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Results of measurements of the fusipn excitatipn functipns pf ' ' Ni targets ~ith 113-170 MeV (lab)' Ca ions are reported. These results are used to extract fusion barrier heights and radii by several different
methods. Subbarrier fusion cross sections are analyzed in terms of static deformations. Possible importance
of dynamic deformation is discussed. Conclusions as tp the role of static deformation are similar to those
from the "Cl+ "' ' 'Ni fusion system; a large part of the subbarrier behavior can be attributed to this cause.

NUCLEAR REACTIONS ~ Ni (4 Ca, fusion), Ec,——113—170 MeV lab, mea-
t

sured evaporation residue excitation functions.

I. INTRODUCTION

This work is the extension of a program of com-
prehensive measurements and interpretation of
heavy ion induced fusion excitation functions. ' '
The goal of the program is and has been the extrac-
tion of information on the potential-energy surface
for deeply penetrating heavy ion reactions and of
indications of dynamic and static effects on these
potential surfaces.

Past measurements have provided reasonably
precise results of fusion (evaporation residue plus
fission or fissionlike) excitation functions for sss

and "Cl projectiles on targets between "Mg and
"'Pr. In this work we present measurements in-
volving the heavier and spherical projectile ' Ca on"'~¹itargets. Special emphasis has been placed
on measurements of fusion at near barrier ener-
gies in the hope of gaining insight into dynamic ef-
fects of the fusion barrier and the importance of
static deformation. It is difficult to separate these
two effects; however, comparison of the Ca+Ni
data with corresponding "Cl+Ni results (in the
sudden approximation'approach) may allow differ-
entiation between target and projectile static de-
for mation contributions.

There is some question as to how to extract fu-
sion barriers and radii from data of this type. We

will exp/ore several methods, pointing out some
pitfalls of one and discussing limitations on the
classical method of analysis. The barrier values
extracted will be compared with predictions of the
proximity potential. '

II. EXPERIMENTAL PROCEDURE AND RESULTS

The 'Ca beam was from the Rochester MP tan-
dem Van de Graaff accelerator. Isotopically en-
riched targets of "'~ ~Ni were used, self-support-
ing or on 5 pg/cm' carbon backings ranging from
50 to 147 p, g/cms thick and with less than O. lac con-
tamination pf the heavier nickel isotopes. These
targets were bombarded with "Ca ions with lab en-
ergies between 113 and 176 MeV, energy determin-
ations being based on analyzing magnets. The av-
erage center-of-mass energies given in Table I
are corrected for loss of projectile energy in the
target, taking into account the slope of the excita-
tion functions g~(E).

The evaporation residues (EB), as well as the
elastically scattered Ca ions, Ni recoils, and
transfer-reaction products, were detected by two
telescopes, each consisting of a ~E proportional
counter and a (E —~) solid state detector. ' Beam
position on target, beam intensity, and target'
intensity, and target thickness were monitored by
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two solid state counters mounted symmetrically at
+1V'with respect to the beam axis. The detector
angle was thus defined to better than 0.2'. The
total acceptance angle was 0.9', taking into account
the beam size on target and the detector aperture
(1 &4 mm; at forward angles a 1 mm circular tant-
alum aperture was used). Further details of the

experimental technique are given in Refs. 1 and 3.
Data were taken between 2.3' and 15' (lab) in 1 or

2' steps. The absolute differential cross sections
for evaporation residues were derived by normal-
izing the relative cross sections to the simultane-
ously measured elastic scattering which, in this
angular region, is purely determined by Rutherford

TABLE I. Summary of cross sections obtained in this study. Critical angular momenta
l„are derived from O.cz = Ozz+ O.zxss in the sharp cutoff model.

Reaction E, (MeV) ER (mb) 40'ER (%) cd~ (mb) «cz) '
Ca+ Ni

40( a+ 80Ni

4 Ca+ Ni

68.1
69.4
70.7
72.5
73.7
74.9
76.7
78.4
80.8
85.5

94.4
97.4
68.2
69.1
69.4
70.6
71.7
86.6
68.3
68.9
69.2
70.0
70.1
71.3

72.5

74.3
75.6
76.8
78.6
80.4
82.9
84.6
87.6
87.7
90.6
93.7
96.8
99.8
99.9

102.9
106.7

0.6
3.2

14
47
71
95

152
201
276
451-"
429
637
653

3.1
10
10.3
24.7
49.8

507
6.8

13.2
14.0
30
27.5
50.0
49.2
56.6
77.2
82

136
172
213
265
350
392
502
606
615
607
685
732
761
737.
787
940

50
50
18
10
10
10
10
10
10
10
10
10
10
35
40
15
10
11
12
16
15
20
20
15
20
10
10
10
20
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
15

20+ 10
40d
40~
60 + 20

0.2
1.8
5.0.

10
13
15
20
23
27
36

46
(47) '

1.8
4.1

7.0
10.4
39 '

1.0
4.8
5.0
7.6

18
21
24
27
31
34
39
43

44
48
51
53

56
(60) '

~From ace= ~&~(E + 1)~.
Average value has been used in' the analysis.

'Excluded from a.cF analysis.
d Interpolated.
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scattering. At angles below 6', the monitor coun-
ters were used with Rutherford normalizations
from larger angles to get absolute cross sections.
In Fig. 1, a representative set of angular distribu-
tions for the evaporation residue cross sections is
shown for the reactions Ca on '~Ni at various
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FIG. 2. Excitation function of complete fusion for
Ca on ~ ' ' Ni as a function of E . The straight

lines are the result of Eq. {1)with the parameters given
in Table III. The proximity potential calculation in-
cluding proximity friction (Ref. 11) is given for Ni
(dashed line) and for Ni (dashed-dotted line).
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FIG. 1. Angular distributions of the evaporation res-
idues at various energies for the systems Ca++' Ni.
Intergrations were performed over the smoothed dis-
tributions (solid lines).

energies. Integration over angle yields the total
evaporation residue cross section. The extrapola-
tion of the data into the 0-3' region sets the lower
limit in the absolute error to 7—1(P/0, Well above
the barrier, the relative errors in the fusion ex-
citation functions are only about B%%uo due to the sim-
ilar shapes of the angular distributions; at the
lowest projectile energies they reach 5lI%%uo due to
the poorer statistics and the influence of target
contaminations.

The resulting evaporation residue cross sections
can be interpreted as complete fusion cross sec-
tions for projectile energies up to 160 MeV. At
160 and 170 MeV, measurements were performed
with one telescope shifted to angles G,„. b between
15' and 35'. The observed fissionlike events were
used to derive an upper limit for fission following
fusion by assuming the 1/sine, distribution of
symmetric binary fission from an equilibrated sys-
tem. The resulting data are presented in 'Table I,
and in Fig. 2 as a function of e,

III. INTERPRETATION OF DATA

A. General comments

We have analyzed much of our past fusion excita-
tion function data by the classical relationship" 6

g,„,(e, ) = wR, '(1 —V,/e, ) .

Analysis is performed by fitting Eq. (1) to experi-
mental fusion cross sections to extract 90 and Pp.
As has been pointed out previously i,4,6 the a
sumptions implicit in Eq. (1) are as follows:

(1) There is a minimum distance 8, and potential
height V0 which target and projectile must have in
order to fuse.

(2) Forces are conservative; all energy is in rel-
ative kinetic or.potential energy of the target-pro-
jectile pair.

(3) All particle trajectories fulfilling condition
(1) will lead to fusion.

Our application of Eq. (1) has been restricted to
the region of the excitation function sufficiently
above the energy where barrier penetrability is
significant, and below energies where we observe
large contributions from deep inelastic processes.
This provides a fairly broad energy range over
which our data points do give a linear relationship
when plotted versus 1/c, . This is a necessary,
though not necessarily sufficient, condition for ap-
plication of Eq. (1).

Some attention has been given to the effects which
energy dissipation might have in modifying the use-
fulness of Eq. (1) in extracting fusion parameters.
Model calculations in which some degree of dissip-
ation was explicitly included seem to give results
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TABLE II. Two and three parameter fit results of Eqs. (1) and (3) to experimental com-
plete fusion data.

Reaction
No. of
points 80 (fm) V0 (MeV) Iu0 (Me7) E/y a

40Ca+ 58Nl

40( a + 62Nl

"Cl+ "Ni
35C1 + 82Ni

40ca + 58Nl

Ni

12
10

7
19
18
14
b
b
7

14

8.92 + 0.21
9.33 + 0.29
9.60 + 0.47
9.41 ~ 0.16
9.46+ 0.17
9.52 ~ 0.22
9.00 + 0.21
9.60 + 0.21
9.4 + 0.3
9.4 + 0.2

71.66 + 0.22
72.38 + 0.42
72.96 + 0.96
70.70 + 0.26
70.83 + 0.29
71.01 + 0.51
61.3 + 0.3
60.8 + 0.3
72.4 ~0.3
70.6 + 0.2

6.07
9.39

11.2
8.29
8.98

10.0
5.0
8.4

+ 0.49
+ 0.75
+ 6.9
+ 0.71
~ 0.95
+ 4.1
+ 1.0
+ 1.0

1.15
0.61
0.21
0.47
0.42
0.46
1.13
0.20
0.28
0.54

0.950-1.317
0.986-1.317
1.045-1.317
0.965-1.455
0.974-1.455
1.026-1.455
0.98-1.42
0.97-1.46
1.045-1.317
1.026-1.317

Referring to &0=71 7 (70,7) MeV for Ni ( Nl)
"Reference 3.

B. Data analyses with barrier penetrability

Applying the Wong ansatz'

oc„(e, ) =
2

' ln 1+exp 2w
e c.m. —Vo'i

CF cm 2E kp )
(2)

similar to those of Eq. (1) for the systems which
we have investigated. " It has also been suggested
that a better analysis of the data results from us-
ing, e.g. , the proximity nuclear potential plus Cou-
lomb and centrifugal potential and finding t/'„and Pp
for s waves by fitting calculated cross sections to
experimental results. " 'This is done under the as-
sumption that all partial waves for which the one-
dimensional potential shows a maximum will lead
to fusion —or in more complicated calculations,
those trapped in the pockets by energy dissipation.
We will, in subsequent analyses, point out some
difficulties and errors which may arise from this
method of analysis.

It should be emphasized that the assumption (1)
is a gross approximation in that it assumes Rp and

Vp are static properties independent of bombarding
energy. Analyses fitting to one-dimensional poten-
tials do allow for a change in Rp due to an assumed
form of centrifugal potential. But they do not rec-
ognize that Vp is not a true saddle point barrier,
nor that the fusion process involves other degrees
of freedom than are included in the one-dimension-
al treatment. 'The neck formation process is prob-
ably of primary importance and we will discuss
this point subsequently. 'The dynamics of neck
formation could, of course, alter the radial posi-
tion required for fusion from that required by a
one-dimensional potential. It may then turn out
that simple analysis of data by Eq. (1), with recog-
nition of uncertainties in the parameters extracted,
is the method of choice when the data are linear
versus I/e,

to our data by searching for the best fitting param-
eters R„S~„and V„we find different results,
depending on the lowest projectile energy included
in the search (Table II).

If we first look at the fits to the complete data
sets, we can state the following:

(a) The radius parameter R, turns out to be on
the order of 0.5 fm larger for ' Ca+~¹ithan for
"Ca+ "¹i.This is more than what is expected
from an R -(A~'~'+ Ar'~') dependence.

(b) The barrier Vo is about 1 MeV higher for the¹j+Ca system than that of Ni+ Ca.
(c) The curvature 5~0 is more than 2 MeV smal-

ler for the reaction with "Ni, i.e., the excitation
function o«(E) falls off more steeply with decreas-
ing energy as is the case for Ca+6'Ni.

These observations (a)-(c) show a remarkable
agreement with the trends emerging from the cor-
responding data obtained for "Cl induced fusion
with "~Ni' (Table II). The absolute values of the
fusion radii for Ca induced fusion are slightly
smaller than when extrapolated from the "Cl data,
assuming an A' ' dependence. The same holds for
the barriers if compared on a Vp Z~Zp basis.

One should, however, use these differences only
as indicators for inconsistencies and not stress the
physical interpretation of these parameters, for it
should be remembered that Eq. (2), when applied
far in the sub-barrier region, is only a crude ap-
proximation. "'" This may be seen by comparing
the fitted parameters obtained by stepwise reduc-
tion of the data sets by the low energy points (Ta-
ble II). Under this procedure, the parameters V,
and Ap are systematica1ly increased for 'SNi tar-
gets, indicating that at low energies the deviation
of the experimental data from the classical I/e,
dependence is insufficiently described by the pen-
etrability through an inverted parabola of curva-
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FIG. 3. Dependence on the best fit parameters V0 and

Ro [Eq. (2)] on the sub-barrier part of the excitation
function. The straight lines (solid and dashed) are cal-
culated by inserting 80 and Vo into Zq. (1).
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FIG. 4. Total real potential V(r) = Vz(y)+ V& (y) for
different angular momenta. The nuclear contribution is
calculated from an optical model potential with Woods-
Saxon form factor (see text). The solid points indicate
the barrier positions.

ture S&Q. In the fitting procedure„ the deviation is
therefore minimized by lowering the barrier
height VQ, accompanied by a reduction of the inde-
pendent variable &0 to account for a good fit.at
higher energies (see Fig. 3). In the fits with the
smallest number of low energy points, the error
in S(oo is substantially increased due to the insensi-
tivity of the data to A0.

Are these shortcomings due to the fact that Eq.
(2) cannot be applied tn the sub-barrier region?
Probably not, as may be seen from Fig. 4. At
small distances (i.e., inside the potential pocket)
the potential consisting of a nuclear and a Coulomb
part is reasonably reproduced by the parabolic fit,

whereas far out the Coulomb part takes over and
the barrier becomes systematically broader than
described by the parabolic approximation. There-
fore, in the sub-barrier region the parabolic model
is likely to produce cross sections too big&,"re-
sulting in a compensating increase of the fitted pa-
rameters VQ and Ro. This is just opposite to the
trend we observe. We must then conclude that
other effects so far not taken into consideration
modify the excitation functions o«,. (E) and cause a
slower descent at low energies. Among possible
effects to consider are the following:

(i) Experimental, reasons: insufficient energy
resolution, e.g. , due to thick targets, background
effects (recoiling target nuclei and elastic scatter-
ing or transfer reactions and products from reac-
tions with carbon deposited on the target);

(ii) Ground state quadrupole deformations of pro-
jectile and/or target nucleus causing barriers of
different heights for different relative orientations
between target and projectile nucleus. """"

(iii) Dynamic deformations of the nuclei under-
going fusion. The neck forms and broadens during
the collision, enhancing the penetrability by reduc-
ing the barrier height; in addition, sub-barrier
resonances due to quantal zero-point oscillations
are predicted to occur."
For our data, the average energy Z was deter-
mined, taking the target thickness into account, by
calculating the average with a weighting proportion-
al to ocF(E). Inspection of kinematics shows that
for Q values up to -30 MeV the kinetic energies of
the targets and targetlike recoils differ, at least,
by a factor of 2 from the evaporation residue ener-
gies. Contributions from carbon deposits and back-
ing have been accounted for by background runs.
Regarding (ii), this effect is usually taken into ac-
count by averaging over orientation"' or by aver-
aging transmission coefficients of potential bar-
riers being uniformly distributed over an interval~ centerd at Vo

i6 Typical values of ~ are 3 4
MeV. In this procedure, however, a slight reduc-
tion of VQ significantly reduces the size of ~. On
the other hand, this would lead to an overestimate
of v«above the barrier and would require a mech-
anism competing with fusion" for partial waves
passing above the fusion barrier. Measurements
for ~ Ca+ 'Ni at E„b =160 and 170 MeV performed
near the grazing angle showed no appreciabl. e deep
inelastic component which might qualify.

The inclusion of (ii) and (iii) can be made with
different approaches. If one assumes that both ef-
fects produce penetrabilities equivalent to a uni-
form spectrum ~ of barrier heights, an averag-
ing over ~E can be applied. As long as dynamical
effects are small (e.g. , for light nuclei" ) one may
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TABLE III. Three parameter fit results of Eq. (2) to experimental complete fusion data.

Reaction p
CR

Bo (fm) Vp (MeV) A'cup (Me@)

40ga+ 58Nj

40' + 82Ni

p R

p R

p R

OR

p R

0 R

0
-0.2
-0.23

0
-0.2
-0.28

8.92
9.04
9.22 .-

9.41
9.42
9.45

71.7
72.3
72.8
70.7
71.7
71.7

6.1
4.3
4.5
8.3
6.5
45

1.15
0.60
0.56
0.47
0.43
0.38

'These parameters were kept fixed.
"No reasonable fits obtained for P2'& 0.

try to take into account only static quadrupole de-
formations I32 and follow the suggestion of Wong"
to average Eq. (1) over orientations yielding

(~„.(&)) =: )6, ytr„. (E, H„B,)da(8, )dQ(8, ), (3)
1

with the angles 8, measured between the collision
axis and the symmetry axis of the ith nucleus. As
both parameters h&o, and P2N' change the excitation
function in a similar way, it seems unreasonable
to search for both simultaneously. Therefore, Ta-
ble UI contains only three parameter best fits to
the complete excitation functions where either kp
or P2N' was kept fixed; for K(u, a value of 4.5 MeV
was then chosen. "'" For P2N) values obtained from
experimental B(Z2, 0"—2') transition probabilities
in the rigid spheroidal rotor model were taken'
(see, however, Ref. 3). The projectile was as-
sumed to be spherical.

The inclusion of static deformations in this way,
in spite of its shortcomings, " improves the overall
quality of fits. However, in view of the very large
increases of penetrability to be expected from neck
formation, the latter dynamical effect may well
turn out to be the more important explanation for
the near and sub-barrier behavior of the fusion ex-
citation functions. Kodama et gl. ' have shown
that, for the symmetric system xooMo+'ooMo the
penetrability for a two-dimensional potential-ener-
gy surface V(r, g), depending on the center-of-mass
separation ~ and a, fragment elongation coordinate
0, is substantially higher below Vo than that for a
corresponding one-dimensional parabolic barrier.
Whereas this tendency is expected for our asym-
metric system Ca+¹, too, no calculation could
be performed" because the mass asymmetry in-
troduces a third degree of freedom.

In order to exclude the inherent uncertainties of
the barrier region in the determination of the bar-
rier parameters Vo and Ap, we restrict the analy-
sis to the 1/e, region and reduce Eq. (2) to Eq.
(1). The results of the two parameter best fits
are given in Table II. It is seen that for this region
no significant difference in the radial position Ao

can be stated, whereas the fusion barrier heights
seem to be slightly higher for 'Ni than for ¹i.
This may imply a smaller radius for "Ni. A sim-
ilar conclusion was reached for the fusion of
6,iv, &80 with uC i9 The & and Vo parameters d

duced by Eq. (1) are consistent with those deduced
with Eq. (2) for ~Ni, but not for "Ni when a, large
proportion of sub-barrier points is included in the
analysis.

%e next address the question of the adequacy of
using Eqs. (1) or (2) with the assumption that ken,

=h&u„B, =A„and V, = V, +0'/(l+1)/2yR, '. In or-
der to illuminate the E dependence of the barrier
curvature and of the fusion radius, one may calcu-
late V(r) as a sum of the Coulomb potential of a
homogeneously charged sphere and a nuclear part.
For the latter we have chosen the following:

(i) The real part of the optical model potentiaP'
describing the elastic scattering of ~ Ca+ Ca. It
is of Woods-Saxon shape (V=35 MeV; r, =ra, =1.35
fm, a=0.43 fm). This is a fairly shallow nuclear
potential providing an upper limit of the E depen-
dence as far as this static effect is concerned.

&50

QJ

lX
LU

LU

+'IOO

LLI

D
CL

50,—
I I I I I I I I I I

6 -8 10 12 1&

D(STANCE OF CENTERS (fm j

FIG. 5. Same as Fig. 4, with V& calculated from
Blocki's proximity potential (Hef. 8) (see text).
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TABLZ IV. Experimental and calculated barrier parameters.

System Rf~ (expt) ' V, (expt) ~ V„(expt)
Proximity potential

Vn

Ca+ ¹

40Ca+ ~2Nj,

9.6 ~ 0.3
9.5 + 0.2

73.0
71.0

-11.0
-13.6

-11.0
-10.2

9.8
9.9

75.7
75.2

-5.6
-6.3

'See Table II.
"Calculated at Bf~ from proximity potential.

Within the region of l values covered in this work
(I =0-50), 8, decreases from 10.8 to 10.55 fm and

S~ increases from 4.8V MeV for s waves to 5.94
MeV. A graphic presentation is given in Fig. 4.

(ii) The proximity potential which has been suc-
cessfully applied to the analysis of fusion excita-
tion functions. ' In the energy region under consid-
eration the friction may be neglected. ' The prox-
imity potential has been taken from Blocki et aE.'.

V,(t) =4vyb ' y(g),
P T

where the surface energy coefficient y (in MeV/
fm') is

y =0.9517 1 —1.7826
A~„

the central radius

C =Z ]1—(b/Z)'+ ~ ~ ~
)

is related to the effective sharp radius 8 (in fm)

R = 1.28A' —0.76+0.8A ' (4)

and to the width 5 which has been given the approx-
imate value of 1 fm. The universal function Q(g)
of the separation in units of b, g = (r —Cp —Cr)/b
has been approximated' by

p(g) =-0.5($ —2.54) —0.0852($ —2.54)'

for $ ~1.2511

=-3.437 exp(-g/0. 75) for &
~ 1.2511.

The resulting potential barriers are shown in Fig.
5. Within the interval l =0-50, the barrier posi-
tion R, decreases from 9.64 fm to 9.22 fm, and the
curvature Swp increases from 4.15 MeV to 5.37
MeV.

We may conclude that the results for Rp and Vp

given in Tables II and III are within the quoted un-

certainties for effects due to neglect of the related
dependence of R,. This is not generally the case
for systems of nuclei undergoing fusion and Eq. (1)
must be applied with consideration of this point.

The radii and barx'iers given in Table II may be
converted to values of the nuclear potential at R,
by subtracting the Coulomb potential from the bar-
rier Vp. This is done in Table IV for the Rp and

V, results extracted us'ing Eq. (2) to analyze the

fusion data. Also included are the nuclear poten-
tials predicted by the proximity potential at the
same value of Rp The last three columns of Table
IV give the fusion radius, Af„„barrier height

V,„„and nuclear contribution P~ predicted
a Priori by the proximity potential. These results
give a radius close to Rp, too low a nuclear inter-
action and too high a barrier. Accordingly, the ex-
citation functions gc„(1/e, ), calculated with the
proximity potential and the proximity one-body nu-

clear friction, underestimate the experimental re-
sults but show the correct slope (cf. Fig. 2). The
discrepancy can be reduced by a readjustment of
the nuclear matter radii 8' ' in E q. (4). In the
case of "Cl+¹i,a shift of ~ =0.16 fm was suf-
ficient. ' The same value ~ is necessary to obtain
good overall agreement for ' Ca+"'~wi; it results
in an increase of R,„,by 0.4 fm and a decrease of
Vf„, by 3.1 MeV.

IV. CONCLUSION

For the systems presented in this work, the fu-
sion data indicate a linear relationship on a cross
section versus I/e, plot. Analysis by the clas-
sical formula, ' which assumes the existence of a
fusion barrier, gives parameters consistent with
those extracted by the formula due to Wong, which
includes barrier penetrability effects, if the latter
analysis does not contain too large a percentage of
near and sub-barrier points. When many sub-bar-
rier points are included in the analysis, distorted
values of Rp and Vp result from the fitting process .
The low energy fitting can be improved by includ-
ing a spread in barrier heights due to static target
deformations. However, it is probable that dyna-
mic deformations such as necking effects are im-
portant in determining the penetrability at low en-
ergies. The proximity potential gives reasonable
agreement for the nuclear potential at the radius
deduced from I/e analysis, perhaps slightly
less deep, consistent with earlier conclusions'
based on the similar potential of Ngo et a$.'4

The authors are grateful to Dr. J.Birkelund for the
calculation of the fusion excitation functions with
the proximity potential.
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