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An approximation which minimizes binding and recoil corrections is derived for projectile nucleus elastic
scattering. We generalize previous work on single scattering and consider now multiple scattering amplitudes
in this approximation. These are expressed in terms of amplitudes for elastic scattering off on-shell target
nucleons and form factors. The first nonvanishing correction terms are estimated.

[NUC LEAR REACTIONS Multiple scattering amplitudes, minimization of cor-
rections, factorization, reflections, higher order corrections.

I. INTRODUCTION

The projectile-nucleus elastic scattering ampli-
tude is usually expressed in terms of a multiple
scattering expansion.! The ingredients of every
multiple scattering term are the matrix 7; des-
cribing the scattering on a bound nucleon 7 and the
Green’s function G describing the propagation of
the projectile between scattering. 7, and G are
many-body operators; therefore, we need approx-
imations for practical applications of multiple
scattering expansion. In a previous paper? we de-
veloped the ‘optimal” approximation for the first
term of this expansion—the single scattering am-
plitude. For elastic projectile scattering we found
that in the approximation, designed to minimize
corrections, the single scattering amplitude fac-
tors into a form factor of the nucleus and an on-
shell projectile-nucleon amplitude with the energy
argument increasing with momentum transfer.

In this paper we develop a similar optimal pres-
cription for evaluation of multiple scattering
terms; that is, we find approximations for 7, and
G in every multiple scattering amplitude such that
the first order correction is zero.: As a bonus we
find that for our choice of approximations the in-

- tegrands in multiple scattering integrals factor
into a multiparticle target density in momentum
representation and a part dependent on the pro-
jectile on-shell nucleon input. We find also the
first nonvanishing correction and estimate its
magnitude.

The plan of this paper is as follows: In Sec. II
we derive our result for multiple scattering of a
projectile off different struck nucleons. In Sec.
III we consider the lowest order reflection term

when the projectile rescatters on the same nucleon.

In this Section we also formulate the general rules
for calculation of any multiple scattering ampli-
tude in optimal approximation. In Sec. IV we dis-

20

cuss the correction terms. Pauli corrections are
not considered here.

II. MULTIPLE SCATTERING TERMS OF
DIFFERENT STRUCK NUCLEONS

The projectile-nucleus écattering ¢ matrix T,
satisfies the Lippmann-Schwinger equation

T,= 2 V,+ : V,GT,, @)
1= [ O3

where V; is the potential between the projectile
and nucleon ¢, and G is the full Green’s function

G'=E-H-K,, (2)

where E is the total energy, H the full target
Hamiltonian, and K, the projectile kinetic energy.
The first step in the treatment of Eq. (1) is to con-
struct the ¢ matrix for the scattering of the pro-
jectile from one nucleon bound in the field of the
others. This ¢ matrix 7 satisfies the equation
T,=V,+V,GT,. (3)
Then, introducing the auxiliary ¢ matrices Tj',
Ti=V,+V,GT,, (4)

in terms of which

T,=2Ti, &)

we relate the scattering operators T and 7
through a system of coupled equations’:

Ti=1,+7G ) T4. (6)
FED

Equations (5) and (6) are exact expressions of the
projectile-nucleus scattering operator T,. The
formal iterative solution of Eqs. (5) and (6) is

1256 © 1979 The American Physical Society



20 “OPTIMAL” APPROXIMATION TO ELASTIC... 1257

Z Ti+  TGT+ Y TGT,GTy+ . (T)

1%

Equation (7) expresses T, as a series of single
(T$"), double (T?),..., n-order scatterings
(T4) of the projectile on the nucleons bound in the
nucleus. As such, this formal series is a good
starting point for many approximate solutions of
the projectile-nucleus scattering problem. How-
ever, every term of the multiple scattering series
includes the operators 7, which are solutions of
the many-body scattering equation (3), and Green’s
functions G containing the full target Hamiltonian.
Hence, for the practical treatment of multiple
scattering series we look for approximations to

7 and G.

In a previous paper? we sought an approximation
for the first term of the multiple scattering series
(7)— 7;. In the following we will concentrate on the
optimal approximation for the multiple scattering
terms T{" (r>2) in the multiple scattering series
(7). We show how best to choose the approxima-
tions for the Green’s functions G and operators 7,
which define the approximation T{" to each mul-
tiple scattering term TY"’, so that the first cor-
rection to TS"' - T™ vanishes for the elastic
scattering from the target ground state. We also
derive expressions for the higher order nonvan-
ishing correction terms and discuss their magni-

J

=

tude relative to the main terms T,™,

Instead of carrying out the argument for the gen-
eral case—with all the resultant notational com-
plications— we will present it for a special ex-
ample and state the generalization later.

Consider the scattering of a projectile of mass
L and energy E, from a target of two nucleons,
each of mass m, bound to an infinitely massive
core, allowing for their mutual interactions. We
take the potential between the projectile and nu-
cleon ¢ to be V;, that between target nucleon ¢ and
the core to be V,, and the one between target nu-
cleons Vm. All the interactions are taken to be
local and we assume that there is no projectile-
core interaction.

Equation (7) reads in this case

Ty=T=T+ T+ T\GT,+ T,GTy + T\GT,GTy +°°+ .
®)

Wé consider separately the terms describing the
scattering on different struck nucleons and the
terms which include rescattering on the same nu-
cleon (reflections). In our example the reflections
are the triple and higher order term in the multi-
ple scattering series (8).

The double scattering amplitude of Eq. (8) for
elastic scattering from the target bound state
reads

<4’o, 5' T(Z)(Ep) [‘po, §'> = f‘po(ﬁl - ﬁ’ Pz ‘ﬁ)@’ 51, i52 I Ty | i.sn Pil, ﬁé’)

x@, By, P16 |b., By, Br) @, B, By | 7, |

,B1, Bus (B -9, B, - )

xdsp dsp dspldSPld3Plld3Plld3Pmd3Pllld3p d pz , . (9)

where P and §’ are initial and final projectile momenta, E, = p?/2p = p'?/2p. is the projectile energy, and
Pi is the total projectile plus nucleon i momentum (P‘ P+ 6 ). ¥, is the bound state wave function with

binding energy B.

It satisfies Hy, = -By,, which reads in momentum space

(824 80)0,@, 80+ [ {7,@ ~Q)0°@, -8 + 7@, - @)@, -3
* V@ - Q@ + Q, - Q- W 0@, @i Q; = - BY,@Q,,Q),  (10)

where we have used explicitly the fact that the nucleon potentials V are local. G is the full Green’s func-

tion defined by Eq. (2) with E=E,-B.

(It is diagonal in the projectile momentum B, @) We will approxi-

mate the full Green’s function G by a Green’s function G,, which does not involve the total Hamiltonian.
In the same way as in the previous paper? we look for G, in the form

8@y - By) (B

- ﬁ;") 53(51 - .ﬁz)

@, B7,B71G,|B,, By, By) =

’ 1)

€ "pxz/z“'

where ¢ is to be determined so that the first order correction to 7' - T is zero. The quantity € may
depend on the projectile momentum P, and on external parameters, but 1t does not depend on the total pro-
jectile-nucleon momentum P The full Green’s function G can be written as an expansion in the operator
hG,,

G =G,+ GG, + GG hG, +++ , (12)
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where ‘
h=G,'-G'=¢-E,+B+H. 13)
The operators 7; in Eq. (9) we approximate by a scattering matrix ¢; of the form
L=V, + VG, , ‘ (14)
where the Green’s function G{?’ is taken in the form
_ 8@, -P)o(F, -P) @G -)
€; -/ 21 )

The quantity ¢; is also to be determined so that the first correction to 7’ - T{* is zero and ¢; may de-
pend on the projectile momentum P and on external parameters, but it does not depend on the total projec-
tile-nucleon momentum ?i. The dependence of €; on the projectile momentum and external parameters
may in principle be quite different from that of quantity €. Given (3) and (14) we can write?

=

®,8,,B,/6"[p, P

19 §2> (14a)

Ty =t + HGIPRG Dt + tGPRGIR G+, G PR GILG RGP+ 0, (15)
where
k=G -G'=¢;-E,+B+H. (16)

The scattering matrix ¢; [Eq. (14] will conserve total projectile-nucleon { momentum 5,. and nucleon mo-
mentum Q,; = P, - (j #7) and be independent of P, and Q, so we can write?

®,%.,Q,14:18,,P;,Q) = B|F,|Bo°®, - P)o°@Q, - Q) - (17)
Substituting (12) and (15) into (8) we see that the double scattering term can be expressed as a power

series in operators G, and G;“ ¢, of which the zero order term and the terms including the first power of
the operator 7% are

T® = 1,67, = ,G 1, + LGB, GI,G oty + 1,G Gty + 1,6 G P MG Pty + + o+

SLG L, + AIT® + AIT® + AVT@ oo e, ’ ' (18)

Consider the matrix element of A;7® for elastic scattering from the target bound state. (The condition
of vanishing of this matrix element will determine the quantity ¢, in the Green’s function G{*’ defining ¢, .)
Using (14a), (16), and (17) it reads

<‘I’0,§IA;T<2)"I‘O, §,> = f zpo(-ﬁl "ﬁ’ ﬁz _ﬁ) @‘ fllﬁ) 6s(ﬁz "‘f’ _ﬁg + -IS;,)

('51 ﬁ ﬁll n 51 ﬁn §1n> T = = =,
, x =L 1(’€1?_|pilzl/2l’1)2l, 22 @1 |t1’P1)63(P§'—p1—Pé+p1)
2 len
x BuLylBD 6a(B7 —p, - B+ BV (B -5, By - B pudpd ™R, -+ dPLAF, - d°PY
1
(19)

where we used the fact that z, [Eq. (16)] is diagonal in the projectile momentum p;. For the matrix ele-
ment of 2, in Eq. (19) we have

- - - P _B)2 Br _zy2].
(ﬁisPnglel_EQ+B+HI§J{’P;’,P;”>=[il—E,+B+(P12 pl) +(P2 pl)]

m 2m
x 63(B, - By)e3(By - By + (B, - Pr, By - D7), (20)
where
VB, -Br, By -By)=V,(B, = P1)*(B; - By) + V,(By - By)6°(B, - B)) + V,,(B, - B1)o%(B, + Py - By -BY).
' (20a)

After substituting (20) into (19) we use the Schrédinger equation (10) to eliminate V.

= - = >\ =, 2 =, ” ﬁ” - D)2 _P'm B’ S
flpO(Pl _p!P;’ —pi) V(Pl - Pl”PZ, _PZ )dspldspz =[.B - ( lzmp) - ( szpl)z] lpO(ﬁf —p, Pg - pi ’ (ZOb)
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. . i)’n —p)? (?” -p)?
(d"o;p l A T(z)[l[)(,, ') f ZI)O(P” _p: pl) [(1 _E + ( 2mpl - 12m
x 9% (B] -y, B} ~B') R (3,, B))dp,d°p}d *PLd P} 1)

In (21) R(B,,P,) is the remaining part of integral (19), which does not depend on P, variables. If we further

use the fact that ¢, has a definite parity
%(61, 62)4)(*; (—Q.’u —Q.é) = zpo("—Q-U -—Q-g)ll)ﬁ(—éi, --QZ) )
we find that

f %(ﬁ{' - 5’ ﬁ; -p

We now choose ¢, to be a function of P! and two
external pavameters Kl, q, which has the form

sz L, () 1
_pl) 2m+<2> . (23)

€=E,- (K, 5o

Using (22a), and (23), one sees that Eq. (21)
vanishes if

g =B, 4= 5-5.l. (232)
Equation (23) gives the special form ¢, should have
in the propagator G’ of Eq. (11) in order that the
scattering operator ¢, of Eq. (14) be defined so that
the elastic scattering matrix element of Aj7?
vanishes. When Eq. (14) with such a propagator
G‘” is considered, one sees that the matrix ele-
ment ®|£,|B,) is just the elementary projectile-
nucleon scattering amplitude expressed in the
Breit frame [Fig. 1(a)] at the total energy

(p P;)z pz (ﬁ-ﬁl)z
E,=E,+ 8m Zu 8m

’ (24)

defined as if the struck nucleon is on the mass
shell (cf Ref. 2). The parameters K, and ¢, [Eq.
23(a)] define the total projectile-nucleon momentum
and the struck nucleon kinetic energy (3¢,)%(1/2m).
Since in general |p, |#|p|, this amplitude is a half
off-shell one. ,
The condition of vanishing of the matrix element

(o, Bl AY T |3, ¥, Will determine the quantity e,
in the Green’s function G’ defining ¢,. The ma-

trix element (pllt |p’) appears to be the elemen-
tary projectile-nucleon scattering amplitude [Fig.
1(b)] at the total energy

- B -0 _ 1, B, -D)
E,=E,+ - —-2—-“+ o . (24a)

In terms of the more familiar ¢ matrix, depending

(22)

- f”' p-p! =y e -, ’ + ’
o BB sy, B; - avPrasp —C—Eﬁ———wa(Pl-p,P ~5)

x 4% (By By, By —D')dPd°P}. (22a)

on relative momenta and c.m. energy we can write

(5[51 [§1> = t1(ESf)’-§ - nﬁn .151 —nﬁl) s

(25)
p].lt [P')‘ t (Egg,-’ nﬁzyﬁ' -nk’z),
where K, = @ +,)/2, EQ)=p%/2p =K 2/2(m + )
+@~p)¥/8m, n= u/(m +u), and Kz, ng,’ are de-
fined by the same expressions with §—p’.

The vanishing of the elastic projectile-target
bound state scattering matrix element of the oper-
ator AYT®) [Eq. (18)] will determine the quantity
€ in the Green’s function G,. Using (11), (12), and
(17) we can write

7F 5
2 2
—-A\ —
g > =
Ve ~N
// \\
14 pl
(a)
—? — ——
P-p p—p
2 3
- A =
<P Iplp'>:
. e \\\
v “a
" >

(b)

FIG. 1. (a,b)_.Schematic regresentation of the matrix
elements (p|f; Ip,) and (f)l |, Ip’) as an amplitude for the
projectile-(dashed line) nucleon (solid line) scattering.
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o ; - .
<¢o,p[A1T(2)l s Po) = f‘/b(P "P’P -b €<Ep 21)2“ @1,P1,§ZIE—E,+B+H[p1,P{,Pé)
£, - -
€<§p 2 [2): ‘Po (ﬁi ‘puﬁé "p')dspldlspﬁl apfdapzdapé’ (26)

Using the Schrddinger Eq. (10) to eliminate ¥ in the Hamiltonian H we find

(¢o,§|Ai'T(2)I§'9¢o>=_/.‘po(§1"-§:§z_§1) [“E +

XR(p,) d3*p,d*P,d°P,,

where R(p,) is the remaining part of the integrand (26), which does not depend on i5,. variables. Using
again the definite parity of ¥, [Eq. (22)] we find that Eq. (27) vanishes if we choose

»
€=E,=5-

This quantity defines the Green’s function G, [Eq. (11)] which reads now

®., B7,8; (G, |5, By, B) =

BBy - BBy - B)0°F, - By)

BB _ BB gy 5, -5, 5,-5)
(27)
(26)
(29)

/21 =p,2/2u

Let us now see the consequence of using our scattering operators ¢,, £, and Green’s function G, as an
approximation for the ¢ mattices 7, T2 and Green’s function G in Eq. (9) for the double scattermg term.

We have for 7@ ~T&

e s (o s BRI G s . 5
o B 72150 = [ 40P, -5, 5,50 EHBIBUGIDY o5, 5, 5, ) avp,avp am,

(ES), 5 ~nK K) 4,(E®),B, - 1K, K == =
j; PTE il 'up;)z/gp.l)p( 22Dy = 1K,, b'- 771) Soo® = Brs By =) A%, , (30)
1
where S, is
Soo(ﬁ‘ﬁuﬁl_ﬁl)=f zpo(ﬁl._-ﬁ,ﬁz—@)wg(?l'ﬁuﬁz"ﬁ')dspﬁispz- . . (31)

One can easily see that this quantity is two-nucleon

density in momentum representation. In the inde-
pendent nucleon model S, equals the product of
single nucleon form factors:

Soo(f’J - 51’ 51 - 51) = Soo(ﬁ - 51) SOO(-ﬁl - 5') . (32)

The integrand (30) for our optimal approxima-
tion of the double scattering amplitude factors into
two-nucleon density containing nuclear informa-’
tion and a part dependent only on the projectile-
nucleon 1nput and this comes about from the fact
that #,, £ ., and G, are mdependent of the total pro-
jectile-nucleon momentum P

The double scattering amphtude in the optimal
approximation may be represented by the usual
diagram, Fig. 2(a). However, contrary to stan-
dard treatment, it is calculated at total projectile-
nucleon momenta B, = @ +5,)/2, B,= @, +b')/2.
The averaging over ground state wave functions
is standard [Fig. 2(b)]. The amplitudes ¢; in Fig.
2(b) are taken at énergies E, [Eqs. (24), and
(24a)] set equal to the sum of the on-shell nucleon

|
energy and the energy of the projectile.

The extension of our method to the case of finite
nuclear mass (M) is straightforward. The deriva-
tion is simplest in the projectile-nucleus Breit
frame. It requires the replacement of the nucleon

/
(a) B

2
- - - i P
N VETRT > =

(b) 5 ST BT

@Qo F-5,Frd)

FIG. 2. (a,b) Schematic representation for the double
scattering amplitude in the optimal approximation. The
nucleons are bound to an infinitely massive core.



momentum by the relative nucleon-nucleus mo-
mentum, so the nuclear wave functions for initial
and final states are

6 5.0 4
¢0(P1 p+2MmP p+2Mm)

and

Dr &t q P _n _q_
wo(Pl"p 2Mm P -p -2M ) ’
where § =P -, and the nuclear Hamiltonian now

contains the kinetic energy of mass M - 2m. This
I

UorB | T30 = [ 1Bt B -1y, B, —1K,) £,(ER, B,

nﬁzsﬁz T’k.a) cecd (Eéi':),ﬁn-x nKn_sp =nK )
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changes our result (30) only by replacmg

Sool® =p1,P1 =p') with

300(5-51'% m,p, - P’ -%m> .

The extension of our procedure to a many-body
target for the n-order multiple scattering ampli-
tude with different struck nucleons is simple.
Performing the same procedure as for the double
scattering term we find that the optimal approxi-
mation T{™ for the n-order amplitude T{” can be
written in the projectile-nucleus Breit frame as

-

(Pz/ 24 —plz/ 2u) (%/21 = p2/21) « o+ P2/ 20 =p,.,2/21)

a 3 a | @3
xsoo(ﬁ—p1‘ﬁm1§1 -P, =M Pp-1 =P’ “u m)dsp' < od®ppy,s
where
54 =5+51 = =5;-1*’ﬁ: _'ﬁ,,-l p’ =L p? Kz (K: pJ)
Kl 2 ’ K:#l,n 2 ’ K 2 ’ zm 2(m+u) _2'_'
®,=P’', D, and P’ are the projectile momenta in the projectile-nucleus Breit frame), and
Soo(p-pl-%m, ...,p"_l—p"-%m) —f¢o(P1-p+mm, ...,P"—p,,_1+-m-m)
xyx (B, 4 B B - m)dop,... %P (34)
0 l_pl_sz,"'y n—P _ZMm 1°°° ne

We see that the integrand (33) also factors into
multiparticle nuclear density in momentum repre-
sentation S, containing only nuclear information
and the projectile part dependent on the projectile-
nucleon input. The amplitude T{™ [Eq. (33)] may
be represented by the diagram [Fig. 3(a)] which is
calculated at nucleon momenta corresponding to

Byt P

B,— p‘;pl,...,p L

but averaged over ground state wave functions in

the usual way [Fig. 3(b)]. The amplitude ¢, [in Fig.

3(b)] is taken at an energy equal to the sum of the
projectile energy after (i ~1) collisions, which is
p%/2u as can be easily seen from Fig. 3(b), and
the on-shell energy [, - B;.,)/2P (1/2m) of nu-
cleon ¢. One sees from Fig. 3(b) that the optimal
approximation for the n-order scattering ampli-
tude corresponds to scattering off » on-shell nu-
cleons which have all the momentum of the nucleus
while the core remains at rest.

Now we comment on the relation between our -
optimal approximation T{™ to the multiple scatter~-
ing amplitudes T{" and the first order optical po-
tential. Applying the usual arguments for the de-

|
rivation of the standard first order optical poten-
tial from the multiple scattering series, i.e.,
approximating the projectile-nucleus elastic am-
plitude T (E,P,’) by the sum of multiple scat-
tering terms off different struck nucleons and
assuming the nucleons to be uncorrelated,® we
easily find that the equation for 79 in our optimal
approximation reads

A-1
A

T?go(E: 5, —5') = Uz"(E9 ﬁr 5,)

- d3p/r
t <
+fU:D (E:p,P )p§72“ _pnz72“

(A -1 S
x(A52) 12,580, 39)

where E = p?/2 and
UPH(E,B,B")
= (A = 1)t(E*, P =K, ~nK)SeoB -D), (36)

with K=  +5')/2,

ot g _ E+_5')2_1_+(§;5’)2L
E E ( 2 20m + ) 2 2m ’
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_.n-l —
K‘igl(Pi-pi)
o q
(a) - - tn /’E;K_.Z
Ph=pPpt — '9 *~Pn=p' .
bd > > - 1 —_—— — - —
P-p+d oL = q . g
Q’(P' p*m""""Pn p"""ZMm) . _M"_T‘Pn-, ‘4'0(".'9"5;,,"‘"-~"P"‘°§Kn“" @

7N
7
//-._* i
p=K+ >
[¢]
- =9
p =K-
(b) ///’ 2
> > > > r 1 P'—Pn-| e Pn-1-p' — - -
P-ptm,... P - +5km - S 3 ~_a
<I'o( 1P oM Fn =P 5 ) 2 A"S;n-l 2 ‘Ifo(P,-Dra—M“‘r'-: Pn-p_éTllm)
ph 2y Pi=P2
2 k4 2
BT VA B
"~ { "1 il d ]
2 / 2
/ —_
/- = q .
/ = K+ —
P 2

FIG. 3. (a,b) Schematic representation for the n-order multiple scattering amplitude in the optimal approximation for
the case of finite nuclear mass. .

and S, is the single nucleon form factor. infinitely heavy core. The first reflection term
the multiple scattering series (8) is the triple
II. REFLECTION TERMS scattering term T® = 7,G7,G7,. We again approx-
We now consider the multiple scattering terms imate the operators 7; and G by ¢, and G, [Egs.
which include rescattering on the same nucleon. (11) and (14)] which will be defined so that the first
We take for simplicity the previous model of a correction to T’ — T® vanishes. It can be
projectile scattering on two nucleons bound to an written as

oy BIALT | B, 80) = (o, B 81,G 1,G oty + H0GHG by + H,G8T,6 by + 1,6 1,06t + 1,G 1,607, [40,B) =0,  (37)

where 87, =1,1,G%;, G = G,hG,, and k and &, are given by Eqs. (13) and (16). Setting the matrix element
of each term in Eq. (37) to be equal to zero, we determine the operators ¢, and G,. By a similar procedure
to that for the double scattering term above and using the definite parity of ¥ [Eq, (22)] we find finally
after some algebra for the T ~T®) amplitude

>

= ) [ = t(é“{g,l) nKUpL nK1)t2(E(2)LP —nﬁz,ﬁz—nﬁz)
o, B 7[00 = f (55720 =2 %+ (D~ - B —5)/2m] 5% 2 —py®/ os + B = 5 @ =BV 2m]

x tl(E;?I)’ 52 —nﬁaa E' _nﬁa)soo(ﬁ "51 + 52 -E'!ﬁl _ﬁz)dspldapz ’ (38)

where S, is two-nucleon density in momentum representation defined by (31) and the amplitudes ¢, are
written in terms of the c.m. energy and relative momenta, so that

K =§+§1—§g+§l Eu):ﬁ_ Klz + /5'51"‘52‘5')2_1_
1 2 Y Tt T T 2m+ ) 2 2m ?
7z =§; +-.g (2)=£_2__ Kzz (ﬁ]_"ﬁz)z @’ﬁ1)' (52'51)
K25 Bt =90 ~3m+m*™ 8m  * I ’ (39)

z _D-B tB,+D _r;_ K (ﬁ-ﬁ‘wﬁz—ﬁ')*l_
Ky 3 » Bt = St :
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The integrand (38) again has a factorized form since t ; and G, are independent of the total projectile-nu-
cleon momenta P ;- Using the identities for the propagators in Eq. (38)

P2 b BB B -B)_1° (—5+§1—ﬁ=+:’>
21

20 2u 2m 2

we can easily show that the amplitude T{*’ may be
represented by the usual diagram [Fig. 4(a)]
which is calculated, however, at values of the
total projectile-nucleon i momenta P, chosen in
such a way that the initial momentum of nucleon i
equals its final momentum but with opposite sign
[Fig. 4(b)], and is averaged over the ground state
wave function in a standard way. The amplitude
t;, where index i is the number of the collision,
is taken at an energy E, [E;= E§)+ K}2/2(m + p)]
equal to the sum of the on-shell energy E{) of
nucleon ¢ and the energy of the projectile after

i =1 collision, i.e.,

2 f=1\ -
E= Bt v 3 (BY- B4, @)

where E{{) and E{{)’ are the kinetic energies of the

nucleon before and after collision j.

We can show that these rules, which we have
found for the calculation of the optimal approxima-
tion to the first reflection term and also to the
multiple scattering terms off different struck nu-
cleons, are valid for any term of the multiple
scattering series. In the case of a finite nuclear
mass these rules remain the same if we calculate
the multiple scattering amplitude in the projectile-
nucleus Breit frame, except that the nucleon mo-
menta in the nuclear wave function should be re-
placed by the relative nucleon-nucleus momenta.
[One sees easily that these rules require that the
struck nucleons have all the momentum of the nu-

V21 (5-51—52+§')2 1

2m 20 2 2m’ (40)

[ T
cleus during the collision, cf Fig. 3(b).]

We note that such factorized forms for optimal
approximation of multiple scattering terms of
different struck nucleons [Eq. (33)] have been used
before* without derivation and demonstration that
they are the first terms of a systematic expansion
designed to minimize corrections. However, the
optimal approximation formulas for the reflection
terms [such as Eq. (38)] have not been used before
to our knowledge. The comparison of our expres-
sions for the reflection terms with those calcula-
ted in the fixed scatterer approximation (as in the
Brueckner model® shows that the optimal approx-
imation results in the modification of the energies
in the elementary amplitudes and also in the modi-
fication of the propagators of the projectile.

IV. CORRECTION TERMS

In this section we investigate the first nonvan-
ishing corrections to T{" — T{™ with our optimal
choice of #; and G, in T{"'. We study the double .
scattering term 7'® in the previous model of a
projectile scattering on two nucleons bound to an
infinitely heavy core. Consider the expansions
(12), (15), and (18) defining T*’ and keep the
terms up to second order in the operators 4.
Since the operators G, and # commute,? the ma-
trix element for the first nonvanishing correction
can be written as

PIINTNIYIYNINIINYNIINIY]
(a) - - t2 - —
P2=py —X - P-p2
- - - - o /7 O\ -
<410(P|-p’P2-p') - - s - - - — ... .
Pi-p —,2:_—\}"\— Pi= P+ pp-p! Vo (P-p+p,P, Pyp,) =
/
s B
Llrtesestrarteteeeddiess
(b)
. —_ 1 —_ -
2~ P 2 P\-P2
- — — —-.-T—.—.
= Vo (=5, P 2 = / N\ = ¥, (P—p+psp', Prp,)
N — = P/ \P2 - -
-P+p-Py / ‘o, P-PHPP
2 1 "V 2
\pl

FIG. 4. (a,b) Schematic representation for the lowest order reflection term in fhe optimal approximation.
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Wos B| 8,90, D) = W, B| £GPV +GEV + GMEGCH) GO EG | o, B

+ W, Bl 4,6 Ba1G PGP + GPEGE)G oty | 1, B

+ (o, B| Eyy (G VPG 2y + B G 2E (G )2y |, B

+ (oy B F11y (GLVPE,G 1o (G &, |00, B + oy B .G 2H%E, |0, B) - : (42)

Assuming definite parity of , sepavately in each nucleon momentum which holds in general for the inde-

pendent nuclear model

Bh(@y, Q)vx (@, Q) = ho(~Qy, Qv (-Q, Q)

and the same for momentum 62, we find that only the first two matrix elements in Eq. (42) contribute.
All the other terms vanish. Indeed, consider for example the last term AYT® of Eq. (42) which reads

Wor B AYT @90, 5) = [ 4,(B, =B, B, - b)) B4, B @,, 5., Bu| 1[5, B, B 6., B, By [y, B1, B
dapl PR AY ﬁl = B _=ngs 3 4
2 —p 220 ®, |4, 5" Yvx (B -B,, P, ~p')a’p, .- d®pP!. (43)

Using Egs. (10) and (20) and performing the 5,- integration we find

B,-5,5, b)) ((i"1 -5 (& —§)2> ((i"2 -p)? (&, —5')2)

Wor B AYT® [9,5) = [ 0o(B, -B, =

2m 2m 2m

xy*(P, -p,, B, -B)R(®,)d3P,d*P,= 0. (44)

R(p,) is the P;-independent part of the integrand
(44). The treatment of the first two nonvanishing
terms AlODT® jp Eq. (42) is the same as the
treatment of the correctionterm inour previous pa-
per.2 Evaluationof the terms requires some off-shell
information for the elementary amplitude ¢,. How-
ever, an estimation of these terms can be done
without detailed input. One finds after some alge-
bra (as in Ref. 2)

Alang@) _
T =1 ZLLTO,' (45)
a

where V,is the rms velocity of the bound nucleon
and T, is the projective-nucleon scattering time
delay [T, = (1/t)(dt/dE)]. If t is relatively slow
varying we can approximate T, as 1/E and AJIDT®)
is of order (V,/V,)? relative to the main term,
where V_ is the projectile velocity.

The assumption of definite parity of ¥, for each
nucleon variable is necessary for the vanishing of
the last three terms in Eq. (42). (We notice that
the vanishing of the first order corrections to the
multiple scattering terms T{™ only requires defi-
nite parity of ¥, when all nucleon momenta change
sign, which always holds for ¢,.) Therefore, these
terms do not equal zero, in principle, if one takes
into account the nucleon correlations in the wave
function. If, for example, the wave function g,

f
depends on the sum and on the difference of nu-
cleon momenta

1@, @)~ 9025

, 0+ 8,) =0s&,D)
and has a definite parity in each of these variables

! 5!

¢o(i -37)¢§ il: ?’) =’¢’o("'§: y)‘l”(‘)‘(—x ’ y )
= 4)0(3?1' '-i)‘bg(ii’ -y (46)

all matrix elements in Eq. (42) may be easily
evaluated. The first two terms remain of order
V2T, relative to the main term. The exact eval-
uation of the third and fourth terms of Eq. (42) re-
quires off-shell input for the elementary ¢, ampli-
tudes (like that of the first two terms); however,
the estimation shows that these terms are of the
same order of magnitude as the first two terms.
The last term AYT® of Eq. (42) corresponds
to the correction from projectile propagation in
the intermediate state. We now turn to a more de-
tailed analysis of this correction term. We con-
sider a more realistic example of a finite mass
nucleus M. As was done above for the first order
correction A,7®), we evaluate 47T in the
projectile-nucleus Breit frame. In this case Eq.
(43) only requires the replacement
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- - - d = q B —ﬁ +-. '-'-. = = > > q
d’o(Pl“p:Pz"pl)"’lpo( —p+2;1wm,P24p1+2q—Mm) E¢O(E'L—22_'J_psp1+P2"p'P1+%m) (47)
and '
d’o(P -pppl_p) ¢o (—L———gi_p—_p—l' P1+P’ ﬁl-ﬁz—%m> ’ d=-§—-§', (48)

and the operator Znow contains the kinetic energy of mass M -2m. Using Eqgs. (10) and (20), performing
the ﬁ. integration, and replacing

-—+-’ ~
B, = p291+ iy, =p129+%_§,

we find after some algebra

= = ty( B - 1Ky, B, = 1K) t,(E2), B, =K, B =1K,) 4
Vmi(2) N = u 19 F1 1/ bo\Egats 2 d
(o, B| AYT |1, " [ (p%/2u 1712/2u)3 P

« f 0o (@B R, G- Mo2mg) g3 (5 - B . MEmg)

x(@/2+Q) - ©-B) @2- Q- @ =B)ysgae, (49)

m

where P and P’ are the pro]ectlle momenta in the Breit prOJectlle-nucleus system E 4y Kl, and K are

defined by Eq. (25) and K= ®+p')/2. To simplify the following discussion we consider scattering on the
deuteron. In this case the mtegrand (49) must be multiplied by 6% (Q) which correctly accounts for the

total momentum of the nucleons being ¥3§ in the initial and final state. One sees also that

-, =y

- = = = + = =
Soo(® =By, By =B') S, (pl —p—z—p) =S,(, ~K)

in the main term [Eq. (30)] where S, (6) is the body form factor of the deuteron. Now we study the part of
the integral (49) that depends upon the bound state wave function. We have integrals of the form

-, D —» - D. —\_’ 3 —‘.
446 -R) == [0, (@+B5F) o (§-BsF)201%. SRy, (50)

3m

where we have used the symmetry of the wave functions to obtain 5,, and introduced the quantity?®

5.6, -K) = [ &, (65+ b )¢* (Q-p‘—)desQ ‘ (51)

SZ(Q) is a second moment of the deuteron form factor So(é) and we can estimate it for small ]Ql as
5@ =@ 5.Q), (52)

which is exact for Gaussian wave functions. Substituting (50) into (49) we obtain for the sum of the term
T and the correction term from the projectile propagation AJ7T®

Wos 51 T;Z) + AXT(z-)J Do) = f tl(E:glg): p- 771—51, b, - 'flfl) tz(E.ﬁ?:), [ "'nk.z: P ‘Tlﬁz) é(ﬁl)dspl ’ (53)
where
G, = 1 > _R Sz(ﬁx -K) (5 - 51) * 6' - 51)]
6= prgimpooram [So6- B - G725, 7B I
- S,®. . ‘
020 -p 2 S ‘15/50(101 B, -0 -ig" | o0
! - p2p-p ¥/ 2u 3m?

Since the form factor S, (Q) decreases rapldly with @, only p1 K contributes essentially in the integral
(53) and we neglect (, — K)? with respect to $¢% in (54) and use Eq. (52) to write G(P1) as
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- S,®, - K) ,
@)= 2 2 o @) s
p?/2u 2 /2li—pz/2u -p.2/20 12m®
=lo (¥ _ ¥ 1 ; 1 ]
=a5u(p, - K’[»z/zu ~5./20+ @2 QI ¥ 572 =2k —q 2 RT3 (56)

Therefore, we have finally found for the double scattering term

o DI T AT, )= [ 1,88 B - 1K, By =R )EES, B, ~ 1, - 1K)

1

y 80612— K) [p

Comparing Eq. (56) with the main term [Eq. (30)]
we see that the nonvanishing correction from pro-
jectile propagation results in double poles in the
Green’s function with their positions shifted from
p,=%p to the values p,=+p+ 6, where

v, q V
o=It'x_ 9 'x (57)
2V3p 23 V,
As was pointed out above, the deuteron has been
taken for simplicity. The same arguments can be
carried out for the correction to the double scat-

, as,.
2/2u —p,2/2p+qVy/2V3 +172_/2;1 -p,%/2u -qVN/Zﬁ] Py

(56)

tering term given by Eq. (49) and result in the
same answer which we have found for the deuteron.

The corrections to the reflection and higher or-
der terms can be found in the same way as has
been followed here. We can show that their mag-
nitude relative to the main term is of the same or-
der of magnitude that we have found for the double
scattering term.

The numerical consequences of our approach for
hadron-nucleus elastic scattering will be pre-
sented in a separate publication.

IM. L. Goldberger and K. M. Watson, Collision Theory
(Wiley, New York, 1964).

2S. A. Gurvitz, J.-P. Dedonder, and R. D. Amado, Phys.

Rev. C 19, 142 (1979).
’3. Hiifner, Phys. Rep. 21C, 1 (1975). -

‘K. Gabathuler and C. Wilkin, Nucl. Phys. B70, 215
(1974); S. A. Gurvitz, Y. Alexander, and A. S. Rinat,
Ann. Phys. (N.Y.) 93, 152 (1975); 98, 346 (1976).

°K. A. Brueckner, Phys. Rev. 89, 834 (1953).



