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We report here the results of the calculation of total muon capture rates (A„,) in Ne isotopes using
Hartree-Fock wave functions. These wave functions are generated from (a) a phenomenological set of
interaction matrix elements and (b) a microscopic set derived from the Reid soft core potential. Satisfactory
agreement with the experiment both for the spectra of and the A„, in ' Ne is obtained. The trend of the
variation of A~ in Ne isotopes as predicted by the empirical formulas is explained by incorporating the
oblate admixture in the ground states of Ne and Ne.

NUCLEAR STRUCTURE Hartree-Fock (HF), projected HF, energy spectra,
total muon capture rates, Ne isotopes.

In recent years the projected Hartree-Fock
(PHF) theory has been quite successful in explain-
ing nuclear properties such as spectra, static mo-
ments, and some of the transition rates for de-
formed nuclei. Since spectra are not very sensi-
tive to the wave functions and in order to test their
correctness, one should choose a probe which is
sensitive to the structure wave functions. With
this motivation, we use the muon capture process
as a probe to test the compatibility of the Hartree-
Fock (HF) wave functions for the Ne isotopes. Mu-
on capture by protons is a semileptonic strange-
ness conserving weak process, ' and the appropri-.
ate coupling constants are governed by the con-
served vector current (CVC)' and partially con-
served axial vector current (PCAC)' hypotheses.
The standard weak Hamiltoriian governing the cap-
ture of muons by nuclei' uses the impulse approx-
imation where the weak charged nuclear (one-body)
current is represented by a sum over the nucleon
contributions. This treatment has been extensive-
ly used and has shown the sensitivity of muon cap-
ture transitions to the nuclear model and the weak
coupling constants for partial' and total' capture
rates and the recoil nuclear polarization. ' The
observable capture rate in Ne isotopes, chosen
here for study, is the total muon capture rate
(A,), as there are no experimental data on partial
capture rates. A„, under closure approximation
involves the expectation value of a two-body op-
erator Q in the ground state of the capturing nu-
cleus and so will be sensitive to the nuclear ground
state wave functions. Total muon capture studies
with this motivation have so far been carried out
for closed spherical nuclei. ' In this note, we pre-
sent a calculation of A„, in Ne isotopes (light de-

formed nuclei) using the HF wave functions ob-
tained by a microscopic set of interaction matrix
elements.

The valance nucleons in Ne isotopes outside the
"0core are distributed in the full 2s-1d space.
The relevant single particle energies are taken
from the '70 experimental spectrum. In the pres-
ent calculation, two sets of interaction matrix ele-
ments used are (i) the phenomenological set of
Chung and Wildenthal (CW)' and (ii) a microscopic
set of matrix elements derived from the Reid soft
core (HSC) potential", incorporating the core po-
larization corrections involving 3p-lh, 4p-2h ex-
citations, as reported by Vary and Yang. " The
results of the calculation with the above two sets
will be denoted by CW and RSC, respectively. As
the interaction matrix elements of Chung and
%ildenthal have been obtained by fitting the experi-
mental data in the region A = 18-22, the wave func-
tions so obtained will be most reliable. A com-
parison of the spectra and A„, in the two sets CW
and RSC will certainly reveal the ability of the
Reid soft core potential to predict the nuclear
properties. This is one of the aims of the pres-
ent investigation. The results of the Hartree-Fock
(HF) calculation for Ne isotopes are summarized
in Table I. This table gives the HF energies
(E»), the intrinsic quadrupole moment (Q„r), and
the energy gap nE~ (b,E„) between the last occupied
and the first unoccupied proton (neutron) HF states
for both the prolate and oblate solutions. The table
reveals a remarkable similarity between the re-
sults obtained by using the phenomenological set
of interaction matrix elements and those of the
microscopic Reid soft core. Further, the results
indicate that the lowest rotational band of "Ne may
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TABLE I. Results of the HF calculation for Ne isotopes. C%—results obtained with the
phenomenological interaction matrix elements of Chung and Wildenthal. RSC—results ob-
tained with the interaction matrix elements derived from the Reid soft core potential with ap-
propriate core polarization corrections.

20Ne

2Ne

24Ne

prolate
oblate
prolate
oblate
prolate
oblate

@HF

-20.95
-12.95
-29.82
-23.15
-34.27
-31.93

CW

@HF

6.3
-10.29

5.45
-8.42

2.13
-10.49

8.8 8.8
1.5 1.5
7.8 3.6
2.0 1.5
6.6 2.2
1.5 5.4

EHF

-20.58
-10.75
-28.36
-19.08
-28.47
-25.44

HSC

~HF

6.57
-10.29

5.70
-8.9

6.13
-11.01

8.6
1.5
3.6
2.2
6.1
2.2

8.6
1.5
4.6
2.1
0.7
5.6

be accurately described in terms of the prolate
HF solution, as the energy difference between the
prolate and oblate solution is -8 MeV, and b,E~
and nE„are fairly large (-8.8 MeV). In the case
of "Ne, the prolate to oblate gap and 6E are still
large while AE„ is 3.6 MeV for CW (4.6 MeV for
RSC) and, therefore, for the accurate description
of even the lowest rotational band, the band mixing
will be important. " However, the ground state of
"Ne can still be described reasonably well by the
prolate HF solution. For "Ne, one has to consider
the band mixing andlor the generator-coordinate
method with constrained HF basis, even for the
description of the ground state. ' Further, it is
found that for a given isotope the calculated Jj „
are almost the same for the ground states corre-
sponding to different prolate HF solutions while it
(A„,) is significantly smaller for the lowest ob-
late HF solutions. Guided by these considerations,
we take the ground state for "Ne and Ne isotopes
as a mixture of the lowest prolate and the lowest
oblate HF solutions, while for "Ne the ground
state is obtained from the lowest prolate solution
alone. The PHF spectra of "Ne, projected from
the prolate and oblate solutions separately, is
shown in Fig. 1 along with the experimental data
for comparison. It is to be noted that the lowest
rotational 0' band is welI. reproduced by both the
sets of interaction matrix elements. It is found
that the calculated spectra and the PHF wave func-
tions, using the CW and RSC interaction matrix
elements, are remarkably similar. This, along
with the observation in Table I, implies that the
interaction matrix elements derived from the free
nucleon-nucleon Reid soft core potential" are
equally successful as that of the phenomenological
set in describing the nuclear properties. Now we
proceed to calculate A, using these HF wave
functions.

The total muon capture rate A„ for an even-even
nucleus (hyperfine complications do not arise) is
given by '"
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FIG. 1. Projected Hartree-Fock spectra from pro-

late and oblate solutions of Table I for t Ne. CW and
BSC are the results of the phenomenological and mic-
roscopic Beid soft core interaction matrix elements,
respectively.
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where ja) is the ini. tia1 nuclear ground state, P ~
is the muon wave function in the atomic E orbit
averaged over the nuclear volume, G~, G„, and

G~ are the muon capture coupling constants, ' and
(v) is the average neutrino momentum. In deriv-
ing the expression (1) for A „three approxima-
tions have been invoked (1) the closure property,
(2) the neglect of nucleon velocity dependent
terms, and (3) the SU(4) symmetry. " It is known
that the effect of (2) is to increase A, by 10%
while that of (3) is to decrease A~, by 10-20% so
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that they compensate with a resultant correction"
of -10%%uo. The average neutrino momentum (v) is a
crucial quantity in the calculation of A „and
usually it is considered as a parameter to give the
fit for A, with experiment. ' However, the analy-
sis of Foldy and Walecka" clearly demonstrates
that the dominant part of muon capture transition
(-90%%uo) leads to the giant dipole states, accounting
for a major part of the total transition rate. In
the case of "Ne, the location of the giant dipole
resonance (GDR) has been studied in photo-neu-
tron reactions by Fergusson et pl."and Wood-
worth et al.", and in photo-proton reactions by
Dodge et al."and Segel et g/. " The conclusion
of these experiments is that the GDR is centered
around 20 MeV with a width of about 5 MeV. The
theoretical "open shell" random phase approxima-
tion (RPA) calculation by Wong et al. ~ places GDR
at about 22 MeV. The recent analysis by Ajzen-
berg-Selove" confirms that the GDB is centered
around 20 MeV. Thus, the average nuclear exci-
tation energy in muon capture by ' Ne is about 20
+3 MeV, and so the average neutrino momentum
is no longer a parameter but has the value

(v)=m —e„-(20+3) MeV,

where e„ is the binding energy of the muon in the
atomic A orbit. Equation (1) can be rewritten as

where the m=n part of the sum in Eq. (1) gives
rise to Z, and

It should be noted that Q is the result of correla-
tions in the ground state nuclear wave function

~a), . and hence it is sensitive to the structure wave
functions. In the present calculation, we evaluate

Q using rotational nuclear wave functions of the
adiabatic form with HF intrinsic states, after
transforming the operator in Eq. (3) from the lab-
oratory to the intrinsic coordinate system. As
the ground state ~a) has total spin zero, the final
expression for Q reduces to the expectation value
of the scalar part of the operator between the HF
states which have a single determinantal form con-
sisting of occupied single particle (sp) HF orbi-
tals. The final result is given by

Q= ~ (C"&C)')~~ (2j +1)(2j„+1)—'[I (-1)'" 'j j~ j„ I j() j„ l

&p. &n &g~&n

OO 2.

R„, (r)j,((v)r)R„, (r) r'dr

2

(4)

where X~(A,„) designates the occupied proton (neu-
tron) HF states, arid C~ coefficients are the re-
sults of HF calculations. In the present investiga-
tion, owing to the observed width of the giant di-
pole resonance peak (I'-5 MeV), (v) is varied
from 80 to 90 MeV. The oscillator well param-
eter b is chosen to be 1.65 fm in accordance with
Kelson and Levinson, "and we also study the
variation of A„with b. The results for the varia-
tion of A„, in "Ne with ( v) for various values of
b are shown in Fig. 2, using the lowest prolate HF
wave functions calculated from the microscopic
interaction matrix elements derived from the Reid
soft core potential. The phenomenological inter-
action matrix elements of Chung and Wildenthal
give almost the same value for A„as that of the
RSC within 0.5%%uo. Figure 2-shows that A„, is al-
most insensitive to the choice of b values but sen-
sitive to (v) as also observed by Christillin et
al." However, the experimental region for A„,
can be explained by choosing (v) from 78 to
84 MeV which corresponds to the experimentally
observed giant dipole excitation region. " In Table

l

II we present the calculated values of A„using
(a) the Fermi gas model, (b) the empirical formu-
la of Primakoff with the best two parameter fit by
Telegdi, ' (c) the improved formula of Goulard
and Primakoff" with a three parameter fit, and

(d) the lowest prolate HF wave functions obtained
from the microscopic interaction matrix elements
derived from the Reid soft core potential along
with the experimental data. " From Table II, it
is evident that the Fermi gas model overestimates
A, by a factor -2. A similar overestimate for
spherical nuclei has been observed when a pure
shell model is used. "~ The present cal'culation
using the HF wave functions reproduces almost
exactly the experimental value. The results of
A~, for CW and RSC differ by less than 0.5%%uo,

which again implies the success of the Reid soft
core potential in predicting nuclear properties.
Furthermore. , the present calculation predicts
A„, closer to the experimental value than that of
the empirical formula of Primakoff with two pa-
rameters. The empirical formula with three pa-
rameters predicts A„,which is almost the same as
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0.28-

026

TABLE II. Results for A&~, the toal muon capture rate
in Ne. Empirical formula (1) is the Primakoff's for-
mula with Teledgi's fit. Empirical formula (2) is the
result with the Goulard-Primakoff (Ref. 25) three param-
eter formula. The "present calculation" is the result of
RSC interaction matrix elements. The three values along
the row for each (v) are for b =1.65, 1.70, and 1.75 fm,
respectively.

0.25 Model Ne in 10 sec ~

e 024

C)= 023

(%
0.22

0-21

Empir ical
formula

Present
calculation

Experiment (Ref. 25)

Fermi gas model (v) 82 0.3917
(Me V) 84 0.4227

86 0.4555
(1) O.2772
(2) 0.2039

(v) 82 0.209 0.211 0.212
(Me Vl 84 0.222 0.224 0.226

86 0.235 0.237 0.239
0.20 + 0.01

0.20,

0 tc) i I & l & I

80 82 81 86 88 90
i)( MeV)

FIG. 2. Variation of total muon capture rate in Ne
with (v) for various b values. The results are obtained
by using the lowest prolate HF wave functions generated
from the interaction matrix elements derived from the
Beid soft core potential. Curves 1, 2, 3, 4, and 5 are
obtained with b=1.65, 1.70, 1.75, 1.80, and 1.85 fm,
respectively.

that of the present microscopic calculation.
Experimentally, it is generally observed that,

for a given Z, as A. increases A, decreases. The
empirical formulas for A„, predict about a 30%%ucde-

crease in going from "Ne to "Ne and "Ne to "Ne.
When. we used the pure prolate HF solutions for
the ground states of "Ne and "Ne, we could obtain
only about 3% decreases in A„, in going from "Ne
tp 2 Ne and from 22Ne to Ne. In order to ex-
amine the isotopic dependence of A„„we have im-
proved our calculations by considering the oblate
admixture in the ground states of "Ne and Ne.

TABLE III. Results for A„, in Ne, Ne, Ne in 106 sec for various oblate admixtures
in the ground state wave functions. The second set of results enclosed in parentheses for
24Ne correspond to the second prolate solution. For all cases, b = 1.65 fm.

Nuclei

Oblate
admixture

Vo

(v) MeV
84

20Ne 0

10

0.209
0.205
0.200

0.222
0.217
0.212

0.235
0.230
0.225

Ne 0
10
20
30

0.206
0.197
0.188
0.178

0.218
0.209
0.199
0.190

0.231
0.221
0.212
0.202

24Ne

30
40
50

0.200 (0.206)
0.174 (0.177)
0.165 (0.168)
0.156 (0.159)

0.212 (0.218)
0.185 (0.189)
0.176 (0.179)
0.167 (0.170)

O.224 (O.23O)
O.197 (O.2O1}
0.188 (0.191)
O.179 (O.181)
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As the exact amount of oblate admixture in these
cases had not been experimentally ascertained,
we arbitrarily choose the admixtures, partially
guided by Table I. The results are given in Table
III for representative values of (v}. We then find,
with about 30%%uo oblate admixture in the "Ne ground
state and about 50%% in the ' Ne ground state, that

A„, shows a 15%% decrease in going from "Ne to
"Ne and a 20%% decrease in going from "Ne to
"Ne, thus approximately explaining the empirical
trend of A~, .

The use of the PHF states in place of the rota-
tional nuclear wave functions with intrinsic HF
states may change A~, . However, these changes
are expected to be small, minimal for "Ne. This
point is currently under investigation.

%e conclude that the present calculation re-
veals the following: (1}The set of interaction ma-
trix elements derived from the free nucleon-nu-
cleon Reid soft core potential is successful in re-

producing not only the spectra but also other nu-
clear properties which are sensitive to the nuclear
wave functions; (2) the total muon capture rate in
"Ne calculated with the lowest prolate intrinsic
HF wave function is almost exactly the same as
the experimental value; and (3) the trend of the
variation of A„, in Ne isotopes as predicted by the
empirical formulas is explained with 30%%uo and 50%%uo

oblate admixture for the ground state of "Ne and
"Ne, respectively.
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