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Within an e'xtended semiquantal theory we perform large-sized coupled-channel calculations involving 260
. collective. levels for Coulomb fission of U. .Differentia Coulomb fission cross sections are studied as a
function of bombarding energy and impact parameter for several projectiles. In the Xe + U case, total cross
sections are also given. %e, find a strong dependence on projectile charge number, P "(180)—.(Z~) in the
region 50. '&Z &92 for a fixed ratio E/Ec, „„which might be helpful to separate Coulomb fission
experimentally from sequential fission following transfer reactions. Since the cross sections are sensitive to
the moment of inertia 8 at the saddle point, Coulomb fission can serve as a tool to investigate the
dependence, of 0 on elongation. The fragment angular distribution exhibits deviations from 1/sinHI which
are' pronounced at low incident energies. Our theory indicates that the recently measured Xe + U fission
cross sections contain a major fraction of Coulomb-induced fission at E & 0.85 Ec, i.

NUCLEAR REACTIONS, FISSION Calculated Coulomb fission cross sections
o(EI„6&);for 54Xe, 67Ho, 82Pb, 92U-' &2U, fragment angular distribution, fission

energy spectrum, mean spin value (J&).

I. . INTRODUCTION

Coulomb fission, i.e. , fission of a deformed tar-
get nucleus induced by the time-. 'varying Coulomb
field of a'heavy projectile, was first studied for
adiabatic: collisions in 1966 by Guth and Wilets'
within a classical model. Their main motivation
to study this piocess was that Coulomb interaction
directly couples. to the collective fission degree o'f
freedom in contrast to other fission mechanisms
presently. known which proceed indirectly via corn-
pound nucleus formation with a typical lifetime
Tf =10-15 10-16 8. Consequently, Coulomb fission
(CF) should develop much faster and is expected
to be a suitable probe to investigate collective po-.
tential energy. surfaces at high excitation energy
and large d.cform ations. .

During the last years, several classical and
semiquantal CF.'models' ' have been worked out.
Even though the theorj, es all predict Coulomb fis-
sion for actinide target nuclei (low fission barrier)
and proje'ctil, es with charge numbers Z& &50, the
caleul. ated cross sections differ by about 3 orders
of magnitude. Early' attempts to measure this new
process with medi. um-mass nuclei failed, "but re-
cently fission events induced by Xe ions below EQ
have been detected at the heavy-ion accelerators
in Berkeley" and Darmstadt GSI. In particular,
the 'counter experiments ".. and radiochemical, ex-
periments" perform'ed gt GSI show some indica-
tion for Coulomb fissiori at low bombarding ener-
gies. A unique experimental proof, however,
requiring the identification of 'the backscattered

projectilelike nucleus has not. been carried out so
far. In previous work'" we have shown that nu-
clear structure effects like rotation-vibration in-
teraction (RVI) may considerably influence the CF
cross sections. The main reason is that the, ne-
glect of RVI results in a preference of fission fro'm

high-spin members of the ground-state rotational
band, ' which overestimates the experimental
limits by at least 1 order of magnitude. At lo'w

bombarding energies, a fair agreement between
our theory' and the data of Habs et al. "was found. .

Nevertheless, several open questions remain con-
cerning the details of the process, namely: (a)
Are there any characteristic features which might
help to separate CF from other competing fission
processes like sequential fission following trans-
fer or deep-inelastic reactions? (b) How impor
tant are collective rotations in the CF process&
Vp to now, only extreme cases have been studied.
Of, particular interest in this connection is the
strong sensitivity of CF on the dependence of the
moment of inertia on deformation. It seems that
we can learn from CF the behavior of e(a,) at
large elongations, especially by using high-Z
projectiles. (c) What is the time scale involved in
Coulomb fission? In the limit of an infinitely slaw
collision, ' an actinide nucleus is expected to fission
near the distance of closest approach' where the.
barrier of the effective fission potential V,ff Vt g

+ Vc,„, vanishes ("prompt" CF). In this case, the
fragments emerge preferentially at anglgs 8&-90
to the beam axis. As first pointed out by Wilets, '

Guth, and Tenn, ' the collision is not adiabatic.
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II. OUTLINE OF THE THEORY

In this section the semiquantal theory is outlined
with the principal results presented. The theory
will be presented in more detail in a later paper.
In the semiquantal theory, the relative motion of
the colliding nuclei is treated classically. This is
possible in heavy-ion scattering because of the
large value of the Sommerfeld parameter, g
=Z,Z, e'/hv. The excitation of internal states is
treated quantum mechanically; it is the result of
the time-dependent monopole-quadrupole parts of
the electromagnetic and strong interactions be-
tween the colliding nuclei. Monopole-monopole
contributions are assumed to affect only the rela-
tive motion; higher multipole-multipole contribu-
tions are known" to be almost negligible. The in-
ternal dynamics of either nucleus is governed by a
Schrodinger equation of the form

( 81
I H(«)+ &«, r(f))-i~—10(h, f) =o.

Bg)
(2.1)

The symbols $& and H represent the intrinsic coor-
dinates and Hamiltonian of the nucleus under con-
sideration, and r(t) is the relative distance vector,

According to their dynamical cl.assical calculations
for Xe+U, fission occurs at about 90 fm on the
outgoing branch of the trajectory (see Fig. 6 of
Ref. 2). The fragment angular distribution, how-

ever, peaks at 90' as expected for a fast fission
process. (d) Does damPing into noncollective con-
figurations play a significant role&

In this article we will concentrate on questions
(a) and (b). Distinct from a classical description,
where the nucleus fissions instantaneously, our
semiquantal formulation allows to evaluate the
ProbabQity to find prompt fission near the turning
point &;„. According to Ref. 13, this fast compon-
ent is found to be negligible even in U+U colli. -
sions. The damping question is less important in
Coulomb fission (see Sec. II) and will be dealt
with in a forthcoming detailed theoretical article. "
The paper is organized as follows: In Sec. II we
give a brief description of our semiquantal CF
formalism which treats the continuum fission
problem exactly by means of a projection operator
technique. The final computations, of course, in-
volve some approximations. In Sec. III we specify
the nuclear model and discuss the results for
Coulomb fission of "'U induced by various pro-
jectiles (54 (Z~ (92). In particular, we investi-
gate o' "(E~, 8~) and the fragment angular distribu-
tion at 8& = 180'. The theoretical predictions for
the Xe+U system are compared with recent ex-
perimental data. Section IV summarizes the re-
sults and gives a short outlook.

(We have written H as H, to emphasize that we
treat only collective degrees of freedom. ) The
eigenstates of q are continuum states, orthogonal
to the 1$„&. If the 1$„& are properly chosen, the
continuum states wil. l all be nonresonant. For the
basis used in expanding g, we choose eigenstates
of the zero-order Hamiltonian

H, = gP„H,P„+qH,q.

These states have the properties

(2.3)

(2.4)

The expansion of g(g;, t) of Eq. (2.1) is given by

tj'(« f) = Q a, (t) Ie,&s
"&""

gE y ] ~-iEt/h (2.5)

taken in lowest order to correspond to a Ruther-
ford trajectory. The interaction V is the monopole-
quad rupole inte raction.

Except for simple one-dimensional cases, a
direct numerical integration of Eq. (2.1) is im-
practical. We therefore expand the wave function,
P($„t), into an appropriate basis. Inchoosingthe
basis, one must take into account three different
kinds of states: (i) collective bound states, (ii)
collective continuum states (final states of the fis-
sion process), and (iii) single-particle type exci-
tations. The collective bound states are strongly
excited by the Coulomb excitation process, where-
as the single-particle states are weakly excited.
We will see later that the main importance of the
noncollective states is their coupling to excited
collective states. This results in a damping, i.e. ,
reduction of the fission probability. In what fol-
lows we neglect single-particle states and treat
only the collective degrees of freedom.

Since the actinides spontaneously fission, there
are no states which are truly bound against decay
into states of type (ii). The long-lived quasibound
states of these nuclei are continuum resonances.
They can be treated as bound states embedded in a
continuum by projection techniques, such as those
of Feshbach, "Wang and Shakin, " and Mickling-
hoff. " It is possible to find a set of bound (i.e. ,
norm, "~izable) states

1 p„& and projectors P„such
that . can be decomposed as follows:

i, = P p„H, p„+qH,q+ g (p„H.q+qH, p„).
(2.2)

The operator q is given by

q= 1 — p„.
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If Eq. (2.5) is substituted into Eq. (2.1), a set of coupled equations for the a„and bs amplitudes results:

(2.6a)iWr„(t) = g (Q„(v(t) (y„)a„(t)exp( —(e„—e„)t I
+ dEbs(t)(p„([&,+ V(t)] (ques) exp +(e„—E)t I,

I

i/Ebs(t) = P (Qz ([H, + V(t)](Q„)a„(t)exp + (E —e„)t I+ dE bs (t)($8 ( V(t) Ips )exp( —{E—E )t I
. (2.6b)

I/ iX

We assume it is a good approximation to neglect
the continuum rearrangement terms, i.e. , those
depending on (Qs ( V(gs.). A simple physical inter-
pretation can be applied to each of the remaining
terms. The matrix elements (Q„( V($„) account
for the Coulomb excitation of the bound states.
Terms involving (P„(K,(gs) result in spontaneous
decay of bound states into the continuum;
Q&„( V(ps) terms result in emission stimulated
by the Coulomb field. This stimulated emission
is strongly time dependent and takes place near
the distance of closest approach. It corresponds
to what has been called' "prompt fission" and can
be thought of physically as the escape of the fission
fragments as a result of the lowering of the fission
barrier by the perturbation V((„r(t)). Studies of
direct numerical integration of Eq. (2.1), based on
a simple one-dimensional model, " indicate that
prompt fission events can be neglected. We,
therefore, neglect those terms in Eqs. (2.6a) and

(2.6b) which involve (Q„( V(gs).
Even further restrictions must be placed on the

system to make its solution tractable. In this
paper we make the assumption of "asymptotic
Coulomb fission, "' i.e. , that the proAss proceeds
in two steps. The first step is the Coulomb exci-
tation of the bound states. The second step is the
radioactive decay of these states. The dynamics
of the first step are described by the coupled sys-
tem

x expl (e„-z)t I ~

(t
~k " )' (2.8a)

x exp( —(&„-e „)t I ~ (2.7)(ii
This system is readily solved in terms of a collec-
tive model, e.g. , the RVM. " Taking t = 0 to cor-
respond to the distance of closest approach, the
time-dependent interaction, V, has a duration of
order 2T, so that V(T) =0, after which time the
solutions of Eq. (2.7) are constant, i.e. , a„(t)
=a„(T), for t & T. For such times the system of
equations, Eqs. (2.6a}, (2.6b) can be approximated
by

~lS.(l) f«~. (n(y I& Ie*)=. .

tabb, {t)= P a„(t)(y, Ie. (y„)

(ax expl (E- e )t I .
~K " j' (2.8b)

These equations describe the radioactive decay of
the quasibound states due to their coupling to the
continuum. They can be treated by standard
Wigner-Weisskopf damping theory. The result is
that the quasibound levels decay exponentially with
a decay constant given by the "golden rule" formula

(2.9)

For the two-step process, Coulomb excitation
followed by spontaneous fission, the fission cross
section is given by

OcF=~~ ~„T 'p„=-o„P " (2.11)

in which && is the Rutherford scattering cross
section. A simple alternative to Eq. (2.9} is to
use barrier penetration theory. One finds, for
states above the barrier top, using reasonable es-
timates of gamma and neutron widths, that
I'„(fission)»F„(gamma)+ ~ ~ ~, so that P„=1. For
states below the barrier, the penetrability falls
rapidly with energy, resulting in completely
negligible values of P& for states of the order of
an MeV below the barrier top. As a result, i:n the
present paper, we utilize the ansatz,

+CF +R +p ~ (2.12)

in which the sum is over quasibound states above
the barrier.

Three effects, which wil be discussed in detail
i.n a later paper, "are neglected in this simple ap-
proach. These are (1}Eq. (2.12}underestimates
&~„by neglecting contributions from states below
the fission barrier. Of these neglected states; only
those very close to the barrier top are important,

The probability of fission of a given level is given
by the standard formula involving the widths I'= RA.

for fission vs competing processes,

I'„(fission)
I'„(fission) + I'„(gamma decay) + ~ ~ ~

(2.10)



OBERACKER, GREINER, KRUSE, AND PINKSTON 20

and there is a relatively small number of these,
compared to the number above the barrier. There-
fore, we feel their neglect is a good approxima-
tion. (2) The damping due to the spreading of the
collective state over nearly noncollective states
has been neglected. For highly excited states of
low spin, this damping results in a significant re-
duction in the fission probability. Such states are
located in regions in which the density of noncol-
lective states is high. The collective state is
fragmented over many noncollective states which
have relatively large y widths for E1 and Ml de-
cay. The total fission probability of the states
over which the coll.ective state is fragmented, re-
lative to other modes of decay, can be significant-
ly less than that of the pure collective state. As
will be shown in later sections, such low-spin
states play a small role in the total fission cross
section; therefore, the error introduced by over-
estimating their contributions in Eq. (2.12) is not
serious. This error tends to compensate the
underestimate (1}. (3) The lifetimes of the most
highly excited states considered in our calculations
are of the order of the collision time; for these
states, the validity of the two-step model is in
question. This is under study.

The ansatz, Eq. (2.12), has the great virtue that
it depends only on the height of the fission barrier.
This is known experimentally for low spins. For
higher spins, results are quoted for two very rea-
sonable choices of the variation of moment of
inertia with deformation. On the other hand, while
Eq. (2.11) is more correct in principle, its appli-
cation is highly model dependent.

III. RESULTS

A. The collective energy levels

The semiquantal Coulomb fission formalism de-
scribed in the preceding section is quite general
and does not depend on the precise structure of the
collective nuclear Hamiltonian. H, has to be spec-
ified only for evaluating the spontaneous and stim-
ulated matrix elements entering Eqs. (2.6). A
dynamic two-center model (TCM) in which one
may identify the distance vector R between both
fragments with the fission degree of freedom would
probably be the most complete and reliable way to
attack the problem since it correctly reproduces
the asymptotic behavior, i.e. , necking in and se-
paration into two fragments. It also would allow
us to include nucleon transfer processes straight-
forwardly and thus to extend the present investiga-
tions to treat Coulomb and transfer fission as two
competing and partially coherent processes as
suggested in a recent article by Leigh et al."
This would be of importance at energies close to

the Coulomb barrier. The advantage of the TCM
is to allow for a precise formulation of the various
processes. The main problem associated with a
TCM approach is, however, that for any practical
calculation of the collective wave functions (e.g. ,
for fixed deformation, neck, mass, and charge
asymmetry parameters) and of the excitation pro-
cess, strong refinements are necessary in order
to prevent huge numerical. computations.

A one-center description which we prefer in the
following has the advantage that all degrees of
freedom may be treated dynamically, and closed
analytical expressions can be derived for the
Coulomb and nuclear coupling potential with the
projectile. The collective motion is specified by
the surface variables && defined by the expansion
of the nuclear surface into spherical harmonics

&(o) =&011+Q &~ I'i* (~)
(

(3.1)

(+RVM ~ p) 4' p

y'„"(e„a„s,) = g C'„„„,„~ZmK(e, )&
E Itf2 ~ tf p

x [Kn, (a,)) (n.(a.}),

(3.2)

where ( JMK) denotes the rotational part of the
wave function and )Kn,), ~n, ) account for the y and

P vibrations, respectively. The band mixing coef-

We restrict ourselves to the five coordinates
a, (m = —2, . . . , +2} because quadrupole distor-
tions are most strongly excited by the Coulomb in-
teraction. The influence of higher multipoles will
be discussed at the end of this section. Instead of
dealing with the laboratory coordinates o, , it is
advantageous to express the Hamiltonian in terms
of the P- and y-vibrational parameters a„a, in the
intrinsic main axis system and the Euler angles 8&.

In Sec. II we have shown that P (t-+~) can be
related within reasonable approximations to the
excitation amplitudes a„(+T) of the collective reso-
nances in the vicinity of the fission barrier, Eq.
(2.12). Hence, we do not need to evaluate the non-
resonant continuum states Q~ explicitly. This
considerably simplifies the nuclear structure cal-
culations. In particular, we do not have to worry
about the incorrect asymptotic behavior of the one-
center model because the resonance wave functions
are concentrated at deformations a, sP„where P,
corresponds to the saddle point. In this work we
take the bound states and approximate resonance
positions of the actinide target nucleus from the
collective rotation-vibration model (RVM)" in
which the complicated potential energy surface
V(a„,a,} is replaced by a two-dimensional harmonic
oscillator. The RVM eigenfunctions exhibit the
following structure:
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with the rigid rotor J(J'+1) level spacing. The
RVM levels for the ground-state band agree quite
nicely with experimental data obtained by Grosse
et al."at Berkeley and GSI. For a detailed com-
parison of the level spectrum and the B(E2) values,
we refer to Ref. 22. Unfortunately, only a few
low-spin vibrational states (n = 1) have been mea-
sured up to now; higher phonon states are com-
pletely unknown. The spin-dependent fission bar-
rier

IO 20 30 40

FIG. 1. CoQective energy levels of U as predicted
by the rotation-vibration model. The 13 lowest rotational
bands built on top of the ground state and the P- and @-
vibrational states are indicated. In addition, the J=0, 2,
and 4 spin members of the P vibrations up to 8 phonons
are shown. The fission barrier as a function of spin has
been evaluated for two different moments of inertia e.

ficients C have to be calculated by a numerical
diagonalization procedure.

Figure 1 displays the 13 lowest rotational bands
built on top of the ground state and the various
vibrational phonons. In order to study the influence
of low-spin states on Coulomb fission, the J=O, 2,
and 4 P vibrations (up to 8 phonons) have also been
taken into account. Rotation-vibration coupling due
to the deformation dependence of the moments of
inertia appreciably lowers the yrast band compared

I

has also been plotted in Fig. 1. Vis the empirical
double-humped fission potential which has been de-
duced by Back et al."from (t, P) reactions.

For finite spin, the inner barrier turns out to be
higher than the outer one and therefore determines
the fission cross section. The moment of inertia
e at the first saddle point p„was calculated for
two cases: (a) eRvM ao', and (b) e a~. The
former reproduces correctly the deformation de-
pendence near the ground state (g.s.) minimum.
At larger deformations e -a0 seems to be favorable
as may be seen from the experimental value for the
rotational constant in the "Pu isomeric state. ' "
Such a behavior of the moment of inertia can be
understood in the framework of the collective
model by properly taking into account the higher-
order corrections in the power series expansion
of the collective kinetic energy"

T,.~ (w„a,) = (~5/2B, ) [w, w, ],+B,[ [w, a, ], w, ],+B„[a, 8 a,],[w, w, ],
+B„[[a, a, ], [w, w, ],],+B„[[a, CN a,], [w, w, ],],+ ~ . ~ . (3.4)

The terms &„-B,„correspond to coordinate de-
pendent mass parameters. Presently the RVM is
extended by Seiwert" to include the higher-order
kinetic energy corrections. Assuming the same
isomeric rotational constant for "'U and "'Pu, we
evaluated the moment of inertia at P„ in case (b)
by linear interpolation between (e/2), , and (e/2), .

yielding (e/2) 8„=4.3 keV. The Coulomb fission
probabilities reported below are analyzed for both
inertia parameters.

B. Mean Coulomb excitation energy

To get a feeling for the Coulomb excitation
strength in very heavy-ion collisions, let us con-
sider in Fig. 2 the mean excitation energy (E*)of"U as a function of bombarding energy E which
here, and in the following, will. be given in units
of the Coulomb farrier'

ECo 1
Z1Z2e'/R;„, ,

R, =1.16(A', ~'+A,'~'+2) (fm) .
(3.5)

Different curves are drawn for „Xe, 67Ho», Pb,
and»U projectiles. (E*)was evaluated from the
occupation amplitudes of the 256 states below and

above the fission barrier (see Fig. 1) according to

(E*)= Q e; ta;(+&) I' (3.6)
~aP

and therefore represents an average value for both
Coulomb excitation and fission events. It is strik-
ing that the shapes are nearly independent of ~&',

only the absolute value increases with projectile
charge number. Obviously, E/Ec, „, gives an ap-
propriate scaling of the data.

For pure Coulomb interaction (E*) increases
monotonically with bombarding energy (dashed
lines in Fig. 2). When strong interactions are
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taken into account, destructive Coulomb-nuclear
(CN) interference becomes visible around 82% of
the Coulomb barrier; the maximum excitation en-
ergy is deposited at 0.93+ „,. Details of the CN
interference structure are certainly model depen-
dent. We have employed a nuclear folding potential
consisting of a Yukawa, compression, and sym-
metry term"'"

V,","„',(r, a,J = [T","k2(r) + T,",~(r) + Tp, (r) j

+2

(3.7)

The range p and strength V, of the Yukawa transi-
tion potential

T", "",(r) = VO8xp, p, Ro,'R„'f (r) [ f2(R~) +f2(—Rm)1[—fx(Rm) +fi(-Roi)l,

f (&) =l exp(-xjp)
~

—[+I —(, f (&) = exp(-&j&) I

—I+3I —
I +31 —

I

(P, i (P,l", (P't , (III' &P, 't'1

(xj i, xj ' ' ixj (xj (xj

(3.8)

were fixed to be p =1.0 fm and Vp 400 MeV fm; this parameter choice ensures the occurrence of the in-
terference minimum just at the Coulomb barrier, Eq. (3.5), but is, of course, not unique. For homogen-
eous density distributions p, and p„ the compression and symmetry coupling potentials vanish in the non-
overlap region; they contribute only at incident energies exceeding the interaction barrier, r ~ (R„+R~),

z,~
TP, (r) = (2p,p, —po')Ro, 'R02'g(r), T,'",(r}=—

~
1 —2—'

~

1 —2—'
~4p, p, RO, 'R~'g(r),

(I}—4P g g g ( '}' ( 2} ( ~
( 2R )-~1-'(2I)-~2-~( 2R )-~3-'

, m, !(2-m,)!m, !(2-m,)!m, !(l-m,)!
(R~+Ro, —r)""

(m+ l)!

(3.9)

where we have used the abbreviation m =m, +m,
+no, ; pp 0 17 fm is the equilibrium density in
nuclear matter. According to Scheid et al."the
remaining constants are determined from binding
energy calculations; the compression parameter
C is related to the nuclear compressibility K by
C=K/9; since K=300 MeV, we obtain C-30 MeV.
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I I

0.8 0.9
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FIG. 2. Mean Coulomb excitation energy of 3 U for
various projectiles and bombarding energies. The dashed
curves have been calculated for a pure Coulomb poten-
tial, whereas the solid lines include destructive inter-
ference with the strong interaction (folded Yukawa po-
tential).

The value of the symmetry constant 6 can be fixed
by requiring stability against P decay, which
yields G - VO MeV. The absolute (E*)values are
interesting, too; in all cases where the projectile
energy is below Ec,„~, even U+U, the mean exci-
tation energy amounts to 3.5 MeV at most, i.e. ,
inelastic scattering is much more likely than fis-
sion. We woul. d like to mention that interference
structures in Coulomb excitation of rotational nu-
clei have recently been measured by Guidry et al."
for Ar and 'Kr incident on' 'Th and ' U targets.
Since they show up also in Coulomb fission, it
would be a formidable task to search for such a
signature (see Figs. 3 and 4).

C. Excitation functions for Coulomb fission
at backward angles

Figure 3 exhibits the Coulomb fission (CF) exci-
tation function for Xe+U in the c.m. frame at
backward scattering angles. Qualitatively, the
fission cross sections behave similarly to (E*):
The solid lines have been calculated including de-
structive Coulomb-nuclear interference; the
dotted, monotonically increasing curves belong to
pure Coulomb interaction. In each case, the re-
sults are given for the two fission barriers shown
in Fig. 1. Assuming the same moment of inertia
in the second minimum of ' U as measured by
Specht et a/. "for "'Pu, the 8 ep result should be
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FIG. 5. Coulomb fission probability of U as a func-
tion of projectile charge at backward scattering angles
(c.m. frame). The results are depicted for several in-
cident energies which are given in units of the Coulomb
barrier, Kq. (3.5). For fixed ratio E/E~„» we find
P ' (Z&) . The fission barrier E&(J) was evaluated with
a moment of inertia e -aa.

aration of Coulomb fission becomes much more
laborious, since the dominating other fission
channels have to be excluded by coincidence tech-
niques.

Such an experiment will be performed at the
Super-HILAC in Berkeley utilizing a 6,"Ho beam. 0

Figure 4(a) shows our theoretical prediction for
Ho+U. The shape of the excitation function plot-
ted versus E/Ec, „& looks quite similar to the
Xe+U system, as is the case for Pb+U and U+U,
Figs. 4(b) and 4(c). However, the absolute value
of the cross section increases strongly with Z~.
This becomes even more transparent from Fig. 5,
where the Coulomb fission probability of '"U is

.depicted as a function of projectile charge Z& for
several incident energies. In analogy to the
shake-off process of the vacuum polarization cloud
in superheavy electronic quasimolecules, "Soff
suggested a parametrization of the data in the
form P (180') - (Z~)" for a fixed ratio E/Ec, „,. In-
deed we find such a scaling behavior in the region
50- Z~- 92, where the exponent is n- 6. This

strong Z~ dependence originates from the multiple
excitation processes involved in Coulomb fission.

7 et us discuss now the influence of collective
ratations on CF. For this purpose, one has to
compare the solid lines in Figs. 3, 4, and 9 (in-
cluding all spin states) with the dashed lines
which show the influence of the J~ 4 p vibrations
only. For a moment of inertia e-a,' the latter
are nearly negligible. If we assume e -ao to be
more realistic, we find the interesting result
that the importance of high-spin fission depends
on bombarding energy, as welI as projectile
charge; the mean spin value (J) rises with in-
creasing E and Z&. In the Pb+U system, for ex-
ample, the ratio R between high- and low-spin
contributions amounts to R 6 at E =0.93EC,„„
most of the cx oss section originates from the
J =. 16-20 rotational members of the n =3 and 4
phonon states. Qualitatively, this behavior can be
explained as follows: Fission from high-spin
states requires 12 or more multiple E2 Coulomb
excitation steps (cf. Fig. 1) and becomes favorable
if the combined coupling strength of Coulomb and
nuclear interaction Vco.» (f) is strong enough, i.e. ,
for large Z~ and small internuclear distance. If,
however, the coupling remains relatively weak,
for example, at low bombarding energies or in the
CN interference region, few-step (and therefore
low-spin) fission is preferred. In some earlier
calculations"' where only the ground-state, 1P,
and 1y band were taken into account and g„„ao'
was assumed, we have forced" the nucleus to
fission from the first p band at spins J-28 (see
Fig. 1). If 9 a, holds, this is no longer possible.
The present theory avoids this shortcoming, since
it does not make any a priori assumption about the
spin distribution but allows the dynamics to de-
cide what CF prefers.

D. Fission fragment angular distributions

Figure 6 shows the angular distribution of the
fission fragments with respect to the beam axis
in a central Xe+U collision. It is most. easily
evaluated at 8, =180' since the beam and recoil
axes have the same direction, and only M =0

. magnetic substates of the even-even target nucleus
are populated. Our theoretical concept is based
on two assumptions:

(a) The deformed actinide nucleus is assumed to
separate along its symmetry axis. Since we des-
cribe the transition nucleus by the RVM wave func-
tions p„"(a„a~,8&) in Eq. (3.2) this statement
means that the fission angle e~ coincides with the
Euler angle 8, between beam direction and sym-
metry axis. If just one of the eigenstates were
excited. we would obtain
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dP j,N=O(8 )
mr mr' =

J
d8, d8,

J daoda2I P» (ao"a2 8&) I.

(3.10)

(3.11)

=« —:) g l~:~„l'ld'-...(8.)l',
+vlgtflQ

where use has been made of Eq. (3.2).
Secondly, we assume that the transition from the saddle point, where the resonances $„"are localizdd,

to scission is so fast that the K distribution (projection of J' onto the symmetry axis) is "frozen in. ' The
validity of these assumptions has been well established by fission experiments. "

In reality not only one transition state will be excited by Coulomb coupling; we will have a rather broad
level distribution. Then the above consideration has to be generalized and yields

8 „,' = Q la""'(+»I'(J+-') Q I&',;~l'I&:= ..«.)I'
2 2 J' +stlg yflO

where a„'"' are the excitation amplitudes. The
sum over p can be. restricted to levels in the vicin:-
ity of the fission barrier. One might wonder why
no interference terms between different levels

)0-4

N
p

Ol
Cl
C
cn (0

Cb

5
CL

i06

&0

(J, p, ) appear on the right-hand side of Eg. (3.11).
Indeed, it is characteristic for the semiquantal
density matrix that it contains elements connet;ting
different energy levels. This is because time is
completely well defined in this picture. and, con-
sequently, the energy of the nucleus after the col-
lision ip undefined. A correct quantum mechanical
treatment shows that one has to drop the nondiag-
onal terms proportional to a„."a„"except for, those
belonging to different magnetic substates of the
same level (see Ref. 15, Sec. III). These terms,
however, do not occur in the special case of
backward scattering since M =M' =0.

From Fig. 6 we conclude that the fragment
angular distribution in a head-on collision peaks
at 8& =0' and 180', i.e. , in the beam direction and

opposite to the beam which was already predicted
by our earlier calculations where an approximate
expression for the rotational matrices has been
used 'For .Xe+U, dP /dQ, approaches a 1/sin8,
distribution (dashed line) at incident energies E '

-0.85EC,„, which is in agreement with the presently
available experimental data. ""On the other
hand, the angular distribution for sequential fission
following transfer reactions is also expected to be

I/sin8q, so that it seems difficult to identify
Coulomb fission unambiguously by a dP/dQ~
analysis. However, with decreasing projectile
energy, systematic deviations occur which should
be measurable. In Fig. 7 we have plotted the ex-
citation probabilities of the collective resonances
above E& =5.9 MeV versus excitation energy E~,
i.e. , the CF energy spectrum. The. width of the
distribution (several MeV) and the mean value (Eq)
increase with bombarding energy.

30 60 900
e& (deg)

FIG. 6. Angular distribution of the fission fragments
in the . U rest frame. The results correspond to a
spin-dependent fission farrier with 8 -ao. A 1/sin 82
distribution (dashed line) is also shown for comparison.

E. Impact parameter dependence and
total cross sections

Let us now investigate the impact parameter de-.
pendence of Coulomb fission in the '"Xe+"'U.sys-.
tem (Fig. 8). At bombarding energies E ~ 0.90kc,„,.
the cross section da /dA, rises steeply with in-
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FIG. 7. Coulomb fission energy spectrum of U. The
mean value (E&) is marked by an arrow.

creasing scattering angle reaching its maximum
value at backward scattering angles. In the nu-
merical calculations only the M =0 magnetic sub-
states of the levels shown in Fig. 1 were ta,ken into
account. This is exact at 8,.~ =180', without this
limitation, the number of coupled differential
equations would have become too large. This ap-
proximation is known to be justified at 6, ~ 120'
where most of the cross section originates and has
been tested in connection with positron production
by. nuclea, r Coulomb excitation. We expect this
simplification to underestimate the total cross
sections by about 15~/o. For completeness, we
would like to note that the corresponding differ-
ential cross sections with respect to ion angle
e, (instead of solid ion angle 0, ) show a peak
near 8, -150' in the same energy doma, in.

By integration we obtain the total CF cross sec-
tions as functions of bombarding energy. Figure 9
gives a comparison between the theoretical results
and recent radiochemical data measured at GSI."
Fission events down to E =0.71EC,„,. have been re-
corded corresponding to a distance of closest ap-
proach R - =21.7 fm. In addition, cross sections
for several stripping and pick-up reactions could
be deduced. Although transfer reactions are ob-
served even below 0.85Ec,„i, there is strong evi-
dence for a predominance of Coulomb fission in
this energy region. If the 'U target is bombarded
with different Xe isotopes, the fission cross sec-
tion remains the same within statistical errors,
as is seen from Fig. 9. This behavior can hardly
be explained by sequential fission following trans-
fer, because transfer is known to be extremely
sensitive to the Q«values which change apprecia-
bly with mass number. Coulomb fission, on the
other hand, depends only on the projectile charge,
except for a slight change due to somewhat differ-
ent kinematics that can easily be calculated. The
energy dependence, as well as the order of mag-
nitude, of the radiochemical fission data is rea-
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FIG. 9. Total Coulomb fission cross sections as a function of bombarding energy for 32Xe+ 3 U. The notation is the
same as in Fig. 3. The radiochemical fission data (Ref. 12) taken at GSI represent an upper limit for Coulomb fission.

sonably well described by our theory. To save
computing time, we have not evaluated any total
cross sections at bombarding energies exceeding
0.90E&,„,. As in the case of backward scattering
(Fig. 3), they are expected to exhibit a maximum
near 0.93',„I and reach the Coulomb-nuclear in-
terference minimum just at the interaction bar-
rier. Since a predominance of transfer-induced
fission is very likely in this energy region, inter-
ference effects have not been observed either in
the radiochemical or the counter experiments.

While preparing this paper, we have received a
preprint by I.evit and Smilansky. " In contrast to
our model which is essentially quantum mechani-
cal, they develop a path integral formalism to
describe the Coulomb fission process. The classi-
cally forbidden transitions are accounted for by
complex trajectories. Their computations involve
pure Coulomb coupling only, i.e., no Coulomb-
nuclear interference, and are restricted to 6I,

=180'. Only the P vibrational degree of freedom
is considered and rotations and y vibrations are
neglected. According to our results, at least the
neglection of rotation seems to be doubtful; this is
the main reason why the fission fragment angular
distribution in both theories looks quite different;
Levit and Smilansky obtain a IP, (cose&)~ distribu-

tion. The dependence on bombarding energy, how-
ever, is rather similar in both calculations of the
Xe+U system, but our cross sections are larger
by a factor of 2. In a forthcoming article" we will
give a detailed comparison between both theoretical
approaches.

F. Higher muttipole vibrations and
giant resonances

Up to now, we have restricted the collective
model space to quadrupole vibrations which are
expected to give the dominant contribution to
Coulomb fission. In contrast to several other
theories"4 all 5 degrees of freedom (a„a„e~)
were treated dynamically. Higher multipole vibra-
tions will certainly influence the fission cross
sections. However, since the coupling potentials
become much weaker with increasing multipolarity,
it is unlikely that they might change the results
significantly. There are, at present, uncertainties
even in the quadrupole behavior of actinide nuclei
at excitation energies near E~. Thus, a refine-
ment of the theory in terms of octupole vibrations,
which mainly account for the mass asymmetry in
fission, and possibly hexadecapole shapes, does
not appear to be useful at the moment. The in-
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g(v, 8, ) =
~

—[I+I/sin(8, /2)j, (3.12)

where the quantity a denotes half the distance of
closest approach at backward scattering and v the
velocity of the projectile (c.m. system). The T =1
giant dipole resonance is located at E =11 MeV
(I' = 3 MeV} in '3'U, and the T =0 giant quadrupole
resonance is concentrated at E =10 MeV (I'=4
MeV). In the following we consider a Xe+U col-
lision with E =0.85E~,„, at 8, =180' as an instruc-
tive example. The adiabaticity parameter for ex-
citing the peak of the giant dipole resonance (&E
=11 MeV) turns out to be $ =5.160 resulting in a
negligible fission cross section. As will be dis-
cussed below, the dominant part of the cross sec-
tion originates from the tail of the resonance at
the fission barrier, i.e. , &F.=6 Mev, Even in this
case, one obtains g =2.814.

For an order-of-magnitude estimate, it is jus-
tified to employ first-order perturbation theory,

~ ' —B(EL I -I }dQ, m (v/c &
e~

(,5) (3.13)
dQ,

with n =1/13'1.036 02. The orbital integral func-
tions df» have been extensively tabulated (see,
e.g. , Ref. '15). In applying Eq. (3.13}, we have dis-
cretized the giant resonance continuum with a
level spacing of 1 Mev and evaluated the corres-
ponding cross sections. The B(EL) values for the
discrete energy levels F, were obtained from the
energy-weighted sum rule defined by

Z(EL) = Q (E~ Eo) 2 B(EL~ Eo
'

E~)
1

k
(3.14)

fluence of these higher multipoles should be in-
vestigated after more sophisticated nuclear struc-
ture calculations based upon the complete quadru-
pole potential energy surface V(a„a,) have been
finished. ' In this context, the coordinate-de-
pendent mass parameters appearing in the collec-
tive kinetic energy, Eq. (3.4), have to be carefully
studied. " They do not only influence the fission
barrier E~(J), which was accounted for in this ar-
ticle, but may also modify the rotation-vibration
interaction and hence the excitation amplitudes.

In thy remainder of this section we would like to
deal with giant resonances as doorways for Cou-
lomb fission. Such resonances play an essential
role in deep-inelastic reactions, "but they are of
minor importance in electromagnetic excitations
at sub-Coulomb barrier energies. Because of
their high energy &E, they behave almost adiabati-
cally. " In the semiquantal formalism this follows
from the large values of the adiabaticity para-
meter (g»1)"

yielding

Z(E1}= 9N NZ
(3.15a}

Z(EL) = ZL(2L+1)R2 -
i L) 2

~8gm
(3.15b)

IV. SUMMARY AND CONCLUSIONS

The results of the semiquantal theory outlined in
Sec. II are in good agreement with recent counter
and radiochemical experiments for the Xe+U sys-
tem. At sufficiently low bombarding energies E- 0.85Ec,„i -where the experiments seem to indicate
a predominance of Coulomb fission the shape, a,s
well as the order of magnitude of the differential
and total cross sections are well described.

The theory predicts several characteristic fea-
tures of Coulomb fission which should be investi-
gated in future experiments.

(a} There is a strong dependence of the CF pro-
babilities on projectile charge number, P (180')

respectively; m is the nucleon mass. Jn ' 'U,
100% of the sum rule is exhausted by the T =1 di-
pole resonance and about V1% by the T =0 quadru-
pole resonance. " For the reduced transition pro-
babilities, a Lorentzian distribution was assumed.

At large adiabaticity parameters (g) 1) the func-
tions df» in Eq. (3.13) decrease exponentially
with $. Since g is proportional to the excitation
energy &E, most of the fission cross section or-
iginates from the low-energy tail at E& =6 MeV.
Hence, the B(EL) strength concentrated at the fis-
sion barrier is the critical parameter determining

CF

Considering a Xe+U collision at E =0.85Zc,„» we
find dos, (180')/dA, = 3.0 && 10 ' mb/sr and boa,
(180')/dQ, =9.7 x 10 ' mb/sr for the giant dipole
and quadrupole resonance, respectively. These
numbers have to be compared with a differential
cross section of 3.6 x 10~ mb/sr (see Fig. 3, 8

a,} resulting for CF induced by multiple excita-
tion of P-vibrational bands. Hence, we conclude
that giant resonances as doorways for fission can
be neglected in the projectile-target systems and
energy regions wh'ich we studied.

However, in forward-scattering experiments with
projectile energies well above the interaction bar-
rier, giant resonance excitation becomes more
favorable and has to be taken into account. This
follows from the adiabaticity parameter, Eq.
(3.12), yielding a ratio $(8, =6(f')/$(180') =0.82
for the Xe+U system if the same minimal inter-
nuclear distance r (60') =r (180') =18.2 fm is
chosen.
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(Z~)' in the region 50- Z~- 92 for fixed ratio
&/&c,„,. This seems to be the most unique signa-
ture.

(b) The CF cross sections turn out to be very
sensitive to the moment of inertia 8 at the saddle
point, in particular for projectiles with Z~& 70,
where spins up to 20N contribute. Hence, Cou-
lomb fission might provide a tool to investigate e
at large deformations.

(c) There is a Coulomb-nuclear interference
minimum similar to that found in inelastic scat-
tering processes; its occurrence was already pre-
dicted several years ago by Holm and Greiner. '
Our present knowledge about transfer reactions
suggests that such interference effects cannot be
expected for sequential fission following particle
transfer which is the strongest competing pro-
cess.

(d) In those regions where Coulomb-nuclear in-
terference can be neglected, the mean fission spin
value (Jq) increases with Z~ and bombarding ener-
gy.

(e) The fission fragment angular distribution ex-
hibits deviations from I/sin8&, the deviations are
pronounced at low bombarding energies where
low-spin states contribute most to the cross sec-
tion.

In our opinion, the principal problems concern-
ing the theory of Coulomb fission have been
solved. Within a semiquantal method, we treat the
continuum problem exactly by means of Feshbach's
projection operator technique. The main uncer-
tainties are expected to originate from our lack of
knowledge of nuclear structure and from necessary
approximations. To get even better agreement
with experiments, additional investigations of the
collective potential energy surface for actinide
nuclei are necessary, in particular at high exci-

tation energy. Both theoretical analyses" "and
experimental nuclear structure studies are in
progress; they mainly concentrate on "'U, but al-
so the study of transuranic nuclei should be valua-
ble.

We have estimated the influence of giant reso-
nances as doorways for Coulomb fission. The re-
sults in first-order perturbation theory indicate
that these are of minor importance for the pro-
jectile-target combinations and energy domains
studied in this paper. However, at bombarding
energies E& 1.3Ec,„, and larger impact parame-
ters (chosen such that transfer-induced fission
can be neglected), the giant resonance contribu-
tion. to CF will increase. For low Z projectiles,
e.g.»6Kr incident on uranium, the relative in-
fluence of the giant resonances is expected to be-
come larger, because these are excited in a one-
step process, whereas multiple 'excitations of P
vibrations with large phonon numbers are strongly
suppressed. In order to clarify the possible in-
fluence of giant resonances on Coulomb fission in
high energetic collisions, more rigorous coupled-
channels calculations should be performed in the
future.
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