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The theory of nucleon transfer in heavy ion reactions is formulated on the basis of the molecular particle-
core model for a system consisting of two cores and one extracore nucleon. The extracore-nucleon is
described by the molecular wave functions of the asymmetric two-center shell model. The cores, which are
assumed to be collect'ively excitable, are treated with vibrator-rotator models. Potentials for shape
polarization are contained in the asymmetric two-center shell model and the interaction between the cores.
The excitation and transfer of the extracore nucleon is induced by the radial and rotational couplings. The
coupled channel equations, which include the recoil eAects in first approximation, are derived in a form
suitable for numerical calculations of cross sections.
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I. INTRODUCTION

Although collective molecular resonances have
been observed in various heavy ion systems, such
as "C+"C, molecular single-particle effects are
not well established (for a review see Ref. I). In
this paper we study molecular single-particle ef-
fects in the scattering of nuclei which can be de-
composed into a core and a loosely bound nucleon.
For simplicity, we restrict our investigations to
systems with one extracore nucleon. Examples
of such systems are "C+"C for identical cores
aqd "C+"0 for different cores. The main pur-
pose of our paper is to derive the elements for
the molecular description of the excitation and
transfer of the extracore nucleon.

The theory of nuclear molecular single-particle
effects was first initiated with the symmetric and
asymmetric two-center shell models' (STCSM,
ATCSM) which are mostly applied to calculate
real nucleus-nucleus potentials. ' Dynamic tr eat-
ments of molecular single-particle motion in
nucl. eus-nucleus coll. isions were studied by Park
etal. , von Qertzen and Norenberg, ' Becker et al. ,

'
Matveenko and Lovas, ' and Terlecki et al. ' Also,
molecular wave functions were us'ed to describe
polarization effects in proton transfer reactions. '

One major difference between our theory and the
work in Refs. 6 and 7 l.ies in the different definition
of the rotating coordinate systems. In Refs. 6

and 7, one defines the z' axis of the rotating sys-
tem by the direction of the core-core distance.
This definition is commonly used in atomic phys-
ics where the rotating system is fixed by the po-
sition of the nuclear centers. However, in nu-
clear physics the mass ratio between the extra-
core nucleon and the cores does not allow us to
equate the core-core distance with the relative
coordinate. Therefore, in Refs. 4 and 8 we have
defined the position of the intrinsic coordinate
system with the true relative coordinate, and
consequently avoided all the complications aris-
ing in the asymptotic behavior of the wave func-
tions as discussed in Refs. 6 and 7 where the
core-core distance. has been used.

Further, we assume that the center distance in
the TCSM should be taken as the relative coordi-
nate instead of the core-core distance. This
assumption becomes most obvious for an increas-
ing number of extracore nucleons. The TCSM
potential is generated as the mean field of all the
nucleons and not just the core nucleons only.
Therefore, the center distance has to be related
to the relative coordinate of all the nucleons.

This work is a generalization of the paper by
Terlecki et aI,. on the C- C reaction in that the
extracore nucleons can be transferred and that
the cores can be collectively excited. Both ef-
fects, which we have not yet studied, play a role
in the "C-"C reaction. In order to avoid the
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complexity in the theory due to the antisymmetri-
' zation of the extracore nucl. cons, we have re-
stricted our formulation to the case of one extra-
core nucleon only. However, this assumption
is not very restrictive and can be removed
straightforwardly.

In Sec. II we formulate the coordinates and the
Hamiltonian describing the two cores and the
loosely bound nucleon. The dynamics of the cores
is treated by collective surface coordinates which
have to be properly defined as the nuclei overlap.
Hence, the low-energy spectra of the cores are
explained in the framework of vibrator or rota-
tor-vibrator models. Analogously to the strong
coupling model (Nilsson model) we assume in

addition that the ATCSM potential depends on the
collective surface coordinates. Therefore, the
model contains two types of polarization of the
nuclear shapes. The first type arises due to the
overlap of the nuclei and depends on the relative
distance of the nuclei, whereas the second type
is caused by collective transitions in the cores
via the dynamics of the scattering process. Since
the relative coordinate between the nuclei changes
after the transfer of the extracore nucleon, the
Hamiltonian has different forms for the direct
and transfer channels.

Section III presents the wave functions, their
asymptotic behavior and symmetries for identical
cores. In Sec. IV we construct the coupled chan-
nel equations for the relative wave functions. The
coupled equations are written very explicitly so
that practical numerical calculations can be
started. For this purpose we expand the recoil
terms up to the first order in the difference be-
tween the relative coordinates of the two frag-
mentations. It is shown that the radial and ro-
tational couplings are important mechanisms
for the excitation and transfer of the extracore
nucleon.

II. THE MODEL

We consider the scattering of a system of two
nuclei consisting of two cores with C, and C,

nucleons and one extracore nucleon. The extra-
core nucleon can be transferred between the
cores. Such systems are, for example, ' C+ "C,
"C+"0, and "C+"O. For simplicity we re-
strict the theory to systems with one extracore
nucleon. The extension to systems with more
extracore nucleons is straightforward, though
one needs to antisymmetrize the wave functions.
of the extracore nucleons. The following reac-
tion channels are possible:

s =1 (C, +1)+C, ,

(C, +1)*+C,,

(C, +1)+C,*,
(C, +1)*+C,*,

s =2 C, +(C, +1),

C,*+(C, +1),
C, +(C, +1)*,

C,*+(C, +1)*.
The channels with s =1 and s =2 consist of nu-

clei in the fragmentations A, = C, + 1, A, = C, and

A, = C„A, = C, + 1, respectively. In the excited
states of the nuclei both the cores and the extra-
co're nucleon may be excited. The excited states
of the cores are assumed to be describable by
collective models Such as rotation or vibration
models. " The states of the extracore nucleon
are obtained from the asymmetric two-center
shell model suitable for the fragmentations with
A, and A, nucleons. "

A. Coordinates

We denote the laboratory coordinates of the
core centers with R«and R~, and the laboratory
coordinate of the extracore nucleon by r, . As
shown in Fig. 1, we introduce the center-of-mass
coordinate of the system with A (= C, +C, +1)
nucleons,

1
Rcm. ~ (CyRC| + C2Rc2 +rj),

the coordinate of the extracore nucleon measured
with respect to the center of mass

r c.m. ry Rc.m. s (4)

and the relative coordinates between the nuclear
centers in the channels with s = 1 and s = 2,

1
R,=,=, (C,Rc, +r, ) —Rc, )Ci+1 (5a)

FIG. 1. Definition of the various coordinates of the
particle-core model.

1
Rs=2 = Rcl C ~ (C2Rc2 + rz) .

C2+1 (5b)

Between the coordinates defined in Egs. (4) and
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(5), the foLlowing relations hold:

R, =R, +(,—[(C, —C, )R, +Ar, ], (6a)

systems the kinetic energy, given in (10), may be
, written for 'the fragmentation s as

1 1

R, = R,—,[(C, —C, )R, + Ar, ] . (6b)

For equal cores C, = C, = C these formulas reduce
to a single expression:

2C+ 1
1 2 (C 1)C c.m. '

where

2p, R,'

In the calculation of the matrix elements the
volume element has to be inserted as

3

(6)

~CJ, =
~

r,' — R,e, . &&p, +s

The dynamics of the cores is described by mul-
tjpole coordinates nq ~ and nq „which define the
shape of the cores 1 and 2 with respect to the
laboratory axes." In most applications the
quadrupole deformation of the nuclear shapes is
the important one which can be treated in the
framework of the vibrator or rotator models.
Restricting the further considerations to quadru-
pole shapes only„we define the nuclear surfaces
asymptotically by

B. Kinetic energy

The kinetic energy is given in the center-of-
mass system by

2

~cy + ~ca + + ~ coll

(veau,

) ~ c m ~
(~) (10)

The kinetic energies are those of the centers of
the cores, of the extracore nucleon, and of the
collective degrees of freedom of the cores. We
transform the Hamiltonian for each fragmenta-
tion s to a different rotating coordinate system
with the z' axis in the direction of B,. The ro-
tating coordinate systems are fixed with respect
to the laboratory system by the Euler angles y„
8, (spherical polar angles of R,), and g, . The
angle g, around the x' axis has no physical sig-
nificance and does not affect the results. After
the transformation to the rotating coordinate

Here, R„denotes the nuclear radii. In the overlap
region the nuclear surface has to be defined in
accordance with the corresponding equipotential
surface of the asymmetric two-center shell
model. The deformation of this equipotential
surface can be related to the coordinates u, '„as
shown for the symmetric two-center shell model
by Fink eg al."

p, , =(C, +1)C2M/A, p.~ =C,(C, +l)M/A.

Here, I, J„and J~&& are, respectively, the
operators of the total angular momentum including
the nucleon spins, the angular momentum of the
extracore nucleon measured with respect to the
nuclear centers, and the total angular momentum
of the quadrupole degrees of freedom. The
angular momenta and the linear momenta p',

and m,'„' are written with respect to the rotating
coordinate system. The reduced masses for the
fragmentation s are abbreviated by p., with M as
the nucleon mass. The details of the transforma-
tion to the rotating coordinate system are given in
Refs. 8 and 10.

C. Harniltonian

The Hamiltonian for the fragmentation s is
assumed to be as follows:

H = T s+ Vmn (u~ ~L) + U(Rcz Rc2~ n~ ~l)

The potential Vu is the asymptotic potential
energy of the quadrupol. e degrees of freedom
(R,- ~). The potential U represents, the inter-
action between the cores and depends only on the
core-core separation distance and the deforma-
tion parameters of the nuclear surface. The ab-
sorptive potential 8' is due to all the channels
which are not explicitly treated and is assumed
to be a function of the relative coordinate, the
total angular momentum and energy. The fifth
term V, is the potential of the asymmetric two-
center shell model (ATCSM) in the f ragmenta-
tion s.

For the core-core potential we make a multi-
pole expansion up to first order of the deforma-
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tion parameters a, '„:

U = Uo(R clc 2) +g [I2 (Rcl c2) +ao

+ 2 (RClC2) 2W lac(~C1C2) (13)

In prinicple, it is possible to describe the nu-
cleus-nucleus motion by the core-core distance
and single-particle coordinates as shown by
Becker et a/. ' But such a procedure l.eads to
problems in the asymptotic behavior of the wave
functions for large internuclear distances. Only
with the true relative coordinates R, does the
translational motion decouple asymptotically from
the intrinsic nuclear degrees of freedom. There-

fore, we describe the nucleus-nucleus motion
with the relative coordinates R„defined in Eqs.
(5). But then we have to express the core-core
potential as a function of the relative coordinates.
The core-core distance can be written as

Rclc2 Rcl Rc2 (1 + C 2/C14)R, —r, ,m. /C,

= (1+C, /CQ)82+ r, ./C, .
(14)

Since Rc& —Rc2 =R, =R, for C„C,& 1, we may
expand the potential in the difference between the
relative and core-core distance. For the frag-
mentation s =1 we obtain in first order of the
difference

+
C R ~&2; [(I2'(Rl) &2'"+ 2'(Rl) o"I') -1(~'. &.'..)

1

A similar expression results for U, , In most applications it is sufficient to replace the core-core
distance in Eq. (13) by the relative coordinates R, and R, . The additional terms in Eq. (15) are due to
the difference between the center-of-mass coordinates of the nuclei and those of the cores and are small
because of the common factor 1/C, .

It is presumed that the potential V, of the ATCSM in Eq. (12) represents the mean field of all nucleons
and, therefore, is generated by the core nucleons and the extracore nucleons. Hence, it is realistic to
assume that the centers of the ATCSM coincide with the centers of mass of the nuclei in the fragmentations
s =1,2. In the rotating coordinate systems the centers l.ie at

C C, +1s=1 z' —~R '- ' R
A '' A.

C, +1 Cs —2' z' — ' R ' ~R
A. ' ' A.

The potential. of the ATCSM can be written, up to terms .linear in the deformation coordinates n2 ', as

V, =V»(r,', Rs)+V12 s+V» s —ks P (g,(g,' )a",„' +go( zcm )u'„' -) I'2*„.(gm. , g,',m, )(r,', grad')V»(r. '. . ., R,),

with

1 for z))0,
gs(&

0 for z«0.

Here V&2, is an E -type potential. and V„,the spin-orbit potential. . Their precise definitions are given in
Ref. 11, where the details about the potential V„are also discussed. The last term couples the single-
particle motion with the quadrupole degrees of freedom. The coupling constants k, may be obtained by
fitting the asymptotic energy spectra of the nuclei. The function g,(z) is defined as a smeared-out step
function in order to have a smooth transition of the nuclear surface from the coordinates n,' ' to o.,' ' at
the plane z' =0. The Hamiltonian (12) can be rewritten as follows:

I

II(s) =II 2 (w2~~'l, lx2~„' )+kATc2S (r,', s, R,)+'1;+U,(R,)+iW(R„I', E)+W„„c(R„cl,'„', r', ).
Here, we have used the abbreviations:

I( j) r( X) r(2) I(2)
coll coll, l(~2o I +2ls ) ++coll, 2(x2o I Qll ) I (19)
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1 1 +l (r R )+I ( +I
s+

(20)

(21)
1

+Ds R, + „2(I, —J, —Jssq, )',
2 p.,R, &R, 2psRs

C s 51~' 1 Cw, „(s =()= (+—~s, —z', —
I [I ' (s )a' ' +I ' (s )a,' ' ]+—~s -z' )sU (s )/ss

1

1R1

-&). g(g, (zs m )~s)s' +g, (-zs m )%„')I'ss(ai~, q!m )(rsm, grad')Vo, (rs'm. , R,) . (22)

Analogously, we have W„„(s=2). Mainly the
operators T', and S;,„~ coupl. e the various degrees
of freedom. We note that the Hamiltonian (18) de-
pends on the special fragmentation s.

III. WAVE FUNCTIONS

The wave functions for solving the scattering
problem II( =Eg are given in the laboratory sys-
tem by the ansatz (Park el al.s)

The last equation has been further divided by
1/v2)) in order to include the integration over the
irrelevant Euler angle g, in all matrix elements.
Asymptotically (R, ~) the radial wave functions
approach the usual. linear superposition of the
Coulomb functions G, and E, multiplied by the S
matrix:

Riiy(R. ) = Ji(Rs)4z, —oi(R.Kz,

fr~ = Q Rsa(zr(Rs)[& I ((ass 0's) @4'suJ ] s~(

sel J
(23)

1J„o,= —„, exp(~ io, )(C, + iI-,),
vg R (26)

Here R„,Jz(R,} represents the wave function de-
scribing the relative motion of the col.liding nuclei,
and s = 1, 2 denotes the fragmentation and e a set
of intrinsic quantum numbers. Further, I, /, and
J are the quantum numbers of the total angular
momentum, the orbital angular momentum, and
the channel spin, respectively. The intrinsic wave
function 4, J~ describes the collective degrees
of freedom and the motion of the extra particle.
The transformation of the intrinsic wave function
4, » to the rotating coordinate system is defined
by the relation

J' 4
@sag@ ~ DALAI'(0 st 6sr Ps)@su(j) )('

The parentheses around the quantum number Jof the
channel spin indic ate that 4 has a good quantum num-
ber Jfor large separations of the nuclei only. When
the nuclei overlap, the extracore nucleon moves
in a rotating deformed potential well and, there-
fore, has no good angular momentum with respect
to any center. We use Eq. (24) as the definition
of the intrinsic wave function for arbitrary inter-
nuclear distances. Inserting Eq. (24) into Eq. (23)
we obtain

21+1
4s( Q Rsu(JI(Rs) 8m'

I. =- (s, u, l, J) .
In the following, we reorder the wave functions
used in Eq. (25) into another set of functions
which are more convenient for the rotating co-
ordinate system:

klsf Q RLI(Rs)V LIAf

= Q Rxr(R ,)Per~ . ~

Here the orthonormalized channel functions are
defined as

(2V)

&ax =&Vzs~lkxi(s) ~ (28)

at+1
Q (lOJM' lIM')
kf'

~we'~ se( J ) ~' ~

The index E denotes a new set of qua, ntum num-
bers, compl. etely defining the wave functions
ll)x~s( which we will specify in the next sections.
The transformation matrix between the two rep-
resentations is assumed to be independent of the
relative coordinate:

X g (lOeIM IIM )Dg~ (9 s& s& 4s)

(25)

The S matrix in the l representation, which is
needed in the calculation of the cross sections,
can be obtained from the relative wave functions
R&~ in the E representation by two methods:

(a) One defines the asymptotic behavior of
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R»l by that of RLT given in Eq. (26):

R»Lg = Q (A )»L'(JLGLL —OLSLL ), (29)

(b) One defines the asymptotic behavior of R»z
differently by generalized Coulomb functions and

the S matrix, both written in the K representation:

I I I
R»»,~ = (J»» 6»», o»»—S»»,),

with

chosen for H„„(for collective nuclear models see
Refs. 10 and 14).

The wave functions y,&~, ~
of the ATCSM de-

pend on the fragmentation s and form an ortho-
normal set for each value of s. The parameters
of k»c» have to be so adjusted that the calcu-
lated asymptotic single-particle levels agree
with the experimental levels of the nucleus with

A, =C, +1 nucleons. The difference in the mass
asymmetries between the two fragmentations is
given by

J„».= Q (A )»L' JLz 'AL», ,
L

(3 la) z), —)), = (C, —C, + 1)/A —(C, —C, —1)/A

= 2/A.

o»» = Q (A )»L' oLz'AL»"
L

The functions JKK. and 0«. become diagonal in
E for R- ~, for example, J»».(R- ~) =i 'JL5»». .
The matrix in the L representation is finally cal-
culated by the transformation

(3 lb)

SLL —Q L»»» (A )» L'z ~ (32)
KK'

The representation for the wave functions in (27)
should be chosen as the set of states classified by
K which are selectively excited via the coupling
potentials (22). For example, the main coupling
potential for the quadrupole vibrations is propor-
tional to @20' and, therefore, excites only vibra-
tions with M = 0 with respect to the intrinsic z'
axis. Therefore, it is useful to classify the chan-
nel wave functions according to the quantum num-
ber of z' component of angular momentum.

A. Intrinsic wave function for different cores

In the case of C, 4 C, we do not have to sym-
metrize the wave function for the exchange of the
cores. The antisymmetrization of the extracore
nucleon with the cores is currently neglected.
The intrinsic wave function 4, ~~~& can be ex-
pressed as a product of the eigenfunctions of

H„», ~ and hgTcsM. These eigenfunctions are de-
fined by the eigenvalue equations:

Hccz, (pa Lz((z) = E(zL)»Lzs(z), z = 1, 2

fZ ATCSM ( rcm. i S i Rs)PSX(g) m( rcm. c Rs)

=&.M, )l )(R.)V"Mz) (r!,R.). (34)

The wave functions gz L„, classified by the
quantum number P and angular momentum L, de-
scribe the collective states of the core nuclei.
The matrix elements of the operators a,'„' be-
tween these states can be reduced to the E2-
transition probabilities. ' These transition proba-
bilities may be obtained from measurement or
directly calculated with realistic nuclear models

Since this difference is small. , we may insert an
averaged mass asymmetry g = (C, —C, )/A into the
ATCSM. Then the Hamiltonian of the ATCSM
and their eigenfunctions and eigenvalues would be
independent of the fragmentation s. This ap-
proximation can be applied in all cases where the
asymptotic spectra of the nuclei with A.,=C, +1
nucleons are sufficiently well reproduced by a
single set of parameters of the ATCSM. In the
following, however, we formulate the theory
without such an approximation.

With the wave functions defined in Eqs. (33) and
(34) we construct the following intrinsic wave
functions 4:
C,.(z) = [[PB,L, (1)+ V',.(, ) (r'-, R,)]"" eqL, (2)]»"',

1n = (P,L„)j,I, ; P,L, =I,), (36a)

4'Zs(Z)» = [4)),L, (1) [ka,L, (2) @V'Zi(Z)(rc. m. »Z)]' "]» '

2 n = (P,L, =I, ; P,L„)lj,I,) . (36b)

For large separations the intrinsic wave func-
tions (36) describe the states of the individual
nuclei with spins I, and I,. The coupled equations
are conveniently obtained with the following ortho-
normalized basis functions:

21+ l
4zzz 8 s llfzz (0 st s9 4s)

x [4)p,(1)P~, (2)]„") V'.A(g) (r', R.),
E = (s, M'; PzLz, PSLs, A; s)ljm) . (3'/)

They are eigenfunctions of the Hamiltonian:

„H„+AIzTcz+M— —S(I -I,. +J„„
2Ps&s

Jcczz, s'') 4»z»= &»zk»z», (38a)

E»z (Rs) = E(zpz + &~s + &sz(z) I m) (Rs)+,(If+1)—M" +A(A+1)-(M' —m)').
2 p.+,'

(38b)
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The transformation needed for the computation of the S matrix and defined in Eq. (28) is given
with the wave functions (37) as a sum over Clebsch-Gordan coefficients, which can easily
be summed up:

(~0JM'IIM')
2I 1

&4'. (J)e''l[(('2&L&@02zL2]s'- &2&(J)m&

(-)" (2A+1)~'(I —M'ZM'I io) (gmAM' —mls'8„

A. =(-1) 2 &(2I +1)''
J j I

(39)

( 1)L~+L2 -J'(2I 1)ll2

J j I2

B. Intrinsic wave function for identical cores

An interesting special type of transfer reac-
tions, namely the elastic transfer, occurs for
identical cores. Experimental. work on elastic
transfer reactions has been extensively carried

f

out by von Oertzen et aI. ,
' who have analyzed

their data in terms of a linear combination of
nuclear orbitals (LCNO).

For C, = C, = C we symmetrize the wave func-
tion for the exchange of the cores. The total
wave function [see Eq. (25)] consists of two parts,
the direct and core-exchange term:

(f 0 JM')IM')
se~J ~, 16

PV

x [R~a)Jr(R,)D)J„.(p„6„$,)4,„(J)s.(direct) +R, i Jr(R )+~)J (P, 8„),)4', ( J)~.(ezchange)].

Here we denote the relative coordinate after core
exchange by R,. It is given according to Eq. (5)
by

R~ = —R2, R2 = -R~ . (41)

For equal cores the mass asymmetries of the
ATCSM have the values q„=-)4=1/A. . As first
approximation one may use the symmetric TCSM.
Between the wave functions of the ATCSM the
following phase relation holds':

P I
0 g2( J) I(+c.n&. t yc. m.s ~ c.m. p Rl)

=(-1) 0'2~(J)- (r. R2) ~ (42)

Using Eqs. (41) and (42) we obtain for the wave
.function (40)

s =1 for s =2; s =2 for s =1

lo'=(ALx )'j Ii' p2L2)

1()'=(P L2~~i ~I2~ P&Lx) ~

»=(ALi'P2L2 )(j I.)

2K= (P L; P,L, ))j,I,).

(44)

with the radial functions

After reordering the summation in Eq. (43) we
finally obtain the following expression:

2~+ 1i '
2 (LOJM'~IM')

Bm2

Rsa) J1(Rs)+N)J'(0 ss est 'Ps)@su( J)))'

(45)

1
Rsa Jr(Rs) =

~2 (Rsai JJ(Rs)

+(-1) ' " R-I)JJ(R,)).
2i+1 '"

y, „= g ~'(' ", (roe~ ~rM)a'„'„(q„s„g,).
sa1 JM' (46)

I

[Rsu) JJ(Rs)c sa(J)N''

+(-1)' """Ran)JJ(R.)@.n(J)~ ]

For the special case, when both cores are in the
ground state (L, = I, = 0), or more generally
when s u =s a, the radial wave functions for
s = 1 and 2 are related by

with the abbreviations

yuRl Jl ( 1) ~2a) JJ ~

Next we symmetrize the wave function in the

(47)
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representation defined in Eq. (37) for core ex-
change. The result is

Similarly to Eq. (47) we find for the case when
the cores occupy equal states, P,L, = P,L,:

PIu —g Rr(s)r(Rs)4(s)lu '~

where

(48)
Rz&~&r =(-1) ' ' Rg&2&r ~ (50)

fear(s)l ~g (f~x(s)I(Its)

+ ( 1)l+f+lg+L2 2N'ft (ft ))

E(s) =(s, M'; p, L„p,L„A;sejm),

E(s) = (s, —M'; P,L„P,L„A;st —m) .
(49)

Since the difference between the two relative
coordinates R, and R, is small for equal cores,
we may approximate the expression (48) by in-
serting R, = R, = R and using the solutions of the
symmetric TCSM which are independent of s,
namely y,&(&)

- y&(, ) . The eigenfunctions of the
symmetric TCSM have a good parity m =+1:

(2I +1 gAgQ &rl(ft)(Dsu [Ps,~,(1) &t,~,(2)]~ '-.V"(g).

+(-1)'( 1)"-'""'" D'N 4[48-,L,(1)48, L,(2)]'-". P.(gl- ]. (51)

Here l is the orbital angular momentum of the
asymptotic STCSM wave functions with respect
to their centers. ' The structure and symmetry
of this wave function are the same as those used
in the strong-coupling model (Nilsson model) de-
scribing the motion of a nucleon coupled to the
rotation and vibrations of a deformed core.

IV. COUPLED CHANNEL EQUATIONS

In this section we derive coupled channel equa-
tions for the radial wave functions. Using the
representation defined in Eq. (37) we divide the
wave function with respect to the fragmentation:

f{i)
PIbf p RE(1)1(R1)iElllls(Rls rem. 9 2ll )

E{x)

(i)+ Q KR(g)I( R) 2l(r)I2bf( Rg2rcmj +Il ) (52)
K{2)

A. Overlap intesrals and shift operators

Overlap integrals between the two parts of
the wave function (52}are, in general, difficult
to evaluate, as is known from the exact treat-
ment of recoil effects. The general type of over-
lap integral is given by

g„*(R„r, )$„(R„r, )dr, or dr, .

When the coordinates of integration are chosen
as R, and r, , the volume element has to be taken
as d&, [see Eq. (8}]. The operators S, and S„
which. shift both sets of coordinates, are defined
by

Jt f„"(R„r, )S,(R„r, )P„(R„r, )dv,

m R2y r c.m S2 R2) rc.m. n R2t rc.m. d~2

(55)
The operators S, can be written in the form of
exponential operators, where we have applied
Eq. (6):

2+

S, =exp C, —C, +Ar, grad,
C, +1 C,

(56)

In principle, the integrals (55) can be calcu-
lated numerically. But in the following, we pre-
fer an approximation which takes a Taylor ex-
pansion of (56) up to first order in the exponents.
If we use the first order terms as they result
from the Taylor expansion of (56), Eq. (55) would
only be fulfilled approximately to the same order.
Since Eq. (55) is important for the proof of the
Hermiticity of the coupled equations, we approx-
imate Eq. (56) by the following shift operators
which are modified in the constants y, and y, so
that they satisfy Eq. (55) exactly:

S,(R» r, ~ ) =1+y,[(C, —C,)R, +Ar. ,m] grad»

(57)

where

P„(R„r,g =S,(R„r, )P„(R„r, ),
$„(R,r, )=S (R, r, )P„(R,r, ).

These operators fulfill the equation

(54) y, =-(cP+o.P+P')/3cP,

y, =(++~P+0')/30',

n = (Ci + 1)C2; p = C,(C, + 1) .
(58)
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The gradients operate on the relative coordinates R, and R, . After the transformation to the rotating
coordinate system we get the following equation:

[(Cl —Cz)Rs+A r, ]grad~ = [(Cl —C2)Rs +die .m. ] +
@ [x (Is. —. J —J (()s ~ - yc. (fs —

. J —J„x)& ~ ] )c.m. + @ + c.m. S co y c. m. . g cog g

where

J =r', X p', +s'. (59)

In the following we use the approximations (57)
instead of the exact expressions (56).

B. Coupled equations

The Hamiltonian H, as given in Eq. (18), de-
pends on the fragmentation s. If H were the ex-
act microscopic Hamiltonian, both representations
would fulfill the identity relation with the shift
operator (56):

S,(R„r, )H(2, R, =R„,r, , e,~)

=H(l, R» r, m, n, „)S,(R» rs.m. ) ~

For the realistic Hamiltonians (s =1, 2), de-
fined in Eq. (18), Eq. (60) is satisfied for the
kinetic energy exactly. However, the potential
energies fulfill Eq. (60) only approximately,
since they are represented by models in the

Hamiltonian (18). Also, when we insert the ap-
proximative expressions (57) for the shift opera-
tors in Eq. (60), this equation cannot be exactly
satisfied. Because Eq. (60) is important for the
proof of the Hermiticity of the coupled equations,
we replace these operators by their average:

S,(R„r, )H(s, Rs ——Rs, . . . ) HS~s, Rs, . ~ . &,

H(s, R„.. . )S,(R„r, )

(61)

where HS is defined by (s =1, 2)

HS(s, R„...) = ~[S,(R„r, )H(s, R; =R„.. . )

+H(s, R„.. . )S,(R„r, )].
(62)

The averaged operators HS(s) have the same
Hermitian property such as the shift operators
in Eq. (55):

„*R„.. . HS 1,R„.. . ~R2=R„.. . dT'~= ~R2, . . . HS*2, R2, . .. „R,=, . . . dv2 (63)

where g„and ())„are wave functions describing different fragmentations. We note that the Hamiltonians
are real except the imaginary potentials which have been introduced in Eq; (12). With the approximation
(62) we obtain the following system of coupled channel equations for the radial functions:

K(1)rK'(1) (Rl) K'(l)1(R1) + Q K(1),K'(2) ( 1) K'(2)I( 1)
E' (z) Z'(2)

Q DK(2) Kr(2) (R2)RK'(2)r(R2)+ Q DK(2) K (,)(R2)RKr(1)s(R, ) = 0.
Z'(2) z'(x)

The first sum in these equations describes elastic scattering and inelastic excitation, and the second
sum describes the transfer reactions. The differential operators are calculated by integrating over the
Euler angles, the single-particle and collective coordinates, but not over the radial coordinate B,:

t,)(S,) = f ()St,) (((„r, , Q, XS(r, R„.. . ) —S)l4(,),„(B„r, , (r,'„)d()d( r,' d(i(&) 3
2P

I(~) i(&)Sr( ) r(*)(S ) f())S( )( (R r(r,=„)(HS(r, ((„„..',. ) —, S'S (X r,' )d .(;)(„(R„;=R„r,', ((,' l

x dQ~d J'
m d7~,

(65a)

(65b)

where H(s) is defined in Eq. (18), HS(s) in Eq. (62), and S, in Eq. (57). The same equations result for
the symmetrized wave functions (48) in the case of identical cores.

C. Evaluation of the differential operators

The differential operators, defined in Eq. (65), are most easily obtained if we are reminded that the
wave functions /K'„are eigensolutions of the Hamiltonian H, (s) [see Eq. (38)]:
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1
Ho(S ) =H«S +I) ATCSM (S )+,(I ' -I,' +J„~'-J„„si').

2WsRs'

Therefore, we divide the total Hamiltonian (18) into the following parts:

(66)

H(s) =- +D, R, +U, (R,)+i W(R„1', E)+H,(s)+W„, (s)+ W„„~(s),
2P's Rs ~RS

where W„t is defined by

W„g(s)=,[s(J',J, +JJ',) -I',(J, +J,„, ) -I, (J', +J'„„)+J', J,,s +J,J'„„].I t 2~ R 2 2 (68)

/. Matrix elements DK(s), K'(s)

These matrix elements are given by, according to Eqs. (65a) and (67),

d2
DK(, ) K.(s) ——5«(,) «(,)

—
d S Rs + Uo(R, ) +z W(R„I(I + 1)II,E) + E«r —E

's Rs d~s

2 8 d
4(s)rrj SR

+ s PK'(s)rrr +
R 4(s)rrr SR

+Ds 4'(s)lrr dR Rs
P,S S S S R,

+g'«(s)rjrl W.st + W«spl 4(s)r~&. (69)

The matrix elements with the operator 5/sR +D, are typical for molecular wave functions and cause the
radial. coupling. They can be reduced to matrix elements between the ATCSM wave functions and vanish
for R,-~:

(
n' 8 n,s. ~, , „„=~„.„,a, ,, 5., , 5...t'., rp.„,i„,„,s. , „.~.), (vo)

S S

n=1, 2.
The matrix elements of W„, are caused by the rotation of the intrinsic coordinate system. They are

straightforwardly reduced to the following form:

(PK(s)rrrl Wrst I 4«(s)rrr& -
2 R s 5s,r, , ();I; (j,r,„();I,; AA

S S

)((5jr~-5 &V'.»(I) ls(J:J.+J.J:)IV'.»(; ~) )
—5»(j) „.(j.)5 ~ks(5~., ~., [(I»+'M1+)(I —M')(A+M' —m+1)(A —M'+m)]'

+ 5»j., rr»[(I —M' + 1)(I + M')(A —M' + m + 1)(A +M' —m)] ' ].

+5„.„»k(5rj-jr[(A+M'- m+1)(A —M'+m)]" -5„„.,[(I-M'+1)(I+M')]' }
x &gs»( j)ml Jsl(( s»'( j ~) m-»&

+ 5„.„„)s(5jr-jr. [(A —M'+ m + l)(A +M' —m)]" —5jj- rj.„[(I+M'+ 1)(I—M')] "j
x&v'.»(I) I J.lv.» (;~) .»&). (fl)

Only asymptotically (R,-«), when j becomes a good quantum number, the matrix elements of the opera-
tors J, reduce to the usual simple expressions

&V'sM j)mls(J: Js +Js J's)IV s'(I )m& = 5»j, 'I ~ (i(i+1)—m')~',
S

&ys»(j) I J.Iy.» (I ~) s,&
= 5»j, » I'[(I+m+1)(I +m)] a.

(V2)

2. Matrix elements DK(s) K ()

These matrix elements, defined in Eq. (65b), contain the recoil effects in the transfer reactions. For
convenience, we separate the recoil contributions out of the transfer matrices:
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DT . R
DK(s) K.(s) —— K(s) K.(s) +DK(s) K.(s)

&4(s)jul 2 (R(19 Rs ' ' ' ) +R(2s Rs) ' ' )) +I P2 (s )I])])

+&yz(,)~„l2((S, I}—II(s, R„.. .)+II(s, R„.. . )(S, —I)) —(S, —1)EIy,.(;)~„).
If all recoil effects are neglected, the second term in Eq. (73) has to be disregarded. For the first
term me find the expression

T
K(s),K'(s ) APN" m' 8 j L ~s 8 ~L'I 82I2, 02 L~

1 1 1 d'
X (Ps&( j) Ps &'( '') + R +]„2 S S

1
+sW[S., l(I+1)IP, S]+—(S ( ), +S (;.S) —SI

~™ 8 2 j 8—
4 @s~(j)m

—
~R

+Dg + —q~-+Dg V's~ (j )m~Rs

8 $ 9
+

R 0'si(j)m ~R +Dy +
gR +D2 0's~'(j')m ~R Rs

(73)

1 2

+ —
C &,~ „[ P[W,„,[s)+W„„[s)] C S;~s„) .

$=$

(74)

The matrix elements of W„[ can be calculated in complete analogy to Eq. (71). The overlap matrix
elements &y, ~(]);) are different from zero in the reaction zone where we use different ATCSM for the two

fragmentations. It mould be a realistic approximation to use the same ATCSM for boih fragmentations
with an average mass asymmetry )I =(C, —C2)/A [see Eq. (35)], independent of s. In that case, the overlap
matrix elements &y, ~y;) are identically zero since the solutions of the same ATCSM are orthonormal.
This approximation needs a redefinition of the operators D, and J, in order to ensure that special matrix
elements, such as Eq. (70), vanish asymptotically. A forthcoming paper will discuss this approach in

detail. "
For the second term in (73) we first consider the matrix elements of the shift operator (57) which we

express in spherical tensor operators:

2v '"~,'.
S,(H„r, ) =1+y, [(C, —C2)R, +Az', ] +@ —

, -R™[&, ,(~em. , y,' )(I', -&'-&~u )
s s

+ &„(s.', . , cl-)(s. —& —c=«)]I. (75)

With this expression me obtain

(S sl)z( ),ms(. )=&(r(s)r~l]ss(-&., r. ) —I I tr(;)1~)

=y,5..., , , 5. . ., ,.5„,
~

5„,„„5„„&q,„„,„~[(C, - C, )R, +A ', ]
s s

xrc,m. (I'] ]tl + &„& )~(p;, (,.)„)

+&a ..(;).IIC, -c.)R.+&zl-. I([;.(;).)d—dR,

I+
R 3 ~m', m+]. 9 SA.(j)m «™y-g 9 s&'(j ')m+j.

s

x (5s] s.,~[(I~M' + 1)(I -M') ]" —5s.,~[(A —M' y nz + 1)(A +M Pi —m) ]
~ 2].

+ ~m .m-) &ps)s( j)m~'rem. F)).I@s )c'( j ') m-))

xi[52),. s] ~[(I —M'+1)(I+M')]~2 —5~:s[(A+M' —m+1)(A —M'+m)]

The operator (S, —I)„z.vanishes asymptotically (R,- ~). If j were a good quantum number, the matrix
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elements would have had the selection rule j =j,j+ 1. With the result (76) we may write the matrix ele-
ments of the second part in Eq. (73):

1 d'
D (,))),(;) = —'(S, —1) ~ — — —,R +U (R,)+)W(R„.. . )+8 (q))-Z)

's Rs dRs

]. 5' 1 d'
+

2
—

2
—d,-R, +U,(R,.)+&W(R„.. . )+E„l»1—E

~ (S,—I)«+rest.
2 2p R dg 2i s 0 h )

(77)

Here the rest term contains the operators 8"„»
and W,„„p and the remainder of the radial kinetic
energy. In order to obtain cross sections for
elastic, inelastic, and transfer processes, com-
putational work to solve the coupled equations
(64) is required. As a first step we have further
simplified the equations (64) using the same
ATCSM for both fragmentations. This approach
will be published in Ref. 15.

V. CONCLUDING REMARKS

In this paper we have devel. oped a practicable
method to use molecul. ar single-particle wave
functions also for transfer reactions. The single-
particle states depend on the fragmentations which
are different in the direct and transfer channels.
For first numerica, l calculations it would be
sufficient to apply the same ATCSM in all frag-
mentations. This approximation has the unique
advantage that all single-particle states become
orthogonal independently of the fragmentation.
Thereby, the transfer operators are greatly
s implif ied.

There exist mainly two possibilities in choosing
the intrinsic basis functions. In Hefs. 4 and 8 we
have taken M-weighted sums over the ATCSM
states as basis states for the coupled equations
so that these equations are asymptotically decou-
pled. This basis has the disadvantage that the
states are no longer eigenstates of the ATCSM.
In this paper we have used the individual eigen-
functions of the ATCSM as basis states. How. -
ever, the resulting equations are still coupled
asymptotically by the Coriol. is potential. Both
choices of bases are completely equivalent as
long as the same sets of ATCSM states are
taken into account. The method of this paper has
the advantage that the channels for excitation and
transfer can be classified by the individual levels
of the ATCSM. Therefore, it is most transparent
how to select out the ATCSM levels for the cou-
pled channel equations. The disadvantage of this
basis lies in its asymptotic coupling and, as
discussed, can be easily overcome by a simple
matrix multiplication in the calculation of the
8 matrix.

The present theory can be straightforwardly
extended to the case of more than one extracore

nucleon. As an example for application we men-
tion the "C-"C scattering. Terlecki et a/. have
calculated the elastic scattering and inelastic ex-
citation of the neutrons within the framework of
the molecular theory. The next steps which need
to be carried out are the calculation of the neutron
transfer cross sections "C+"C-"C+"C, and
the inelastic excitation of the "C cores. The
formalism of the antisymmetrization of the extra-
core neutrons leads to additional relative co-
ordinates for each partition of the extracore
nucleons. Since the antisymmetrization represents
an exchange of nucleons, it generates similar
effects in the coupled channel equations as the
physical transfer processes. "

It is worthwhile to develop a theory of particle-
hole excitations in the molecuiar formalism (see
also Ref. 5). In such a theory the inelastic scat-
tering of even-even nuclei can be described with-
out violating the Paul. i principle in contrast to the
particle-core model where the antisymmetriza-
tion between the core and extracore nucleons is
completely neglected. The residual nucleon-nu-
cleon interaction could be partly taken into ac-
count by using Hartree-Fock solutions" for the
single-particLe states instead of the ATCSM
sta, tes.

The cross sections for the excitation and trans-
fer of nucleons in reactions, such as "C+"0
—"C+ "0, should exhibit certain enhancements
as function of the heavy ion energies which arise
due to avoided level crossings in the two-center
level. diagrams. '7 Similar effects have been ob-
served in atomic physics and are known as pro-
motion processes according to Fano and I ichten. "
It would be a unique signature for the formation of
nuclear molecular orbits if the promotion process
for nucleons- could be detected in the transfer and
excitation cross sections. " Up until now, no ex-
perimental investigations in that direction have
been known to us, which can give an answer to the
important problem of the existence of molecular
orbits in nuclear heavy ion collisions.
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