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Statistical tests for the detection of intermediate structure: Application to the structure of the
U neutron capture cross section between 5 keV and 0.1 MeV

R. B. Perez, G. de Saussure, R. L. Macklin, and J. Halperin
Oak Ridge Eationa/ Laboratory, Oak Ridge, Tennessee 37830

(Received 20 October 1978)

Recent measurements of the "U neutron capture cross section show a considerable amount of fluctuation
between 5 and 100 keV. Statistical tests performed on the measured cross section suggest that the
fluctuations are not compatible with the statistical model of nuclear reactions and imply the existence of
intermediate structure, which is interpreted in terms of doorway states. The validity of the statistical tests
used here is confirmed by numerical experiments with simulated cross sections generated by the Monte Carlo
method, in accordance with the statistical method. The behavior of the capture cross section is compared to
those of the subthreshold fission cross section and of the inelastic scattering cross section. The threshold
anomaly at the opening of the inelastic channel at 4S keV is seen in the form of a rounded step.

NUCLEAR REACTIONS Neutron capture U(n, p). E = 5 keV- 0.1 MeV meas-
ured o (E); statistical tests for intermediate structure; doorway states.

I. INTRODUCTION

There is a considerable amount of evidence
establishing the existence of marked fluctuations
in the "'U(n, y) cross section in the unresolved
resonance region. " Similar fluctuations have
also been reported in the "'U total cross section,
at somewhat higher energies. ' These fluctua-
tions are wider than the sharp resonances as-
sociated with the compound nucleus levels and
narrower than the broad structure due to the
energy dependence of the neutron penetration
coefficients. They represent departures from
the statistical nuclear model in localized energy
regions, forming an intermediate structure which
is not predicted by the compound nucleus theory.

There is some uncertainty' as to the overall
shape of the "'U(n, y) cross section. fn partic-
ular the two measurements discussed here differ
by as much as I/q in the 20- to 100-keV region.
However, a consistent pattern of cross-section
fluctuations, with which this work is concerned,
is observed in these measurements, as illustrated
in Figs. 1, 2, and 3.

In Fig. 1 the results of two measurements dis-
cussed in Sec. II are compared to an optical model
calculation by Jary et al. ' The two measurements
used neutrons produced with the Oak Ridge
Electron Linear Accelerator (ORELA) but very
different capture detectors. The data shown on
Fig. 1 have been averaged in 1-keV wide inter-
vals. The same data averaged over 400-eV wide
intervals are also compared in Fig. 3. In Fig. 2

. the data from one of the measurements discussed
in Sec. II are compared to the results of a mea-
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FIG. 1. Comparison of two sets of experimental U
capture cross sections with the model calculation of
Jary et al. , 4 for neutron energies between 6 keV and 100
keV.
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surement by Spencer and Kappeler' using neutrons
produced with the Kernforschungszentrum
Karlsruhe (KFK) 3 MeV Van de Graaff accelerator.

Statistical tests" were performed on the mea-
sured cross sections to determine if the fluc-
tuations are consistent with the statistical model
of nuclear reactions or imply the existence of
intermediate structure. ' " The interpretation
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FIG. 2. Comparison of data set I with the ~3 U capture
cross-section measurement of Spencer and Kappeler2
for neutron energies between 20 keV and 50 keV.

of the results of these statistical tests was first
validated by applying these same tests to sim-
ulated cross sections.

In Sec. II we give a brief description of the
'"U(n, y) cross-section measurements utilized
in this work; a fit to the average cross section
is discussed in Sec. III, in particular the threshold
anomaly at the opening of the inelastic channel at
45 keV is seen in the form of a rounded step.

In Sec. IV an interpretation of the observed inter-
mediate structure in terms of doorway states
is proposed. The statistical tests performed on
the, measured cross sections and their vali. da-
tion with simulated data are discussed in the last
few sections.

II. THE ' U(n, y) CROSS-SECTION MEASUREMENTS

In this section we give a very brief description
of the experimental techniques used in obtaining

the two sets of.data utilized in this work: sets I
and II. More complete descriptions of the mea-
surements, of the experimental techniques, and

of the apparatus have been published elsewhere. '"
Both measurements were done by the time-of-

flight technique at the neutron time-of-flight
facility associated with the pulsed electron ac-
celerator ORELA. Table I gives the relevant
parameters for both experiments. In each case
the efficiency of the capture y ray detector was
obtained by the application of the saturated reso-
nance method' to the ' 'U resonance at 6.V eV.

For data set I the detector was a large liquid
scintillator surrounding a centrally located "'U
metallic sample. This scintillator was traversed
by an aluminum tube through which the collimated
neutron beam passed and in which the "'U sample
was placed, normal to the neutron beam. This
detector was large enough to absorb most of the
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FIG. 3. The 3 U capture cross section averaged over neutron energy intervals 400-eV wide for sets I and II. Also

shown in the figure are the average cross-section fits to both sets of data and the average cross-section fit to the U

neutron inelastic cross section. The statistical error bars are shown at selected points to avoid excessive cluttering.
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TABI E I. Ezperimental parameters for the 3 &(g,y)
cross-section measurement for set I and set II.

Set I Set II

Linac repetition rate (Hz)
Electron burst width (ns)

3 U sample thickness (atoms/barn)
Flight-path length (m)

450 800
5 5
0.0028 0.0028

39.70 40.09

III. THE AVERAGE CROSS-SECTION FIT AND
THRESHOLD EFFECTS

In this section we discuss a fit to the data
averaged over wide energy intervals. This fit
is intended to represent the long-range behavior
of the cross sections, averaged over any inter-
mediate structure which may exist; the results
of the fit will be used as a "reference line" for
the Hald-Wolfowitz runs tests to be described

y rays emitted by the sample so that the detec-
tion efficiency was a function of the total emitted
photon energy (i.e., binding energy plus center-
of-mass neutron energy), and was fairly insensi-
tive to the multiplicity of the capture y ray
cascade.

For data set II the detector consisted of two
symmetrically located nonhydrogenous scintilla-
tion counters viewing a metal. lic U sampl. e
placed normal to the neutron beam. For each
event the digital output of this system was on-line
processed by application of a pulse-height weight-

. ing scheme resulting in a weighted response pro-
portional to the total emitted photon energy.

The shape of the incident neutron spectrum was
obtained with a "BF, ionization chamber for set I,
and with a 'I i glass detector" for set II.

As previously stated there is a shape difference
between the two data sets resulting in a le dif-
ference between 20 and 100 keV. For the analysis
presented here the data of set I were renormalized
to those of set II in the region 20 to 100 keV.

Sets I and II are compared in Figs. 1, 3, and 4.
In Fig. 1 the data are averaged over 1-keV in-
tervals and compared to an optical model calcula-
tion of Jary et aI,. In Fig. 3 the data are averaged
over 400-eV intervals; the statistical error is
indicated at a few selected points. This figure
also shows the inelastic scattering cross section
and fits to the data which will be discussed in
Sec. III. In Fig. 4 the data are averaged over
10-keV wide intervals: the fluctuations due to
intermediate structure have been "washed out"
by the averaging and the only remaining feature
is a "rounded step" at the opening of the first
inelastic threshold.

in Secs. V and VI. In the neutron energy range
considered here, an inelastic neutron channel
opens at 45 keV due to the 2+ state in the" U
nucleus. The data (see Figs. 3 and 4) exhibit
a threshol. d anomaly which appears as a rounded
step" rather than as a Wigner cusp shape. '~ It.
has been shown"'" that for neutral particles, the
threshold anomaly can be described in terms of
a power series in the wave number, i.e., 0'„„'
-k"', where l is the angular momentum in the
channel. Because of the unitarity property of
the collision matrix the threshold effects affect
all the reaction channels above and below the
threshold energy. In order to describe the open-
ing of the inelastic channel, a simultaneous fit
to the capture data and to an evaluation of the
inelastic neutron cross section" was performed.
The average capture and inelastic cross sections"
o„,(E) and v„„,(E) are given for a specified (J, /)
contribution by:

+ sgn(E —E,)a,p,"',
{E1~2g( J &)) g g pl x n l$7 ftnn'Y+g p

23+1

2J+1
gJ =spin statistical weight factor =

where I is the spin of the target nucl. eus and J
the total angular momentum.

The total angular momentum dependent strength
functions, S„, are defined in the form
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FIG. 4. The 3 U neutron capture cross section of sets
I and II, averaged over neutron energy intervals 10-keV
wide, for neutron energies between 5 keV and 0,1 MeV.

(2)

where the penetration factors V& and V,' as well
as the fluctuation factors" 8",' and R"," ' are de-
fined in Appendix A. We also have

0, =4.125 x lo' {beV'')
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0.000 96

TABLE II. Average resonance parameters for the
average cross-section calculation.
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FIG. 6. The average neutron capture cross section fit
to set I for neutron energies between 5 keV and 0.1 MeV.
Also shown in the figure are the s-wave, p-wave, d-
wave, and rounded step contributions to the total average
capture fit.

pp = (2.19 x 10')(I&—&&I)"a (4)

where E is the neutron energy (eV) and a is the
channel radius, in cm. Starting from the values
of the strength functions computed from the input

where (I',„') is the average reduced neutron
width and (D ~' ) is the average level spacing.
The calculation of the partial widths (I'„' )
(neutron width) and (I"„.' ) (inelastic neutron
width) is described in Appendix A. The input
parameters for the average cross-section calcula-
tion are shown. in Table II. The quantity p, is
defined as: (see Appendix A for units and defini-
tions)

data in Table II as initial guesses the parameters
varied in the simultaneous fits are the strength
functions, S», the inelastic neutron widths,
I'„', ", and the coefficients, a, and b, . The pa-
rameters a, and b, which mockup the rounded
step anomaly are not strictly independent as
they are related by the unitarity of the collision
matrix. The unitarity constraint is violated
by varying thein independently in the fitting
procedure over a limited energy range. In con-
sequence the average cross-section fit so ob-
tained is only an approximate representation of
the cross section in the energy range considered
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FIG. 5. The 3 U neutron capture cross section for set
II averaged over neutron energy intervals 400-eV wide
for neutron energies between 5 keV and 0.1 MeV. Also
shown in the figure are the average neutron capture and
inelastic average cross-section fits as well as the evalu-
ation {Ref. 16) of the neutron inelastic cross section.
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FIG. 7. The average neutron inelastic cross section
fit to set I for neutron energies between 5 keV and 0.1
MeV. Also shown in the figure are the p-wave, d-wave,
and rounded step contributions to the total average in-
elastic fit.
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in this work. The results of the simultaneous
fits are shown for set I and set II in Figs. 3 and
5, respectively. The s-wave, P-wave, and d-
wave contributions to the average cross-section
fit to set I are shown in Fig. 6 together with the
contribution arising from the rounded step. The
P-wave and d-wave components of the average
inelastic neutron cross section as well as the
threshold contributions are shown in Fig. 7 for
set I.

The strength functions, inelastic widths, and
"cusp" coefficients obtained from the simul-
taneous fits are given in Tables III and IV for
set I and set II, respectively. The difference
between the strength functions and inelastic
threshold parameters for both data sets is a
reflection of the difference in shape between the
measurements,

IV. THEORETICAL INTERPRETATION OF THE
INTERMEDIATE STRUCTURE IN NEUTRON

REACTION CROSS SECTIONS

Current thoughts on the interpretation of inter-
mediate structure are based on the concept of
doorway states" which are "simple" states with
a decay width to the continuum. A generalization

of this concept was evolved by Lane' and Robson"
by the introduction of "special states" with the
following properties

(i) Their level widths are larger than the
average width of the compound nucleus states.

(ii) They are not eigenfunctions of the total
nuclear Hamiltonian, but of a slightly different
Hamiltonian which differs from the former by a
res idual interaction.

(iii) They satisfy the boundary conditions of
A-matrix theory.

The introduction of the special levels provides
a particularly simple device to interpret the
intermediate structure. Endowed with a large
width and with a residual interaction potential,
they interact with the compound nucleus l.evels,
which share the strength of the special state.
This process leads to enhancements of the cross
section in localized energy regions which cannot
be explained in the framework of the statistical
nuclear model.

Special states can exist both at the entrance
channel and at the exit channel. of a nuclear re-
action. The entrance doorway states are responsi-
ble for the analog resonances observed in many
nuclei (Robson"). Exit special states arising from
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the structure of the fission barrier at large
nuclear deformations are responsible for the sub-
threshold fission structures 23-25, 20 The 23sU

nucleus is known to have subthreshold fission
structures "." Because of unitarity, the "'U(n, y}
cross section could also show structures corre-
lated to the threshold fission peaks. In Fig. 8 we
have plotted the data set II averaged over 400-eV
and 3-keV wide energy intervals and the "'U
neutron subthreshold fission cross section as
measured by Difilippo et al.' There is an en-
hancement of the subthreshold fission cross sec-
tion above the opening of the inelastic channel at
45 keV. However, because the fission cross sec-
tion is very small compared with the magnitude
of the fluctuations observed in the capture cross
section, we shall attempt to describe the observed
"'U(n, y} cross-section fluctuations in terms of
the intermediate structure arising from the
presence of entrance doorway states.

%'e have shown for a- more general case' that
in the presence of intermediate structure the
average cross section for a given (J, II, I} combina-
tion is given by the expression

with asymmetric terms, depending on the energy
of the doorway states. The energy denominators,
(W,„~', are given by

f.=(V"') —-«.'&

E„„=2&)„,„),
z, =&v„,r„,&,

(15)

where the angular brackets indicate the ensemble
average over the compound nucleus levels and
where we introduced the following definitions:

(I'„)=average spreading width

= &(v„,'+ —,'r„,')&/(D, ),
&Y~~„& = external mixing partial width

(12}

where E„and I'„are the doorway state energies
and widths, respectively. In turn the symmetric
factors U„„and I„and the asymmetric factors
E~„and J„„aregiven by the expressions:

( @1/2o( J,~) (E)) o. E 1/2 ( A'v) Z( J, &) (E}n, T n, r

where

v, =2m — gq,

and 5~~„'~(E} is a generalized strength function

S&' ~ '&(E) =S" "M' "(Z}

The modulation factor M„„(E}is given by

M„'„"(E)=[ft„+ft„&&,„&/s„]/[1 (0 )/&r )],

(5)
&$»„& =internal mixing partial width

= &r„„r,„&"2(v„/&D, &) .
Finally, the interaction matrix el.ements V»
and interaction widths 1"„q are defined as

with

(19)

(20)

(21)

where

S(+~ ~) &r(~ ~ ~)&/&D(~ ~ l) (9

and &DI~~ ~ '~& is the average level spacing of the
compound nucleus levels, while B» and R» are
statistical fluctuation factors defined in Appendix
A. The factors &8„„& and &QQ are given in terms
of the nuclear parameters of the doorway states
and compound nucleus levels by the expressions

(8, „)=g ~ w,„[-2[r„f/„„-z„„(E„-E}], (10)

&y„& = g j w,„(-'[r„r.—2J„(E„-z}],

where the summations go over the doorway states. .
Both factors, (e& „) and &Q„&, . consist of the super-
position of generalized Breit-signer resonances

(22)

The sums in Eqs. (21) and (22) go over all chan-
nels. S, is the channel shift factor, I „,and I"&,
are the partial level widths for the doorway
states and compound nucleus states, respectively,
and y„, and y~ are the corresponding R-matrix
reduced widths. The residual "force", (V„„.~~ ),
arises from the fact that the doorway states are
not eigenfunctions of the total nuclear Hamiltonian,
as mentioned at the beginning of this section.

Following Lane's' conception of the special
states, their interaction with the compound nucleus
levels proceeds both by the residual force,
V„„.~„„(internal mixing), and by "level over-
lapping" (external mixing), the latter effect aris-
ing because the "special levels" satisfy the
boundary conditions of the 8 matrix rather than
the Kapur-Peierls boundary conditions associated
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with the collision matrix. The external mixing
appears through the interaction widths 1"

& and
the energy shift factors S». This effect accounts
for the extra terms in our definition (Eg. 17) of
the spreading width, and for the partial mixing
width ~~&„. The external mixing also accounts for
the asymmetric factor J„. The inclusion of the
external mixing is a reflection of the physical fact
that the level overlap, together with the residual
interaction, determines the strength of the inter-
mediate structure.

The average external and internal partial midths

(I'„~„)and (g„„„)depend on the covariance between
the compound nucleus level. neutron width 1 &'„and
the width of the doorway state. The symmetric
factor U~„has a "direct" term, proportional to
the average spreading width, and an interference
term controll. ed by the average external partial
mixing width (I'„~„) Th.e symmetric factor I~
depends on the balance between the second mo-
ments of the distribution of the interaction ele-
ments V™„&and 1». The asymmetric factor E„„
is proportional to the average internal partial
width ((l ~„), whereas J'„ is just the covariance
between V» and I'». Hence a fit of the expres-
sion (5) [where the parameters, I „, U„„, K„„,
1~, and J„, in Eqs. (10) and (ll) are to be varied]
to the intermediate structure data, will yield in-
formation on statistical parameters such as
averages, second moments, and covariances of
the nuclear parameters of the interaction between
the doorway states and the compound nucleus
l.evels. However, the most interesting feature
of the present model is that of providing an ex-

planation for the enhancements of the capture
cross section, in the energy regions around the
doorway states.

V. STATISTICAL TESTS FOR THE DETECTION OF
INTERMEDIATE STRUCTURE

IR - E(R) I
-

2

u(R) (23)

approximates a normal probability distribution.
To apply the runs tests, the data mere first

binned into 10-keV wide intervals so as to
average over the cross-section fluctuations. A
cross-section fit was then performed, as de-
scribed in the previous section. This fit repro-
duces accurately the long-range behavior of the
data (see Fig. 4) and was used as the reference
line for the runs test performed with the same
data binned over intervals of width &, smaller
thanthe width of the fluctuations but larger than
the average widths of the compound nucleus levels
and of the experimental resolution function.

The autocorrel, ation function of the capture
cross section was also investigated to determine
if the data exhibited correlations longer than those

The problem of extracting the intermediate
structure from the fluctuations in the cross
section arising from the superposition of many
compound nucleus resonances has been extensively
studied. "'. " Recently James' applied the Wald-
Wolfowitz distribution-free statistics to the de-
tection of intermediate structure in the fission
cross section of several nucl. ei.'

The Wald-Wolfowitz runs test deals mith the
number of runs, R, of consecutive values which
lie above or below a given reference line. The
Wald-Wolfowitz statistics provide the number of
runs, E(R), expected from random statistical
data, , as well as the standard deviation o'(R). It
can be shown that the ratio

~ 50

4J
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FIG. 9. The mockup U neutron capture cross section
(model I), constructed in accordance with the statistical
nuclear model. The smooth solid line is the average
cross section fit (s-wave and p-wave contributions). The
simulated cross-section data have been averaged over
neutron energy intervals 400-eV wide for neutron ener-
gies between 5 keV and 0.1 MeV.

l J $0 (x10 )

I-&~ »a
on'

(eV)
0)

(b eV~~2)
b,

(b eV~»)

0 1
2

1 I
2

1 3
2

2 3
2

2

1.285

0.936

0.051

0.002 42

0.001 21

0.120 7

0.080 5

34.3
—386

—386

11.0
-1283

-1283

8372

8372

Reduced widths.

TABLE III. Average parameters from the simultaneous
fit of the ~3 U average neutron capture and inelastic cross
sections for data set I (threshold effects included).
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FIG. 10. The U mockup capture cross sections with and without intermediate structure (model II and model I, re-
spectively). Also shown in this figure is the modulation factor introduced in the nuclear statistical model to simulate
the intermediate structure. The data shown have been averaged over neutron energy intervals 400-eV wide between 5
keV and 0.1 MeV.
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FIG. 11. The various modulation factors, S.I, S.II,
and S.III used (see Sec. V) for the simulation of mockup
cross sections with intermediate structure (model II,
model III, and model IV, respectively).

expected from the widths of the resonances of the
compound nucleus and of the resolution function
of the measurements.

To evaluate the ability of the runs test and of the
autocorrelation function to detect intermediate

structure, studies were done with a simulated
"'U capture cross section generated in accordance
with the statistical model of the compound nucleus.

To approach a realistic situation, the mockup
cross sections must exhibit, besides the fluctua-
tions arising from the statistics of the resonance
parameters, the experimental resolution broad-
ening and "background" due to "faraway" levels,
since the latter bvo effects contribute to the en-
ergy correlations within the data set. The pro-
cedure followed was to divide the neutron energy
region between 5 and 100 keV into intervals
100-eV wide. The choice of this interval was
based on the fact that the experimental energy
resolution in this energy range is 100 eV on the
average. Neglecting level interference effects,"
the cross section for a given angular momentum
component, l, is well described by the super-
position of Breit-Wigner resonances, i.e.,

n, A ) 1 ~ (E E )2+[kg(l)(@)]21

where o, is a constant (see Eq. 6) and (I'„) the
average radiation width. %e now define the
average cross section

g ]~g /g

( @ 1/2o( ) (@ }) @1/2+( ) (@)d~+ S;-~]2
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TABLE IV. Average parameters from the simultan-
eous fit of the 2 U average neutron capture and inelas-
tic cross sections for the data set II (threshold effects
included) .

TABLE VI. Results of the Wald-Wolfowitz runs test
for various mockup 238U neutron capture cross sections
with simulated intermediate structure.

0

1 1
2

1 3
2

2 3
2

2 5
2

$0 (x10+)

0.563

0.022

0.002 42

0.001 21

0.120 7

0.080 5

Q)

(b eV~~~)

16.0

270

-270

-513

-513

b)
(b eV'~')

4.3

-1624

-1624

9521

9521

(eV)

Model II'
P(&g)

(%)

Model III
P(&g)

~z (%)

Model IV
P (E~)

'z

200 2.20 1.4
400 3.41 0.03

10.00 &10 13.49 &10 ~~

9.10 &10 11.66 &10"5

Model II consists of the mockup 3 U capture cross
section modulated by the intermediate structure ex-
tracted from the experimental data (see Sec. VII) ~ Mod-
els III and IV are described in Sec. V.

Reduced widths.

to obtain

( E z/2g t)(E ))

with

'(r, )Ig [I'„'„'(E;)/I',"(E)]G,(E;)I,

Eg + &/2 —EgG„(E;)=tan ' ', (,),

E~ —&/2 —E~tan g~{ f) (@ )
(27)

and where we neglected the energy dependence of
the neutron widths within the interval of integra-
tion. ' With & =100 eV, the program POLLA'"

was utilized for the generation of parameters
from the appropriate Porter-Thomas" distribu-
tions, and for the generation of level spacings
from the Wigner distribution law, "by the Monte
Carlo techniques utilizing the average parame-
ters in Table II. The effect of faraway levels was

R

O eV)

Model I"
P( )

(%)

Model II '

~R (%)

0.2
0.4
1.0
2.0
3.0

10.0

0.30
0.74
0.09
0.89
1.08
0.68

38.0
23.0
46.0
18.0
14.0
25.0

2.20
3.41
1.37
2.49
1.05
1.41

1.4
0.03
8.0
0.65

14.7
7.8

Energy averaging interval.
"Mockup cross section without intermediate structure.
'Mockup cross section with intermediate structure.

TABLE V. Results of the Wald-Wolfowitz runs test
for the mockup ~ U capture cross section with and with-
out intermediate structure.

described by enlarging the energy range below
' 5 keV and above 100 keV by several average level
spacings. The result of this calculation for the
superposition of s -wave a,nd P-wave components
is shown in Fig. 9, where the solid line is the
average cross-section fit described in Sec. III.
(The rounded step contribution was not included
in the generation of the mockup cross section. )

To simulate the effects of intermediate struc-
ture, the cross section computed according to
the statistical nuclear model (model I) was mod-
ified by introducing in the J= ~, I = 1 component,
a modulation factor computed from Eq. (8) and the
parameters in Table VIII, obtained from the fit
of this equation to the capture data of set I, (see
Sec. VII). The resulting modulation factor, S.I,
and the corresponding simulated cross section
are shown in Fig. 10. The modulation factor, S.I,
fluctuates around unity, with broad asymmetric
resonances around the location of the surmised
doorway states. To study the runs test and the
autocorrelation as a function of the amount of
intermediate structure, two more sets of simulated
cross sections, model III and model IV, were
implemented with modulation factors, S.II
= 3 (S.I —1) + 1, and S.III = 5(S.I —1) + 1, respectively.
The modulation factors, S.I, S.II, and S.III are
shown in Fig. 11.

The results of the Wald-Wolfowitz Runs Test
for the mockup capture cross sections, without
the intermediate structure (model I) and with the
modulation factor included (model II), are shown
in Table V for energy averages of the cross sec-
tion ranging from 200 eV up to 10 keV. The re-
sults pertaining to model I show that on the aver-
age there is a 27% probability of obtaining larger
or equal ratios, e~, from a sampl. e of random
data. In the presence of intermediate structure
this figure goes down to about 3% for values of
the energy averaging interval, &, between 0.2
keV and 2 keV. For larger intervals the probabil-
ity P(e„) increases again, indicating a progres-
sive washout of the intermediate structure. Hence
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averaged over 200-eV intervals. In the case of
the simulated cross section (model I), there is a
correlation range of about 40 keV. Beyond this
range the autocorrelation function oscillates
around its zero value. Upon subtraction of the
average cross-section fit (see Sec. III), from the
mockup cross section, the resulting data set
(model I.a) gives an autocorrelation function with
a correlation range of only 200 eV, which arises
from the "box" averaging of the data. We then
conclude that the 40-keV correlation range ex-
hibited in the case of model I is due to the energy
dependence of the neutron penetration coefficients.
The Butocorrelation functions for the simulated
cross section with intermediate structure (model
II), and for the result of subtracting the average
cross section fit from model II (i.e., model II.a),
are shown in Fig. 13. After thus "peeling off"
the energy dependence of the neutron penetration
coefficients, there appears to be a short correla-
tion range of about 3 keV followed by various
correlation peaks. These peaks arise whenever
there is a coincidence between two peaks in the
cross section at given energy shifts. This fea-
ture is clearly seen in Fig. 14, which displays
the autocorrelation functions for models II, III,
and IV, after subtraction of their respective
average cross-section fits. In this feature the
large peak seen at 64 keV arises from the pair
of peaks at 78 keV and 14 keV present in the
modulation factor (see Fig. 11). With few ex-
ceptions, such as, for instance, the peak seen
at an energy shift of about 75 keV, which seems to
arise from end effects, most of the correlation
peaks can be traced back to pairs of peaks in the
modulation factor.

FIG. 15. The Wald-Wolfowitz runs test for various
simulated U neutron capture cross sections and the
experimental data, compared with the expected number
of runs from a set of randomly distributed objects.

for the particular intermediate structure intro-
duced in the data the Wald-Wolfowitz runs test
indicates the persistency of intermediate struc-
ture effects up to energy intervals as wide as 3
keV. For the 400-eV capture cross section
averages, there is a factor of five increase in the
ratio, c~, for the model II case.

The results of the Wald-Wolfowitz runs test for
Model. s II, III, and IV are shown in Table VI for
& =200 eV and 400 eV. These results show the
sensitivity of the runs test to the amount of inter-
mediate structure.

The autocorrelation function tests (see Appendix
A) are displayed in Figs. 12, 18, and 14. In Fig.
12 we show the autocorrelation functions for model
I and model I.a, for the simulated cross sections

VI. STATISTICAL TESTING OF THE U NEUTRON
CAPTURE CROSS SECTION

In this section we apply the statistical tests dis-
cussed in the previous section to the two sets of
capture data. The reference l,ine appropriate to
each set was subtracted from the data (averaged
over 400-eV energy intervals). This operation
separates out the fluctuations from the average
behavior. Next the fluctuations obtained from set
I were subtracted from the fluctuations in set II.
The set of points resulting from this operation
yielded a value for c~ of 0.81. There is a proba-
bility of 21% for a value equal or larger than 0.81
to be obtained from a set of random objects. Hence
the fluctuations remaining in set II, after sub-
tracting the fluctuations in set I, appear to be
random.

The Wald-Wolfowitz runs test was applied to
data sets I and II for several values of the averag-
ing energy interval &. Figure 15 shows the ex-
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TABLE VII. Results of the Vfald-%oUowitz runs test for the ~38U capture cross-section
measurements (sets I and II) and comparison with the results obtained for model II.

Q |t

(keV)

Set I
P (e~)

(%)

Set II
P(&~)

(%)

Model II
P( )

(%)

0.2
0.4
1.0
2.0
3.0

10.0

8.72
2.81
1.03
2.34
0.98
0.4

(j 0-15

0.2
15.0
0.9

16.0
34.0

2.65
2.99
0.42
0.30
0.36
0.40

0 4
0.1

33.0
38.0
36.0
34.0

2.20
3.41
1.37
2.49
1.05
1,41

1.4
0.03
8.0
0.65

14.7
7.8

Energy averaging interval.

pected number of runs from a set of random ob-
jects with the corresponding standard deviation.
Shown also in the figure are the runs obtained for
the mockup cross sections, models I and II, as
well as the corresponding runs for sets I and II.
For & =200 eV up to 10 keV, the results for model
I (i.e., the cross section computed according to
the statistical nuclear model) fall within the error
bands of the number of runs expected from a
randomly distributed set of objects. For values
of & up to 2 keV, model II as well as sets I and

II show deviations from the random results.
Above 3 keV, the number of runs obtained in each
case falls within the error band of the'random
set of data. The ratios &~ as well as the probabili-
ty P(ez) obtained for each cross-section set are
given in Table VII. These results indicate that the
experimental cross section data behave in a man-
ner similar to the data constructed on the basis

(

of the statistical nuclear model modified by the
inclusion of intermediate structure. For & = 400
eV the significance level for the structure in the"U capture cross section is equal to that corre-
sponding to about 3 standard deviations for a
normal distribution.

The autocorrelation function for data set I
averaged over 200-eV intervals is displayed in

Fig. 16. As in the case of the mockup cross sec-
tions, there is a correlation range of about 40
keV. After peeling off the long-range correlation
due to the energy dependence of the neutron pene-
tration, the autocorrelation function is qualita-
tively similar to the autocorrelation function of
the mockup capture data with the simulated inter-
mediate structure. The same structure is ob-
served for the autocorrelation function for set I
averaged over 400-eV energy intervals (Fig. 17).
As in the case of the simulated cross section
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FIG. 16. Autocorrelation
functions for set I and for
set I.a obtained from set I
by subtracting the average
cross-section fit. The
cross-section data have
been averaged over neutron
energy intervals 200-eV
wide.
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with intermediate structure, a correlation range
of around 3 keV appears in the autocorrelation
function for the experimental data. One could, in

principle, surmise that this feature is related
to the presence of some characteristic correlation
width associated with the intermediate structure.

The cross correlation function between set I
and set II, averaged over 400-eV energy inter-
vals, is shown in Fig. 18. In the event of com-
plete consistency between the data, the cross
correlation function should coincide with the auto-

correlation functions for set I and set II.
The resulting cross correl. ation function is con-

sistent with the autocorrelation of set I after
subtraction of the average cross-section fit,
which reflects the reproducibility of the inter-
mediate structure between set I and set II.

The Wald-%olfowitz runs test, as well as the
autocorrelation function test applied on the ex-
perimental data, are consistent with similar
tests on the mockup cross sections. On the basis
of this comparison, we surmise the presence of
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TABLE VIII. Parameters for the intermediate structure in the 3 U neutron capture cross
section between 5 keV and 100 keV (set I).

Doorway
no. (keV)

~un
(keV)

Up, n'
(eV) (eV)

Ign
(eV)'

1
2

4
5
6
7
8
9

13.8
20.0
30.0
37.0
44.0
50
54.0
61.0
78

1.05
116.3
25.6
0.71

22.8
24.7
27.3
19.3
3.85

8.9
822.3
147.8

3.7
108.5
110.5
117.3
78.2
13.8

6.02
1.54
4.14

10.05
4.66
4.17
4.15
3.84
1.99

-0.06
2.90
2.52
1.66
0.19

-0.51
0.83
0.329
1.71

272
58

113
309
104
100
91.0

101.0
59

-4.4
225.6
162.0
104.0

9.3
9.7
6.05

-12.62
128

See text for the definitions of this parameter.
Reduced neutron widths for the doorway states, I'~„=E~ I'~„.

an intermediate structure in the "U neutron
capture cross section.

VII. INTERPRETATION OF THE U NEUTRON
CAPTURE CROSS SECTION IN TERMS OF A

MODULATED STRENGTH FUNCTION

The average cross-section fit discussed in
Sec. III is related only to the smooth energy de-
pendence of the cross section. In order to de-
scribe the local enhancement of the cross section
at particular neutron energies, we have fitted
the neutron capture cross section of set I with
the functional relation given by Eq. (5) which in-
cludes the generalized strength function defined
by Eq. (7). To implement the fitting procedure,
we have arbitrarily assigned J = ~ and l =1 to
all the doorway states. Also we have assumed
that the entrance doorway states have zero
radiation and fission widths (i.e., I'„=I'„„). The

)20
I I I I I I~ SET I—MODULATED STRENGTH FUNCTION FIT

70

(45 keV)

I I I I I I I I

5 15 25 55 45 55 65 75 85 95
NEUTRON ENERGY {keV)

FIG. 19. Modulated strength function fit to the 23 U

neutron capture cross section, set I. The cross-section
data have been averaged over neutron energy intervals
400-eV wide.

fit obtained for set I, averaged over 400-eV
energy interva. ls, is shown in Fig. 19.

The fit with the modulated strength function
was then utilized as the reference line for the
Wald-Wolfowitz runs test. The value of the ratio
&~ obtained in this case was 0.25 which is roughly
a factor of ten smaller than that corresponding
to the same test performed on the basis of the
usual average cross-section fit.

The autocorrelation function for set I, after
subtraction of the intermediate structure fit, is
shown in Fig. 20. For energy shifts above 3 keV,
the autocorrelation function is practically zero
which is in fact an indication of the "goodness"
of the fit to the data in the entire correlation
range with the exception of the structure left
around 65 keV.

The set of parameters arising from the modu-
lated strength function fit is shown in Table VIII.
This fit is nonunique mainly for two reasons:

(i) It is not clear how to distinguish between
local enhancements of the cross section due to the
arbitrarily picked doorway states and to the
statistical fluctuations of the nuclear resonance
parameters, because the statistical tests give
only "global" criteria for intermediate structure.

(ii) The spin and parity of the doorway states
has been arbitrarily assigned.

In view of these restrictions the usefulness of
the fit lies in that it provides a much more ac-
curate description of the cross section than the
usual average cross-section fit. This is of
interest in the calculation of neutron reaction
rates. In addition one can also derive some gen-
eral physical information from the study of the
modulated strength function fit.

We can explain the observed intermediate
structure in the '"U capture cross section by
postulating doorway states with an average level
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FIG. 20. The autocorrela-
tion functions for set I.a
and set I.b. The data set
I.a are obtained by sub-
tracting the average cross
section from set I. The
data set I.b are obtained
by subtracting the modu-
lated strength function fit
from set I. The cross-
section data have been
averaged over neutron en-
ergy intervals 400-eV wide.

spacing of roughly 8 keV and escape widths to
the continuum a few keV wide. The fact that the
parameters I„„are always pos itive sugges ts that
internal mixing predominates over external. mix-
ing. Both mixing effects appear strongly corre-
lated as indicated by the values of the parameter
J„„.This situation is confirmed by the sub-
stantial amount of asymmetry exhibited by the
intermediate structure lines (see Fig. 11). The
widths of the doorway states fluctuate between
1 keV and 100 keV with an average of 27 keV,
which is a small fraction of the Wigner limit of
0.6 MeV.

Since we cannot prove that the doorway states
resulting from our fit constitute the only possible
representation of the observed fluctuations, any
conclusion based on the properties of these door-
way states must be regarded as tentative. Thus
it is possible that another set of doorway states
with different properties could represent the
cross section just as accurately.

VIII. DISCUSSION AND CONCLUSIONS

From the study of the Wald-Wolfowitz runs
test applied to mockup cross sections, we con-
firm James' evaluation" of this test as suitable
for the detection of intermediate structure in
neutron cross sections. Care has to be exer-
cised in the construction of the "reference" line
for the implementation of this test. This line
should represent accurately the long-range
average behavior of the data in a physical sense so
that one can separate out the fluctuations in an
appropriate manner. For instance, a polynomial
fit to the data points, besides being devoid of
physical significance, could include some of the

TABLE IX. Comparison of the results of the Wald-
Wolfowitz runs test for various fits of the 3 U neutron
capture cross section for data set I averaged over 400-
eV intervals.

Set I
Set I.b
Set r.c'

2.81
9.23
9.89

0.2
&y 0-15

&y 0-15

Simultaneous fit to the U neutron capture and in-
elastic cross sections without the threshold anomaly.

Fit to the 3 U neutron capture only without the thresh
old anomaly.

strength function modulation into the average
behavior of the cross section.

The suitability of the reference line fit should
be checked by the fitting of the experimental data
"smoothed out" to the point in which all traces
of intermediate structure have been erased. (See
Fig. 4.)

The sensitivity of the runs test to the nature of
the reference line is illustrated by the results
shown in Table IX. These results show an increase
in c„of more than a factor of four arising from an
incomplete description of the physics involved in
the average behavior of the capture cross section.
Clearly, the runs test should be sensitive to "bad"
fits, and it is. This suggests the possibility of
utilizing this test as an added constraint to least
square fitting procedures.

The main idea of the use of the cross corre-
lation function to detect intermediate structure is
the comparison of the correlation range of various
sets of data. From the work in See. V on simulated
cross sections, we have learned that in the neutron
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energy range between 5 keV and 0.1 MeV, the
autocorrelation function is made up of two com-
ponents: (i) a smooth component with a correla-
tion range of about 40 keV, and (ii) a second
component exhibiting a pattern of peaks which
only appear for the simulated cross sections with
the intermediate structure.

The first component is related to the smooth
energy dependence of the neutron penetration
coefficients and disappears upon subtraction of
the average cross-section fit. In regard to the
second component, we know of its relation to the
intermediate structure but have not established
a quantitative, functional relationship between
the latter and the observed correlation peaks.

In consequence the correlation function test is
so far only a qualitative test. Nevertheless, as in
the case of the Wald-Wolfowitz runs test, it
appears to be sensitive to the presence of inter-
mediate structure.

In constructing the reference line for the cap-
ture cross section we have found what seems to
be a reasonable instance of a cusp anomaly in the
form of a rounded step" (see Fig. 3). Attempts
to fit the average cross section without the cusp
effects (see Table IX) clearly illustrate the
necessity to include such a threshold anomaly.
Unfortunately, this feature introduces more ad-
justable parameters into the average cross-sec-
tion fit. The (a,j and fb,) sets of parameters
describing the threshold anomaly in both the
capture and inelastic cross sections are related
by the unitarity of the collision matrix, a con-
straint, which has been only partially fulfilled
by the simultaneous fit of the capture and inelastic
data. These considerations point towards the
necessity of striving for the preservation of
unitarity in the evaluation of the average param-
eters for the cross section calculations which are
utilized in the computation of neutron reaction
rates.

We have discussed the nonuniqueness of the fit
to the observed structure in the "'U neutron
capture cross section: One can attach only a
limited credibility to the parameters obtained
for the doorway states which are responsible
for the intermediate structure.

From the present study we draw the following
conclusions:

(i) Autocorretation function tests, as well as
the Wald-Wolfowitz runs test, are suitable tools
for the detection of intermediate structure.

(ii) The comparison of the above statistical
tests as applied on mockup cross sections and
experimental data indicates with a confidence
limit, corresponding to about 3 standard devia-
tions for a normal distribution, that the observed

structure does not arise only from the statistical
fluctuations of the nuclear resonance parameters.

(iii) A threshold anomaly in the form of a
rounded step at the opening of the inelastic
channel (2+ state at 45 keV) has been found and

interpreted in the 2 U neutron capture cross
section.
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APPENDIX A: PARAMETERS FOR THE AVERAGE
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OF THE CORRELATION FUNCTION

The neutron widths are given in the usual form

Z/2

p( &) — EEE. y ~( ))
&n E 1 pin

r
(A1)

where EJ. is the laboratory energy of the neutron
and E„ is the reference energy (usually taken as
I. ep), I'~„'~„are the reduced neutron widths and

Vp=1,

V, =p'/(1+ p'),

V, = p'/(9+3p'+ p'),

with

p =ka,
j./2

=2.$9 x ].0 E~

(A2}

(AS)

(A4)

(A5)

(A6)

where E~ is given in electron volts and M„ is the
reduced mass in the neutron channel. The chan-
nel. radius, a, is computed according to the
ENDF/B (Ref. 17) prescription:

a =(1.234 '+0.8)10 "cm, (A7)

where A, is the nucleus mass number. In the
present case, one obtains

a = 0.842 x ].0 "cm .
The neutron inelastic widths I'~'„. are given by

Eq. (A1}with the penetration coefficients V,
computed by Eq. (A2) and (AS) with

p' = 2.19 x 10'(E—E,)'~'a .
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The average radiation width (I'„) was taken to be
the same (0.0235 eV) for all spins and parities. "

For the average cross-section calculations, the
statistical fluctuations factor R&' was obtained
from the expression"

theless, this is not felt necessary since the mod-
ulated part of the total width, i.e. Q~, is smaller
than (I', &. Hence we can rewrite Eq. (A13) and
(A14) in the form

(A9)

where P2(v„, I', „) is the lt' distribution with v„
degrees of freedom. For v„=1 Eq. (A9) becomes Ra= I dl'" " P2(~., 1'i.),

(I'.
&

(A15)

(A16)

Ri'= (1+2b,)(1-2b,'i'I;)

with

(A10)

(A11)

where we have neglected the fluctuations in L9„„.
Next, on the assumption that the radiation and

neutron widths are not correlated, we write

where P,'(I', „,I „„)=P, (v„, r, „)P„(v„,r,„), (A17)
f i =(I'~&/2(1'"&. (A12)

dI di dI &(I

P, (1 „,I'„,, y ), (A13)
+y ]. An& A~i il i

dr d de

and p(h, ), p'(5, ) are the error function and its
derivative, respectively. The fluctuation factor
R&" "for the average neutron inelastic cross
section was taken to be unity. " For any values
of the angular momentum L the statistical fluc-
tuation factors R, and R„are defined by the

lI. 2 l2
relations

~h~~~ P„(v„,I',„) is the lt' distribution for the
radiation widths and v, the number of degrees of
freedom. By taking everywhere E'~, equal to the
average value, (I'„&, v, becomes very large and
it is easily seen from Eqs. (A17), (A16), and
(A15) that R, =R,. Hence within the above approx-
imations we can compute the statistical fluctua-
tion factors R, and R, from Eq. (A10).

Given two ordered sets of objects, 1X;}and
1Y;j (i =1, 2, . . . ,N), with the average values
(X& and (y&, one defines the normalized cross
correlation function as

C»(2) = cov(X;, 'Y;„)/[var(X;) var(Y, )]~',

(A18)

where the covariance between fX;j and (p;j is
given by

The probability distribution functions I', and I',
are not known, although in principle they could
be calculated by Monte Carlo techniques. Never-

cov(X&, Y;,i) = p (X; —(X&)(1;, (I &)

(A19)
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