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Pion-nucleus scattering and absorption as a solution of the Boltzmann equation
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We calculate inelastic pion-nucleus collisions and pion absorption from the Boltzmann equation. The pion-

nucleus optical potential and the elementary pion-nucleon cross section are the dynamical input. We describe
the construction of a scattering solution and propose an approximation scheme bgsed on a straight line

trajectory (allowing for backward scattering). The total reaction cross sections, the one for absorption and

for double charge exchange, are calculated as a function of the pion energy (from 50 to 300 MeV). Doubly
diA'erential cross sections d'cr/dOdE are computed for inelastic (m+, m+) and (m+, m. ) reactions. Without

adjusting any parameter, the absolute magnitude and the shape of the experimental data are fairly well

reproduced. Pion absorption and single quasifree scattering are the two dominant channels in pion-nucleus

interactions.

NUCLEAH HEACTIONS Inelastic pion-nucleus scattering, single and double
charge exchange, reaction cross section, absorption cross section, calculated

from Boltzmann equation. He, C, 6Q.

I. THE AIM OF THIS VfORK

How does a pion propagate' into and inside a
nucleus? Despite thirty years of research in
pion-nucleus physics, this question has not yet
been answered satisfactorily. Elastic pion-nu-
cleus scattering, on which attention has been
focused during recent years, cannot help for the
following simple reason: Whenever a, pion pene-
trates the nucleus it interacts inelastically. It
knocks out one or several nucleons or it is ab-
sorbed. In both ca.ses, the pion is removed from
the elastic channel, hence it is unobservable in
elastic scattering. Therefore, in order to learn
how a pion behaves inside the nucleus, we have to
focus attention on inelastic processes. The exci-
tation of low-lying excited states carries only a
little strength and is too similar to elastic scat-
tering to serve our purpose. Instead, we shall
concentrate on inclusive reactions of the form

n'+ Z g' +X.

A pion with energy ~ interacts with a target "Z
and an outcoming pion with energy &u' (& w) is
mea, sured at an angle 6 while everything else
(I) remains unobserved. The final pion v' need
not carry the same charge as the initial one. Be-
sides, we shall look at the total cross section for
pion absorption,

m'+ Z-no @+X. (1.2)

Vfhen we attempt to describe reactions of the type

of Eqs. (1.1) and (1.2) we take the point of view of
multiple scattering: A pion which penetrates a.

nucleus is scattered elastically or i:nelastically
by a few target nucleons before it either leaves
the nucleus, Eq. (1.1), or is absorbed, Eq. (1.2).
A calculation of the corresponding cross sections
ha.s to follow the pion through the nucleus. It
must contain the sum over all unobserved infor-
mation of the inclusive cross section. Here lies
the problem: There are no well developed theore-
tical tools to describe inclusive pion-nucleus
reactions. The Monte Carlo calculation or the in-
tranuclear cascade calculation are the only
methods available at present (Ginocchio'). It
aims at a "brute force" computer simulation of
complex processes and requires extensive nu-
merical work, but only a minimum of ideas about
what is going on. Hence the results of this type
of calculation are sometimes as puzzling as the
experimental data, even if they do agree.

In this paper we present an alternative approach
to pion-nucleus inclusive scattering. The theore-
tical motivation has been discussed in several
papers (Hiifner, ' Thies, ' and Hemler') and will not
be repeated here. The relation of this approach
to the pre-equilibrium calculations (Griffin,
Blann') is not yet clear. Starting from quantal
multiple scattering theory, the problem of in-
clusive nuclear scattering can be cast into the
form of a transport equation for the signer trans-
form' of the projectile density matrix. This
equation reduces to the Boltzmann equation under
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the following assumptions:

(a) There are no nucleon-nucleon correlations.
(b) The pion is on-shell between two scatterings.
(c) The wavelength of the pion is short as com-

pared to its mean free path.

In this limit, the Wigner transform may be inter-
preted as the classical distribution function

f (x, p, t) in phase space. It evolves in time ac-
cording to the details of the scattering process,
while the number of pions (the "norm" of f )

N(f) = dxdpf(x, p, t)

decreases because of true absorption. f (x, p, ~) is
the "optimum" quantity for our purpose in the
sense that no redundant (unobserved) information
about the complicated nuclear states is carried
along. Yet we are aware that the Boltzmann
equation provides a purely classical description,
and hence the same reservation of principle ap-
plies as for the Monte Carlo method.

The Boltzmann equation has never been applied
to pion-nucleus physics. We try to do it here.
We construct an approximate solution, which
allows for a lot of physical insight and for rapid
computation. A variety of experimental data can
be explained semiquantitatively and in a rather
consistent way. The picture of how a pion propa-
gates into and inside a nucleus turns out to be
very simple: Pion absorption is a major if not
the dominant reactive channel. An appreciable
fraction of the pions are absorbed before they
have a chance to knock out a nucleon. Thus there
is virtually no inelastic cascade inside the nu-
cleus. Those pions which are observed finally
have merely "scratched" the nuclear surface,
whereas the interior region is essentially un-
explorable by means of the (v, v') reaction. These
findings confirm the conclusions drawn by I.enz'
from a qualitative analysis of the available ex-
perimental data and also support some of Ginoc-
chio's results. '

II, THE BOLTZMANN EQUATION FOR A SCATTERING
PROBLEM

The Boltzmann equation is well known in sta-
tistical physics, see e.g., Reif, ' as a model for
approaches towards equilibrium. In nuclear
physics it has been used extensively for problems
of neutron transport and moderation in chain re-
actors. Its application to an intranuclear cascade
at intermediate energies seems rather novel.
We only are aware of work in low-energy heavy
ion reactions (Agassi et al. '0 and Bertsch")
where similar ideas are used. Our starting point

is the equation"

] f + (H, fj = 2 Im U,p, f+Df .9
(2.1)

It describes how the distribution function f (x, p, f)
for a pion in phase space changes with time. The
classical Poisson bracket

(2.2)

(2.4)

The physical picture underlying the Boltzmann
equation implies that the nucleus is excited via
quasi-free n-N collisions. Thus the basic in-
gredients in D are the elementary differential
cross section and the distribution function
f„(x,p, f) of the target nucleons. We take f„to
be appropriate to a local cold Fermi gas with
Fermi momentum k~:

(2.5)
I

p(x) is the nuclear density normalized to A. Then
D assumes the form

D(x', k'-x, p) =k (x —x') J dk'e(k' —k„)

X dk ~ x, k, t ~ k'+p'-k -p
I(Pr' -Pr), ))(r (-, -

)
r c.m.

The notation is the following: The momenta of
pion and nucleon are p and k before the collision
and p' and k' afterwards. The center of mass

provides the "drift terms" which account for a
steady streaming of the particles in the average
force field. We specialize to our problem by
choosing the Hamiltonian function H for a relativ-
istic pion moving in the real part of the optical
potential,

H(x, p) =((((,'+p')'~'+Re U,~, (x, p). (2.3)

Here p. is the pion rest mass and h=t-"=1 by con-
vention. The appearance of the optical potential
means that the left-hand side (lhs) of Eq. (2.1)
describes elastic scattering only. The right-hand
side (rhs) or "collision terms'" arise from in-
elastic n-nucleus collisions and pion absorption.
It is split into a "loss term" proportional to the
imaginary part of the optical potential (note that
Im U,„(&0) and into a "gain term" Df. D is a
linear integral operator in phase space:

(&f)(*', k', k) = f« "k ~(*',k'-x, 5)f (*,k, k) .
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(c.m. }differential cross section depends on the
relative momenta p„before and p„' after the colli-
sion. The & functions ensure energy and momen-
tum conservation and the relative velocity v„
corrects the flux factor in the definition of the
cross section for a moving system.

We have adopted semirelativistic kinematics
for the pion, in which the nonrelstivistic formu-
las are kept, but with the pion mass replaced by
the total energy &u(p) =(g'+p')'~'. For instance,
the relative momentum takes the form p„
= (Alp —&ok)/(M+ &o) with the nucleon mass M.

There is an important unitary relation for the
right-hand side of the Boltzmann equation which
relates the imaginary part of the optical potential
to an integral over the operator D. The norm
N(t) of f (x, p, f) has been defined in Eq. (1.3).
Integrating Eq. (2.1) over x and p, one gets

dN(f) dx dpl2 ImU„,f +Df).dt (2. I)

If we switch off true absorption for the moment,
the number of pions is a constant of motion and
hence the right-hand side of Eq. (2.'I) must van-
ish. An obvious choice for Im Upp( which identi-
cally satisfies this requirement is

ptmp„(x, p)=- fdx dp'D(x'', p'- xp).

(2 8)

Inserting this expression into the Boltzmann equa-
tion (2.1), we recover the more symmetric form
of the collision gain and loss terms prevailing in
the textbooks on statistical mechanics. On the
other hand, Eqs. (2.6} and (2.8) yield at once a
well-known result" for the first order optical
potential,

fb (x, p, t) = &(p —p,)&(x —(b +vot}). (2.12)

Equation (2.1) has to be solved with this initial
condition. However, as it stands, Eq. (2,1) still
generates a piece in f coming from elastic scat-
tering. Since elastic scattering is almost a pure
wave phenomenon (diffraction) in the energy re-
gion of interest, our classical approach would
fail badly. W'e subtract it out and content our-
selves with the inclusive inelastic cross section.

This subtraction can easily be done: First
solve the Boltzmann equation without a collision
gain term for the elastic distribution function,

el.

in classical physics is quadratic in the phase
space density, Eq. (2.1) is linear. What is the
reason for this difference? In statistical mechan-
ics one usually considers a gas of many particles
which interact among themselves. Here we deal
with one pion, which penetrates through nuclear
matter and interacts with the nucleons. Thus, the
equation must be linear in the pion distribution
(one pion) but the collision term is bilinear in the
pion and nucleon distribution functions. The nu-
clear distribution function Eq. (2.5) can be as-
sumed time i.ndependent and appropriate to a cold
Fermi gas as long as the pion moves much faster
through the nucleus than the velocity of sound for
nuclear matter (v„=k~/M =0.3). Therefore
T„»gv„'/2 =10 MeV.

A scattering solution of Eq. (2.1) is defined by
the following initial condition: At very early
times t —~ a pion approaches the target nucleus
with a velocity v, =p, /a&(PO) on a trajectory which
is characterized by the impact parameter b (from
now on, we shall use b as a subscript for f and
N):

2 ImUbp( =-p(x)(v„o; (),„, (2.9) ] f'(+(H, f")—2ImU, p, f"=0.el (2.13)

where ( ),„stands for Fermi averaging and Pauli
blocking. Because of pion absorption, the Brgu-
ment leading to Eq. (2.9}breaks down. We shall
see in Sec. IV that the optical potential can be
split into a scattering and an absorptive part,

U,pt = U„+U,b, . (2.10)

dN(t) dxdp2ImU, b,f . (2.11)

We interpret -2ImU„as the scattering rate and
-2 ImU, b, as the absorption rate for pions. Then
the unitary relation (2.8) holds for U„, so that the
loss of pions into absorptive channels is described
by the equation

d ~@111
= lim dbdxfb(x, p, t).

dp
(2.14)

Let us denote the norm of fb, fj, and fb by Nb,
Nb and N$, respectively [cf. Eq. (1.3)]. Integrat-
ing Eq. (2.14) over all final pion momenta, we get
for the total nuclear excitation cross section

Then solve the full Eq. (2.1) for f and define the
inelastic distribution function as f'" =f —f". As
shown in the Appendix, the differential cross
section for inclusive inelastic scattering is simply
given by the asymptotic momentum distribution
integrated over all impact parameters,

o„,„,=lim db N'j t . (2.15)
A comment on the linearity of Eq. (2.1) may be

appropriate: While the Boltzmann equation used Nb(t) is the probability that the pion with initial
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impact parameter b does still exist at time t.
Therefore, we can immediately write down the
total absorption cross section,

f (x p t) = g f (x p t) ~

n= p

(3 1)

0», = lcm db 1 —Nb t (2.16)

Adding Eqs. (2.15) and (2.16) we obtain for the
total reaction cross section

o;, = ~, Q (2E + 1)(1—IS, I') . (2.18)

III. A SCHEMATIC SOLUTION OF THE BOLTZMANN

EQUATION

The Boltzmann equation (2.1) is an integro-dif-
ferential equation in seven variables (x, p, t). To
solve it exactly represents an enormous task.
Gne possibility is to convert it into an integral
equation which can then be solved by Monte Carlo
methods. VYhile this still seems to be the only
practical option if one is interested in a complete
description of complex final states, it is highly
desirable to develop simpler and more trans-
parent techniques for the inclusive reaction.
Since there exists little experience on solving
Eq. (2.1) for pions and a finite geometry, our
approximation scheme is largely based on physical
intuition. It comes closest to a technique used by
Adler et al." and Sternheim, "who follow asugges-
tion by Fermi, and solve a one-dimensional trans-
port equation. Adler et al."'have applied their
approach to an exactly soluble model and found it
to be an excellent approximation. Therefore, we
feel rather confident about the reliability of our
solution.

A pion which propagates through a nucleus
collides a few times before it either escapes or
is absorbed. "Few" means "once" or "twice" on
the average. This behavior has been deduced by
Lenz' on the basis of various experiments. It
also results from our calculation since the mean
free paths for nN scattering and pion absorption
are comparable for pion energies between 100
and 300 MeV. The small number of wN collisions
inside a nucleus suggests the following expansion
scheme. The distribution function f (x, p, f) is
written as a sum of terms each of which describes
a definite number n of inelastic collisions:

o„=o„,„,+o,b, = lim db [I —N'b (t)]. (2.17)
f ~&e

This equation resembles the corresponding quan-
tum mechanical one: We relate the impact para-
meter b to the initial pion-nucleus relative an-
gular momentum l and introduce the S matrix
S, for pion-nucleus elastic scattering. Then

The term f ~' corresponds to the elastic channel,
and f ' corresponds to the fraction with one (and
only one) quasi-free collision, etc. Each f " satis-
fies an equation similar to Eq. (2.1), except that the
collision gain term now becomes a source term in-
volving f~" '~. D increases the number of inelastic
collisions by one:

f (+~ + JJI f ~"~) =2 ImU' f~"l +Df ~" ~~ (3 2)

Equation (3.2) holds true for n ~0 with the conven-
tion f ' =—0. At f- —~, only f~' is populated. '

The "inclusive multiple scattering expansion, "
Eq. (3.1), does not yet simplify the original
Boltzmann equation. In order to arrive at a more
tractable set of equations, we have to separate
space and momentum variables as far as possible,
at the price of losing some of the correlations
between them. The mathematical realization of
our approximation goes as follows: We postulate
that f b~ (x, p, f)' (where b is the initial impact
parameter) can be factorized as

f -" (x, p, f) = g
" (x, t)II "

(p ),
(3.3)

Im U~, (x, p )f~&~(x, p, t) = Im U,"lt(x ) g
~"l(x, f) II ~"~(p) .

Finally, in the collision gain term we pull out a
factor v„o:"„' [at the average energy after (n-1)
collisionsj out of the integral, Eq. (2-.6$..--

Here II "
(p) is the momentum distribution after n

collisions, normalized to one. It becomes time
independent once we neglect the small changes in
pion momentum due to the force, keeping only
the effect of the "violent" collisions. (~b~(x, f)
carries the information about the space-time
dependence and the norm of the distribution func-
tion. The only correlation to II "~ which we allow
is a discrete one: Whenever the pion energy ap-
pears in the evaluation' of (~-"~ (x, f), we replace it
by the average energy after n collisions as de-
termined by the second moment of 0 " . This in-
formation is now contained in the (discrete) in-
dex (n). Similarly, we replace the momenta P in
the Poisson bracket and the optical potential by the
average root mean square momentum after n
collisions and indicate this choice by the label
(n), e.g. ,
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dx'dp' x, p -x,'p' (" 1) x', p', t =-2ImU(. ". 1) x (b
1) x, t dpi S p-PI II(" 1) p', (3.5)

where

W(p-p') = C dk' dk8 (kr —k')8 (k —k~)5 (k+p- k' -p') '~" ~"' "~ ~ ~" (p„', p„) (3 8)

and the normaliiation constant & follows from

(3.7)

This approximation amounts to neglecting the ef-
fect of Fermi averaging in the optical potential,
without violating the unitarity condition discussed
in Sec. II, owing to Eq. (3.7). The reduction in

o,"~t due to the Pauli principle, i.e., the restric-
tion of phase space for the scattered nucleons, is
taken into account when evaluating ImU„" '~.

Collecting Eqs. (3.2) to (3.7), the Boltzmann
equation decays into the following set of equations:

P'"'(P) = J ~P')P(P-P')P'" "(P), (3.8)

(3.10)

(z&'"'(t) = dxz$'" (x, t) . (3.11)

In order that the equations for the moments close,
we introduce a "smoothness assumption": We
assume the spatial distribution of the pion to be
well localized to volumes in which the potential
does not change significantly. For instance, we
set

+v" ("(x t)=2ImU" (x)g" (x t)
9 8

&Bt b t 0Pt $ t

—2 lmU&."-'&(x)~&"='&(x t)

(3.9)

The momentum distribution arises by successively
folding the transition probability W(p-p') for a
single quasi-free scattering event [cf. Eq. (3.6)].
Equations (3.9) are partial differential equations
for the (~~&(x, t). The coupling between Eqs. (3.8)
and (3.9) is only a trivial one: The velocity v~"I

and the optical potentials have to be evaluated at
average pion energies as determined from the
II ",. To evaluate the cross sections, one needs

(n)(to know the functions II .
' explicitly, but only the

asymptotic norm of g~ (x, t) (cf. Sec. II). There-
fore, we solve Eqs. (3.9) via a moment expansion.
The moments to which we limit ourselves are the
norm and the mean position, i.e.,

dx U~"I(x)(~-" (x, t) = U„", (b, (z)~" )N& (t).

dt
N" =2ImU" (b (z)-" )N"

—2 ImU~" ' (b, (z) " ' )N~" ' (3 13)

d—(z)" = v~"l +2lmU " " (b (z) " ')
dt sc y b

(n-x)

(z )( — ))
b

(3.14)

Equations (3.13) and (3.14) are now in a form in
which they can readily be solved on a computer,
for each impact parameter b. One first evaluates
the II " from the recursion relation (3.8). For
n =1 we have done the integration exactly, so that
our single scattering term is proportional to a
plane wave impulse approximation appropriate to
a Fermi gas. For n &1, neglecting the slowly
varying flux factor, we derive from Eq. (3.8)
analytic recursion relations for the first and
second moments of II("). The same formulas
have previously been used in a different context
(cf. the Appendix of Ref. 15) and need not be
repeated here. Then we reconstruct the functions
0 " for n &1 by assuming a normal distribution.
The results of our calculation justify a posteriori
the somewhat crude treatment of multinucleon
knockout processes, since they represent only a
tiny fraction of the reactive cross section.

In the actual calculation we had to go one step
beyond the scheme described so far. Because
of the P-wave dominated m-N interaction, large
angle scattering occurs frequently, thus invalidat-
ing the assumption-that the distribution function
remains well localized in space. Also, the mean
energy averaged over all the angles seems too
"global" a quantity to characterize the energy
dependent aspects of the scattering process even

(3.12)

Then, by taking mean values of Eq. (3.9), a set of
coupled ordinary differential equations is obtained:
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qualitatively. Guided by the success of the Adler
model, "we have attempted to improve on the
preceding approximations by choosing finer sub-
divisions for the distribution function f. We split
the collision gain term into a sum of two pieces,
one corresponding to a "forward" scattering
event (8&90', label "+"), the other to a "back-
ward" scattering event (e&90', label "-").
Then the distribution function f ~"l for an n-fold
collision can further be decomposed into 2" terms
according to the possible sequences of forward/
backward scatterings, e.g. , f/', fi'l for single,
f~',~, fP', f~',~, and f~'~ for double scattering. The
only modification in the equations discussed be-
fore is that f~" and IJ,~, get an additional label
for the "history" of the collision process, and
that the velocity &~"~ in Eq. (3.9) may have either
sign, depending on the total number of large angle
scatterings. Since the rapid convergence of the
multiple scattering expansion allows us to trun-
cate the series after the triple scattering term,
the extra amount of computation is still reason-
able.

IV. IN-MEDIUM PION-NUCLEON SCATTERING

The elementary wN scattering information
enters the Boltzmann equation in the optical
potential and in the gain part of the collision term.
In lowest order the optical potential is linear in
the nN scattering amplitude, "

4n'
U'pt =- f. (8=0)p(x) ~

24)
(4.1)

-r(~)/2P
(d —(d + '4 F((d)

(4.3)

In free space the nN scattering amplitude is
given by the experimental phase shifts. Inside the
nucleus the pion can also be absorbed. Absorp-
tion may be incorporated by constructing an effec-
tive or in-medium mN amplitude. We follow the
arguments of Hirata et al."and Oset et al,.":
In the resonant (3, 3) channel, pion and nucleon
form a 4, which, while propagating through the
nucleus, can collide with another nucleon

(4.2)

and convert its mass excess into kinetic energy
of the two nucleons. According to Refs. 16 and 17,
this mechanism accounts for most of the pion ab-
sorption phenomena. Therefore, we construct
our in-medium wN amplitude in the following way:
Experimental xN phase shifts are used in all
partial waves, except the (3, 3) channel. The re-
sonant part of the (3, 3) amplitude, which has the
form

is modified in the medium to

ImC, p,I abs =2+~ '
Bee, (4.5)

where Co governs the magnitude of the real part
of the optical potential. Depending on whether we
trust the experimental values Im CO=0.04 p, pr
0.08 p, , we find I'.b. =30 or 60 MeV. Hirata
et al."deduced F,b, by fitting the total pion-
nucleus cross section. Their value of l',b, lies be-
tween 100 and 150 MeV. We follow them and take
F,b, =120 MeV, but find the calculation, even of
the absorption cross section, very insensitive to
the precise value of I;b, (see Sec. VI).

The pion-nucleus optical potential also contains
an absorptive part of the form b,U,',' =4' ImB,
p' (x)/2&v, which, for instance, accounts for the
s-wave pion absorption in pionic atoms. " We in-
clude such a term also in our calculation. Vfe
take ImB, =0.04 p. '.

According to the calculations, the most impor-
tant physics happens in the nuclear surface. It is
necessary to choose the correct local Fermi
momentum. We do not follow the prescription of a
local Fermi gas, which predicts k~(x) ~p' '(x),
but rather we follow the suggest~on by Campi
et aE." For a nuclear wave function built of
Gaussians, the local Fermi momentum is prac-
tically independent of x. For an exponential tail,
k~(x) decreases with density, but much more
slowly than predicted by the naive local Fermi
gas. We choose k~ =190 MeV/c, independent of
x, which seems appropriate for that part of the
density to which we are sensitive.

There is no reason to believe that the zeal part
of the energy denominator in Eq. (4.4) is not af-

-F(~)/2P
co —(d& + &l[P(co)I ((d) + I ~b, p (x )/po]

(4.4)

The two modifications in the denominator of Eq.
(4.4) have the following origin: (a) The Pauli-
quenching factor P(~) (~1) reduces the decay
width of the delta in nuclear matter, because not
all the states of the final nucleon are available.
For example, P(v) = 0.'I at the resonance for a
Fermi momentum kz =190 MeV/c. (b) The ab-
sorption width I',b, accounts for absorption via
Eq. (4.2). The factor p(x)/p, (p~ =density of
nuclear matter) takes into account that a, second
nucleon must be present. We assume F,b, to be
independent of energy ~ since no detailed infor-
mation is available. The magnitude can be esti-
mated from several sources. The experimental
value ImC, in the P-wave part of the optical po-
tential for pionic atoms" is related via
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i

fected by the medium. A difference in the poten-
tials felt by the nucleon and the delta or disper-
sive effects of pion absorption could induce large
shifts. We ignore this kind of effect since it is
not yet well enough understood at present. How-
ever, some of the discrepancies between calcu-
lated and measured spectra in the (w, m') reaction
seem to call for a sizable shift in the position of
the 4 resonance.

Finally we decompose the optical potential into
a. scattering part U,. and an absorption part U,. b„
cf; Eg. (2.10). Inserting expression (4.4) into Eq.
(4.I) and taking the imaginary part of (which
only enters our calculation), we identify-

P(~) I'(&)
ImUsc = ImUopt&

tot

I -.b. p(x)ip,Im Uabs— 0 ImUopt,

(4.6)

with the total in-medium width

I'„, = P(&u) I'(&u) + I'.,b, ~
p(x)

Po

Note that U&c is also modified by absorption.

(4 'I)

V. CALCULATED CROSS SECTIONS AND COMPARISON

WITH EXPERIMENT

We have approximately solved the Boltzmann
equation as explained in Sec. III, with the model
for the mN scattering amplitude described in Sec.
IV. There is no adjustable parameter. All cross
sections which are shown in the following are

calculated in shape and absolute magnitude and no
."cosmetics" were attempted. We have tried to
cover a variety of data, many of which have been
discussed by I,enz. ""We have ordered the presen-
tation according to decreasing inclusiveness:
First we present the integrated cross sections,
then the single differential cross sections, and

finally the double differentia, 1 ones.
Figure 1 shows the reaction and the absorption

cl oss sections for plons on He~ Cp and Q as
a function of the pion energy. (No attempt was
made to evaluate the integrated elastic cross
section, since it derives a large part from quan-
tum effects absent in our approach). The reaction
cross sections show a pronounced peak in the re-
sonance region, the shape and absolute magnitude
of which are approximately reproduced by the cal-
culation. However, there seems to be a syste-
matic discrepancy on the low-energy side. The
calculated absorption cross sections are rather
flat. They seem to reflect some kind of satura-
tion phenomenon. There is no reminiscence of
the (3, 3) resonance at higher energies, presum-
ably because decreasing direct absorption (out of
the elastic channel) is compensated by a rising
probability for absorption after one or several
quasi-free collisions. The present accuracy of
the data does not yet allow a detailed comparison.
The difference between a„and aabs is due to in-
elastic scattering. As indicated already and as
will be discussed in more detail in Sec. VI, it is
dominated by single nucleon knockout.

The cleanest experiment'which studies single
inelastic scattering to date seems to be the re-

500—

400—

300—
E

200—

100—
12C 16O

I I

0 100 200 300 0
I I I

100 200 300 0
E (WeV)

I I I

100 200 300

FIG. 1. The reaction cross section 0'~, and the total absorption cross section 0'~ as a function of pion laboratory
energy and for three target nuclei. The experimental data (triangles) for the absorption cross sections are taken from
Refs. 22—24 for He and compiled by Ginocchio (Ref. 1) for C. The reaction cross sections (points) are given in Refs.
25—27 for He and in Refs. 27 and 28 for C. For 0, the dotted line stems from a phase shift analysis of recent SIN
data Ref. 29.
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FIG. 2. The integrated cross section for one-nuc-
leon knockout as a function of the pion laboratory en-
ergy. The experimental data (Ref. 30) correspond to
the sum

~("c(~,~~)"c}+~("c(~-,~-~)"&}.
The solid line is the calculated cross section for single
scattering multiplied by 0.5, as explained in the text.
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action "C (w, m'N) "C, in which a bound final
state of "C is measured radioactively. This re-
action differs from the inclusive one, and one now
has to think about the final state interaction of the
knocked-on nucleon. According to the estimate
of Rei. 20, about half of the outgoing nucleons ex-
cite the "C nucleus above the particle threshold.
Therefore, we scale the calculated inclusive single
scattering cross section down by a factor of & be-
fore comparing it to the measured excitation func-
tion for "C (w, w'N)"C, Fig. 2.

FIG. 4. The angular distribution of the pions in a one-
proton knockout reaction for two different initial pion
energies. Experimental data are from Refs. 34—36.

Double charge exchange requires at least two
mN collisions, and has only a very small cross
section (Fig. 3). In addition to a factor of -5
vrhich one loses vrhen going from single to double
scattering, it is also cut down by a trivial isospin
factor (starting with a n', only I out of 36 double
scatterings lead to a w, near resonance). The
order of magnitude seems to be all right, but the
scarcity of data does not permit a stringent test

2.0—

1.0—

4He (~,~ ) X

E
0.6—

+

LU

-, o.~-&
UJ

~ 0.2—
+

c (m+, ~-) x
E~+ = 129 MeV

0 a

0
I

100
I

200 300

0
0 0.5 1.0

E„ /E„.
FIG. 3. The total cross section for double charge

exchange on He and C. The experimental data are
taken from Hefs. 31 to 33. The triangles correspond.
to the (x ', z ) reaction in emulsion and are given to
show the energy dependence.

FIG. 5. The energy distribution of the oUtgoing x
(integrated over angles) for the double charge exchange
reaction. Since the experimental data (Ref. 32) are in
relative units, we have normalized them to the calcula-
tion at the maximum of the experimental distribution.
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FIG. 6. Tge double differential cross section for the
single charge exchange reaction on 60. The experimen-
tal data (of which not all points are drawn) are from
Ref. 21.

Doubly differential cross sections are displayed
in Figs. 6 and V. The qualitative features of the
data are reproduced, but significant discrepan-
cies remain. For the single charge-exchange re-
action at 100 MeV, large angle (120') scattering
is three times more likely than small angle (90')
scattering. Our calculation overestimates the
ratio, as does a Monte Carlo calculation. " It is
impossible to understand the low-energy tail at
40' in terms of one quasi-free collision, for
simple kinematical reasons. But double scattering
seems also much too small to account for ihe dis-
crepancy, so that one has to think of other explan-
ations. The fact that the peaks in Figs. 6 and 7 are
shifted with respect to the data is probably due to
our neglect of the nucleon bi.nding energies.

of the model. For instance, a verification of the
predicted energy dependence (with a maximum
well above resonance) would be highly welcome.

Figures 4 and 5 show two examples of single
differential cross sections. In Fig. 4 the angular
distribution has been obtained by integrating
d'o/dQd E over the final energy. In Fig. 5 we
have integrated over the angles to get the energy
spectrum in double charge exchange. The shape
and normalization (where measured) agree fairly
well. At low energies, inelastic pion-nucleus
scattering favors large angles. This is a conse-
quence of the P-wave dominance together with the
Pauli principle, which suppresses the forward
part. %hereas Fig. 4 is almost exclusively due to
single scattering, Fig. 5 shows that the features
of the two-step process (s', s ) can also be under-
stood in our model.

VI. THE ANATOMY OF INCLUSIVE PION-NUCLEUS

REACTIONS

1 2 1 2= ——ImU3, , — = -—ImU, b, .
~sc ~ ~abs

(6 1)

For nuclear matter density and on top of the (3, 3)
resonance, ~„and A. ,b, are both of the order of 1
fm. It is instructive to examine the sensitivity

Pion absorption is an extremely important
channel in pion-nucleus interactions. It screens
the interior region to a large extent. The relative
importance of quasi-free scattering versus absorp-
tion can be inferred already from a comparison
between the corresponding mean free paths, Fig.
8, where

250

EII; =119 MeV

SL= 70'

150—
LU

100—
0

Ol
U

" C(Tt;, m')X
I I

t
ETt = 192 MeV

8 =704L

EII = 26OMeV

oL= 6o'

0
0 50

I

100
I I I I I

0 50 100 150 200 0
F„(vev)

I I

100 200 300

FIG. 7. The double differential cross section for the (1I', 1I') reaction on C for several energies and angles. Ez-
perimental points are from Refs. 37 and 38.
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FIG. 8. The mean free paths A. ~ for pion absorption and A, s~ for pion inelastic scattering as a function of the pion
energy. Nuclear matter density is assumed.

300— I

". 60 (m, rr') X

of ~„and ~&b, with respect to variations of F,. b, .
Bight at the resonance we have the function de-
pendence

1 1 1 x
(1+x)' '

A. ,b, (1+x)' '

Fabs

P(&o) F(to)

The function x/(1+x)' has a very flat maximum at
x =1 and stays practically constant in the relevant
region 2 &x &2. Hence, the pion absorption rate is
insensitive to the precise value of the absorption
width. ~~, on the other hand, increases by a
factor of 4 in the same interval. %e conclude that
in order to pin down the value of F,b„ it may be
more profitable to focus on the inelastically scat-
tered pions, rather than on the absorption cross
section itself. The value I;b, =120 MeV used here
yields a reduction factor greater than 5 per in-

N

E

N
X)
a
N

0

I I I I I I I

x10

8 1.0

Z',

0.5

(0

"60 (n, m')X

ETt. =240 MeV

crease of the number of collisions by one (Fig. 9),
Had we neglected F,b, altogether, the double
scattering term would go up by a factor of 3, the
triple scattering term by a factor of 10 around 300
MeV, and we would get poor convergence.

The central region of the nucleus is essentially
unreachable for pions, due to absorption. Fig-
ures 10 and 11 illustrate that everything happens
in the surface. We look first at the impact
parameter dependence, i.e., the profile functions
of the principal contributions to the reactive cross

200— 0
0

I I I I I I I

2 4 6 8
b(fm)

r.r
0 ~. I

100
I

200
I

300
E„(wev)

FIG. 9. The cross sections for single, double, and

triple inelastic scattering as a function of the. pion en-
ergy, Note the shifted peak positions.

FIG. 10. The contributions of the various scattering
and absorption processes as a function of impact para-
meter b. Above is the nuclear thickness function
fdz p (b, z) and below a,re the norms Nb (t) for t ~ as
a function of b, where (0): The pion has not scattered
inelastically (here 1-N b is drawn). (0)~». The pion
is absorbed without an inelastic collision. (+): One
forward scattering on the trajectory. (-): One back-
ward scattering on the trajectory. (+- ): First a for-
ward, then a backward inelastic collision.
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0~1 111- I I I I I I I, I 111 I I I I I

1.0
N

z 0.5 0)
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FIG. 11. The development of the norm N& (z) as the
pion moves along the trajectory in a z direction. , for two
values of the impact parameter. Above are the corres-
ponding density profiles. Below is the development of
the norm. -The pion approaches from the left; it either
goes through (to the right) or returns (to the left) in the
case of a backward scattering event. The notation is
the same as in Fig. 10.

We wind up this Section with a survey of the
total probabilities (i.e., integrated over db) for
the various inelastic pion-nucleus interactions
according to our model (Fig. 12). We choose 240
MeV pions on "0 and ignore the pion charge
states to keep the number of branches small.
Following a quasi-free collision, the pion has
four options: To escape (t), to be absorbed (0),
or to rescatter, either by a small angle (+) colli-
sion or a large angle (—) collision. At the begin-
ning of the cascade (0), the pion has about an
equal chance of scattering forward or backward
or being absorbed. However, its fate is rather
different, depending on whether the first collision
is forward or backward. After the —col1.ision, it
survives in 97% of all cases, escaping most likely
right away. In the + branch, the prognosis is less
favorable: This pion is absorbed with a probability
of 41%, due to its longer path through nuclear
matter.

VII. CONCLUSIONS

100

I

~10~4

964

I16 t

I 0
I. & e

I0 4'l J3

FIG. 12. An illustration of all possible branchings in
an inelastic 7I — 0 collision at 240 MeV according to
our calculation. The numbers are in percent of the
reactive cross section. Each box with a+ (—) corres-
ponds to a small (large) angle scattering. At the right-
hand side of the boxes the percentages for escape (t)
and absorption ($) are given. The cascade has been
truncated after three collisions.

section (Fig. 10). At small & no flux gets through
in the forward direction, but backward scattering
(- or +-) is still possible. Figure 11 displays the
motion of the pion in the z direction for two rep-
resentative impact parameters. For large & the
forward scattered pion has a good chance of es-
caping, in contrast to what happens in a central
collision. The backscattered pion reverses its
direction of motion rather early and abruptly,
and does not enter the dense regions at all; there-
fore, it cannot be absorbed. The dominant absorp-
tion mode is direct absorption out of the elastic
channels (0),b, . It sets in later but still reaches
its peak probability at roughly central density.

We have described a new way of computing
inclusive inelastic pion-nucleus reactions. The
basic idea is to consider the pion-nucleus collision
as a transport phenomenon. The pion penetrates
into the target nucleus, loses energy, and is even-
tually absorbed or reemitted, in much the same
way as a neutron interacts with a piece of ordin-
ary matter. Thus it is plausible that similar tools
(e.g. , the Boltzmann equation) should be applic-
able. As far as the neglect of quantum corrections
is concerned, we are unfortunately in a much less
favorable regime here than in the neutron case:
The de Broglie wavelength and the mean free path
of the pion are quite similar. It came as a sur-
prise to us that a purely classical picture can
account at least semiquantitatively for the data
down to energies below 100 MeV. The reason
for our success may lie in the special nature of
pion-nucleus interaction. The inelastic cross
section is dominated by single collisions. For
this case the solution of the Boltzmann equation
is nearly equivalent to the eikonal distorted
wave impulse approximation. The assumptions
on classical propagation between scatterings enter
decisively only in double and higher scatterings.

Of course, many discrepancies remain, which
may become even more significant with the advent
of better and more systematic data from the
meson factories in the near future. %Ye are not
sure to what extent they originate in the basic ap-
proach, in the numerical approximations, or in
some missing physical effect (e.g. , real part of
4-nucleus potential, residual interactions, more
exotic mechanisms). We find —confirming earlier
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suspicions" —that quasi-free one nucleon knock-
out essentially exhausts the nuclear excitation
cross section —that some of these ambiguities
might be resolved by a more accurate evaluation
of the distorted wave impulse approximation.

Vfe have enjoyed numerous discussions which
helped to clarify our ideas. Vfe are especially
grateful to T. Fujita, A. Klar, P. Lenz, C.
Mahaux, H. C. Pauli, and H. J. Pirner. This
work was supported by a grant from the Federal
Ministry of Research and Technology (BMFT).

APPENDIX: DERIVATION OF THE INCLUSIVE

DIFFERENTIAL CROSS SECTION, Eq. (2.14)

Let f b (x, p, f) be a solution of the Boltzmann
equation (2.1) with the initial condition (2.12),
where the elastic contribution has been eliminated
as discussed in Sec. II. Suppose that at time t, the
scattering process is over, so that fP(x, p, t) is
well separated from the target (radius Ro). From
then on the pion propagates freely, i.e.,

fj(X, P, 0 &, = f dx'&(*'-x+(p/td)(t —t,))

A.
A stationary distribution function f (x~P) c»re-
sponding to a steady stream of incoming particles
uniformly distributed over all impact parameters
can be constructed by integrating Eq. (A2) over
time and b,

x

(A3)
I

[It is possible to extend the time integration below

f, because fj (x, p, t) vanishes for t«„~ x
~
»R,.j

The number of particles scattered through a sur-
face element d F =x'xdQ „at a large distance x'

from the target is

d N=f'"(x, p) dxdp =P'"(x, p)v ~ dF dpdt.

(A4)

Inserting Eq. (A3) and performing one angular
integration, we get at once the rate at which par-
ticles are scattered into the momentum interval
dp at p. Since the absolute magnitude of the total
incoming flux calculated from Eq. (2.12) is unity,
the differential cross section becomes simply

& fg(x p to)

(Al)
3

db dx'ft; (x', p, t,) .
dp

(A5)

= «x-(P/ )(f-t.))
J
x I&&

x dx ~x'p (A2)

We arrive at the desired final result, Eq. (2.14),
by noting that to is arbitrary except for a lower
bound.
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