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A complete angular momentum reduction of the Faddeev equations is carried out for the
case of realistic, nonrelativistic three-nucleon systems with (local and/or nonlocal) interac-
tions having general spin, isospin, and velocity dependence. Antisymmetrization of states
with respect to particle exchange is properly accounted for by using properties of the permu-
tation group and the isospin formalism. Expressions for the Faddeev equations, in the form
of coupled two-variable integral equations, are obtained in two different coupling schemes;
J-j [coupling of the (relative orbital plus total spin) angular momentum of a nucleon pair with
the total angular momentum of the third nucleon (in the c.m. system) to give the total angular
momentum (in the c.m. system)]; and £-8 [coupling of the total orbital angular momentum
(relative orbital angular momentum of a nucleon pair plus the orbital angular momentum of
the third nucleon) in the c.m. system with the total spin angular momentum (total spin angu-
lar momentum of a nucleon pair plus the spin angular momentum of the third nucleon) to give
the total angular momentum in the c.m. system].

I. INTRODUCTION

SEPTEMBER 1970

ables. Osborn and Noyes® expanded the two-body

Since the work of Faddeev' on the nonrelativistic
quantum theory of three-particle systems, many
applications of the Faddeev formalism have been
investigated.? In the case of two-body local inter-
actions, one encounters formidable practical diffi-
culty associated with the problem of obtaining nu-
merical solutions for a set of coupled integral
equations in two continuous variables. However,
with the recent development of several numerical
techniques,®* it now appears feasible to solve two-
variable integral equations with presently available
computer facilities.

In applying the Faddeev formalism to three-nu-
cleon systems, we must first make a complete an-
gular momentum reduction of the dynamical equa-
tions which takes proper account of the intrinsic
spins, isospins, and statistics of the nucleons.

The original Faddeev equations involve the nine
independent components of the particle momenta.
The dependence of the wave function on the com -
ponents of the total linear momentum is easily ac-
counted for by separating out the c.m. motion.

For the six remaining independent variables,
Omnés® chose the c.m. energies of the particles
and the Euler angles of orientation of the closed
triangle formed by the c.m. momenta. By expand-
ing in eigenstates of the total angular momentum
squared and the components of the total angular
momentum along a space-fixed and “body” -fixed
axis in the plane of the momentum triangle, the
Faddeev equations were reduced to a set of cou-
pled integral equations in three continuous vari-
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transition amplitudes in relative angular momen-
tum components and further reduced Omnés’s equa-
tions to a set of coupled integral equations in two
continuous variables. Osborn” has applied these
equations to the calculation of the binding energy

of a simple system of three spinless identical par-
ticles interacting pairwise through an s-wave
Yukawa interaction.

Another method of angular momentum reduction
was proposed by Ahmadzadeh and Tjon.® After sep-
arating out the c.m. motion, they expanded three-
particle states in simultaneous eigenstates of (—ﬁ)z,
L,, (1), andI,, where L. and1 are, respectively,
the relative angular momentum of a pair of parti-
cles and the angular momentum of the third parti-
cle in the c.m. system. The coupled two-variable
equations obtained by this method have been used
to determine the binding energy of a system of
three identical spinless bosons interacting via two-
body local Yukawa interactions,® ! and the binding
energy of C!? on the basis of a three a-particle
model.'! They have also been used to determine
the bound-state energy and wave function of the tri-
ton for local nucleon-nucleon interactions contain-
ing soft-core repulsion and tensor-coupling terms.

El-Baz et al.'® have generalized the Ahmadzadeh-
Tjon method for the case of particles with intrinsic
spins. They use the well-known separable expan-
sion formula' for a spherical harmonic whose ar-
gument is a vector sum of two vectors, and use a
graphical method'® for handling the angular momen-
tum algebra.

The Omnés and Ahmadzadeh-Tjon formulations
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of the Faddeev equations are simply related by a
unitary transformation, as is expected. This has
been explicitly shown by Balian and Brezin.!® Al-
though the Ahmadzadeh-Tjon equations are unsym-
metrical in the variables introduced, they appear
to be more convenient for physical applications.

Other reductions of the Faddeev equations in-
clude that of Doolen,'” which is based on the Jacob-
Wick'® helicity formalism, and that of Lee,'® which
is based on the SU(3) representation of three-par-
ticle states.

In this paper, we generalize the method of El-
Baz ef al. to the case of two-body tensor interac-
tions and antisymmetrization in terms of the iso-
spin formalism for the three-nucleon system. Ex-
tensive use is made of the graphical techniques of
Yutsis, Levinson, and Vanagas (YLV)?° for angular
momentum algebra involved in obtaining the final
expressions.

In Sec. II, we give a brief summary of the Fad-
deev equations, the definitions of kinematic vari-
ables, and the normalization, orthogonality, and
transformation properties of free-particle linear
and orbital angular momentum eigenstates. Sec-
tion III contains a general discussion of the anti-
symmetrization procedure used in classifying our
three-particle states. In Sec. IV, the Faddeev
equations are derived for the J-j coupling scheme,
In this scheme, the (relative orbital plus total spin)
angular momentum of a nucleon pair is coupled
with the total angular momentum of the third nu-
cleon (in the c.m. system) to give the total angular
momentum (in the c.m. system). The specific de-
tails of antisymmetrization for this coupling
scheme are also discussed. In Sec. V, a similar
presentation is given for the £-8 coupling scheme.
In this case, the total orbital angular momentum
(relative orbital angular momentum of a nucleon
pair plus the orbital angular momentum of the
third nucleon) in the three-particle c.m. system is
coupled to the total spin angular momentum (total
spin angular momentum of a nucleon pair plus the
spin of the third nucleon) to give the total angular
momentum in the c.m. system. Section VI contains
a discussion and a brief summary of the results of
this paper. A graphical derivation of results in
Secs. IV and V is presented in Appendix A. In Ap-
pendix B, we give the properties of the isospin
eigenstates of the three-nucleon system which are
used in this paper.

II. FADDEEV EQUATIONS, KINEMATIC VARIABLES,

AND LINEAR MOMENTUM AND ANGULAR
MOMENTUM BASES

In order to clarify the notation and conventions
involved in this paper, we present here a sum-
mary of the Faddeev equations and associated
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kinematics.

The nonrelativistic three-particle scattering ma-
trix T for particles of mass m,, m,, and m, can
be decomposed as!:®

T=TW L 7@ 4L () (2.1)

The T ’s satisfy the Faddeev equations
TH (s)=Ty(s) = 20 Ty(s)G,o(s)T'(s), i=1, 2, 3.
’#' 2.2)

G,(s) is the three-particle Green’s function
Gy(s)=(H,-s)™", (2.3)

(H, being the three-particle kinetic energy opera-
tor), s is the total energy of the three-particle sys-
tem, the 7;’s are the off-shell two-body T-matrices
which satisfy the Lippmann-Schwinger equations

Ti(s) =V, = V;Go(s) Ty(s), (2.4)

where V; is the interaction between the pair of par-
ticles j and & (i#j +k).

Following the conventions of Refs. 8 and 9, we
define linear momentum combinations

msﬁz -m K,

- [2mamsm,+m )2

b
ml(E2+E3) - (m, +m3)El

1=[2m1(m2+m3)(m1+m2+m3)]1/2 ’ (2.5)

q

with definitions for (B, q,) and (B, q,) following
from (2.5) by cyclic permutation of the indices 1,
2, and 3. K, represents the momentum of particle
¢ in the space-fixed coordinate system. The total-
momentum combination

k, +k,+k,

[2(m, +mey +mg)] M2 (2.6)

_P’=
together with ; and §;, satisfies the relation
13 SN
E=Z oy - ;) () +(P). (2.7)
1 1

The above choice of momentum variables gives
unity for the Jacobian of the transformation relat-
il’lg (pi’qi’P) and @jyajyp), i,j=1’ 27 3
In terms of the mass factors
[ mpm; ]1/2
;s = =
Yoo Llng tmy)om +my,) " (2.8)

Bij =1 - A)? = —-B;; (ijk cyclic),

introduced by Ball and Wong,® the linear relations
between (p;,q;) and (5,,d,) are

p; = —aij_ﬁj - .Bijaj s
(2.9)
(ijk cyclic).

ﬁ.- =Bijﬁj - aijaj
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For three identical particles, we have a;; =1 /2
and B;, =V3/2.
In the c.m. system (P =0), three-particle eigen-
states of linear momentum
|K1E2E3> =By, @1 = | B @202 = | sy Qs (2.10)

are assumed to have the orthonormality property

P15, =@ -pO™® @ -9. (2.11)
The partial-wave expansion of |B, @) is
1B, D = 2 YE,(B)Y{uD|pLM; glm) ,  (2.12)
LM

l,m

where

\pL0; qtm) = [ @ aa ¥, (DY @15, D) . (2.13)
In (2.13), dp and dg denote solid-angle differentials.
The normalization (2.11) requires that
(p'L'M’; q'U'm’ | pLM; qglm)

_8(p! =p) 6(¢’-4q)
p° e

Y JPE S S

(2.14)

IIl. ANTISYMMETRIZATION OF STATES

If the isospin formalism is used, a composite of
nucleons can be treated as a system of identical
fermions with intrinsic spin 3 and isospin 3. The
generalized Pauli principle requires that the total
state function cf the nucleon system be antisymmet-
ric under simultaneous exchanges of the space,
spin, and isospin coordinates of any pair of nu-
cleons.

There are a number of works which give proce-
dures for generally constructing the antisymmetric
states of a three-nucleon system. Blatt and Der-
rick,?! in particular, have given an elegant group-
theoretical discussion. These procedures, how-
ever, give states that are much more suitable for
variational calculations of binding energies than
they are for scattering and bound-state calculations
based on the Faddeev equations.

A general classification of antisymmetric states
of three nucleons, which is suitable for use in the
Faddeev equations, can be obtained very simply
after performing a complete angular momentum
reduction of these equations. The technical details
of the reduction are given in Secs. IV and V. In
this section, we schematically indicate the general
features of our antisymmetrization scheme.

We will work with three-nucleon states |(y));
which are constructed to be antisymmetric under
the exchange of the dynamical coordinates of nu-
cleons j and k (with #jk a cyclic ordering). Fully
antisymmetric three-nucleon states can be easily

generated via particle exchange operations on the
[ @);.

Let P;; be the éj particle-exchange operator,
ie.,

Pij =P'r (Z])Po(zj)Pr(zj), (3.1)

where P,, P,, and P, are, respectively, the space,
spin, and isospin exchange operators. The three
P;; operators are odd permutation operators and
elements of the permutation group S,.** The three
remaining elements of the group are the even per-
mutation operators e, P,,,, and P;,, where e is

the identity operator, and P,,, and P,,, are cyclic
permutation operators. From group-element multi-
plications, it easily follows that

[ 4= (e+Pyas+ Pig) | (9)); (3.2)

is completely antisymmetric with respect to parti-
cle exchange.

Now let | a(,j k)); be a free-particle state of
three nucleons which is antisymmetric with respect
to jk exchange (ijk cyclic), and is an eigenstate of
a complete set of commuting operators (including
the free-particle kinetic energy H,) which is appro-
priate for this symmetry.

In the J-j coupling scheme, «(i,jk) denotes the
quant_gm numbers associated with the operators:
H, (Li )2, (§1 )= (EJ + §k )2, _!gj )2, (gk )2, (Ji_)z =_£Li
+8,7, (I 2, ()2, (s P=(1;+8,)% (9P=0;+])%
8, @2 (), (T)rP=(t,+1,)%, (4,7, @)P=(T,
+Ti )?, T,. Here L, is the relative orbital angular
momentum of the j& pair (ijk cyclic); 1; is the or-
bital angular momentum of nucleon 7 in the c.m.
system, §; is the spin angular momentum of nu-
cleon Z, and E is the spin isospin of nucleon i. In
the £-8 coupling scheme, the corresponding set of
operators is H,, (L;)%, (1), @€)2=(T, +1,)%, G,
(gj )2’ (gk )29 (gz )z’ (5)2 = (§1 + gi )25 (3)2 = (‘E + g)z, ‘gu
and the same isospin operators as in the J-j
scheme. Since the intrinsic spin and isospin quan-
tum numbers are equal to 3 for all nucleons, they
will not usually be explicitly specified from here
on.

The completely antisymmetrized state

| a(l, 23)) 4= (e+ P+ Pig,) | afl, 23)), (3.3)

is an eigenstate of H,, (g)?, and d,.

If H,and 0,(1,2,3), s=1,2,...,16, denote the
operators associated with the quantum numbers
a(1, 23), then it is easily shown that the state

Prosl @(1,23)), = [ Pyysa(l, 23)),= | (2, 31)),
(3.4)
is a simultaneous eigenstate of the operators H,
and P,,,0, (1,2,3)P,,71=0,(2,3,1), s=1,2,...,16,
with the same quantum numbers originally associ-
ated with H, and O,(1,2,3), s=1,2,...,16.
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Since the T®) operators in the Faddeev equations Note that (a(1, 23)| 7' (s)|¢) , would vanish if
(2.2) satisfy | @(1, 23)), were symmetric under 23 exchange.

The states | a(1, 23)), are assumed to satisfy the
(3.5) orthonormality relations

P, TP, =T®)

P, TVP,.1=T® | etc.,

and

{a'(1,23)| a(1, 23)), = opi-py) 00— 4)

P)
Polha==Pa, etc.,

2

K q, ala s
(3.8)
(3.6)
Pl =|Pa, etc., where § ., denotes a product of Kronecker 6 func-
. . . tions associated with the discrete quantum num-
t -
wherfa ¥), 15 an arbitrary (compl'etely) antisym bers. The effective closure relation
metrized state, we have the relations
1=Z}f pdp qu 2dg,| a(1, 23)), { (1, 23)
{1, 23)| T® (s)| ), = {Prga(l, 23)| P, T® (s)] 9, 2 J, Pitden ) avda] o, 280, (o1, 23)]
= £ a(3,12) | T (s)| o)y, = g | (1, 23)), { a(1, 23)| (3.9)
K a(1, 23)| T () | g}, = (Prpsa(l, 23)| Pyps T (s)| 4,

- ) may be inserted adjacent to a state which is anti-
£a(2, 3|7 (s)| Vh, ete symmetric under 23 exchange.
3.7

J

Thus the Faddeev equations for (a(l,23)| 7™ |y),, i=1,2,3, with |y, fixed, reduce to a single integral
equation for the matrix element, (1, 23)|T™ (s)| ) 4.

1

at —S

£ a1, 23)[ TD (s) |9 4= (a1, 23)| Ty(s) | ), - S, Ka(1,23)[ Ty(s)| a'(1, 23)h &

X(£ (1, 28)| T® ()| o+ { & (1, 28)| T (5)[9),1)
= (a1, )| Ty() 94 =3, (all, 29) | T4(5)] (1, 28, sy

x s,, ( 3<P1320!' 1, 23)' a’’(1, 23»1+ 2<P123‘1’(1’ 23)| a1, 23»1)
XLa’"(1,23)[ TD (s)| ) 4.

(3.10)
Equation (3.10) may be further simplified if we note that

f'(szcvz'(l, 23)| @'’ (1, 23)), =L Pysa’(1, 23)| a’’(1, 23)), .
(3.11) follows from the fact that

(3.11)
(P1sa = Pyp5) | 0'(1, 23)), (3.12)
is symmelric with respect to 23 exchange and is consequently orthogonal to | @’’(1, 23)),. Thus
1
1< a(l, 23)] T (s)] 1P>A=1< a(1, 23)| Tl(s)‘ Wa—2 S, £ o1, 23)| TI(S)I a’(1, 23)>1E s
o o
X 8, {Pigper(1, 23)| @''(1, 23)), { @' (1, 23)| 7D () 9. (3.13)
An alternative form of (3.13), which will be used later on, is

1

L a(1,23)| 7D (s)| 4= a(1, 23)| Ty(s)| ), - 23, £ (1, 23)| Ty(s)| Pyys'(1, 23)>2E s
XK (1,23)[ TM () [Pa-

(3.14)

Ino
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We conclude this section by considering the exchange symmetry of three-particle bound-state wave func-
tions which are extracted from the three-particle 7 matrix.?® Let |yz) be a normalized three-particle
bound state:

(Ex-H)|9p) =0, @plys)=1

(3.15)
(H=H,+V,+V,+V,=H,+V).
From the formal expression for T'(s)
= 1
T()=V -V .V, (3.16)
it follows that
1
£a(1,23)|TE) | Pa ~ -, 23)|V|gs) 5 (sl VIWa- (3.17)
s REg B

The residue of a(l,23)| T(s)| ) at the bound-state pole, which may be easily extracted from the nu-
merical solution of Egs. (3.13) or (3.14), is thus proportional to

La(1,23)|V|gg) =(Eg =p,® - 4,%) L (1, 23) | 9) (3.18)
in the c.m. system. The equality (3.18) is derived by representing V as H - H, and using (3.15) and

(p,2+4q,% - o)’ (1, 23)),=0. (3.19)
Now

a1, 23)[ T(s) [ 9, = { @, 23)[ TV (s)+ T® (s)+ T (s) | ¥) 4
= ((e+Pygp + Pry) (1, 23)| T ()| )4
= {(e+Pyg+ Prag)3(1 = Py (1, 23)| TV (s) | 9 ,, (3.20)
and consequently
£P150(1, 23)| T(s)| ¥ 4= (€ + Pygp+ P123) Prp3(1 = Pys) (1, 28) [ TV () | 9) 4
= =((e+ Pygp+ Pya3)3(1 = Pp3) (1, 23)| T (s) | ) 4
=—(a(,23)|T(s)| s, etec. (3.21)

The expression for ( a(1, 23)| T(s)| ¥) , given by (3.20) yields, according to (3.17) and (3.18), components
Of | Z/)B> ’

1< a(l, 23)| ¢E> )

which satisfy
APa(l,23)|¢gp) = - a1, 23)|4p) , etc. (3.22)

These components are thus consistent with the complete antisymmetry of |yp) .

IV. J-j COUPLING SCHEME

In the J-j coupling scheme, we form (c.m. system) eigenstates of total angular momentum g and projec-
tion of total angular momentum on the z axis of a space-fixed coordinate system g, from a direct product of
the eigenstates of ¥ (relative orbital plus total spin angular momentum of a nucleon pair) andf (total angular
momentum of the third nucleon in the c.m. system). The isospin components of these states have total iso-
spin 7, and z component of total isospin 7,. They are formed from a direct product of the eigenstates of
T (total isospin of a nucleon pair) and T (isospin of the third nucleon). The complete list of commuting op-
erators which characterize the J-j coupling scheme was given in Sec. IIL

The explicit construction of the complete set of J-j basis states is given by

b, 9, @), = |p, g, &, jR)); = |[P(LSM,q(s)j]88,; (THT T ,);
= 27 (Imyjm;|98,) |p(LSMmy; q(s)im,);| (THTT,), (4.1)

myam;
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with
[p(LS)Imy; qUs)im;); = 25 23 (LmySms|Imy) Umy smgl|jm,) | pLmy; qlm,)|Smyg);|smy) (4.2)
mp,mg my,mg
and
| Sms); = [(s;8,)ms); = 25 (s msjskmskl&ns) Isjmsj> |skmsk) (ijk cyclic), (4.3)
"‘sj ' My,

where |s;m; > are the orthonormal spin eigenstates for nucleon 7 and |(T#)T7,); are the three-nucleon iso-
spin states defined in Appendix B. The symbols (@abB|cy) are Clebsch-Gordan coefficients. (We will use
the Condon-Shortley phase convention throughout this work.) For convenience, the same symbol is used for
an operator and its eigenvalues. The quantum numbers s and ¢ are, of course, always 3 for nucleons. Anti-
symmetry with respect to j& exchange requires that

(__1)L+S+T= -1,
We may use (2.12) to expand the states (4.1) in eigenstates of linear momentum:
[p(LS), qs)j189,; (THTT ), = 25 (Im,jm;|99,) 23 2 (LmySmg|JIm,) Qmsm|jm,)

my,m; mp,mg my,mg

< [ [a2 ¥ 1 (DY 1, @15, G S, 55 (TOTT,), (4.4

The orthonormality relation for the states given by (4.1) is
{[p" (@SN, q' W) "9 95 (T')T' T, ||[ p(LSW,q(s))88,5 (THOTT )

6(p' ~p) 8(q' - q)

»* 7
The Faddeev equation, in the J-j coupling scheme, becomes (4.5)
¥ (p,9,0)= ¢V (p,q, @) - 22] b2 dpzf X 2_ (P20 @), (4.6)
2
where
lpg‘l)(p’q)a)=1<p’q1a!T(1)(s)‘w>A’ (47)
‘Pgl)(Pz, 42 0[2) = 1<p2’ G2 IT(I)(S) ’Zp)A’ (4.72)
oV (p,9,@)= (b, | T1(S) 9 45 4.8)
and
4.9
(1)K2=1<P,q,a|T1(s)lp2,q2, az)z- ( )
Using (4.4) in (4.9), we obtain
WK, = 2z (89 |Im;jm;) (Jm; | LmySmy) Gm; limy smg) Tymy jom; 19:9,,)
(all magnetlc numbers 2 2
except § ., 322)
><<Lsz Sy IszJ>(l2m,2 2" |]2m >_[dpqufdpz aq, Yi‘m 2) 4 (CI)YL2 m, ($,)Y, 2™ (@)
X (B, q;Sms,smg; (TOT T, | Ty(s)| Parn; Szmsz: S2Ms,s (Tot)T 2T 220 - (4.10)

The spin and isospin eigenstates, }Szméz,szm ). and | (T,4,)7,7,,), may be expressed in terms of |),-type
states by using (B5) of Appendix B, and the relatlon

Isimsi,sims‘.>i = l(sjsk)sims..;simsi>i

]

) i 27 (sm s SeMs, | Sims, ) (Spms, | simsisjmsj> | (s,-sj)Skmsk; s, )y (ijk cyclic).
m ms
w o (4.11)

Mt Mse
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After setting |D,,d,), = | D1,d1)1, the matrix element of 7,(s) in Eq. (4. 10) reduces to

«Py,dy; S, smg; (THT T, | Ty(s)| Dy, A S 2MMs 3 S2Ms)3 (Tot)ToT 5,02

= 27 (sgms Sitts, ISzms)<Slmb | s2m, S 5mg )6

mss, ms1 Sl N msl

S Sl ms msl

ty=Tp=

o n
X (TT, tt,|TT,)(-1) 2T T W (it Tty ToTy)

T, .,
R PRLIP

X(T, Ty, Ly, |T2T22> 0, tlétz ti, 1<§;§; Smg; TT, | Tl(s)lﬁl)ql; Slmsl; TyTi20s

(4.12)

where T, denotes (27,+1)/2 and W is the usual Racah coefficient. Charge conservation requires 7,, =7
for a nonvanishing matrix element.

The two-nucleon interaction is assumed to be invariant under the usual space-time translations, inver-
sions, and Galilean boosts, as well as general rotations in ordinary space and rotations about the z axis in
isospin space. The appropriate partial-wave expansion of (4.12) is then®

z

£D,d; Smg; TT,|T, (s)lplsql’ 1s 5 T,Ty, 0,

=5 (3-51)55‘5,5”157‘5% I 2 YL'mL'(ﬁ)Yf

(1;1)<le].' Smg|J’ m;r =mye +ms)
Idy Lmy, Lymy

1Ly
X<L17’”L131msllJ1mJ1=mL1+msl>5J’J 5mL ympstmg - mg 61,1,1,' il.sz.rz (P05 s - 4%, (4.13)
where
8.1,1,1.' =5L1,L' _Gle—L'l 2

with L’, L, taking on values from |J, — S| to |J,+S|. Space-reflection invariance restricts |L, ~L’| to 0 or
2 in the case of tensor forces. For S=1, J#0, and (-1)T*/1=-1,

J1TT

=impTL L f(pPp%s= p2)+5L1,L

is a two by two unitary and symmetric matrix with respect to the L,,L indices.
Following a suggestion made by El-Baz et al.,'® we use (2.9) and the relation'*

i ARy 12
4 (20+1\Y -
'rlY,*m(ap)=g Zx iﬂ< 2)\) (57 ) tr, ) umy = xm=my[lm) Y Q)Y Eo\ o, B0),  (4.14)
= maee

2l+1
2\

(P1) = Z Z 477 (Zl N 1>1/2 <2Ll X 1>1/2 (Brz22) )\(‘alzqz)l-)\(‘alzpz)A(_Blzqz)Ll-A

)\m)\AmA 25

where T=sT, +¢T,, A =(2x+1)/2, and ( > is the binomial coefficient, to obtain

GpY @)Y,

1 ™ML,

X(xmyl —xm—m,|Ilm) (Am, L, —Ale—mA|L1le)

XY){m)\(pAz)Y;k-)\,m-m)\(az)YXmA(ﬁZ)Yzl-A,mL (62) . (4.15)

1™™A

After substituting (4.12) and (4.13) into (4.10) and integrating over p and g, we use (4.15) and the partial-
wave expansion

JySTT J STT -~ “
Ty),0,i Poua)= 2 To) 05, (P2@) Vs (P)Y, n (2) (4.16)

r,m,
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with

J!.STTZ 2 2 2

T (%05 s - 4%

Ll'L Y1 (417)

J,STT 2
-TLi.L.‘le (anl):E 0(¢* - 4,%) pflq;

to obtain

t=T, =Ty o
(1)K2=Zl— Z GSSIGJJIGT,‘fzz (°1) 22 TT2W(t1t3T2tz§ TzT) Z (TT‘ttz ITT2> <Ttht2 I TZTZZ}

S Jl Tz-:z

1

— 172 1\v2 )
XE 01,1 Z <2l2+ 1) <2Lzlj:- ) (B1zP2) A(‘alz‘Iz)l )\(‘0‘1202)1\(_5 1292)
L, 1 )\.A,r,rl,rz A

LI-A

XTI LT (5@ + 1) (2L, + 1)72 (2L, + 1)V (2, + 1) @ + D[2(L, - )+ 1]72[20 - 2) + 1]

L, r 'rl> <A b rl> <r L, 1’2> (LI—A I-x 1’2> 418
X(o 00/ \ooo/\ooo o o o) G (4.18)

where G, _; is the geometrical factor given by

1 z: m,
;= - ) -y - -
GJ 23"‘1 allm’s,( 1) 65525f3352z6m141+m81'm1,+ms mA+m>\,mL2 m, mr+m12,mL1+ml my=my
J,
z

xX{98 | Imgm;) (Im; | Lm,Smg) Gm;| lm,smy) (sz‘,zjzmj2 |959,.) (LszZSZmSZIJZsz>
X <lzm,282m32 Uz”%'g) (Lm,Smg|J ymy +ms) <L1leslmsl 'Jlle +msl> <~‘>'3"”ls3$17”‘s1 | 527”52)

X(s2m52s3m33lslmsl> (v L =amy —my |lm ) (NmyL, - Ale—mAIleLI)

(L2 7 7, ><A ) 7y >('r I, 7y ><L1—A I-2 7y >
my, m, m,=my ) \my my ~my=my) \m, my=m, =y ) \my =my my=my ompmy =y =y )
(4.19)

The quantities in the brackets in (4.19) are Wigner 3-j symbols which are related to the Clebsch-Gordan co-
efficients by

(aabBley) = (~1)7=5 +¥(2¢ + 1)1/2 <Z Z fy> . (4.20)

In deriving (4.18) and (4.19), we have used the relations

~ o - A Ay 1 m s an
fdPZYLszZ(Pz)Y:‘m, (Pz)Y){mx(pz)Y?\(mA(Pz)_Z;("l) rbmA+m)\,mL2-mr ‘LZ?‘AA

XZ&Z(Lzrﬁ) <L2 r o7 ><AA71)<A A 7, >
- 1'\0 0o my, ~m, m,~my, ) \0 00 my My =y =My

(4.21)
and
1 -
~ * * =— T
quzyr m, (qz)lemlz(QZ)YLl-A.le-mA(qz)Yl-)\,m,—mA(QZ) 477 5mr +m12,le+ml —mA-mkylz
Ly, 7 v 1 7, L,-Al-Xx7
—A)+11Y2[2(1 ~2)+1] V2 2"22)( 2 2 ><1 2>
X[2(Ly = A)+1]E[20 -2) +1] Z?Z <oo 0) \m, m, -m,—m, 0 0 0
2 2 2
><< Li-A I-2 72 ) . (4.22)
le—m,\ my =My mA+m)\-—mL1—m,
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which are obtained by repeated applications of the addition theorem for the spherical harmonics.
The geometrical factor G,_; can be simplified by angular momentum algebra (see Appendix A):

G5 +1y+8, +To+7 P P UPUPIY 7 7, Li-A L, °(s Ly j, J J,
=(~1) e {LSJ}JszjzSlsalL1Z(‘1)y(2y+1) lpyi-x A L, L,j s, s55
¥

y 1 A7y Jy S, 1, vy 1

(4.23)

where {LSJ} indicates the triangular relation among L, S, and J. The two quantities in the brackets in the

y summation in (4.23) are the 12-j symbol of the first kind and the 15-j symbol of the fifth kind, which can
be written in terms of 6 symbols as?®

v %, L,-AL,

Li-x A L, =Z(_1)R4 (2x+1){7 y xl {1’2 l x }{Ll—A A x} le 7, xl (4.24)

’
.l -, LA Ly=A1-2 7y Ly Af |7 y L,
with R,=y +Il,+L,+7,+7,+7,and

\s Lyj, d J,
L,j s;835
Jy S, I, v I

’

. . s, 1 xl S x, | V53 La)yg S %
-X (2x1+1)(2x2+1)(—1)’2“2*““42”'S‘Wz{'3 S s {Ll 7 Lz} A N
%y, %, 7 2 j 2 91 Ly (s, 1y da 9 Jy i,

4,25
where the last two brackets are the usual 9-j symbols. ( )
From (4.16), we have

J STT
4STT, s s L1- (0% 015 s~ 4°)
TL R AL an —G(q -q,%) qu P, (cosf)d(cost) , (4.26)
1

where 6 is the angle between p, and §,. Equation (4.26) reduces to'3

Iy STT

7,STT, 27 TLI,L 24058 -6
Lzt (P2)= TBubod P P, (cosf’)[H(cos6’+1) — H(cos6’ - 1)] , (4.27)
12P12P 242 (P2 + g2 - ¢) 1
where
3122P22+ a2 .’ - ¢
cosf’= 4.27a
20,,B12024> ( )

and H(x) is the Heaviside unit function.
The final result for the integral part of the Faddeev equation (4.6) is

f b2 dpzf 92 d‘12 o Zp(l)(Pz’Qz;az)
2’

=T =T o~
=3 2 6usBss0a,r, (<D LW Gt Tty ToT) TZt (TT, | TT,)(TT, 1, | 7,75,
1"’1 z''z

1/2 1/2
D A D A N B O e A i
Ly

Arr 7,

(L v Ax7r vy I, v\ [Li=-Al=-\x7
X(271+1)(2rz+1)[2(L1—A)+1]”2[2(l—x)+1]"272<02 g 01> <0 o 01> <o o 02>< I 02>
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J,STT
1 § L A+l (0120540 Bra A+ TL:.L (P50 4 - 45 s - 4°)
XG"_fd‘” AT dpyp," L7
I gin1 o 242 |°(12‘12-0|/512 2F2 (p22+q22~s)(P22+q22—q2) .
Bia’Pa”+ 01,°0° — ¢° >
P < (D2 Gz @2) - .28)
§ 20:,B12024- D21z Oz

The 7 function is related to the two-body ¢ matrix for S=0and 7=0 or 1 by the relation
LOTT 2
To,L (pPpy5 s ~ )= -7 tL(pDy (s — ?)V? )
where £, is normalized so that ¢, (%, &; k) = e'é"sinéL/k with the Lth partial-wave phase shift 6,. For T,=-1
(proton-proton system), we must include the Coulomb interaction in the two-body ¢ matrix. The complete
off-shell two-body ¢ matrix can be calculated for the general case of tensor and singular core interactions
by a straightforward integral-equation approach.?*:?° '
For the scattering problem, we need to specify the inhomogeneous term ¢{*’(p,q,a) in Eq. (4.6). This
term contains the matrix element ()K; in addition to )k given in Eq. (4.18). The calculation of ()K; is
much simpler than that of ¢)K;. We will only present the result for (K,:

2
u)Kl:;I—a(qz_qIZ)ajjla”lasslanlasslagglagzguafﬂu TZ) (TT,tt,|TT,)(TT,tt,|T,T,,)

z''z

(4.29)

x5, 1si HISHLSTHEL ST} 1111 (9%, 1% 5 - 49), (4.30)

where subscript 1 indicates the initial-state quantum numbers.
For the special case of spinless identical particles (§,=85,=5,=0 and T,=%,=%,=0), G,_; as defined in
Eq. (4.23) reduces to

o (L A Ly=A
G, = (-0 ()| T 2 Loa 1-a b, (4.31)
ly L, v £ v 7

Substituting (4.31) into (4.18), we obtain (V)K, for the special case of spinless identical particles

1 (_1)£ +r ATy Er <2l + 1)”2 <2L +1

WK =
K, 2x 2A

172
. ) (6121’12))\(‘0‘12‘12)1_)‘(" 33 05) (= Bradz)* ™
)\Arlrzr

ann A L - -
XP 2P 202 LI,L [ 2(0 — A)+1]M2[2(1 — 1) +1]'2 <02 g 2‘><£ 3 ’6‘)(3 éz @(LO A lo * 7(')2> TE02% (P2sda),

(4.32)

which agregs&;vif}} the result of E1-Baz et al.'® when their phase factor (-1)¢ is multiplied by the correction
factor (-1)"* 72 7,

V. [£-8 COUPLING SCHEME

In the £-8 coupling scheme, we form (c.m. system) eigenstates of total angular momentum § and projec-
tion of total angular momentum on the z axis of a space-fixed coordinate system J, from a direct product of
the eigenstates of £ (relative orbital angular momentum of a nucleon pair plus angular momentum of the
third nucleon in the c.m. system) and 8 (total spin angular momentum of a nucleon pair plus spin angular
momentum of the third nucleon). The isospin parts of these states are the same as those in the J~j coupling
scheme. The complete list of commuting operators which characterize the £ -8 coupling scheme was given
in Sec. IIL

The explicit construction of the complete set of £-8 basis states is given by

|p,q; @); = |p,q; a(G,jk));
= |[paLD)E, (Ss)8199,; (THT T,);

= E <£m,esm§ IJJZ)]PQ(Ll)eQWl,e)i l (SS)Sms>i l (Tt)TTg>i » (5.1)
me , mg
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with
|pa(LD)Emg); = mzm (Lmglm,| £me) | pLmy; glm,); (5.2)
and o
[ (Ss)8mg); = 27 (Smgsmyg|8Smg)|Smg);|smy); . (5.3)
M Ms

The eigenstates given by (5.1)—(5.3) are related to those of the J-j coupling scheme (4.1) by a unitary trans-
formation:

Ll &
[pa(L1)L(Ss)8]89,; (TOTT,); =2, Jj £8{S s 8 ¢ |[[p(L, qlls)j]94,; (THTT,); . (5.4)
“ Jj 8

The two-particle spin eigenstate |Smg); is the same as that defined in (4.3). As in the J-j scheme, antisym-
metrization with respect to jk exchange requires that

(=1)F+8+T= _1

The orthonormality relation and the expansion of the states (5.1) in eigenstates of linear momentum are
similar to those given in (4.5) and (4.4), respectively.

The Faddeev equation, in the £-8 coupling scheme, is the same as (4.6) with |p,q, @), denoting £ -8 basis
states and the kernel VK, given by

MK, = 2 99, | £me8mg) (Lmg| Lmylm,) (Smg | Smgsmy) (£2m£282m§2 |9:9,.)

(all magpetic quantum
numbers “except g, 1Jg,)

x <L2mL2l2mlzl £2m£2> <Szmszszmszlszmsz> fdﬁz fdaz fdﬁ fd& Yme(ﬁ)Yikm, (a)YLszz(ﬁz)szm,Z(az)

X (B, q; Smgsmg; (THTT , | T1(8) B, s Szmszyszmsz; (Tot,)T,T5,) . (5.5)

(5.5) differs from (4.10) only in the first six Clebsch-Gordan coefficients, and hence the angular momentum
reduction for (V)K, in the £-8 coupling scheme is identical with that given by (4.18) except for the replace-
ment of G, _; 6,4, by Gg.s, where

1 m

Go.g = z: =1) 78446 4] 1o} 4] -

£=-8 29+1 @11 retic ( ) 552 52.3(28 mL1+msl,mL+m°. mA+m)‘,mL2-mr mr+mlz'le+ml mp=my
quantum nurmbers)

x{99, | &my8mg) (Lmg | Lmylm, ) (Smg | Smgsmy) (£2m£252m32|52822) (Lzrrthlzwz,2 | £2m£2)
><<82""s232””‘s2| szmsz> (Lmy Smg|J,my +mg) (L, my, Sy mslle my, +msl)

X<ssms3slmsllszms2> (szmszssmsslslmsl) (amy! —)\m—m)‘llm)(AmAL,—Ale—mAlleLl)
>(<L2 r )(A by 7, )<r 1, 7, ><L1—A I-2 7, )
My My My =My, [ Ny My =Py =T\ NPy Py, =My =1y [\ =Ty 17y = P Ry 1 = Py, = 1y )
(5.6)

(5.6) reduces to (see Appendix A)

$3+S2+L2 5 5 5 c s §sy sa S\ fr vy gt VX AL AT LS S
G£_S=(_1)71+’rz+r+2s+8+ 9+Sy 28£52£2J123231ZL1{ 2 S3 1}{ 1 72 2} I X 1l=-2x l:sl S £, £,
8

s 8 Sl Lav ) g o 5, VL, s, L
(5.7)
where the square bracket is the 12-j symbol of the second kind?°:
iyl s § S
5,=85-L,+L LSxIL«S lesxlfLle
S, S £, &] =(-11* 2 2x+1)7t 2 { { r o2 . (5.8)
Lll ; % J Z Is T Sf s 7, S{19 1 £,§19 1 £
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0o

The final expression for the integral part of (4.6) in the £-8 coupling scheme is the same as (4.28) with

G _g replacing GJ_J.GNI.

For the special case of spinless identical particles (3,=8,=5,=0, T,=%,=%,=0), G;_g and ('K, reduce to

(4.31) and (4.32), respectively.

The matrix element (YK, required for the inhomogeneous term ¢{* can be obtained by a similar method.
The final expression for (V'K, in the £-8 coupling scheme is

2
DK,= 20 25l - a)(-1)
7.7, q

L+S+£+8 +L1+SI+£,1+S!+2S

0,s8,;,0550pp 90, ¥
1y,7ss,%dd, ssl 1‘T1 Tlez Tlez

X‘ﬁ §‘ElglJAI2 Z <Tthtz ITTz> <TTz ttz I T1T12> a—Ll,L

T

8 Ly x\ )8 L x\ )8, L, x
X 1 1 1 1
;(2"”){1 g .,cl} %,g .,c}{Jl s s,

SS L xl J,8TT
1J1 s 55 TLi-L

# (pzyplz; s - qZ) ’ (5 9)

where subscript 1 indicates the initial-state quantum numbers.

VI. SUMMARY AND DISCUSSION

We have obtained complete angular momentum
reductions of the Faddeev equations for three-nu-
cleon systems in two different coupling schemes
-j and £-8). The two-nucleon interaction is as-
sumed to have general space, spin, isospin, and
velocity dependence consistent with invariance un-
der the usual space-time translations and inver-
sions, Galilean boosts, rotations in ordinary
space, and rotations about the z axis in isospin
space. Complete antisymmetrization of states
with respect to particle exchange is easily accom-
plished by using the properties of the permutation
group and the isospin formalism. The extraction
of a properly antisymmetrized wave function for
the three-nucleon system from the solution of the
Faddeev equation (3.14) was briefly discussed in
Sec. I

For the special case of separable two-nucleon
interactions, the results of this paper can be used
to reduce the Faddeev equation (3.14) to a set of
coupled integral equations in one continuous vari-
able.

In future publications, we will give a detailed
theoretical and numerical analysis of three-nu-
cleon bound-state wave functions, electromagnetic
form factors, and low-energy scattering parame-
ters, based on the formalism of this paper and
that of Refs. 3 and 25.
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APPENDIX A. GRAPHICAL REDUCTIONS OF
GEOMETRICAL FACTORS G,;_; AND G,

In this Appendix, we present graphical reduc-
tions of G,_; and G¢_g, defined in (4.19) and (5.6)
by the graphical method of Yutsis, Levinson, and

r
Vanagas (YLV).?°
We first consider G,_;, which can be reduced to
Gy = (-0 TG 7,7, 88,0 L LS,
(A1)

where {LSJ} indicates the triangular relation
among L, S, and J, and H,;_; is graphically given
in Fig. 1. In drawing the graphs in figures, we
have made two minor modifications of the YLV
method. We have dropped the directional arrows
for lines corresponding to integer spins and have
retained the directional arrows for lines corre-
sponding to half-integer spins. Also, when the
sum of the upper three arguments of the 3-j sym-
bol representing a node is an even integer, the
node is enclosed by a circle, and the positive or
negative sign omitted because, in this case, the
orientation of the node is irrelevant. Orientation
of the node is positive or negative depending upon
whether the labeling is counterclockwise or clock-
wise, respectively. By cutting through the lines I,
I, Ly, and L,, H,;_; can be decomposed into a
product of H, and Hj, i.e.,

HJ—j=E(2y+1)H2H3’ (A2)

where H, and H, are diagrammatically represented
in Fig. 1. H, reduces to the 12-j symbol of the
first kind:

v 7, L,-AL,
Hy= {l,1-=x A L,y, (A3)

y 1 A
which can be reduced to products of the 6-j sym-
bols as given in Eq. (4.24). Similarly, the diagram
H, reduces to
s Lyj, d J,
L, j s 835,
Ji S Ly 1

L +sl+J2+y +2s,

H,y=(-1)"1
(A4)
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FIG. 1. Graphic representation of H;_; and its reduction in terms of H, and Hj. H;_; is related to G;_; according to

(A1). The dashed line indicates where the cut is made.

where the last factor is the 15-j symbol of the
fifth kind, which reduces to Eq. (4.25). Combining
(A1), (A2), (A3), and (A4), we obtain the final re-
sult G,_; given in Eq. (4.23).

In the, case of the £-8 coupling scheme, we can
reduce G, _g to
J4sar =7 mr aa A A aoaA A aa

U 888,8,0,28,8,11,H s,

(A5)

Gg-5=(-1)

where H;_g is given graphically in Fig. 2.
Again cutting the lines I, ,, L,, and L, in H_g,
we reduce Hg _g to a product of H, and H,:

= Z(Zy +H) H, X
y

Ho_ =23 (2y+1)H,H,, (A6)

y
where H, is graphically given in Fig. 1, and de-
fined in Eq. (A3), and H, is graphically given in
Fig. 2. H, can be further reduced by making two
cuts indicated in Fig. 2:

H,y=hyhohs . (A7)

The graphical representations of %,, h,, and &, are
given in Fig. 3. The hy, h,, and h, factors reduce
to

1Ly +8,y Sl L, £2l

h1=(—1) 1L2 l2 y5 ’ (A8)
N p i -}-
+ I\\‘ }
2
) 4| £ -
+ Y
L2// ,J _!3
e L ] ,g Y
L| /—>2 +
i S ( S
S 2
3
Ji -
- S + S|\

Ha

FIG. 2. Graphic representation of H,, _¢ and its reduction in terms of H, and Hy. H_g is related to G,_ ¢ according
to (A5). The cuts in H, _; and H, are indicated by the dashed lines. The graphic representation of H, is given in Fig. 1.



890 HARPER, KIM, AND TUBIS 2
-
+
| F
Fd
lg{ y 2 S, S + 2 -
H4 = + 2 - X +\ + X L, |L "J AJZ
- +
L, L Sy s S,
+ - J, S

h |

- g +

h h

2 3

FIG. 3. Graphic reduction of H,=h,kyhks. The graphic representation of H, is given in Fig. 2.

$,+5,+38, 18, Sg S1
= (1) {s 5 Sz}, (a9)
and
’rd, 1 s &
hy=(-1)L*+3+9 |5 5 g, ¢ . (A10)
L S L 8§

The last bracket factor is the 12— symbol of the
second kind, which reduces to Eq. (5.8). Using
the easily verified relation,?®

v
J172 73 Ja
L, 1, I, {%‘ ks y}

2 (2y+1)
’ Vv By kg ky) el B

Lyt itk ~k
=(=1)2 3778787 1475 I3 j .
(-1) Ny L g

Jo by By (.
2 e {]2 k, kl}
Iy ks By

(A11)
we can sum over y in (A6) to obtain

T1¥7g+Ly

22y + 1Hh=(-1)

L, A L,—AZ
v, v, £
X<l x l=-2x 172 2,

{ZZLZV}

£, 71 7 5
(A12)

Combination of (A5) through (A12) yields the re-
sult for G, _g given in (5.7).

APPENDIX B. ISOSPIN EIGENSTATES
The proton and neutron isospin states are

p) =t t,=-3),
and (B1)

|n) =|t,t,=+3),

respectively.

For the three-nucleon system, we couple the iso-
spins of the kI pair to form the total isospin T of
the pair, and then obtain the total isospin 7‘ by
couphng T and the isospin of the third particle t, ,

7‘ T +t In this coupling scheme, the
e1genstates of total isospin are

(77, = (T )T 73,05
all (GRAVAA L% PR
= 23 ATt | T T )|t )T T it )
Tiz tiz
(kL cyelic), (B2)
where
[t )T T3, = 2 At it T T
trztyg
X|tktkz> |tltlz> . (B3)

From these definitions, it is straightforward to
show that

(Tt )T 0, = 2 (<0 * T T T+ 1)@T)+ 1))
TI
k

XW(tktﬂ; t; T; T;,) l(Tl'e tk)Ti Tiz>k

(B4)

and

(21, +1)(@T+ 1)) 2

l(Ti ti)Ti 7; >1 =§ (—l)ti—Tt )

xW(tt,T; ”TT)IT,t,) i :z>l

(ékl cyclic), (B5)

where W is the usual Racah coefficient.
The projection quantum numbers for various
three-nucleon states are:



2 FADDEEV EQUATIONS FOR REALISTIC THREE-NUCLEON... 891

for the trineutron system;

t,=% for He%
for the triproton
system. (B6)

The two-nucleon Coulomb interaction is

62
Vc('rlz) =1,_12 %(Tzz - Tg)

for point nucleons. Thus the two-nucleon ¢ matrix
771517 will have Coulomb contributions for 7,
=-1, but not for T,=0or 1.

In the presence of Coulomb interactions, total
isospin is not conserved, so that 7 is not neces-
sarily equal to 7, in (4.18), i.e., isospin mixing oc-
curs. In the absence of Coulomb interaction, the
two-nucleon ¢ matrix is independent of 7, so that
we can sum over 7, in (4.18) to obtain

23 (TT,H,|TT,)(TT,tt, |7,9,) =bq7, - (B7)
T ,t

z z
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