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Time-dependent Hartree-Pock calculations are carried out for the systems ' 0 + ' Ca and ' Si + "Si. Cross
sections for the formation of ' Ni are qualitatively similar in both cases, although there exist significant
quantitative differences which reflect the importance of the entrance channel. Both systems exhibit an
angular momentum window for fusion. The results of the calculations are compared with currently available
experimental data.

[NUCLEAR REACTiONS 0( Ca, x) and Si( Si,x) in time-dependent Hartree-
Fock approximation. Fusion and strongly damped collisions.

I. INTRODUCTION

Although the time-dependent Hartree- Fock
(TDHF) approximation was formulated' 50 years
ago, it is the last 3 years in which the approxima-
tion has been seriously applied to the calculation
of physical quantities in heavy ion collisions. In
this brief span, we have witnessed a remarkably
rapid evolution from the early one-dimensional
calculations, "which reproduced the qualitative
features of colliding heavy ions, to increasingly
more ambitious two-dimensional calculations, 4 "
and finally to three-dimensional calculations" "
which yield quantitatively accurate descriptions
of certain experimental data. In the present work,
the TDHF approach is applied to the calculation of
fusion cross sections for two systems, "0+"Ca
and Si+ Si, both of which lead to the compound
nucleus "Ni. Although the primary purpose of
this work is to compare the results of the TDHF

calculations with experimental data, , we shall also
discuss the accuracy of the two-dimensional ro-
tating frame and separable approximations to the
fully three-dimensional TDHF calculations. In
addition, we shall discuss the effect of removing
the isospin symmetry restriction on the nuclear
wave function, and of varying the parameters of
the nuclear potential.

II. METHOD OF CALCULATION

Most of the calculations presented here employ
the parametrization of the Skyrme potential" re-
ferred to as Force I in Ref. 18. In this version
of the potential, the nonlocal terms in the mean
field proportional to the Skyrme parameters t,
and t, are identically zero. At the highest ener-
gies, the full Skyrme potential including the non-
local terms has also been used to calculate the
fusion cross section. The effect on the fusion
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cross section of varying the Skyrme parameters
is also discussed in Ref. 18, and in Ref. 11.

The calculations have been carried out using
the two-dimensional separable approximation"' "
and the two-dimensional rotating frame approxi-
mation 4""to the TDHF equations. In addition,
in order to verify the accuracy of the separable
approximation, the "0+"Ca fusion cross section
has also been calculated at selected energies us-
ing the fully three-dimensional. TDHF code. '
It should be noted that in effecting this compari-
son we have employed codes, both the separable
code and the three-dimensional code, which en-
force isospin symmetry. That is, neutrons and
protons which occupy the same orbital are con-
strained to be degenerate. This degeneracy is
not enforced in tbe rotating frame approxima-
tion"" code, and we shall therefore be able to
comment upon the effect of lifting the isospin de-
generacy. As the various numerical methods
which are employed to solve the TDHF equations
have been discussed extensively in the references
cited, we shall not comment upon them further
here.

The fosion cross sections for "0+"Ca and "Si
+ "Si have been calculated as follows. For each
of the energies studied, the maximum value of an-
gular momentum for which fusion takes place,
l &0, and the minimum value of angular momen-
tum for which fusion takes place, 1&@, are separ-
ately determined to a precision of approximately
25. The fusion cross section is then calculated at
each energy by the sharp cutoff formula"

(2.2)

in which p, represents the reduced mass of the
system under consideration.

III. RESULTS

160 + 40'&

e have performed calculations for the "Q+~ Ca
system for laboratory bombarding energies from
40 MeV to 350 MeV. The calculations have been
carried out in the two-dimensional separable ap-
proximation"'~ "and in the two-dimensional ro-
tating frame approximation. '"" In addition, se-
lected points have been calculated using the fully
three-dimensional TDHF code."'" In all cases
which have been compared, the separable fusion
cross sections havebeen in complete agreement
with the fully three-dimensional TDHF calcula-
tions. A graphic demonstration of this agreement
is given in Fig. 1, in which the fragment separa-
tion coordinate r, defined as in Ref. 5, is plotted
as a function of time for a collision at a labora-
tory energy of 290 MeV, in which the initial angu-
lar momentum, l, is equal to 48. The results of
the two-dimensional separable approximation are
in very good agreement with the results of the ful-
ly three-dimensionalcalculation, until t =9 & 10 "s,
by which time the system has fused. Plots of the

g,„„„=—,Q (21+1), (2.1) 16p +40C

eV

10 ble

in which k represents the relative wave number
in the entrance channel. For the asymmetric sys-
tem "0+ 'Ca, the sum extends over all partial
waves for which fusion occurs. For the symme-
tric system "Si+ "Si, the sum in Eq. (2.1) is re-
placed by twice the sum over all even partial
waves for which fusion occurs. The values of l
for which fusion does occur are determined at
each energy by evolving the system at various im-
pact parameters for a sufficiently long period of
time to offer convincing evidence that the system
will not undergo prompt fission. A more detailed
discussion of the latter point may be found in Ref.
11. Although the sums to which we refer above
may easily be evaluated exactly, it is consistent
with the nature of the approximation to use, for
either symmetric or asymmetric systems, the re-
sult
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FIG. 1. Comparison, as a function of time, of the
fragment separation coordinate in a collision between

0 and Ca ions at a laboratory energy of 290 MeV with
E =48. The solid line gives the result of the two-dimen-
sional separable approximation, and the dashed line gives
the result of the fully three dimensional calculation. In
both calculations, the neutron and proton orbitals are
degenerate.
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FIG. 2. Fusion region in the angular momentum-
energy plane for the system 0+ Ca. The calcula-
tions have been effected with the separable code using
the local Skyrme interaction, and with neutron and
proton orbitals degenerate.

quadrupole moments of the mass distribution ex-
hibit similar behavior.

The angular momenta for which the "0+"C.a
system fuses are depicted as a function of the
center of mass energy in Fig. 2. The values plot-
ted are derived from calculations which employ
the separable two-dimensional code with degener-
ate neutron and proton orbitals. The maximum
angular momentum which the fused system can
sustain is approximately 60 units of h. This value
is in good agreement with the prediction 58h of
the liquid drop model20 for the 4 = 56 system. The
fact that there exists a minimum angular momen-
tum, l&(E), for which the "0+"Ca system fuses,
represents a dramatic prediction of the TDHF cal-
culations. " Referring again to Fig. 2, we note
that as the center of mass energy increases above
100 MeV, l& likewise increases. This reflects the
inability of the colliding ions to convert sufficient
translational energy to internal excitation energy.
The inability of the transient fused system to dis-
sipate more radial kinetic energy than a certain
amount is an essential feature of the mean field
dynamics. " The increase of l& with energy causes
the fusion cross section to decrease more rapidly
than 1/E, , which represents the energy depen- .
dence of Eq. (2.2) in the absence of f&, for ener-
gies greater than E, - 160 MeV. At the latter
energy, the saturation angular momentum, l-60,
has been reached, and, in the absence of l&, the
energy dependence is given simply by the kinema-
tical factor 1/E„. The actual existence of a
lower fusion limit could thus be inferred from the
decrease with energy of the experimental fusion
cross section for energies E &160 MeV.

The "0+"Ca fusion cross section, as given by
Eq. (2.2) is compared with the experimental cross
section in Fig. 3. The theoretical results pre-
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FIG. 3. Comparison of the calculated fusion cross
section with the results of experiment (Ref. 24) for

0+4 Ca. Plotted are the results of calculations using
the separable code with the local Skyrme interaction
and degenerate neutron and proton orbitals, the results
of calculations using the rotating frame approximation
with the local Skyrme interaction and unrestricted neu-
tron and proton orbitals, and the result of a single
calculation at 208 MeV using the separable code with
the full Skyrme interaction and unrestricted neutron
and proton orbitals.

sented have been calculated using both the results
of the two-dimensional, separable approximation
with constrained neutron and proton orbitals, and
the two-dimensional rotating frame approximation
in which no isospin symmetry has been enforced.
As we have previously noted, the separable re-
sults are in complete agreement with the results
of fully three-dimensional TDHF calculations
(with the same enforced isospin symmetry). The
cross. section computed using the results of the
rotating frame approximation exceeds the cross
section calculated using the results of the separa-
ble approximation by approximately 120 mb in the
energy range from just above the fusion barrier
to E, -100 MeV. This difference may be attri-
buted entirely to the enforced neutron-proton de-
generacy in the separable calculations. At center
of mass energies above 100 MeV, a significant
amount of the dissipated energy excites nonaxial
modes, and the rotating frame approximation
breaks down. Thus, although the upper limit for
fusion, /&-50, is accurately given by the rotating
frame approximation at E, -'100 MeV, the ap-
proximation incorrectly indicates that the system
will. not fuse at 3=15. The latter results are qual-
itatively the same as those found in Ref. 11, in
which the l.ifting of the isospin restriction on the
nuclear wave function resulted in an increase of
approximately 200 mb in the Ca+ Ca fusion
cross section, and the excitation of nonaxial modes
caused the rotating frame approximation to break
down in the "Ca+ "Ca system at a center of mass
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energy on the order of 100 MeV, the approximate
energy at which the angular momentum window

appears in the three-dimensional calculationg,
Referring to Fig. 3, in which the fusion cross

section is plotted as a function of the energy, we
note that the theoretical results are in good agree-
ment with the experimental results at low energy.
This agreement at low energy affirms the facts
that the nuclear sizes and the inter;ion potential
are accurately given by the TDHF wave functions .

and the nucleon-nucleon interaction. However,
at energies E, =100 MeV, the theoretical cross
section exceeds the measured cross section by
=25/p. In discussing the discrepancy between the-
ory and experiment it should be noted that a sig-
nificant amount of fusion followed by fission is
consistent With the prediction of the liquid drop
modeP' for the mass 56 system. Moreover, such
events would not have been observed in the eva-
poration residue experiments with which we are
making our comparison. However, separate in-
vestigations" do not indicate that there exists suf-
ficient fusion-fission cross section to account for
the discrepancy between the theoretical and ex-
perimental results. The fact that the TDHF cross
section exceeds the experimental cross section
especially warrants further study, since correc-
tions to TDHF would be expected, at least naively,
to result in an increased fusion cross section.

We have also performed a single calculation at
E, =208 MeV, using the separable approxima-
tion with the full Skyrme interaction" and the iso-
spin symmetry restriction removed. The fusion
cross section computed on the basis of this calcu-
lation is 823 +121 mb. Referring to Fig. 3, we
note that the cross section at this energy, as cal-
culated using the results of the separable calcula-
tion with the local Skyrme interaction and degen-
erate neutron and proton orbitals is approximately
600 mb. The difference in cross section of the
calculations is thus 220+ 120 mb. Since approxi-
mately 120 mb of this difference can be attributed
to the removal of the isospin symmetry restric-
tion, no definitive statement can be made as to the
effect of the nonlocal terms in the Skyrme poten-
tial.
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over the possible initial orientations of the de-
formed Slater determinants of the separated "Si
ions. As such it is a physically reasonable (and
computationally necessary) approximation to the
actual scattering. It nevertheless represents a
departure from, and approximation to, a true
TDHF calculation.

The angular momenta for which the "Si+ "Si
system fuses are depicted as a function of the en-
ergy in Fig. 4. The maximum angular momentum
which the fused system can sustain can be inferred
to be appl oxlmately 50k. Since the fused "0+ Ca
system has been calculated to sustain 608, it
might appear that the maximum angular momen-
tum depends upon the entrance channel, and is not
a function only of the total charge and mass of the
system, as given by the liquid drop model. This
conclusion, however, is considerably obscured by
the fact that the BSi+ 2 Si calculation has been ef-
fected in the filling approximation. We shall dis-
cuss this point more fully at the conclusion of this
section. As in the case of the '~0+ "Ca system,
we find a fusion window in the "Si+ "Si vs 8,
plot. For center of mass energies greater than
54 MeV, the "Si+ "Si system exhibits no fusion
when the angular momentum of the system is less
than a cutoff value, l&(E), which increases as a
function of bombarding energy. An unexpected re-
sult of the "Si+ "Si calculations is the partial
closing of the fusion window in the energy range
above 100 MeV. This effect is manifest in Fig. 4,
in which the fusion region in the angular momen-
tum-energy plane is plotted for the "Si+ "Si sys-
tem. The results of the calculations effected in
this energy range have been explicitly plotted.

g 28si + 28si
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We have performed calculations for the BSj+ Si
system for laboratory bombarding energies from
VO MeV to 220 MeV. The calculations have been
carried out in the two-dimensional separable ap-
proximation, with the initial, static wave function
for the system determined in a filling approxima-
tion, in which the occupation of each 1s-Od orbital
of the separated "Si ions is set equal to 0.5. In
essence, this approximation represents an average

EcM(MeV)

FIG. 4. Fusion region, in the angular momentum-
energy plane, for the system 2 Si+ 2 Si. The calcula-
tions have been effected with the separable code using
the local Skyrme interaction, and with neutron and
proton orbitals degenerate. For energies above 100
MeV, the results of the calculations have been ex-
plicitly plotted, with crosses used to indicate events in
which the Si ions scatter, and dots used to indicate
events in which the Si ions fuse.
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FIG. 5. Calculated fusion cross section for Si
+ Si. The calculations have been effected using the code
as described in Fig. 4.

Thus, the crosses represent calculations in which
the "Si ions scatter, and the dots represent calcu-
lations in which the "Si ions fuse. An island of
nonfusion events is clearly visible in this energy
range. While such dramatic variation, associated
with only minor changes in the initial conditions
did occur in the very first one-dimensional calcu-
lations, ' it is more probable that the appearance
of the island signals a breakdown of the two-di-
mensional separable approximation. For a fully
three-dimensional calculation effected in the cen-
ter of the island of nonfusion events indeed leads
to fusion. It is thus possible that the two-dimen-
sional separable approximation breaks down at
high energy, where the fusion cross section goes

- to zero. Accordingly, we shall assume that the
island of nonfusion events is spurious, and shall
ignore it in the computation of the fusion cross
sections.

The fusion cross sanction for Si+ Si is plotted
as a function of energy in Fig. 5. The behavior of
the cross section is qualitatively similar to that
of "0+"Ca, although the latter system exhibits a
more pronounced plateau at intermediate ener-
gies, and drops more precipitously at high energy.
A comparison of Fig. 2 and Fig. 4 shows that the
faster decrease of the "0+ 'Ca cross section is
due to the more rapid closing of the fusion window
of the latter reaction. As the energy increases,
E& increases more rapidly for the "O+"Ca sys-
tem than for the "Si+ "Si system. It should be
noted, however, that this high energy comparison
may be complicated by the unexpected behavior of
the "Si+ "Si system at energies above E, = 100
MeV, as given by the separable approximation.

In Fig. 6, the center of mass energy loss and
scattering angle, as calculated in the separable
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FIG. 6. Deflection and energy loss functions for Si
+2 Si at a center of mass energy of ill MeV. The cal-
culations have been effected using the code as described
in Fig. 4.

approximation, are plotted as functions of angular
momentum for "Si+ "Si at E, = 111 MeV. The
curves are qualitatively similar to results ob-
tained' for i6O+ x6O a„d 40Ca+4'Ca, However~ an
important distinction is the fact that the systems
and energies investigated in Ref. 5 did not lead to
fusion. As discussed above, the scattering events
observed in reactions in which the angular momen-
tum of the system is in the range 27 «E «39 are
quite possibly spurious. Fully three-dimensional
calculations would likely lead to fusion in this in-
terval.

Although experimental data are not available for
the "Si+"Si system, measurements have recently
been made" on the simila, r S+ 'Al system. In
their investigation of the latter system at a labor-
atory energy of 175 MeV, Natowitz et al."can
explain the obse. rved spectrum by assuming the
existence of two strongly damped components in
the energy spectrum of the reaction products.
One component is inferred to correspond to an
angular momentum l ='48, not inconsistent with
the liquid drop expectation that the A = 59 system
will not support angular momentum ~58. In con-
trast, the second component is inferred to cor-
respond to very low values of angular momentum,
l «15. As a result of their analysis, Natowitz
et gl."conclude that the observation of scission-
ing nuclei with such small angular momenta can
be explained if the lowest partial waves in the en-
trance channel lead to strongly damped collisions,
rather than to fusion. This situation is precisely
that found in the "Si+ 'Si system. At E = 80
MeV, the same center of mass energy as in the
"S+"Al experiment, we find that the "Si+ "Si fu-
sion window is open for angular momenta 17 «l
«48. Further comparison can be made with the
fragment energies for collisions at angular mo-
menta just outside the window. Natowitz et al."
find a center of mass fragment kinetic energy of
16.6 MeV for the l =15 component, and a fragment
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kinetic energy of 26.4 MeV for the l =48 compo-
nent. TDHF calculations of the "Si+2'Si system
at E„=80MeV show that the fragments in col-
lisions with /= 16 carry 16 MeV kinetic energy,
and fragments in collisions with l =49 carry 28
MeV kinetic energy. The results of the 2'Si+ "Si
calculations are thus consistent with this interpre-
tation pf the S+ 7Al data.

We mentioned above that any conclusion as to
the existence of entrance channel effects is signi-
ficantly obscured by the fact that the filling ap-
proximation has been employed in the calculations
fpr the Si+ 'Si system. One such cpnsjderatipn
is the fact that the Q value of the reaction is con-
siderably affected by the filling approximation.
Thus, while the total binding energy of the sepa-
rated "0 and ~ Ca ions, as computed using the
local Skyrme interaction, is 442 MeV, 28 MeV
less than the experimental value, the total binding
energy of the separated "Si ions is but 370 MeV,
103 MeV less than the experimental value. The
75 MeV discrepancy in binding energy of the two
systems can be used to explain, at least in a qual-
itative sense, the reason why the low angular mo-
mentum cutoff occurs at a much lower energy in
the Sj+ Si sy stem than jn the 0+ Ca system.
Other effects must be considered as well. Thus,
for the "0+"Ca system, —,'(16+40) = 14 orbitals
are involved in the calculation, while for the "Si
+ "Si system, because of the filling approximation,
—,'(40+ 40) = 20 orbitals are involved in the calcula-
tion. The intent of this discussion is to emphasize
that no clear cut statement as to the importance
of entrance channel effects is possible on the ba-
sis of the present calculations.

significant quantitative differences. " Thus, the
"0+"Ca system can fuse with an angular momen-
tum / = 62, while the maximum angular momentum
with which the "Si+ 'Si system is calculated tp
fuse is l = 50. For comparison, the limiting angu-
lar momentum which the A. = 56 system can sustain
is given by the liquid drop model as l = 58.

The results calculated using the two-dimensional
separable approximation are in very good agree-
ment with the results of the fully three-dimen-
sional calculations, except in the case of the most
energetic of the 'Si+ 2 Si reactions. The rotating
frame approximation, as in past calculations is
accurate just above the Coulomb barrier, but
breaks down for energies greater than that at
which a fusion window develops. The effect of re-
moving the neutron-proton degeneracy increases
the "0+"Ca fusjonicross section by approximately
120 mb over the energy range studied. The effect
of the nonlocal terms in the Skyrme interaction is
not clear at the single energy at which compari-
son was attempted. The difference in fusion cross
section, as computed using the full Skyrme and
local Skyrme interactions is not inconsistent with
the difference which could be attributed to the fact
that the full Skyrme calculation does not enforce
isospin symmetry.

Perhaps the most striking result of the TDHF
calculations remains the prediction of an angular
momentum window for fusion. While both the "0
+ Ca and Sj+ Sj results are cpns jstent wjth
experiment, it would be exciting if a definitive
experiment could determine whether such a win-
dow indeed does exist.

IV. SUMMARY

We have calculated fusion cross sections for the
systems i60+aoCa and Si+ Si,, both pf which
lead to the compound system "Ni. Both systems
exhibit an angular momentum window for fusion.
The "0+ 'Ca results are in reasonable agree-
ment with experiment, ~ and the 2 Si+""'Si results
are consistent with the experimental data" on the
similar S+ Al system.

The fusion results are qualitatively similar for
the "0+ Ca and "Si+ "Si systems, but do display
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