In the
absence of a fully microscopic calculation for
finite nuclei, it is not certain whether processes
other than TPA which contribute to V® would
also exhibit a resonancelike behavior. (See,
however, Ref. 1 for a discussion of this point.)
Again referring to Figs. 7 and 8 we see that the
magnitudes of both Re(k,2C) and Im(k,2C) gener-
ally decrease with increasing nuclear mass.
Exceptions to this trend, e.g., the curve for
“°Ca(r") which lies between the curves for

1%0(n") and **C(r") in Fig. 8, may be thought of as
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arising due to the “splitting” of a single *°Ca
curve into two curves, one corresponding to 7*
and the other to 7~ (see below). We note that
the positions of the minima in Fig. 8 seem to be
shifting toward lower energies as A increases.
Similar behavior is observed in Fig. 7 also,
where the point at which a curve crosses the
axis seems to move to smaller energy as A in-
creases. In Fig. 8 the curves for °0O(7") and
4Ca(r") lie below those for °0O(rn*) and *°Ca(rn*),
respectively.

It is somewhat more instructive to directly
consider the potential V) rather than the pa-
rameters B and k>C. Therefore we proceed to
discuss the matrix elements of the first- and
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TABLE 1. Parameters of the second-order potential
for T* scattering on #°Ca and *8Ca (in units of 1074 fm?).

Ty

(MeV) ReB ImB  Rek’C ImkC
WOca, 7t 40 0.837 —0.294 —0.457 —0.503
Wca, 7t 50 1.06 =—0.280 —0.727 —0.839
“ca, 7t 1155 0.571 ~0 -1.19  -6.74
Cca, 7~ 1155 2.36 —0.002 -7.47 -10.7
Yca, 7t 130 0.766 ~0 -0.149 -10.7
W0ca, 7™ 130 5,14 -0.007 -12.8  -16.7
Yca,nt 163.5 -4.18 —0.012 11.7  -11.7
Ca, 7~ 163.5 2.56 = ~0 2,15 —22.9
Yca,nt 241 1.15 -0.949 14.7 ~0
Nca, 1= 241 -1.88 ~0 18.5 ~0
48Ca, 7t 130 0.242 —0.530 0.713 —4.11
4Bca, 7" 130 0.559 —0.001 4.00  —0.596

second-order optical potentials. The real and
imaginary parts of the (on-shell) matrix ele-
ments (EI v |E> and (E[ V@ |K) are shown in
Figs. 9-12 for both '°0 and *°Ca. It is evident
from these figures that both the real and imagin-
ary parts of (K| v |K) and (K| V® |K) vary
smoothly with energy. This is remarkable since
no such energy dependence was presumed before
the x? analysis was made. The first-order po-
tential is nearly the same for 7* and 7°, the
small differences arising from differences in the
binding energies of the proton and neutron orbits.
As might be expected, the matrix elements of
V® are proportional to the mass number of the
target. The value of |Im(K| V®|K)| has a maxi-
mum at about 240 MeV and the width at half
maximum (Fig. 10) is about 200 MeV for °0 and
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“Ca. (See Sec. IV.) The maximum appears at
240 MeV since the effect of Fermi motion of the
target nucleons and binding effects cause the n-N
T matrix to be evaluated at energies which are
significantly below the fixed-scatterer value.'?
This aspect of our calculation of the first-order
potential has been discussed previously.!
Figures 11 and 12 exhibit the real and imagin-
ary parts of the matrix element &|V® |K).
First we note that the maximum value of
[Im&| Vv |K)| is at about 140-150 MeV for *°0
and “°Ca (see Sec. IV). Most remarkable, how-
ever, is the large violation of isospin symmetry
exhibited by the second-order potential. We see
that the second-order potential is significantly
more absorptive for 7° mesons that for 7* mesons.
[Large differences are also to be noted for the
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real parts of V@ for 7* and 7~ mesons—see Fig.
11.]

To some degree the difference in the values of
V@ for 7~ and 7* mesons provide some further
support for the conjecture that V@ mainly de-
scribes the effects of the true pion absorption:
We note that in the resonance region the absorp-
tion of a 77 meson on a nucleon pair would pre-
dominantly result in having two neutrons in the
final state, while the absorption of 7* mesons on
a pair would predominantly result in final-state
proton pairs. (The conventional model for pion
absorption on a nucleon pair, which involves a
rescattering on one nucleon before absorption on
the other, can be called upon to support the above
observation.) It follows that 7~ absorption is en-
hanced over 7* absorption because of the Cou-
lomb-barrier penetration factors present in the
wave functions of the final-state protons. These
observations lead one to expect that the second-
order potential will be more absorptive for 7~
mesons, as is indicated by our phenomenological
analysis. These observations may have inter-
esting implications for the branching ratios
o(w*, pp)/o(m*, pn), o(n”,nn)/o(n",np), and o(x*, pp)/
o(m", nn) for pions absorbed in flight. Of course,
the connection between the cross sections for
particular final states in pion induced reactions
and the details of the optical potential which de-
scribes elastic scattering is not a simple matter
in general.

The study of differences in the angular dis-
tributions of 7* and 7~ scattering cross sections
has been suggested as a means to extract infor-
mation about the neutron-matter radii of the Ca
isotopes. However, as can be seen from Figs.
1-6, the second-order (p*-dependent) potential is
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quite important in the resonance region. Even at
241 MeV the first- and second-order cross sec-
tions are not quite the same. Since at pion ener-
gies above about 300 MeV the true pion absorp-
tion contribution to V® is expected to be much
reduced, it may be useful to have data in that
energy region. At high energies, however, other
processes may make appreciable contributions

to V@, At this time, however, it does not ap-
pear possible to extract useful information con-
cerning the neutron-matter distribution from the
study of pion-nucleus scattering.

It is possible to define several scattering
amplitudes, some of which are related to mea-
surements of the total cross section for pion-
nucleus scattering. The amplitude F,(9) is that
which results upon neglecting the Coulomb inter-
action (K'|V¢|K). We note, however, that the

SYSTEMATIC FEATURES OF THE PION-NUCLEUS INTERACTION
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strong interaction potential (E'] Ve(W)|K) is sig-
nificantly different for 7* and 7~ mesons. [We
recall that (kK'| V®(W)|K) also exhibits some
differences for 7* and 7° mesons; however, these
differences are quite small.] The amplitude F(0)
is shown in Figs. 13(a) [V® only] and Fig. 13(b)
[V + v@®]. The small difference in F,(0) for
7 and 7° mesons exhibited in Fig. 13(b) reflects
the above-mentioned isospin violation in V)
(see Table II).

The nuclear amplitude which includes the
effects of the Coulomb interaction,

had c
Fe@ = Y @1+ 1) e — 1), (3.1)
2iky 4
is presented in Table II and in Fig. 13. Figure

13(c) exhibits the amplitude f,(0) calculated with
V™ only while Fig. 13(d) exhibits the result of a
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FIG. 13. Real (X) and imaginary (®) parts of the nuclear forward scattering amplitudes for ’Ca vs incident r ener-
gy. (a), (), and (e): with V®; (), (d), and (f): with V®+V @, Definitions of Fy(0), fy(0), and f(0) are given in the

text. The curves are drawn only as a guide to the eye.
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TABLE II. Calculated forward nuclear scattering amplitudes fy (0) and fy(0) (a) without and

(b) with the second-order m-nucleus potential.

T, Fx(0) (fm) F3(0) (fm)
(MeV) (a) (a) (b)
D¢a, 7+ 40 2.78 +41.81 1.60+42.74 3.23+40.776 2.22 +41.74
40Ca, r* 50 4.14 +43.38 2.04 +44.27 4,90 +41.98 3.15 +43.02
QOca, 7t 115.5 —0.174 +415.0 —2.64 +§11.7 5.41+413.3 2.19 +411.4
Qca, 7~ 115.5 12.3  +49.33 6.63+i11.5 7.97+i14.3 1.35 +413.8
Oca, 7t 130 -2.29 +i15.7 -4.15+412.1 4.17+414.7 1.22 +412.6
Qca, 7= 130 12.2  +411.4 6.91+413.1 6.67+716.3 0.629+415.3
W¢a, 7t 163.5 —6.71 +415.9 —6.92 +713.3 1.06 +416.9 -0.278 +715.0
QOca, 7~  163.5 11.0 +415.3 7.51+415.5 3.06+419.4 —0.337+¢17.6
Dca, 7+ 241 -13.5 +i13.0 -14.3 +i12.4 —5.47+418.4 -6.45 +718.4
DOca, 7= 241 7.17 +421.1 6.05+421.7 —4.26 +i21.8 —5.40 +721.6
48Cca, 1t 130 -1.99 +417.1 —3.23+413.8 5.09+415.8 2.83 +413.6
48ca, 77 130 13.7 +414.2 11.9 +49.62 6.34+419.8 6.61 +714.6

calculation with V) + @,
It is useful to define an additional amplitude,®

fN(o)Z‘z‘ilk; e 1)mee™ ~1). (3.2)

The amplitudes of Egs. (3.1) and (3.2) may be
used to define total cross sections!®

N 4T
Grot =7~ Imfy(6=0) (3.3)
0
and
47
Utot:k—ImfN(G:O)- (3.4)
0
The relation of the cross sections defined in Egs.
(3.3) and (3.4) to experimental observations is

discussed in Ref. 13. In this reference 0., [Eq.
(3.4)] is denoted as o, and &,,, [Eq. (3.3)] is called

oy. In Table III we present values for o, [Eq.
(3.4)], the elastic-scattering cross section o,
and the reaction cross section o, calculated with
and without the second-order potential. These
quantities are exhibited in Fig. 14. In Fig. 14(a)
(7*) and Fig. 14(c) (") we show the results of our
calculations of the various cross sections includ-
ing only the effects of V1), Figures 14(b) (n*)
and 14(d) (7°) are the results of a calculation
including both V) and V@,

IV. SUMMARY OF SALIENT FEATURES

We summarize some of our observations at
this point:

(a) The first-order potential V) varies smooth-
ly with energy with a maximum value for the
matrix element |Im(§| V®|K)| at ~240 MeV.

TABLE III. Calculated cross sections (a) without and (b) with the second-order m-nucleus
potential o¢: elastic scattering cross section= || fy/%dQ = (/&Y Y372 (21 +1) [nfe?is§ —112, o,:
reaction cross section=(1r/k2)2;';0 2 +1)[1- (ni)zl, Ot @ total cross section=0g +0, = (47/k)

XIm f (6 =0).
Ty (a) (b)
(MeV)  0g (mb) 0, (mb) 0Oy (mb)  0g (mb) 0, (mb) 0y, (mb)
40ca, 7t 40 115.7 55.44 171.1 123.3 260.6 383.9
Yca, 7+ 50 266.1 119.3 385.4 202.0 384.9 586.9
ca, 115.5 893.5 659.7 1553 526.1 812.4 1339
0ca, 7~ 115.5 1028 646.1 1674 659.6 949.4 1609
Dcq, 7t 130 844.3 750.2 1594 523.2 835.8 1359
0ca, 7~ 130 1011 750.3 1761 690.5 966.5 1657
0ca, 7+ 163.5 705.2 867.3 1572 540.5 852.3 1393
0ca, 1~ 163.5 892.9 906.9 1800 697.6 941.8 1639
0ca, 7+ 241 548.4 754.8 1303 588.1 714.4 1302
Wca, 7~ 241 707.5 836.7 1544 742.2 788.1 1530
48Ca, 1t 130 949.3 755.7 1705 615.2 852.0 1467
480q, 7~ 130 1239 902.2 2141 686.4 894.1 1580
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This maximum is at a greater energy than that
which would be expected from the use of the fixed-
scatterer approximation (FSA). The position of
the maximum is determined in our calculation by
nuclear binding and other off-shell effects'? which
are absent in FSA calculations.

(b) Inspection of Fig. 10 shows that the width
at half maximum of |Im(K|V®|K)| is approxi-
mately 200 MeV for %0 and “°Ca. Again this is
larger than the width that would be expected in the
FSA and reflects the effects of a proper treat-
ment of Fermi motion of the target particles.

We remark that extraction of the spreading width
I of the A via an isobar-doorway calculation!!

of pion-nucleus scattering is made exceedingly
difficult since simple kinematic considerations
in the calculation of the first-order potential
already provide a significant apparent broadening
of the (3, 3) resonance.

(¢) The parameters of the second-order poten-
tial V@ are determined phenomenologically and
exhibit some notable features. The maximum of
the value of |Im(K|V® |K)| appears at about
.140-150 MeV for %0 and “°Ca (see Fig. 12). The
value of the width at half maximum of this quan-
tity is about 90 MeV. It is interesting to note that
the cross section for the reaction 7+d—p+p
has a maximum value at approximately 140 MeV.
The coincidence in energy of the maxima of the

m+d—~p+p cross section and the matrix element
|Im(&| v® |K)| may provide some further support
for the conjecture that V® describes, in the main,
the effects of true pion absorption.'®

(d) As may be seen from Fig. 12, the imaginary
part of the second-order potential is significantly
stronger for 7~ scattering than for 7* scattering
at the same energy. An explanation for this be-
havior has been given in Sec. III. This explana-
tion is consistent with our interpretation of the
role of the second-order potential as describing
the effects of true pion absorption.

V. CONCLUSIONS

Our studies of pion scattering from 2C, %0,
and “°Ca have allowed us to discuss the system-
atic features of the pion-nucleus optical potential.
This potential is composed of first- and second-
order potentials which have different geometries.
They also differ markedly in their energy depen-
dence, which is a further indication that these
potentials describe different physical processes.
The analysis reported here should stimulate
attempts to understand the second-order poten-
tial from a more fundamental point of view.
Further, the development of a simple phenome-
nological form to represent the first-order po-
tential should be facilitated. (A simple repre-



1912 R. S. BHALERAO, L. C. LIU, AND C. M. SHAKIN 21

sentation of the entire optical potential would be
useful for the rapid calculation of optical-model
wave functions.)

We believe our analysis indicates the great
importance of the proper treatment of off-shell
effects and the effects of Fermi motion of the
target nucleons. Before any investigation of true
pion absorption effects or collision broadening is
made, one finds a significant upward shift of the
resonance position and a remarkable increase in

the apparent width of the resonance due to the
aforementioned effects.
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