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Weak coupling calculation of Po using realistic matrix elements
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The structure of the levels of "Po has been investigated within the model space of the lowest seven
neutron and six proton single particle orbits; the matrix elements of Herling and Kuo were used. Agreement
between experiment and theory for the lowest six levels, including the recently discovered 8+, is excellent.
The isomer of 2.93 MeV is suggested to have spin 16+; the 10+ is not expected to be an isomer.

INUCLEAR STRUCTURE Po; calculated levels, 8'~ realistic interaction. ]

I. INTRODUCTION

Those nuclei which consist of a doubly closed
shell plus two neutrons and two protons have al-
ways been of special interest. For such nuclei of
mass less than 100, the size of the matrices em-
ployed in shell model calculations is not so large
as to preclude a reasonable microscopic calcula-
tion; such calculations have met with considerable
success even though these nuclei exhibit features,
reminiscent of rotational nuclei, viz. , large in-
band E2 transitions and, for the low angular mo-
mentum states, approximately an L(L+ l) energy
spacing.

The nucleus Pp js also a member pf the se-
lect category of closed shell plus four nucleons,
although historically it has been studied much
less than others; until the advent of the work des-
cribed in Refs. 1 and 2, only the lowest few states
had been assigned spins and only a very few elec-
tromagnetic decay rates were known. Since the
usual mode of populating the states in ' Po was
through the beta decay of the J"=—1 ground state
of "Bi, only states with low values of angular mo-
mentum were known, save for the infamous isomer3
of spin 16 or 18 at 2.93 MeV. Recently, an inves-
tigation of alpha transfer pn Pb leading tp states
in '"Po has been initiated, although no new spec-
troscopic information has yet emerged therefrom.

The theoretical calculations of ' Po have his-
torically been initiated to investigate either the
alpha decay rates or the nature of the long-lived
isomer. 5'6 The most meticulous calculations
heretofore are those of Glendenning and Harada, '
who employed a purely central phenomenological
interaction, thereby omitting the tensor interac-
tion which is known to be essential to explain the
level ordering of " I3i. The angular momentum
of the isomer was suggested by Qlendenning and
Harada to be 18', although its predicted energy

was too small; a. second isomer —so far unob-
served —with an angular momentum of 10 was
also predicted. No calculations have been per-
formed using realistic matrix elements.

The purpose of this paper is twofold. No shell
model calculation has been previously performed
in this mass region for nuclei with both neutrons
and protons outside 2O'Pb (save for the case of
'"Bi) using realistic matrix elements'; it is of
considerable interest whether such an interaction
can reproduce experimentally observed structure
in a several nucleon system and whether collective
features will also emerge in "Po as in the lighter
nuclei where the spin-orbit force is less dominant.
Calculations of nuclei having several holes in "BPb
using realistic matrix elements have not produced
entirely satisfactory agreement with experiment.
If the initial calculation described in this paper
demonstrates that calculations using realistic in-
teractions can provide an adequate description of
spectra for a nucleus having several nucleons out-
side '08Pb, then more detailed calculations of
those nuclear properties which are sensitive to
small components of the wave function may be
usefully performed. Among such properties are
E2 transitions and alpha decay rates, both of
which are sensitive to small admixtures of orbits
with low values of the single particle angular mo-
mentum. The calculation will be explained in
Sec. II and a comparison with experimental re-
sults will be made in Sec. III.

II. CALCULATION

The model space employed in the present cal-
culation consists of the lowest six proton and
seven neutron levels outside the assumed closed

Pb core, Fig. 1. The single particle energies
are those of Ref. 9. States constructed within
this model space are necessarily nonspurious.
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model space would, for many of the allowed values
of J, involve matrices of dimensions exceeding
several thousand. To circumvent this the calcula-
tion employed a weak-coupling basis, similar to
the one used in Ref. 7; the basis states are defined
as the products of eigenfunctions of two protons
and of two neutrons:

[
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In the basis state n and P label different two-
nucleon states with the same value of J„or of J,.
The eigenfunctions of " Po and " Pb are expres-
sed in terms of the single nucleon shell model
states in Ref. 9.

As the part of the Hamiltonian which applies to
the identical nucleons is already diagonal, it only
remains to calculate the matrix elements of the
neutron-proton interaction H„„' this involves only
a recoupling calculation involving 9-j coefficients.
Throughout this work the choice of the interaction
is interaction B of Herling-Kuo, viz. ,

0— Oh 9//2

20SB( 209pb

FIG. 1. The single particle levels included in the mod-
el space used in the present calculation. The energies
are taken from Ref. 9.

This choice is dictated in part by our desire to
use the realistic matrix elements of Herling and
Kuo~ which were designed to be used within the
model space spanned by these thirteen single par-
ticle levels; a calculation within a smaller model
space would be fraudulent unless the eff ects of the
omitted levels were compensated for either through
the use of perturbation theory (a process which
may not converge because of the small energy de-
nominator) or by introducing effective three-body
forces. ' Matrix elements obtained using reac-
tion matrix techniques" from an interaction fitted
to free N-N scattering data have enjoyed consid-
erable success in correlating experimental infor-
mation, both in light nuclei and, in particular, in
nuclei which have a configuration of several iden-
tical particles (or holes) outside '08Pb." The pre-
sent calculations are the first reported calcula-
tions in this mass region employing realistic ma-
trix elements wherein there are both neutrons and
protons.

A calculation using a complete basis within our

G =Gb~e+ Gsy-ih

with appropriate Coulomb contributions in the
case of ' Po. This choice of the Hamiltonian
consistently produced the best agreement with
experiment, both for the two-nucleon systems~
and for states of several identical nucleons. '

The selection of the appropriate eigenstates of
the two-nucleon Hamiltonian for use in the four-
nucleon basis, Eq. (1), is of considerable import.
In the present work these states were chosen as
follows: For two particle states of even angular
momentum, the lowest two or three states for each
angular momentum were chosen; if other levels
with the same J„or J, were nearby, they also
were included. For J„,=0 all two-nucleon states
were included. It was found that for the states of
positive parity, the two neutron and the two pro-
ton states of negative parity %ere unimportant,
as might have been anticipated from a considera-
tion of their unperturbed energies; a similar
statement applies also to the positive parity two-
nucleon states of odd angular momentum, at least
for the "Po states of even angular momentum.

The number of two particle states chosen were
therefore two for states of even J„,and one for
states of odd J„„save for J„,= 0 and 2 in which
case 5 and 4, and 4 and 3 states were used for the
neutron and proton basis, respectively. The ade-
quacy of this truncation was checked by selectively
adding other likely two-necleon states, but such
additions were found not to affect the energy posi-
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tipns pf the lowest three levels of each J of 2 Pp.
Using this meak-coupling basis, the dimensions of
the Hamiltonian matrices were of order 1 to 200.

III. RESULTS
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FIG. 2. The experimental and calculated spectra 2~2Po.

Above 2 MeU only selected levels are given. The exper-
imental information is from Refs. 1; 2, and 13.

The calculated spectrum along with the known

experimental information, both from Ref. 13 and
the new results, "for '"Po are shown in Fig. 2.
The position of the ground state 0' is shifted slightly
so as to line up with the ground state and allow a
comparison of the excitation energies.

A cursory glance shows that the agreement be-
tmeen the tmo spectra is quite astonishing, parti-
cularly as there mere no free parameters avail-
able in the calculation. The positions of the first
five levels (the "ground state band") all agree
with experimental values to a few keV. The ener-
gies of the 4' and 6' are taken from the recent
work''4 at Stony Brook and that of-the 8' from
Ref. 2. The second 2' and the 1' states also
agree well with knomn experimental levels with
those spins. The level at 1.679 MeV is weakly
pppulated in the beta decay pf Bi and may be
the second 4' state, thus satisfactorily accounting
for a. predicted 4' level at this energy. However,
there are two excited 0' levels predicted to lie

below 2 MeV and only one is known; it is possible
that the second has so far escaped observation,
either because of a very weak beta, branch (the 0;
state is expected to have a very small Gamow-
Teller matrix element with the ground state of
"'Bi, essentially because its structure is based on
an excited 0' of "OPb) or because the 0' lies above
the region accessible by beta decay from ' Bl.

The present calculation predicts —unlike those
of Glendenning' or Glendenning and Harada6 —that
the 2.93 MeV isomer has an angular momentum of
16 rather than 18; indeed, two 16' states are pre-
dicted to have an energy lower than the first 18'.
The calculated energy of the lowest 16' is some-
what below 2.93 MeV and is essentially degenerate
with the lowest 14' level and very near the cal-
culated position of the lowest 12' level, implying
that an E6 (or worse) is the most likely gamma
decay mode.

Because of the intrinsic interest in the energies
of the 16' and 18' states, the calculation was re-
peated with a much larger basis for these two
values of the total angular momentum than that
allowed by the selection of the two-nucleon basis
states given in Sec. III. No consequential change
in the energies of either state resulted; we thus
conclude tl at the realistic matrix elements of
Herling-Kuo8 suggest the isomer is most likely a
J= 16' state.

The low value for the calculated excitation en-
ergy of the 16' state is perhaps cause for worry,
particularly since the positions of the lower lying
states agree so well with experiment. The lowest
1= 16' wave function is over 99% B,x 8& [here, as
in Eq. (1), the four particle basis state is written
as neutron state times proton state]; however,
the Herling-Kuo matrix elements predict the 8'
level of '"Pb some 70 keV too low (the 8' of "OPo

agrees well with experiment). This directly re-
sults in an error of 70 keV in the energy of the
16+ pf ' Pp, which is tmo-thirds of the pbserved
deviation. The 18' is 10,x8' and does not suffer
from this problem, as the 10' of 'OPb is reasonably
well predicted by the realistic matrix elements.
Shifting the J=-16 states up by 70 keV results in

only one 16' lying lower than the 18' state.
One of the more striking differences between

the results obtained using the realistic matrix
elements and those obtained using a phenomenolo-
gical interaction is the position of the lowest 10'
state; In Ref. 6 it was predicted to lie beneath the
8' level, thus becoming the second isomer in
"Po. The results of the present calculation indi-

cate that not only is it not an isomer, there is a
large energy gap between the 8' and 10' states.
The origin of this difference is easily understood.
The structure of the lowest 10' state is over 99%
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TABLE I. The decomposition of the lowest 0' and 2' is a weak coupling basis. Only compo-
nents with an intensity greater than 1% are listed. The weak-coupled basis states are listed
as in Eq. (1), i.e., neutron times proton.

Oix Oi 02 x Oi

0' states
2i x 2i 4i x 4i 8i x 8i

Oi

Op

03

04

0.96
-0.19
-0.18

-0.70
0.65

0.25
-0.58
-0.58
0.25

0.11
0.27
0.25
0.26

0.12
~ 0 ~

0.56 0.73

0, x 2, 2ixOi
2' states

22 X Oi 2i X 2i 2i x 4i ix2i

21

22

23

0.39
0.84

-0.86
0.44

0.97

0.18
0.14

-0.15
0.21

0.20

10'X0+ in the present calculation and the 10' state
of Pb is —as also in the case of a phenomen'plo-
gical interaction —99% Oigf/g lgg/, . Thus the 10'
is a two neutron state composed of one particle
with J, =l, +-,' and the second having J,=/, ——,'; it
is a general feature of short range interactions that
that for such states, the level with maximum an-
gular momentum —in this case 10—has the largest
expectation value or, for an attractive interaction,
lies lowest. Thus the 10' level of 2' Pb lies too
low in the calculation of Glendenning and Harada
and presumably also accounts for the fact that
the 18' level of ' Po is calculated to be 670 keV
lower than they would desire. However, using
the realistic matrix elements of Herling and Kuo,
the 10' of ' Pb lies at the apparent experimental
position.

The validity of the weak-coupling model may
be seen by examining the eigenvectors of the Ham-
iltonian. In Table I are given the dominant com-
ponents of the lowest 0' and 2' states. In general
they are representative of the nature of states of
other angular momenta, although the highest an-
gular momenta states tend to be more pure. From
an examination of the table one may conclude that
although weak coupling is sufficiently valid as to
give a zeroth order estimate of the energy and-
sometimes the wave function —a complete diagon-
alization is required to give an accurate calcula-
tion.

IV. CONCLUSION

From a comparison of the calculated results
presented herein with the known levels of "'Po,

it is clear that the realistic matrix elements of
Herling and Kuo adequately describe the low-lying
levels of Po, both in regard to the correct num-
ber of states as well as the correct ordering of
angular momentum. In particular the results
are much improved on previous calculations using
a phenomenological inte raction. Unlike previous
calculations, 5 6 the isomer at 2.93 MeV is here
suggested as J= 16'. Further, the 10' is not ex-
pected to be an isomer.

The success of the present calculations suggests
further efforts should be fruitful, both experimen-
tally and theoretically. Experimentally, a know-
ledge of the spins of several "'Po states and their
decay mechanism would be very useful; such in-
formation would provide a severe test on the cal-
culated wave functions. Further tests will result
from a calculation of the alpha widths, a calcula-
tion which may now be more meaningful because
of the inclusion within the model space of single
particle states of low orbital angular momentum.

Finally, calculations in other nuclei in which
both protons and neutrons are active may now be
encouraged; recently a plethora of experiments
on such nuclei have resulted in a wealth of data
and calculations. of the Stockholm group'5 suggest
the shell model to be remarkably successful in
describing the energies of the high spin states.

This work was performed under the auspices of
the United States Department of Energy, Contracts
No. AT(1 l-l)-3001 (SUNY) and No. W-7405-ENG-
36 (LASL).
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