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Cross sections and recoil properties of ' ' Rb formed by 0.6-21 GeV 'H reactions with

targets of Y to U
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Cross sections for the formation of rubidium isotopes 83, 84, and 86 have been determined for targets
from yttrium to uranium irradiated by protons of 0.6, 10.5, and 21 GeV. The recoil technique, using thick
targets and thick collectors, combined with a mathematical formalism based on the two step model, permits
the determination of some characteristics of the nuclear reactions, i.e., the range R, the mean momentum

(P) of the observed products, and the excitation energy E~ of the residual nucleus after cascade. For the
three Rb isotopes at 0.6 GeV, the mean momenta fall into three groups depending on the nature of the
targets: (a) less than 30 (MeV u)" for Y, Nb, and Ag but proportional to M, the difference between the
target and product masses, (b) about 40 to 55 (MeV u)'" for the rare earths, and (c) from 55 to 120 (MeV
u)'" for Ta to U. For 0.6, 10.5, and 21 GeV protons, the mean momenta are all practically the same as for
the first two groups of targets. On the contrary, for "Rb and ' Rb formed in targets Ta to U, the momenta

decrease decidedly between 0.6 and 10.5 GeV. The mean momentum of ' Rb formed in Th and U seems

almost the same at 10.5 and 0.6 GeV. The excitation energies E~ are very similar for 0.6, 10.5, and 21 GeV
protons for all nuclear reactions where the mean momentum depends only slightly on E . However, the

apparent value of E» diminishes for targets showing a decrease of mean momentum at 10.5 and 21 GeV. A
semi-empirical test, based on the mean squared momentum (m, v, ) per evaporated nucleon, allows the

production of Rb from Y, Nb, and Ag to be interpreted as spallation. Comparison of the experimental

momenta or kinetic energies (T) with values E calculated from the liquid drop model suggests binary

fission at medium energies for the production of all three isotopes from targets of Ta to U with 0.6 GeV
protons. The same conclusion is reached for the production of ' Rb from Th and U for all incident energies

employed. Reactions showing anomalous behavior of E~ not explicable by the fission or simple spallation

could result from a high energy mechanism.

NUCLEAR REACTIONS Rb, Rb, Rb in 13 targets (Y to U), 0.6-10.5—21
GeV E&. Measured cross sections 0. and thick target-thick collectors recoil
properties. Derived deposition energy E*, kinetic energy T and momentum per

emitted nucleon.

I. INTRODUCTION

The general influence of incident energy on the
reaction products is now well known for proton-
induced reactions, thanks to various techniques
(radiochemistry, track detectors, etc). When pro-
jectile energies reach several GeV for uranium or
tantalum targets, a strong increase of the produc-
tion of neutron-deficient isotopes is observed (for
products with mq, ss of about one-half that of the
target). In addition, a decrease of =—', has been ob-
served for the ranges of these isotopes when the
incident energy is raised from =0.6 to 6 GeV. In
spite of the large amount of work carried out, a
unified picture of the observed results is only now
beginning to emerge. '

Targets of Au and U have been extensively em-
ployed, and a large body of results is available
concerning cross sections' " and recoil proper-
ies 1,3&10~12 17

For uranium targets the formation of these pro-

ducts, up to incident energies of-about 0.5 GeV, is
consistent with a binary fission mechanism. '
With protons of sever al G eV, the charge dispersion
curves become complex. They shift progressively
with increasing energy from a fairly symmetrical
Gaussian centered on the neutron-excess isotopes
at 0.5 GeV to a form with two peaks situated on
either side of stability. Such behavior has been ob-
served for A =109 (Ref. 22), A =111 (Ref. 15), A
=117 (Ref. 23), A =130 (Refs. 2, 4), A =131 (Ref.
12), and A =147 (Ref. 11). The isotope distribu-
tions obtained for elements such as antimony,
iodine, ""xenon, " and cesium, ' show a marked in-
crease in the production of neutron-deficient iso-
topes with an increase of incident energy. The
same result is also observed with lighter elements
such as bromine' and rubidium. Experiments us-
ing the thick-target, thick-catcher recoil technique
show that the ranges of the neutron-deficient iso-
topes are comparable with those of the neutron-ex-
cess isotopes at 0.5 GeV, but fall by about one-half

20 1498 1979 The American Physical Society



20 CROSS SECTIONS AND RECOIL PROPERTIES OF. . . 1499

for protons of several GeV. In contrast, the
ranges of the excess-neutron isotopes fall by only
a few percent over a similar energy span. Examin-
ation of the relative production rates and ranges
for different isobars shows that the transition from
longer to shorter ranges takes place over an inter-
val of two units of Z. In the case of bromine iso-
topes, the reduction of the range takes place over
two or three units of A. The ranges begin to fall
at the stability line (approximately the minimum
between the two peaks of the charge-dispersion
curves) and continue to fall for the neutron-defici-
ent isotopes. Comparison of isotope distributions
of iodine formed in uranium targets with those
formed in lighter targets (rare earths, tantalum,
and gold) induced Rudstam and Sqirensen' to pro-
pose two mechanisms, fission for the excess-neu-
tron products and spallation for the neutron-de-
ficient. Beg and Porile' suggested that fragmenta-
tion (an intranuclear cascade with ejection of frag-
ments in the forward direction, followed by a long
evaporation chain) can account for the lower ranges
of the neutron-deficient products of barium and
strontium. This fast process had been suggested
by Alexander, Baltzinger, and Gazdik for neutron-
deficient iodine isotopes produced with 6.2 GeV
protons from uranium. An analysis that established
a correlation between the observed range of an ele-
ment and its position on the charge-dispersion
curve led Starzyk and Sugarman" to propose three
processes for the formation of isobars of mass A
= 111: namely, spallation in which preferential
forward emission of fragments could take place
during the cascade, and two fission processes,
with high and low energy deposition. Clearly, the
production of neutron-deficient products in uran-
ium targets is complex.

With lighter targets, it is found that the behavior
of products (100 &A & 113) formed in lead targets"
is entirely analogous to that observed with uran-
ium, both with regard to charge dispersion and
range.

The dependence of recoil properties on incident
energy and mass number of product has been ex-
tensively studied for reactions of protons with
gold. ' The mean momenta of the recoiling nuclei
at 1 GeV incident energy indicate a substantial fis-
sion contribution to the formation of products in the
mass range A. =46-103. At higher bombarding en-
ergies, the momenta of the neutron-deficient pro-
ducts in this mass range decreases, showing that
the deep spallation is becoming more prominent.
The momenta of neutron-excess nuclides decreases
by a smaller amount or not at all, depending on the
proportions of fission and deep spallation.

With a tantalum target, the isotope distribution
of rubidium is perfectly Gaussian' for energies of

several GeV, and so is the charge distribution of
the isobaric chain A =86." 'The ranges of the neu-
tron-deficient isotopes are no more than about half
their values at 1 GeV, but this reduction occurs al-
so for the neutron-excess isotopes. "

Faced with the complex and fragmentary pattern
formed by all these results, we felt that a study of
the properties of some neutron-deficient and neu-
tron-excess products from various targets should
yield an interesting contribution to our under-
standing of nuclear reactions at high energies. We
have therefore determined the cross sections and
the recoil properties of "Rb, "Rb, and "Rb,
formed in 13 targets ranging from yttrium to uran-
ium, using protons of 0.6, 10.5, and 21 GeV. Ex-
tensive tests have been made for spallation from
targets of mass close to those of the observed pro-
ducts. With regard to fission, the kinetic energies
of the fragments have been compared with those
calculated according to Nix and Swiatecki. ""In
this way, a number of results have been inter-
.preted as primarely due to spallation or fission.
'Those processes not well explained by fission or
spallation can be accounted for by means of a cas-
cade process which includes the ejection of frag-
ments.
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FIG. 1. The target assembly for cross section (a) and
forward-baclovard (b) experiments.

II. EXPERIMENTAL METHODS

A. Targets

The experiments carried out in this work re-
quired two types of target stacks, depending on
whether cross sections or recoil properties (Fig.
1) were to be studied. In the first case, targets,
monitors, and aluminum guards of the same di-
mensions were rigorously aligned. For the deter-
mination of recoil properties, the thick-target,
thick-collector technique was employed. Each tar-
get was enclosed in aluminum foil, to collect the
recoil ions in the forward or backward directions.
A blank foil was placed between each assemblage
to determine the amount of parasitic activity cre-
ated by reactions of the protons with the impurities

, in the aluminum (&I/~ of the total activity of the re-
coils). The dimensions of the collectors and the
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B. Irradiations

Irradiations by 0.6 GeV protons were made using
the internal beam of the synchrocyclotron (SC) at
CERN. The target holder consisted of two alumin-
.um jaws clamping a rectangular stack of targets of
2.0 cm&1.8 cm and of aluminum foils of 2.2 cm
&2.0 cm for the recoil experiments. The stack ex-
tended about 0.6 cm beyond the edge of the target
holder.

Irradiations by protons of 10.5 and 21 GeV were
carried out with the protonsynchrotron (PS) at
CERN, using the internal beam in most cases.
With the internal beam, the target holder was ap-
proximately semicircular and a half-circle of the
stack (about 3 cm diam) was exposed to the beam.
Studies of the dispersion of the beam have shown
it to be circular in cross section, with a diameter
of about 2 cm. For reasons ofprecision, atriangu-

TABLE I. Purity and thickness of the target materials
(all had natural abundances).

Target
Pur lty

(%)

Thickness
(mg/cm2)

Y
Nb

Ag
Pr
Tb
Ho
TX11

Ta
Re
Au
Bi
Th
U

99.9
99.5
99.999
99.9
9.9.9
99.9
99.9
99.9
99.99
99.999
99.999
99.5
99.7

15
70-100
50
70-100
70-100
70-100
70-100

100
70

100-150
50-100

100-200
9-200

blanks were slightly larger than those of the tar-
gets and extended about 0.2 cm beyond the edge of
the latter. In all experiments, the aluminum used
for collectors, guards and monitors was of
99.999%%u~ purity and 0.0050 cm thick. The isotopic
composition of the target elements corresponded to
the natural distribution. Depending on the mater-
ial, the purity varied from 99.5%%uz to 99.999%%uo and

the thickness from 9 to 200 mg/cm', as shown in
T able I.
': The influence of secondary particles was ex-
amined by varying the thickness of the targets,
-particularly in the case of uranium. The oxide
films on targets of U and Th were removed by 6N

HNO3 and organic matter was eliminated with vari-
ous solvents. ' The separate parts of the assembl-
age were then dried, weighed, and stacked in the
appropriate fashion.

lar fraction of the irradiated stack, representing-
on the average 85%%u& of the total activity, is taken
for subsequent measurements. With the external
beam, the stacks were simpler. Targets and
aluminum collectors were of the same dimensions
and were held by a square target holder (2.5 cm
&&2.5 cm) with a circular opening of 2.0 cm di-
ameter.

For cross section measurements, one to two
hours of irradiation with the internal beam (PS or
SC) were sufficient, and the integrated flux reached
10ie to 10&v protons, on the average. For recoil
experiments, the time of exposure was approxi-
mately doubled. 'The flux was monitored by the re-
action "A1(P, 3p3n) "Na: The irradiations were
carried out in Geneva and all. the measurements
and chemical separations in Bordeaux. 'The values
adopted for the cross section for "Na mere 13.5,
10.5, and 10.0 mb, for energies of 0.6, 10.5, and
21 GeV, respectively.

The formation of 2 Na from Al is not very. sens-
itive to low energy secondary particles formed by
the passage of the beam through the target assem-
blage. The correction to the "Na activity as a
function of the thickness traversed was determined
experimentally and was found not to exceed 5%%u~ in
the least favorable case.

C. Chemical separations

The rubidium isotopes were separated by classi-
cal radiochemical methods. " Targets, collectors,
and blanks were separately dissolved by various
acids (HNO„HCl, HF), depending on the element.
After addition of weighable amounts of carrier (15
ml of a 10 mg/ml solution of natural rubidium
chloride), each solution was divided into three
equal volumes. The rubidium was precipitated as
the perchlorate by means of concentrated HNO,
and 7(P/~ perchloric acid at 0'e, in presence of ab-
solute ethanol. The perchlorate was purified as
folloms: Metals mere coprecipitated with Fe" hy-
droxides in 6N NH4OH. The alkaline earths were
eliminated as carbonates by 0.2 M Na CO, in the
presence of barium and strontium chlorides, (all of
the alkaline earth metals yrecipitate with rubidium
during the perchlorate formation). The decay per-
iods of the isotopes of Na and Bb of interest here
are such that Na does not interfere with the Rb
measurements. Cesium was complexed by forma-
tion of the double iodide of cesium and bismuth,
Cs,Bi2I9, and potassium remained in solution dur-
ing the selective precipitation of rubidium as the
hexachlorostannate, . RbSnCl, .- The rubidium was
finally obtained as RbC104 (with a yield of 45 to
6(P/&) on a plastic disk and covered with. a Mylar
film 5 p, m thick.
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D. Detection

Where the disintegration schemes allow (~Rb,
"Rb), the activity was measured by P and y detec-
tion. A Geiger-Muller type counter with flowing
methane and a low background was employed, as
well asaNaI(Tl) crystaldetector (7.6cm&8.9cm),
combined with a multichannel pulse-height analyz-
er. The relevant decay characteristics are shown
in Table II for the isotopes studied ("Rb, ~Rb,
86Rb). Because of the resolution of the y detection
unit, the three lines of "Rb corresponding to
0.521, 0.530, and 0.533 MeV" gave only a single
peak. In addition, this peak also contained a con-
tribution from the annihilation y of the p' emitter,
."Rb at 0.511 MeV. . Using the measured activity of
~Rb at 0.880 MeV, however, along with the associ-
ated branching ratio, the contribution of this iso-
tope to the activity of "Rb could be determined.

The efficiency of the detectors for ' Rb was mea-
sured by means of calibrated sources furnished by
the Commissariat a 1'Energie Atomique. Since
neither. "Rb -nor ~Rb was avai&able, the efficiency,
e, of the y detector for these two isotopes was ob-
tained. by interpolation from the calibrated sources
of "Sr "Na, "Mn, "Zn, 8'Rb, "Na, and "Y For
measurement of the P activity of "Rb, an indirect
determination of the efficiency was. made. 'The val-
ue of c was obtained from the 84Bb activities mea-
sured in uranium. targets. , using the known value'
of v (~Rb} at 0.6 GeV [3 mb with monitoring by
"AI(p, .3pig)'4Na, using a value of 10.5 mb for
o("Na)j. The various efficiencies obtained are
collected in 'Table II. . After correction for branch-
ing factors and efficiencies, the activities of the

. isotopes 84Rb and ~BRb (measured by both P and y
detection} differed by less than 3%%up in general. The
mean of the va,lues given by the two methods was
taken.

Four activity measurements were carried out per
decay period, and the measurements were repeated
until the activity remained unchanged during two
periods, apart from statistical fluctuations. These
precautions were taken in order to subtract cor-
rectly the P contribution due to the activity of "Rb
(E& =2V4 keV, T =4.8 && 10'0 yr) in the natural rubid-
ium used as carrier. 'The decay curves were anal-
yzed by a classical least squares method. " Taking
into account the position of Rb, Rb, and Rb in
the periodic table and the delay between irradiation
and chemical separations, the yield is found to be
cumulative for "Rb and independent for ~RQ and

Rb.

E. Precision

Two types of uncertainties must be considered,
i.e., random errors and systematic errors. The
first arise from measurements of the thicknes's of
targets, inhomogeneity of monitors, and from
weighing (3%%u~ }, from evaluation of the chemical
yield (2%%uo}, and particularly from the determina-
tion of the activities at the time of origin (1 to IF/o
in the case of weak activities). Systematic errors
arise from the determination of the flux [o (".Na) to
about 10'], the determination of the efficiency of
the counters employed as described and the preci-
sion of the calibrated sources (about 5P/~). If these
various errors are added, the overall uncertainties
in the absolute activities vary from 21to 30%%uo. This
must be taken into account when comparing our
cross sections with those already published else-
where in the literature. For the recoil experi'-
ments, systematic effects are eliminated and. only
the random errors remain. The errors given in
the tables of cross sections and recoil properties
are the root mean square deviations observed for
repeated experiments.

TABLE II. Radioactive properties of rubidium isotopes and efficiency factors for P and y
detection.

Isotope
Ti /2

in days Detection
Energy
yzeV)

Branching
ratio (%)

Efficiency
(%)

83Rb

'4Rb

18.66

0.521
0.530
0.553

0.880
0.510

0.80
1.66
0.91 Eg-

1.08

1.78

23
31

8

74
42

11
10

3

8.8
8.8

91.2

8.5

6.6
8.5

5.8

37.5
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TABLE III. Cumulative Rb and independent 4' Rb yields in mb, measured at 0.6, 10.5,
and 21 GeV protons (the indicated error is the standard deviation from the mean).

Target »Rb 84Rb Rb

0.6 GeV Y
Nb

Ag
Pr
Tb
Ho
Tm
Ta
Re
Au
Bl
Th
U

93 +4 (3)
62 +3 (4)
14.90 + 0.25 (4)
0.15 + 0.06 (3)
0.10 + 0.04 (9)
0.10 ~ 0.01 (7)
Q.ll + 0.01 (7)
0.25 + 0.02 (8)
o.49+ o.ol (5)
1.42 + 0.11 (6)
2.9 ~0.3 (5)
2.36 + 0.15 (6)
2.21 + 0.13 (6)

11.3
4.17
0.65
0.017
0.028
0.037
0.054
0.12
0.25
0.85
2.03
2.03
2.31

+ 1.5 (3)
~ 0.25 (4)
+ 0.02 (4)
+ 0.004 (3)
+ 0.008 (9)
+ 0.006 (7)
*o.oov (7)
+ 0.01 (6)
+ 0.02 (5)
+0.02 (8)
*0.07 (5)
+0.10 (6)
+ 0.20 (5)

3.5 (1)
0.36 (1)
0.10 + 0.03 (2)
0.005 *0.004 (2)
0.010 + 0.003 (2)
0.018 6 0.001 (7)
0.017 (1)
0.08 + 0.02 (3)
0.16 (1)
0.68 + 0.04 (4)
3.11 + 0.04 (4)
5.o2 ~0.02 (6)
6.7 + 0.1 (6)

10.5 GeV

21 GeV

Y
Ag
Ho
Ta
Au
Th
U

Ag
Ho
Tm
Ta
Au
Th
U

39
16
6.00
5.60
6.65

10.6
12.9

19
8.4
9.03
8.1
7.9
9.2

12.4

~2 (2)
+2 (2)
+ 0.12 (2)
+ o.54 (5)
+ 0.12 (2)
~ 1.3 (5)
~ 1.5 (5)

+1 (3)
~ o.8 {9)
+ O.25 (3)
+ o.4 (4)
+ o.9 (6)
+ l.o (6)
+1.1 (2)

10.9
2.3
0.84
1.14
1,41
5.22
6.65

3.5
1.2
1.65
1.80
2.3
4.6
5.9

+ 0.8 (2)
~ 0.4 (2)
+ 0.03 (2)
+ 0.17 (5)
+ 0.05 (2)
*0.51 (5)
~ 0.97 (5)

+ 0.4 (3)
*o.5 (9)
~ 0.15 (3)
~ o.o5 (4)
+0.2 (6)
~ o.8 (6)
~ 0.1 (2)

0.27 + 0.01 (2)
0.34 + 0.03 (2)
0.57 + 0.05 (2)
5.54 ~ 0.06 (2)
6.8 + 0.3 (2)

TABLE IV. Recoil data for 3Rb: F/B, W(F-B), 2W(F+ B), g, and (v).

0.6 GeV

10.5 GeV

21 GeV

Target

Y
Nb

Ag
Tb
Ho
Ta
Re
Au
Bl
Th
U

Y
Ag
Ho
Ta
Au
Th
U

Ag
Ho
Tm
Ta
Au
Th
U

F/B

7.4+ 1.6
6.5+ 2.1
7.9 ~ 0.6
1.7 + 0.1
1.7 + 0.3
1.7 + 0.1
1.5 ~ 0.3
1.6 ~ 0.1
1.5+ 0.1
1.3 + 0.1
1.3 + 0.1
2.5 + 0.5
2.1 + 0,6
1.5 + 0.2
1.3 + 0.1
1.2 + 0.1
1.1 + 0.2
1.1 + 0.1
2.3 + 0.4
1.7 + 0.2
1.6 ~ 0.2
1.5 + 0.3
1.3+ 0.3
1.1 + 0.2
1.1 ~ 0.2

W(F —B)

0.12 + 0.01
0.22 + 0.01
0.49 + 0.01
0.37 + 0.19
0.45 ~ 0.08
1.01 + 0.04
0.72 + 0.30
0.89 + 0.09
0.80 + 0.07
0.75 ~ 0.08
0.70 + 0.08

0.06 + 0.01
0.19 + 0.01
0.29 + 0.02
0.25 + 0.02
0.20 + 0.02
0.16 + 0.01
0.19 + 0.02

0.14 + 0.01
0.30 + 0.01
0.27 + 0.03
0.33 + 0.03
0.26 + 0.09
0.17 + 0.04
0.14 + 0.01

2W(F+ B)

0.32 ~ 0.02
0.61 *0.05
1.28 + 0.04
2.86 + 0.38
3.62+ 0.17
7.38 ~ 0.15
7.57 + 0.88
8.11~ 0.25
8.64 + 0.38

10.62 + 0.50
10.88 + 0.35

0.29 + 0.03
1.07 + 0.14
3.13 + 0.21
3.96 + 0.13
4.25+ 0.16
5.86 ~ 0.49
7.28 + 0.34

0.73 + 0.05
2.35+ 0.12
2.34+ 0.16
3.13 + 0.33
3.66 + 0.27
5.42 ~ 0.48
6.87 ~ 0.77

0.34
0.39
0.42
0.12
0.12
0.13
0.09
0.11
0.09
0.08
0.06

0.17
0.15
0.09
0.060
0.051
0.030
0.026

0.16
0.11
0.10
0.09
0.06
0.03
0.020

+ 0.02
~ 0.03
~ 0.02
~ 0.07
+ 0.03
+ 0.01
+.0.01
+ 0.01
* 0.01
+ 0.01
+ 0.01

~ 0.02
~ 0.02
+ 0.01
+ 0.008
+ 0.006
+ 0.004
~ 0.005

~ 0.02
+ 0.01
~ 0.02
+ 0.02
+ 0.02
~ 0.01
+ 0.004

(v) [(MeV/u) i
]

0.059 + 0.005
0.096 + 0.012
0.139 + 0.010
0.062 ~ 0.040
0.074 + 0.021
0.152 + 0.011
0.111+ 0.027
0.128 + 0.015
0.111+ 0.017
0.116 + 0.022
0.092 ~ 0.015

0.032 + 0.004
0.054 + 0.012
0.049 + 0.008
0,041 + 0.006
0.035 + 0.004
0.026 + 0.005
0.026 + 0.006

0.047 + 0.008
0.109 + 0.014
0.100 + 0.020
0.053 + 0.014
0.039 + 0.017
0.023 + 0.009
0.019 + 0.005
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III. RESULTS

A. Cross sections

'Table III gives the cross sections obtained for
"Rb, ~Rb, and "Rb from various targets (yttrium
to uranium) for protons of 0.6, 10.5, and 21 GeV.
The cumulative yield of "Rb was deduced from y
activity measurements. The independent yields of
"Rb and "Rb correspond to the mean values ob-
tained from P and } detection. The number of ex-
periments is shown in brackets and the estimated
error refers only to the reproducibility of the re-
sults obtained. For each target, the activity was
corrected for losses by recoil, using the results of
the recoil studies. Secondary particles of low en-
ergy do not appear to contribute to the production
of rubidium. The low energy fission yields for ' Rb
(Refs. 33, 34) and ~Rb are so small in uranium tar-
gets that no correction for this effect was neces-
sary. This conclusion was confirmed by using tar-
gets of thickness varying from several microns to
several tens of microns.

B. Recoil properties

1. Ratio F/B and experimental range, 2W(F + B)

The recoil data obtained directly from experi-
ment are the ratio F/B and the experimental range
2W(F+B) F. and B are the fractions collected in
the forward and backward directions with respect
to the total number of atoms of rubidium formed
in the target (.See Tables IV and V.) W is the
thickness of the target in mg/cm'. The collected
activities could have been increased by ions coming
from the upper and lower edges of the targets. In
view of their average thickness, it is estimated
from experimental results" that multiplication of
F and B by the factor 0.985 gives a reasonable cor-
rection for these edge effects.

Scattering effects at the target-catcher interface
must also be taken into account. Particularly in
the case of heavy targets, the activity fractions F
and B collected in aluminum are slightly different
from the values which would be obtained with a col-
lector material closer in g to the target. The in-

TABLE V. Reooildatafor+Rbat 0.6, 10.5, 21 GeV and 8~Rb et0. 6, 10.5 GeV: F/B, W(F B}, 2W(-F+B}~ 0, and (v).

Target F/B W(F B) 2W(F+ B) (v) f(MeV/u}~~2]

0.6 GeV Y
Nb

Ag
Tb
Ho
Ta
Re
Au
Bi
Th
U

4.8 +0.3
10.3 + 2.5
7.2 +1.6
1.6 + 0.8
1.6 ~0.4
1.6 +0.1
1.6 + 0.1
1.3 +0.1
1.3 + 0.1
1.3 + 0.1
1.3 + 0.1

0.09 + 0.01
0.20 + 0.01
0.42 +0.01
0.34 ~0.27
0.55 +0.22
1.03 + 0.05
1.09 +0.10
0.65 + 0.06
0.66 ~ 0.05
0.64 + 0.04
0.61 +0.07

0.28 + 0.01
0.60 ~ 0.04
1.12 + 0.07
3.30 ~1.10
4.66 + 1.55
8.96 + 0.17
8.62 + 0.30
9.19 + 0.19
8.99 + 0.12

10.32 + 0.26
10.81 + 0.40

0.30
0.34
0.41
0.09
0.12
0.11
0.13
0.072
0.077
0.061
0.06

+ 0.01
+ 0.04
~ 0.04
+ 0.05
+ 0.07
+ 0.01
+ 0.01
+ 0.008
+ 0.006
+ 0.005
+ 0.01

0.062 + 0.003
0.076 + 0.012
0.126 + 0.016
0.057 + 0.040
0.092 + 0.068
0.151+ 0.012
0.166 + 0.025
0.097 + 0.012
0.099 + 0.008
0.086 + 0.008
0.091 + 0.016

10.6 GeV Y
Ag
Ho
Ta
Au
Th
U

2.1 + 0.2
2.2 + 0.7
1.4 + 0.1
1.3 ~ 0.1
1.3 + 0.2
1.1 + 0.1
1.1 + 0.2

0.04 + 0.01
0.15 + 0.01
0.30 +0.03
0.30 + 0.01
0.30 A 0.02
0.17 + 0.01
0.20 + 0.03

0.26 + 0.01
0.83 + 0.11
3.27 ~ 0.09
4.61 + 0.07
4.67 ~ 0.32
7.61 + 0.40
8.73 +0.75

0.13 + 0.01
0.16 + 0.02
0.08 ~ 0.01
0.060 + 0.002
0.060 + 0.007
0.024 + 0.003
0.022 + 0.006

0.024 + 0.003
0.047 + 0.010
0.048 + 0.006
0.046 + 0.002
0.042 + 0.006
0.027 + 0.005
0.027 + 0.008

21 GeV Ag
Ho
TXIl

Ta
Au
Th
U

2.4 ~1.3
1.7 + 0.6
1.8 + 0.3
1.6 +0.2
1.4 +0.2
1.1 + 0.1
1.1 + 0.1

0.16 ~ 0.01
0.32 +0.03
0.29 + 0.04
0.36 + 0.02
0.34 +0.06
0.13 + 0.06
0.12 + 0.02

0.78
2.46
2.01
8.17
4.11
7.63
9.42

~ 0.18
+ 0.44
+ 0.17
+ 0.16
+ 0.37
+ 0.21
+ 0.69

0.18 + 0.05
0.11 + 0.03
0.11 + 0.03
0.10 + 0.01
0.07 ~0.02
0.018 + 0.002
0.013 + 0.003

0.053 + 0.021
0.111+ 0.043
0.089 + 0.027
0.067 + 0.007
0.049 + 0.015
0.020 + 0.002
0.016 + 0.004

0.6 GeV

10.5 GeV

Au
Bi
Th
U

Th
U

1.33 + 0.11
1.30 + 0.08
1.29 + 0.11
1.23 ~ 0.13

1.07 + 0.10
1.04+ 0.03

0.722 + 0.083
0.643 + 0.091
0.629 + 0.077
0.672 + 0.071

0.261 + 0.017
0.254 + 0.022

10.100 + 0.450
9.978 + 0.338

10.198 + 0.458
11.198 + 0.610

9.510 + 0.449
10.852 + 0.153

0.073 ~ 0.011
0.060 + 0.010
0.065 + 0.010
0.050 + 0.008

0.027 + 0.003
0.028 + 0.002

0.101 + 0.019
0.081 + 0.015
0.089 + 0.017
0.072 + 0.015

0.035 + 0.006
0.031 + 0.002
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creases of the quantities WI and 5'B have been
cor'rected for, using experimental results" giving
the range of fission products in the collectors
aluminum and lead.

No account has been taken of factors such as non-
homogeneity of targets, Rutherford scattering of
initially charged fragments and nonuniformity of
the target surface.

2. Kinetic ene~, T, and mean momentum &P)

For the range. B see the appendix. To pass from
the range to the associated kinetic energy, T, re-
quires a range-energy relation for the recoiling
atom in the stopping medium. " '8 As the following
development indicates, the best choice appears to
depend on the energy region involved.

The range-energy relations of Bohr, Lindhard,
Scharff, and Schist (LSS), and Northcliffe and
Schilling give acceptable results for low energy

products, provided the experimental range is cor-
rected for multiple scattering. For high energy
products, like fission fragments, on the contrary,
certain authors" "have noted that the kinetic en-
ergies calculated by the LSS method or obtained from
tables'6 are much lower than those measured in
time-of-flight experiments. " Thanks to the agree-
ment between the experimental results and the
Bohr relation, a corrective factor of 1.34 has been
determined which may be applied to the values ob-
tained according to Northcliffe and Schilling for
rubidium in uranium. With targets of gold and tan=
talum, the correction factors are 1.19 and 1.13,
respectively. These values were determined by
comparing the experimental ranges of fission pro-
ducts in different media, Al, Au, Pb, and U."'"
If the relations of LSS are used, a better agree-
ment for the kinetic energy of the fission products
in the time-of-flight experiment is obtained when

(,=Z, '~' is replaced by $,'=Z,"'".

TABLE VI. '8 ' Hb cross sections from other work. In Refs. 2 and 45, the proton flux
was determined by the monitor reaction Al(P, 3Pn) 4Na.

Target Rb isotope 0. in mb References

Ag

Ho

Au

Bi

Th

Th

11.5 GeV

450 MeV

450 MeV
680 MeV

450 Mev

450 MeV

600 MeV

450 MeV

450 MeV

450 MeV

600 MeV

680 MeV

6..2 GeV.

28.5 GeV

28.5 GeV

83
84

86

86
86

86

86

83
84
86

86

86

83
84
86

84
86

83
84
86

84
86

84
86

84
86

12.3 + 0.4
1.31 + 0.02

0.023

0.076
0.120

0.37

0.89

2.01 + 0.17
2.32 + 0.13
3.04 + 0.26

4 ]

3.2 a

1.4 + 0.1
2.0 + 0.1
6

3.0
7.8
3.6 +1.2
3.6 ~ 1
8.3' + 0.5
5.2 ~1.1
6.9 + 0.4

6.88 ~ 0.33
7.27 + 0.34

6.55 + 0.37
6.75 + 0.37

55

45

'Uncertainties larger than 30%.
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'The kinetic energies of the isotopes of rubidium
have been determined by the three types of range-
energy relations, using the appropriate correc-
tions mentioned above. The following tables give
the average value, (T), obtained, and the maximum
difference is expressed between brackets as a per-
centage.

The mean momenta are defined as (P) =A(V) in
units of (MeV u)'~', A being the mass of observed
product. The results are presented in this way
rather than directly as velocity, V, in addition to
kinetic energy, T =P'/2A, in order to facilitate
comparison with binary fission and with the results
of Kaufman, Steinberg, and Weisfield. '

3. Excita jion energy of the residual cascade nucleus

A relation exists between the excitation energy,
E*, of the residual cascade nucleus and the mean
velocity component of the target pa, rallel to the
beam, (v,~), transferred by the incident proton'.

P 3P (~ It&

ECN VCN

vc„and Ec„are, respectively, the velocity and the
excitation energy of a hypothetical compound nu-
cleus formed by fusion of the proton and the target
nucleus. The validity of Eq. (I) will be discussed
further on.

global error of 3(P/o.

When the cross sections for the three isotopes
of Rb are examined as a function of the mass of the
target, they are found to diminish exponentially to
approximately the region of praseodymium, then to
increase from terbium to uranium. The slope of
these variations is very marked at 0.6 GeV, but
much less so for 10.5 and 21 GeV, as can be seen
in Fig. 2. (Only the results for '4Rb are indicated,
since they show the average behavior of the three
isotopes. )

Also shown in Fig. 2 are the cross sections for
"Rb obtained from the semi-empirical relation of
Rudstam' for the followingtargets: "Y, "Nb,
' 'Rh ' 'Ag "'Sb "'I ' 'Pr and 5'Tb. The val-
ues thus obtained are shown as crosses for 0.6
GeV and as circles for 10.5 GeV. They have been
joined by a continuous line which illustrates the
exponential decrease of cross sections with in-
creasing target mass. For 0.6 GeV, good agree-
ment is found between experimental and calculated
values, from yttrium to praseodymium, inclusive.
With a terbium target, on the contrary, a factor of
30 is found between the experimental cross sec-
tions and those calculated by means of the semi-
empirical formula.

In the following paragraph, the recoil experi-

IV. DISCUSSION OF THE RESULTS
I'

The present results will be compared with those
expected for the mechanisms of spallation and fis-
sion, which have often been used to describe nu-
clear reactions at high energies. First of all, the
cross sections and recoil data obtained for 0.6
GeV protons will be analyzed; then the results ob-
tained at 10.5 and 21 GeV will be addressed.

6
O

10

A. 0.6GeV

1. Cross sections

Our cross sections for rubidium and values taken
from the literature for the same targets, are given
in Table VI. The present results and those of
Kruger and Sugarman' for '6Rb formed in various
targets irradiated at 450 MeV are in satisfactory
agreement when the energy difference is taken into
account (as well as the minimum error of 30%%uo esti-
mated by Kruger and Sugarman). Comparison of
our results for ~Rb and '6Rb in uranium and thori-
um targets (see Table III) with those of Friedlander
et al.' or Franz and Friedlander4' (see Table VI)
shows that our cross sections are about 2P to 3(P/0

higher for energies of the same order. This dif-
ference is probably accounted for the different
monitoring systems used and by our. maximum

0.1—

0.0&—
~ Rb at 0.6GeV

84

at10.5 GeV

at &1 GeV

x Rudstam at0. 6GeV

* at 10GeV

Y Nb Ag

)g & I & I I I I

Pr TbHoTm Ta Re Au Bi1%

f I

Thu ~M

FIG. 2. The dependence of cross sections on target
mass for Rb at 0.6, 10.5, and 21 GeV.
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ments will be examined in an attempt to account for
the formation of rubidium in various targets and,
particularly, in the rare earths. Unfortunately, it
has been impossible to carry out such experiments
with praseodymium, where the cross sections ob-
tained at 0.6 GeV suggest a spallation mechanism.
Very long irradiation times are required for recoil
experiments with praseodymium and the easily oxi-
dized target disaggregates into a fine powder.

Z. Recoil data

The recoil properties that we observe confirm
the presence of at least two processes in the
formation of the rubidium isotopes at 0.6 GeV.
(See Tabie VII. ) With changes in target they show
marked differences in the ranges (i.e., the mo-
menta or the kinetic energies in the recoil sys-
tem), the excitation energies, and the mean mo-
mentum per emitted nucleon. The results for dif-
ferent targets can be classified in three separate
groups: Y, Nb, Ag; then Tb, Ho, and finally Ta,

Re, Au, Bi, Th, and U.
The spallation mechanism suggested by the ex-

ponential decrease of cross sections with increas-
ing ~ is confirmed by the recoil experiments for
the group Y, Nb, Ag. In a study of the velocities
of the products of deep spallation, Crespo, Curn-
ming, and Alexand. er4' established an empirical
relation which can be used, in principle, to dis-
tinguish between fission and spallation. They re-
late the mean squared momentum per evaporated
nucleon to the mass of the target, A„ that of the
observed product, A,b,, and its mean kinetic ener-
gy, (T), in the center of mass sytem, by the rela-
tion

(A.„+A, )'(T)I 2 2%

2Aobs (Ag —A,b, )

The order of magnitude of the mean squared mo-
mentum in spallation can be deduced from the
mean kinetic energy per nucleon evaporated. When~ varies from i0 to about 30, it may be reason-
ably estimated4'~~ that the energies of excitation

TABLE VQ. Recoil data for various targets and 0.6 GeV protons.

Target
(product) R (mg/cm2) (r) (Mev)

(~)
[(MeV/u& ~ ] E+ (MeV& (r&/E

(m v, '&

(MeV/u) Mechanism

V ("Rb)
( Rb)

(83Rb)
(84Rb)

Ag ("Rb)
(«Rb)

Tb ( Rb)
(84Rb)

Ho ("Rb)
(84Rb)

Ta( Rb)
("Rb)

Re (83Rb)

( 4Rb)

~u ("Rb)
(84Rb)
(86Rb)

Bi ("Rb)
(84Rb)
("Rb)

Th (83Rb)
(«Rb)
(86Rb

U ("Rb)
(84Rb)
("Rb)

0.26 ~ 0.01 1.97
0.23 + 0.01 1.97

0.45 + 0.04 1.88
0.41 + 0.03 1.88

0.94+ 0.08 1.70
0.84 + 0.05 1.70

1.8 ~ 0.1 (7%)
1.2 + 0.1 (8%)

2.5 + 0.2 (12%)
2.1 + 0.2 (14%)

4.5 + 0.2 (27%)
4.0 + 0.3 (27%)

2.8 +0.5
3.3 + 1.3
3.6 ~0.2
4.5 + 1.6
7.1 +0.1
8.7 + 0.2
7.5
8.5
7.9
9.1

10.0

+ 0.9
+ 0.3
+ 0.2
+ 0.2
+ 0.4

1.06 57 + 12 (14%)
1.05 72 + 5 (16%)

1.06 61 + 8 (12%)
1.04 77 + 3 (14%)
1.04 82 + 7 (1%)

8.4 + 0.4
8.9 +0.1

10.0 + 0.8
10.5 +0.5
10.8 +0.2
10.8 + 0.4
10.8 + 0.3
10.7 +0.4
10.9 + 0.6

1.04 63 + 5 (11%)
1.04 70 + 2 (11%)
1.04 78 + 5 (4%)

1.02 87 + 8 (11%)
1.02 83 +4 (10%)
1.02 81 + 7 (11%)

1.02 86 + 5 (12%)
1.02 85 + 6 (11%)
1.02 89 + 9 (11%)

1.40 11.3 + 1.3 (13%)
1.34 16 + 5 (26%)

1.85 17 + 1 (13%)
1.19 25 + 8 (26%)

1.07 56 + 2 (12%)
1.05 77 + 3 (16%)

14.6 +
14.3 +

20.3 +
18.8 +

27o3 +
25.9 +

0.3
0.2
0.7
0.8

0.6
0.9
2.5
8.1

53.1~ 1.6
64.7 + 10.4

96.4 +
113.6 +

1.6
2.1

3.00.6 +
113.7 +
118.8 +

102.3 +
108.5 +
115.7 +

120.3 +
118.2+
118.2 +

119.4+
119.4 +
123.7 +

2.4
2.8
5.0

4.0
1.5
3.7
5.3
2.8
5.0

3.4
4.0
6.0

97.1 + 10.0
1098 ~ 3.7

63+ 5
56+ 3

107+ 14
86+ 14

182 ~13
169 +21 .

118 +76
109 *76

1.04+ 0.05
0.96 + 0.02

2.01 ~ 0.16
1.69 + 0.16

0.35+ 0.01
0.31 + 0.02

0.21 + 0.02
0.30 + 0.08

334+ 23
332+ 26

250 ~61
374+ 57

806+ 43
232+ 29
242 ~ 45

282+ 43
251+ 20
207 +38

336+ 63
242 ~ 22
250 ~ 48

270 + 44
263 +43
207+ 43

0.80 + 0.02
1.10 + 0.04

0.81 ~ 0.17
1.03 + 0.07

0.76 + 0.03
0.96 + 0.04
1.03 + 0.09

0.79 + 0.06
0.87 + 0.02
0.98 + 0.06

0.89 + 0.08
0.85 + 0.04
0.83 + 0.07

0.86 + 0.05
0.85 + 0.06
0.89 + 0.09

151 + 48 0.28 + 0.01
183 + 135 0.49 + 0.12

29
35

37
41

35
36

52
76

76
115

239
331

241
306

252
320
343

256
285
320

349
388
326

344
340
357

Sr
Sz

Sz

Sr

Sr
Sz

Szz

Srr

Szz

SLI

F
F

F
F
F
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necessary for such evaporation chains fall in the
interval of 100 to 300 MeV for spallation. With an
exit barrier of 10 MeV for the protons and approx-
imately the same number of protons and neutrons
evaporated, the mean squared momentum per nu-
cleon evaporated corresponding to such excitation
energies falls approximately in the range of 20 to
40 MeV u. These expected values agree with those
found here for the targets Y, Nb, and Ag. 'The

foregoing rough estimation obscures the relation
independent of E~, which exists between (P) and~. That relation will be discussed later.

When the target is lighter than silver, the ranges
are inferior to 1 mg/cm' at 0.6 GeV, whereas val-
ues of 3 to about 5 mg/cm' are observed with the
rare earths. With the rare earth targets, the value
of N (from Ref. 36}in the range-energy relations
is found to lie in the interval 1.20 to 1.40. On
passing from tantalum to uranium, 8 increases
from 7 to 11 mg/cm'. The value of N for this en-
tire group is of the order of 1. Particularly inter-
esting is the variation of thy mean squared mo-
mentum per nucleon evaporated, (m, 'v, '), with
the nature of the target, i.e., ~. While it is of
the order of 30 to 40 MeV u for the group Y, Nb,
Ag (corresponding to "type S~" spallation with
ejection of several nucleons during the cascade),
it is found to be about 50 to 120 MeV u for the rare
earths and reaches 250 to 350 MeVu from tantalum
to uranium. Keeping in mind the approximate na-
ture of the formula, the precise value of (m, mv, ')
obtained is of less interest than its use as a test
for spallation. When the nuclear temperatures are
calculated as functions of (m, 'v, '), excessive
temperatures are obtained for values higher than
50 MeV u. In spite of the various approximations,
an additional velocity, other than that of the nu-
cleons evaporated during spallation, must be en-
visaged, e.g., arising from fission or another
mechanism.

A good test for fission J may be made by corn-
paring the experimental kinetic energies, (T), with
those calculated theoretically, E, by Nix and
Swiatecki" according to the liquid drop model. The
expected ratio should generally be less than unity,
since, in the calculation, the fissioning nucleus is
equated with the target nucleus (we neglect the
mass difference due to nucleons lost during the
prompt cascade and to prefission evaporation). If
the results for the light-target group are excluded
(Y, Nb, Ag), the ratio (T)/E is found to lie be-
tween 0.76 and 1.10 for the targets U, Th, Bi, Au,
Re, and Ta. The fluctuations do not appear to be
incompatible with the hypothesis of a fission mech-
anism. The deduced excitation energy E* increas-
es from uranium to tantalum and may be expected
to be correlated with the fission barriers and sad-

die-point shapes. If extensive deformations ensue,
the observed values of (T) may no longer corres
pond exactly to the approximations of the calcula-
tions. However, it seems that, independently of
the variations of (T)/E, the main body of results
obtained for the formation of 'Rb and ' Rb at 0.6
GeV in Ta, Re, Au, Bi, Th, and U suggests a fis-
sion process. 'The cross sections increase very
rapidly with the target mass, indicating, among
other things, an increase of the fissionability. The
highest excitation energies, E* (within the uncer-
tainties} are observed for the highest fission bar-
riers. In order that fission become a processcom-
petitive with evaporation in the deexcitation of a
cascade nucleus formed by a target such as tanta-
lum, there must be an increase in the excitation
energy and therefore of the nuclear temperature.
'The latter influences the fission width, and there-
fore I'&/(I'„+I'&}, by its effect on the barrier,
which may be estimated from the lowering of the
nuclear surface energy. "

With rare-earth targets, values of (T)/E are
found to fall within the range 0.20 to 0.50. Even
assuming that the fission model used is not quite
correct in this case, due to the various approxima-
tions, it should nevertheless be noted that the ap-
parent excitation energies here are lower by a fac-
tor of 2 or 3 compared with those obtained with
tantalum targets. This result is in disagreement
with the preceding conclusions concerning the in-
fluence of E* on the fissionability. In addition, if
the rubidium from the terbium and holmium targets
is assumed to be produced by spallation, a dis-
agreement is found between the nuclear tempera-
tures deduced from the values of (m, 'v, ') (greater
than 50 MeV u} and those one might obtain using the
excitation energies determined by Eq. (1}. It would

thus appear that the results for the rare earths are
inconsistent when analyzed from the point of view
of either pure fission E or pure spallation $~.

'The present results for rubidium production in
various targets at 0.6 GeV may be compared with
those of Kaufman, Steinberg, and Weisfield' for
the production of several isotopes in gold at 1 QeV.
Figure 3 shows the values. of (P) =A(Vj for com-
mon values of ~. The theoretical curves corres-
pond to fission and spallation in gold targets. 'The

present results are shown as squares and tri-
angles, those of Kaufman, Steinberg, and Weisfield
as circles.

The mean momenta observed with Y, Nb, and Ag
targets (Fig. 3}are slightly higher than those ob-
served with Au for the same ~. Several factors
may intervene to account for this difference:
erst, the difference between target and product
mass, multiple scattering corrections, and ap--
proximations in the mathematical treatment of the
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recoil data.
'The experimental mean momenta obtained with

Ho and Tb targets are of the same order of magni-
tude as those observed' for '"Ce and "'Ba in Au at
1 GeV and, like the latter, are much higher than
the theoretical values.

Good agreement is observed between the present
values and the theoretical mean momenta for gold
target when rubidium is formed in Au, Bi, Be,
and Ta, particularly in the case of 'Rb, which
is produced by pure binary fission. The experi-
mental mean momenta for "Rb are slightly smal-
ler than the theoretical values, indicating a small
contribution from deep spallation. However, the
principal mechanism of formation of this isotope
must be binary fission. As expected, the experi-
mental mean momenta for the three rubidium iso-
topes in uranium and thorium targets lie well above
the theoretical curve for fission products of the
same ~ produced in gold.

)
80—

E

E
4440-

120-

40
I

4Th

140

4Ta
@Au

4 444t 4

80

100

21 GeV

OHo
%Ho

4

120
I t

60

44 Ag

4Y yf

4
I I

160 A
I I

20

200
I

AA

Rel' 1 (at 28GeV)-

"Rb

8. 10.5 and 21 GeV

As in the case of the 0.6 GeV results, those ob-
tained at 10.5 and 21 GeV are to be interpreted by
comparison with those expected for the mechan-
isms of spallation and fission. To this end, the
experimental results will be compared with calcu-
lations based on the two-step model: a cascade
with ejection of free nucleons, followed by the de-
excitation by fission or evaporation once thermo-
dynamic equilibrium of the excitation energy is
reached. In particular, the correlations between
the range, R, the fissioning nucleus, and the ex-
citation energy, E* will be examined.

1. Cross sections

80-
E

)Th
Rb

Ol

,CL

40 -'

I Th

0 Agu

4%) 4
4'

TIhg hI Ho

I

Ag

1hh

0
I

180

40
I l

&en

80
I I
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120
I I
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l

' I I

a, A

FIG. S. Mean moments (P) as a function of mass
difference from the target ~:0 Kaufman et al. , Ref.
1;~ present data for Rb; 0 present data for 8 Rb;
0 present data for Rb. The solid curve shows the mo-
menta for binary fission of Au and the dashed curve the
calculated momenta for spallation (see text). (a) Ref. 1
at 1 GeV, our results at 0.6 GeV. Q) Hef. 1 it 11.5 GeV,
our results at 1Q.5 GeV. (c) Ref. I at 28 GeV, our re-
sults, at 21 GeV.

When the cross sections obtained for ssRb(C) and
~Rbg) at 10.5 GeV in gold are compared with those
obtained by Kaufman et al.' at 11.5 GeV, the agree-
ment is satisfactory. For the two isotopes, these
authors found 6.85+0.49 and 1.75+0.35 mb, re-
spective1y, whereas the values obtained here are
6.65 a 0.12 and 1.41 a 0.05 mb.

By forming the ratio, g,«o,„/o«o, ~, of the cross
sections at 10.5 and 0.6 GeV, it may be noted that
the influence of the incident energy on the isotopic
distribution depends on the mass of the target
(Fig. 4). Three large zones may be distinguished,
between yttrium and uranium:

(a) The targets close to rubidium, such as Y and

Ag, give rise to reactions where the incident ener-
gy. has little influence on the isotopic distribution.
The latter is approximately Gaussian and centered
in the neighborhood of stability ' ', it is neither
broadened nor displaced when E& reaches multi-
GeV energies. The excitation functions are prac-
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FIG. 4. Cross section ratios (10.5 GeV/0. 6 GeV) for
product formation in various targets.

tically constant in the interval 0.6 to 10.5 GeV,
once the plateau is reached, whether the isotopes
are neutron-excessive or deficient. From the com-
parison of the experimental and calculated cross
sections for an energy of several GeV (see Fig. 2),
it is not possible to establish with precision the
targets beyond which spallation may or may not be
proposed (except for Y, Nb, and Ag).

(b) From the rare earths to tantalum, the influ-
ence of the incident energy on the cross section ra-
tio is greater, the more the isotope is deficient in
neutrons. In Ho targets, the ratio of the cross
section at 10.5 to that at 0.6 GeV is 63 for "Rb, 22
for '4Rb, and 15 for 'sRb (Fig. 4). This gives rise
to a noticeable widening of the isotopic distribution

towards more neutron deficiency, accompanied by
a displacement of the maxim'. m in the same direc-
tion. For the case of tantalum, Trabitzsch and
Bachmann" observed, for the isobar g =86, a
charge dispersion which was practically Gaussian,
with a maximum which shifted from N/Z =1.263 to
).2)6 and a width from 1.85 units of Z to 1.93,
wQen the 'incident energy was changed from 580
MeV to 19 GeV. The excitation functions for "Rb,
and "Rb increase with E~ between 0.6 and 21 GeV.

(c) From gold to uranium, the relative rate of
production of an isotope is very sensitive to its
position with respect to the stability line. From
gold to uranium, the ratio of the cross sections at
10.5 and 0.6 GeV shifts from 4.7 to 5.9 for "Rb,
from 1.6 to 2.8 for ~Rb and remains in the neigh-
borhood of unity for Rb. This variation with E~
corresponds, in the isotopic distribution, to the
formation of a second maximum associated with the
neutron-deficient isotopes, '.whereas the absolute
values and even the width of the distribution remain
practically unchanged on the neutron-excess side
of the stability line. In the interval considered, the:
excitation functions are increasing for the deficient.
isotopes and constant or decreasing for the neutron-.
excess ones. For the isotopes close to stability,
the excitation functions are intermediate in form,
with a maximum at about 1 GeV.'

2. Recoil results

Tables VIII and IX show the values of R, N, (T),
(P), E*, (f)/E, and (m, 'v, ') obtained at 10.5 and

TABLE VIH. Recoil data for various targets and 10.5 GeV protons.

Target
(product) R (mg/cm2) N (T) (MeV) [(MeV/u) ~ ] E* (MeV) (T)/Z

(~]2v;2)
(MeV/u) Mechanism

Y (83Rb)

( Rb)

Ag (83Rb)
('4Rb)

Ho ( Rb)
(84Rb)

Ta ("Rb)
(84Rb)

Au (83Rb)
(~4Rb)

Th ("Rb)
("Rb)

Rb)

U ( SRb)
(84Rb)

Rb)

0.28 + 0.02
0.25 + 0.01

1.03 + 0.14
0.80 + 0.11

3.1 +0.2
3.2 ~ 0.1

3.9 + 0.1
4.6 + 0.1
4.2 +.0.1
4.6 + 0.8
5.9 + 0.5
7.5 + 0.4
9.5 +0.4
7.3 +0.3
8.7 +0.7

10.8 +0.1

1.97
1.97

1.66
1.75

1.34
1.34

1.31
1.23

1.28
1.26

1.18
1.05
1.02

1.10
1.08
1.02

5.2+
3.8+

13
14

19
25

20
.. 21

30
52 +
74

63
81 +

0.8 (13%)
0.6 (24%)

1 (28%)
1 (28%)

1 (1%)
1 (8%)

1 (5%)
2 (5%)

4 (1%)
5 (9%)
7 (11%)

3 (2%)
10 (9%)

2 0.0%)

1.5 + 0.1 (6%)
1.3 + 0.1 (8%)

15.8 ~ 0.5
14.8 + 0.6
29.8 ~ 2.1
25.2 + 2.0

46.5 + 1.7
48.5 + 1.0
56.1 + 1.2
64.8'+ 0.7
57.6 ~ 1.4
59.4 ~ 2.8
70.5 + 4.6
93.5 + 4.2

112.7 ~ 5.9
82.5 ~ 3.0

102.7 + 8.0
117.9 + 1.5

132 + 26
139 ~ 26
184+ 36

143+ 33
145+ 43
150 + 11

0.30 + 0.04
0.53 + 0.05
0.79 + 0.07

0.41 + 0.03
0.63+ O.l,0
0.80 + 0.02

52 + 6 1.20 + 0.08
42 + 5 1.04+ 0.07.

127 + 28 0.43, + 0.06
111+ 23 0.30 + 0.05

201 + 33, 0.22 + 0.02
179 + 22 0.23 + 0.01

163 + 23 0.27 + 0.01
187.+ 8 0.35 + 0.01

152 + 17 0.25+ 0.01
158 + 22 0.26 + 0.02

29
35

27

58
63

81
107,

82
87

120
208
299

164
252
326

~zz

Srz

~rr
rz+ F
F.
Nrz+ F
Srz+ F
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Target
(product) R (mg/cm2)

TABLE IX. Recoil data for various targets and 21 GeV protons.

(m 2v 2)

(MeV/u) Mechanism

Ag (83Rb)
(84Rb)

Ho ( Hb)
(84Rb)

Tm (83Rb)
(84Rb)

Ta (83Rb)
(84Rb)

Au (83Rb)
("Rb)

Th ("Rb)
(84Rb)

U ( Rb)
(84Rb)

0.70 + 0.05
0.74 + 0.17

2.3 + 0.1
2.4 +0.4
2.3 ~ 0.1
2.0 + 0.2

3.1 + 0.3
3.1 + 0.1

3.6 ~0.3
4.1 + 0.4
5.4 + 0.5
7.6 + 0.2
6.9 + 0.7
9.4 ~0.7

1.78
1.78

3.4 + 0.3 (18%)
3.6 ~ 0.9 (25%)

1.50 10 + 1 (20%)
1.50 10 + 2 (20%)

1.50 10 + 1 (10%)
1.59 8.4 + 0.9 (7%)

1.42 13 + 2 (15%)
1.42 13 + 1 (15%)

1.40 16 + 2 (12%)
1.32 18 + 2 (6%)

1.20 26 + 4 (11%)
1.02 53 + 3 (9%)

1.12 37 + 7 (8%)
1.03 66 + 9 (9%)

23.7 ~ 1.0
24.6 + 3.0
40.7 ~ 1.4
41.0 + 4.0

40.7 + 1.8
37.5 + 1.9
46.4+ 3.5
47.0 + 1.6
51.5 ~ 3.1
55.0 ~ 3.0
65.7 ~ 5.0
94.2 ~ 2.6

78.3 + 7.3
105.2 + 7.6

102 + 17
102 + 41

179 ~ 18
189+ 25

195 ~ 48
198+ 34

205 + 54
189+ 23

159 +69
206 + 63

96 +37
96+ 9

90+23
80+20

0.26 + 0.02
0.28 ~ 0.07

0.17 ~ 0.01
0.17 + 0.03

0.16 + 0.01,
0.13 ~ 0.01

0.18 + 0.03
0.18 + 0.01

0.20 ~ 0.03
0.22 + 0.02

0.26+ 0.04
0.54 + 0.03

0.37 + 0.07
0.66 + 0.09

26
27

45
45

44
35

55
56

66
74

104
212

148
264

Sr
Sr

Srr
Srr

Srr
Srr

Srr

Srr
Srr

Srr
Srr+ F
Srr+ F
Srr+ F
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FIG. 5. Mean cascade velocity (v„) as a function of product-target mass difference, bA. (a) 0.6 GeV, (b) 10.5
GeV, (c) 21 GeV.
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21 GeV. Characteristic changes with respect to
0.6 GeV concern essentially the decrease of the
range and of the apparent excitation energy of the
neutron-deficient isotopes in certain targets. For
targets from tantalum to uranium, the range of
'SRb falls by about a factor of 2 when the incident
energy is increased from 0.6 to 10.5 GeV. The
range of the isotope 84 changes in the same way
with energy, except for the targets thorium and
uranium, where the diminution is only by a factor
of about 1.3. The range of Rb, on the contrary,
remained unchanged in those targets where the ex-
perimental conditions allowed it to be detected
(thorium and uranium). Also unchanged were the
ranges of "Rb and ~Rb produced in the rare
earths. At 21 GeV, the ranges are noticeably
shorter than those observed at 10.5 GeV. Similar
results for g and E* have been observed at 11.5
GeV' with uranium targets and at 18 GeV with
tantalum targets for the isotopes "'Ba, "Sr, and
83Rb

Mean rnomenta (P). At 10.5 and 21 GeV the mo-
menta are smaller than at 0.6 GeV (see Fig. 8) for
neutron-deficient isotopes, in targets heavier than
rare earths, indicating a smaller fission contribu-
tion at the higher energy. This high energy mech-
anism is generally termed deep spallation and
probably involves emission of light fragments. In
the case of rubidium formed in Y, Nb, Ag, and

Ho, on the other hand, there is no evident energy
dependence, implying no change in mechanism be-
tween 0.6 and 21 GeV.

Cascade velocities and excitation energy. Fig-
ures 5(a), 5(b), 5(c) show (v,~) the mean cascade
velocity in the beam direction, obtained from the
recoil data, as a function of ~ for each incident
energy.

The variation of (v~, ) with ~ is similar to that
observed by Kaufman, Steinberg, and Weisfield. '
The calculation of (v ~~) for spallation, using the
Vegas and QRNL model" "considerably overesti-
mates (v~~) for ~ &60 in the case of gold targets.
A fission mechanism must be excluded, however,
given the momenta values. Our results for (v~~)
and (P) in the case of rubidium formed in Ho at the
three incident energies lead to the same conclu-
sion.

In Fig. 6 we see no dependence on bombarding
energy for the formation of near spallation pro-
ducts. Also, we see a decrease in the apparent
values of E* (from relation 1) with increasing in-
cident energy.

Next, we shall try to interpret the foregoing be-
havior by examining the factors which have a bear-
ing on the mechanisms of fission or spallation.
First, we eliminate "Rb from the discussion,
since its production in thorium and uranium seems

50-

//

j/ I I
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FIG. 6. Variation of the mean momenta (P) and
excitation energy E* for the deficient neutron isotope
38b with incident proton energy in four targets: Ag,

Ho, Au, and U.

to be in good agreement with a binary fission
mechanism at medium energy. 'The excitation en-
ergy, E*, of the residual cascade nuclei leading to
"Rb is only slightly smaller for 10.5 than it is for
0.6 GeV. The (v~~) E* relations established by the
calculations of Metropolis et al. ' up to an energy
of 1.8 GeV can be reasonably extrapolated to 10.5
GeV for this neutron-excess isotope.

3. Range and mass of the fissioning nucleus

According to a fission hypothesis, ranges of the
order of 6 to 7 mg/cm' for "Rb in uranium at en-
ergies of 10.5 and 21 GeV [or (P) about 80
(MeVu)'~'] would correspond to a fissioning nucle-
us of mass of about 150. It would seem worth ex-
amining the effect of cascade and prefission evap-
oration with about 90 nucleons, especially since it
would correspond to a high probability, at high en-
ergy, in the distribution of fissioning nuclei in
heavy targets. For this reason, an attempt has
been made to characterize the average fissioning
nucleus as a function of the energy of excitation,
using available calculations. 48'4~ The results ob-
tained for a cascade nucleus of "'Th are to be

. found in Table X. For an excitation energy of 600
MeV associated with about 12 cascade nucleons,
one finds, on the average, 34 nucleons evaporated
before fission. In the case of a fissioning nucleus
of mass of about 150, it would thus require excita-
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TABLE X. Total evaporated nucleons i and ratio of
neutrons to protons evaporated before fission for the
cascade nucleus 9Th as a function of the excitation en-
ergy EQ 100-

O~O ~O

~ I I I I ~ & I

140-
(U)

Eg
(MeV) 100 200 300 400 600

60-

z

before fission

~yp 16.0 8.6 6.4 5.4 3.5
12 16 20 34

20-

140-
~ ~ I I

I

100-

tion energies, after the cascade, of 1000 to 1200
MeV. Such values do not appear compatible with
statistical equilibrium and are far from agreement
with the experimental values obtained, so that the
hypothesis of a fissioning nucleus of mass of about
150 may be excluded.

4. Kinetic energy of a fission fragment and excitation energy
of the cascade nucleus

The increasing probability of asymmetric fission
with increasing incident energy has been demon-
strated by the widening of the distribution of track
lengths of the fragments. '4 Let us examine the in-
fluence of the excitation energy and of the fraction-
al division of mass on the velocity of the fission
fragments. The nuclear reaction leading from the
target nucleus, A„ to the observed product, A,b, ,
may be broken down a.s follows. First of all, a
nucleus A „ is formed after the prompt cascade,
then, after emission of i particles, the fissioning
nucleus, A&. The latter gives the primary frag-
ment, A„and finally the observed product, after
post-fission evaporation of j particles. The re-
sulting velocity, V, corresponding to the second
step in the model of Serber, can be written as a
function of the velocity due to fission, V&, and the
recoil velocities V, and V& due to prefission and
postfission evaporation. V can be readily evaluated
for the cases of isotropic or symmetrical distri-
butions of the three vectors.

The velocities V, and V~ are related to (m, ~'v, , ')
by the intermediate equation (2). Judging by the
experimental results, 25 MeV u appears to be an

50-

20-

140-

100-

60-

20-

200 400 600 ~ 8IT

FIG. 7. Calculated kinetic energy T,z, [MeV] for 3Rbas
a function of the excitation energy of the cascade nucleus
E* in U, Au, and Ta targets.

acceptable approximation for the mean square mo-
mentum per evaporated nucleon.

The fission-fragment velocity, V&, is a function
of the charge Z&, the mass, A&, and the mass di-
vision U=A, /Az. Now the charge, Zz, may be ex-
pressed as a function of the mass A&, beginning
with the data of Table X. The latter has been com-
piled from the results of an earlier calculation"
concerning the cascade nucleus of "'Th and gives
the number of nucleons evaporated before fission,
as well as the ratio of neutrons to protons, for a
range of excitation energies from 100 to 600 MeV.
Under these conditions, the observed fission-frag-
ment velocity, V&, may be approximated by the fol-
lowing equation:

100(A, —A, ) UA, -A», 2e' (1 —U)' A, -A,
(A, +A )' (UA~ —A )' r A~' 'U' '(1 —U)v' 27exp[ 0 077(A—, —.Ay)+2]

(2)

-A computer program has been employed with the
above equation to give values of (V ) and therefore
the kinetic energy, T &, , for "Rb supposedly
formed by fission in targets ranging from the rare

l
earths to uranium. The results of the calculation
are to be found in Fig. 7, which shows the variation
of T with the excitation energy, E*, for the cases
of uranium, gold, and tantalum. 'The only explana-
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tion for a diminution of P in the hypothesis of fis-
sion preceded by a cascade of nonbound nucleons
requires an increase of several hundred MeV of the
excitation energy, E*. Regardless of the various
approximations employed in the expression for
(V'), it has not been possible to associated a di-
minishing or even a constant E* with a diminution
of the kinetic energy (T).

V. INTERPRETATION

ILLI

0

1.6-

1.2 — 0

'The preceding analysis shows that a contradiction
appears when the production of neutron-deficient
isotopes is attributed to a model consisting of a
cascade, ejecting only nucleons, and a statistical
evaporation, pre- or post-fission. However, the
apparent contradiction may result from the (v„)-E*
relations. Their overall validity at incident ener-
gies up to several GeV cannot be trusted. Firstly,
we have clearly identified the production of "Rb
and '~Rb in Y, Nb, and-Ag as resulting from simple
spallation, 9,. The excitation energies determined
at 10.5 GeV for these targets, although slightly in-
ferior to those at 0.6 GeV, are compatible with the
proposed mechanism. Secondly, the result ob-
tained for the E* values of the cascade nuclei giv-
ing Rb from thorium and uranium show that the
(vp) E* relations cannot be precisely extrapolated
to 10.5 GeV, but they do lead to consistent results
suggesting a process of binary fission I' at medium
energies. The cascades leading to the formation
of neutron-deficient and neutron-excess isotopes

are not the same with heavy targets. Consequent-
ly, the (v,~)-E* relations can lead to erroneous
values of E*, regardless of the incident energy,
for products resulting from particular cascades,
not taken into account in the calculation of E* (such
as those corresponding to the ejection of clusters)
Moreover, the low values of E* obtained with rare
earth targets give evidence of the above effect for
incident energies as low as 0.6 GeV. In our treat-
ment of the recoil data, v was taken to be v„. It
may be supposed that v~ has been underestimated.
In any case, taking v~ into account would constitute
only a minor correction.

With the above conclusions in mind, we propose
an interpretation of our results involving three
mechanisms, suggested by the variations of R,
(P), (v~, ), and E* with E~ and by the plot of (T)/E
versus (m, 'v, ') (experimental kinetic energy (T)
deduced from recoil experiments divided by E, the
calculated energy from the liquid drop model, ver-
sus the mean square momentum (m, 'v, ') corres-
ponding to the same rubidium isotope; see Fig. 8}.

1. Spalludon, S&

This process corresponds to the classical model
of spallation with a cascade ejecting several nu-
cleons, followed by a statistical evaporation of nu, -
cleons and clusters up to e particles. The range
5' is only slightly influenced by the incident energy. .
1he mean square momentum per nucleon evapor-
ated, (m, 'v ), is of the order of 25 to 40 MeV u.
The excitation energy, E*, increases with ~ for-
a given target and product, but is not very sensitive
to the incident energy. On the diagram of (T)/E
versus (m, 'v, '), the points associated with such
nuclear reactions correspond to the production of

Rb and Rb in yttrium, niobium, and silver tar-
gets at incident energies of 0.6, 10.5, and 21 GeV.
The points are indicated by squares and fall on a
straight line on Fig, 8.

2. Medium energy fission, F
0.8—

04 — 0
0 0

g' o'
0

0
0 100

1

200
(m; U;)

300

FIG. 8. Ratio of experimental mean kinetic energy,
(T), to the calculated kinetic energy, Z (¹xet al. ,
Ref. 27, liquid drop model) versus the mean squared
momentum per emitted nucleon, (m;tv&2): 0 spallation
(S~); p deep spallation (S~~); 6 fission (E); h mixed
5'u + &)

This process denotes a binary fission occurring,
during the deexcitation of a cascade nucleus from
a heavy target (beyond the rare earths), disposing
of an excitation energy of several tens of MeV up
to about 300 MeV, after ejection of the cascade nu-
cleons. The mass distribution of the fragments of
such fission is symmetrical and centered on a
mass of about one-half that of the target. This
process is presumably responsible for the forma-
tion of the isotopes 83 and 84 of rubidium at 0.6
GeV in targets of tantalum, rhenium, gold, bis-
muth, thorium, and uranium.

The ratio F/B increases from 1.3 to 1.7 for tar-
gets from uranium to tantalum. In parallel with
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this increase of E/B, an increase in E* is noted,
showing the incidence of higher and higher fission
barriers. 'The fission process, E, is not very dif-
ferent for incident energies of several GeV than
for 0.6 GeV. The range of a fission product such
as "Rb in uranium and thorium is about 3 to 5%%u~

shorter at 10.5 GeV than at 0.6 GeV. The ratio be-
tween the experimental and calculated kinetic en-
ergies is also close to 1. As expected, (m&'v, ')
reaches exceptionally high values, lying between
250 and 350 MeV u. The corresponding points on
the (T)/E versus (m, 'v, ') diagram are repre-
sented by triangles and lie on the right-hand side
of Fig. 8.

approximately linear as a function of (m, 'v, ').
The nuclear reactions in the intermediate region
correspond to the formation of ~Rb in thorium and
"'"Rb in uranium, at 10.5 and 21 GeV, and the
ranges are lower only by about 20 to 3(P/p, com-
pared to those observed at 0.6 GeV. The values of
(m, mv, 2) (about 150 to 265} are much higher than
those observed for S» spallation and are associated
with long ranges, suggesting that an additional vel-
ocity has been acquired in a fission-type process
during deexcitation. The points in the intermediate
region may thus represent a mixture of 9» and F
processes, the proportions varying with the nature
of the target and the isotope.

3. Deep spallation, S[~

This process is proposed to account for the
formation of 'Rb and Rb in holmium and terbium
targets at incident energies from 0.6 GeV upwards,
since all of the experimental results cannot be re-
conciled with the mechanism S,. As for the process
S„ the range and the excitation energies in these
cases are similar for the three incident energies.
The values of (m, 'v,. '), however, lie between 50
and 120 MeVu. 'They'increase more rapidly than

predicted by the relation which gives the variation
of the mean square momenta with ~,"established
for spallation reactions where ~ lies between 25
and 65 u. But, above all, the values of E* obtained
from the (v~~)-E* relations lead to energies per
evaporated nucleon of the order of 2 to 4 MeV/nucl.
'These observations give rise to the hypothesis of a
"deep" spallation, S», which differs from S, by the
cascade process, which involves the ejection of
nuclear clusters emitted preferentially in the for-
ward direction. The above mechanism might also
account for the formation of the isotopes 'Rb and

Rb at 10.5 and 21 GeV from Ho, Tm, Ta, Re,
Au, and for "Rb in thorium at these energies. The
values of g are different from those obtained at
0.6GeV for the Ta, Re, Au, and Th targets, since
the mechanism of production at the latter energy
was fission. ' Thus, between 0.6 GeV and 10.5
GeV, the range falls, on the average, by a factor
of 2, accompanied by an apparent diminution of E*
and of F/B (these last two effects reinforce the
hypothesis of forward-peaked fragment emission).
The values of (T)/E lie between 0.13 and 0.35. On

the other hand, R and E* appear to be insensitive
to the incident energy for rare earth targets when

the S«process was observed at energies as low as
0.6 GeV.

4. Mixed 8 and F

The results in Fig. 8 show that the passage from
S„process (lower left) to fission (upper right) is

V. CONCLUSION

'The thick-target, thick-catcher recoil technique,
radio-chemical methods, and a mathematical ana-
lysis have been used to determine certain import-
ant characteristics of nuclear reactions. Deter-
minations have been made of the range 8, the as-
sociated kinetic energy T, the mean momentum

(P) of the isotopes "Rb, ~Rb, and '6Rb produced
in medium and heavy targets, and the excitation
energy E* of the residual cascade nucleus.

The mean square momentum per evaporated nu-

cleon is used as a test for spallation. In conjunc-
tion with the excitation energy, E*, it permits two

types of spallation to be distinguished: (i} spalla-
tion, S&, such that only nucleons, and several deu-
terons, tritons, and alphas are ejected during the
cascade. (ii} deep spallation, $&„where the cas-
case involves particularly the ejection of frag-
ments, preferentially in the forward direction.

In addition to these spallation processes, there
is substantial evidence for binary fission. The ra-
tio of experimental to calculated kinetic energies
(as reflected by measured ranges) and the apparent
excitation energies suggest a fission mechanism.

Depending on the nature of the target some rubid-
ium formed by fission at 0.6 GeV may be formed

by an S» process or a mixture of S«and fission at
10.5 and 21 GeV.

Comparison of the results obtained with protons
and with relativistic heavy ions '" may lead to a
better understanding of deep spallation and its pos-
sible relation to the fireball model. ' '"
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APPENDIX

The thick-target, thick-catcher technique (both
target and catchers are thick comparedtotherange
of the products of interest) has been used exten-
sively. 'The analysis of the data is done using the
two step vector model" in a way first developed by .

Sugarman and co-workers. '
The range, B, has been determined from a vec-

tor addition scheme. In this model, the mean vel-
ocity V~ of a product formed in a nuclear reaction
may be considered to be the resultant of two inde-
pendent vectors, v and V. The vector v is the vel-
ocity in the laboratory system, resulting from the
prompt cascade; V, in the recoiling center of mass
system, corresponds to evaporation or fission
(leading to the observed product) during the deex-
citation step. In our development, the component
of v perpendicular to the beam (v~) is neglected and
v is taken to be only the component (v~~) parallel to
the beam. 'The distribution of V is taken to be
symmetrical in the recoil system. 'The relation

between the range and the recoil velocity in the two
systems can be expressed as follows:

=~(v+V(» and R =E'(V(» .

~ and Ã depend on the nature of the recoil ion, on
its velocity, and on the stopping medium. Empiri-
cal values of K and N do not vary much over a re-
stricted velocity interval. In the case of fission, v
is,negligible compared with V, so that E'~E and
N'=N. It has been shown elsewhere~ that the same
approximations can be made in the case of spalla-
tion of a target of about mass 50. Considerin'g the
expected values of v and V in the spallation of tar-
gets of mass 100 to 150, it would seem that the ap-
proximations are still reasonable in such cases.
Under these conditions, the mathematical treat-
ment of the recoil data for thick target and thick
collector enables I' and B to be expressed" as
functions of R, q =v/V, N, and b/a, the anisotropy
parameter:

A
16''W(1+ b/3 )

" .N+3 " ++1 "

I (1 +„)6 n + (1,„) n' n' ——(1,„)2, ( +n')'(n'—
+

a kN+7
+n —

N+5 +n —
M+3 +9 +

N+1
2

(1 q2)(»+&)/2 1 (1 g&) + & (q2 1)N+3 N+1

b (
1

1 23 ~n+)3( -1'n)
~ k&+7 " N+5

q'- 2' —3, (1+@')'(q' —1)&"

B is obtained by changing g to -g.
The range, R, and the associated value of q are

determined by means of a program which compares
the experimental and calculated values of f (ratio
of the sum to the difference of I' and B) differing
by less than 1%%u~. This is done, in the isotropic
case, by allowing g to vary step by step from 0 to
1 and N from 1 to 2. A first set of values of q and
N satisfying the conditions gives a first approach
to the value of R (the various values of R thus ob-

tained differ by about 3%%). However, R and N are
not independent, but are subject to range-energy
relations. The tables of Northcliffe-Schilling" are
used, with the values of R as a function of g and

N, to obtain the range, g, coupled with the only
acceptable value of N and, consequently, of g.
The influence of anisotropy has been examined by
giving different values bla The effect. is not
very significant compared with the experimental
fluctuations.
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