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The R-matrix expansion for the ground-state energy of a many-fermion system is carried
through fourth order. We evaluate this expansion for a potential modeled after the nucleon-
nucleon one. The calculation is described in detail. We find that the "hole-line" approxima-
tion seems to underestimate the attraction so that a hard-core force may well be consistent
with the experimental bi~ding energy of large nuclei.

1. INTRODUCTION AND SUMMARY

A method, the R-matrix expansion, has recently
been proposed" for the calculation of the ground-
state energy of a many-fermion system interacting
through forces which have a short-range strong re-
pulsion, an intermediate-range attraction, and
which vanish rapidly at long distances. It is the
purpose of this paper to carry through such a cal-
culation for a simple model potential, patterned on
the nucleon-nucleon potential. The results of this
calculation are compared with those of the two-
"hole-line" approximation, and it appears that the
"hole- line" approach substantially underestimates
the binding energy in this case. Consequently it
seems likely that hard-core potentials are compat-
ible with the "observed values" for the binding en-
ergy for infinite nuclear matter.

In the second section of this paper we describe
how to obtain the R matrix from the potential, both
in the absence and presence of an excitation of the
Fermi sea. The R matrix is basically the same as
Brueckner)s~ K matrix except that it has been reg-
ularized' in the neighborhood of the Fermi surface
to eliminate the appearance of certain singularities
which occur in the Brueckner formulation.

Since the R-matrix expansion procedure involves
multidimensional integrals of products of the R
matrix elements, just as the potential perturbation
expansion involved multidimensional integrals of
products of the potential matrix elements, we have
found it desirable to have an accurate numerical
representation of the R matrix. We describe our
representation in the third section. As a guide to
the proper forms to employ, we compute the di-

2. EVALUATION OF THE R MATRIX

In order to evaluate the terms of the R-matrix
expansion of the ground-state energy of a many-
fermion system which was recently proposed, "
we need first to evaluate the R matrix itself in
terms of an interaction potential. We have select-
ed the following potential for consideration in this
paper. First, for states of even relative angular
momentum,

Vr(r) = V, , Vz(r) = V2, 0 & r &c,

Vr(r) = V, , Vz(r) = V~, c &r &d, (2.1)

V,(r) = V, (r) =0,

lute limiting case, introduce adjustable parame-
ters, and fit them to our values of the matrix ele-
ments computed by methods of the second section.

In Ref. 1, the spin and isospin sums were left
in matrix form under the integrand of the multi-
dimensional integrals. We have, however, found
group-theoretic methods to reduce by mechanical
procedures all of these sums (at least through the
fourth order in the R expansion) ab initio. These
procedures are described in the fourth section of
this paper.

In the fifth section of our paper we detail how to
write out the R-matrix perturbation series and
give all the data necessary to construct the multi-
dimensional integrals whose evaluation is required.
In the final section we describe our evaluation of
these integrals by Monte Carlo methods and tabu-
late the numerical results. Comparisons are made
with the results of other methods.



BAKE R, HIND, AND KAHANE

where V& is the singlet potential and V~ is the trip-
let potential. For states of odd relative angular
momentum we choose

Vz (r) = V, , Vz (r) = V6, 0 & r & c,
x F (P, k")+k'j, (kr)j,(kr')/kr, (2.4)

V, (r) =V, (r) =O,
(2 2)

g =0.4 F, d ='-,'c,

The parameters in this potential have been chosen
as follows:

where 4 and P are the relative and center of mass
momenta of two states in the Fermi sea and j,(x) is
the spherical Bessel function. For a discussion of
the definition of R, the reader is referred to Ref.
2. The function E(P, k") represents the now-stan-
dard approximation to the effects of the Pauli ex-
clusion principle and is defined by

V, = V, = V, = VS=10'k'/Mc~,

(2.2)

F(P, k") =0, (k"'+ 4&')"'(kr,

=1, k" —~ p)k~, (2. 6)

Vs =1.25(~ w)'k'/Mc',
= (k"'+ 4 P —kr')/k "P, otherwise.

V, = 0.96( ~ n )' k '/Mc'.

We have fitted the two-body data a~ =5.39 F, so~
=1.71 F, and u~ = -23.7 F to determine these pa-
rameters. We compute E~ = -2.20 MeV, and so~
=2.14 F instead of 2.6 F. Here F is fermi, a is
the scattering length, r is the effective range, and

E& is the triplet ground-state energy. The singlet
phase shift 5o = 0 for 0 around 150 MeV, instead of
200 MeV as it should. Therefore, our model po-
tential, although too simple to reproduce all of the
features of the real two-body nuclear force, is
nevertheless sufficiently realistic to lead us to be-
lieve that our results are relevant to the under-
standing of the problem of infinite nuclear matter.

The 8-matrix expansion' is basically derived
from the Brueckner K-matrix expansion, ' where
no self-energy corrections are made to the prop-
agators. Each E matrix in the Brueckner expan-
sion is then expanded in powers of the R matrix,
so that every diagram in the K-matrix expansion
contributes to every higher-order term in the R-
matrix expansion. There are two types of R ma-
trices which enter. The first type involves no ex-
citation of the underlying Fermi sea, and the sec-
ond type does involve such an excitation. Luckily,
through fourth order in R, which is as far as we
shall carry the expansion here, in those R's which
involve an excitation of the Fermi sea the excita-
tion is, in an approximation which we will detail
below, directly related to the initial or final mo-
mentum. We therefore need not introduce an addi-
tional parameter to describe the degree of excita-
tion of the Fermi sea. We will denote the B ma-
trix in the presence of this excitation as R.

The R matrix' is defined as follows. First we in-
troduce the Green's function

Following Brueckner and Masterson, ' we eliminate
P completely by using an average value in its place.

1+ -'k/k
—,'~'=-'k '(1-k/k )

' ' " ' (2.6)
2

where again k «kz. From the Green's function and
the interaction potential, we define a wave function

(2.7)

oo

(k 'IR, I k) = — j,(k' r)V (r)u, g
(r)r'dr, (2.8)

where k «k&, and k' is unrestricted. If we define

() f k'dk" (— (2.9)

then' the K matrix elements can be given as

&k'I ff, lk) = &k'Ift, I»/l1+ f(k) &k If' l»1 (2.1o)

in terms of those for R. Equation (2.10) readily
gives us the expansion

&k IJf, l k) =& k Ift, lk) fl- f(k)&klft, lk&

+If(k)&klft, l»P-" } (2.11)

We remark that V depends on f by (2.1) and (2.2),
and also that there will, of course, be separate
singlet and triplet wave functions determined by us-
ing the singlet and triplet potentials in (2.7). From
the wave functions we obtain the R matrix elements
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of the E matrix in powers of the B matrix.
The contribution to the single-particle energies

made by the K matrix, i,e. , the sum of the ladder
diagrams, is given by

~2(ky -m}
E(m) = —m'+ 4 2A'dk

4 0

2(&y+ ~) 2 4y2
+~~ 1 — Ikdk

I(~~ fft ) 4QPPg

(2.12)

will see this result below) that the averaged exci-
tation energy always exceeds the energy of the in-
cident state, so that 8 and K are equal in this case.
The calculational formulas are now~

G (r r')= k"'dk" " ' " 'I" (p k")
s k"'+b. (k)

(2.15)

where I", by approximating the Pauli principle in
the same manner as I", has been extended to val-
ues of P outside the Fermi sea to be

r)2=)-..))(', ,
"", )() I)). , I)&

+Z(2)+))( ")()Iz,, , )l)&

(2.iS)

I" (P, k") =1, pP kr&k"-,

=0, (k"'+ —,'P')"' &kr,

=1, k'" —g p «k~,
(2.16)

with 8 and T standing for the singlet and triplet
states. By E in (2.1S) we mean the series expan-
sion (2.11) in powers of the B matrix. This series
is divergent, though summable" for suitable po-
tential interactions. The divergence arises' from
the divergence of l(k) as k tends to kr. The inte-
gral (2.12) nonetheless converges in every finite
order in R. It is to be remembered that the K-
matrix expansion. in powers of V ls dlvel gent, and
the R-matrix expansion' in powers of V is conver-
gent, so that the divergence of X(R) is expected.
This type of rearrangement of an infinite, diver-
gent series has been discussed in another place'
and found legitimate. The contribution to the
ground-state energy made by the ladder diagrams
via the R-matrix expansion of (2.12) is given by

[&(m) ——.
' m'] m'dm.

0

= (k" +4p —kr')/k "p, otherwise.

The definition of the average value of P changes,
because we now have a vertex with one incident
filled-state line instead of an unexcited Fermi sea
as in (2.6). It is

—.'P ' = (k,'+k'/162)/(k„'- ~k'), k &k„

k «k'~.
(2.1V)

As P &k„always, it follows from (2.16) that Ii is
never zero. The value of &(k) is, basically, (2k)'
—(k)2+ mean-square average of a hole momentum.
The average is restricted by the given value of k.
This quantity works out to be

(„) ~ kr4 —~~k~sk+kr k —~k~
2 j. y2 Et

Through fourth order in K we may use the follow-
ing special feature to restrict the number of pa-
rameters on which the R matrix in the presence of
an excited Fermi sea depends. To this order, ev-
ery excitation consists of a single filled-state hole
pair which combines with one filled state at the
previous or next vertex to form an unexcited Fermi
sea. Therefore, except for a hole momentum',
which we must integrate over in any case, the ex-
citation energy is directly related by momentum
conversation to either the initial or final relative
momentum at that vertex. Hence, by averaging
over the allowed values of the hole momentum in a
manner similar to (2.6), we may again reduce the
8 matrix to a dependence only one, &', and E. If
one wishes to proceed to higher order than four,
one must then know R as a general function of the
excitation energy. One further special simplifica-
tion is available on this account. One finds (we

=3k + pk~, k«k~ .

The wave function and R matrix follow in the same
mannel as above:

u„,(r) =j,(kr) ——„C„)(r, r') V(r')u„(r')r"dr',
40

(2, 19)
QOO

&k ~f~, ~k) =-„j,(k r)V (r)u„,(r)r'dr.
4O

Through the use of these formulas, we can pro-
duce any desired matrix element numerically by
use of a high-speed digital computer. (We have

used the Brookhaven CDC 6600. ) The numerical
procedures used are the following. In the calcula-
tion of the Green's function for R [Eq. (2.4)] we

used a step size of 4k" = 0.1k& and did a Simpson's
rule integration to k" = 10k+. For the contribution
to 6 from the remainder of the range, an asymp-
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totic formula previously derived' was used, plus
the analytic integral of the part not represented
thereby. For G we break up Eq. (2.15) as

C ( )- k-'dk-"

„j,(k "r)j, (k "r')
k"'+ 4(k)

x [P(p, k-) —1], (2.21)

since by (2.16) E =1 for k" &kz+ —,'P. The first term
in (2.21) can be evaluated analytically, and it yields

the scattering should not be much affected when
the energy is large compared to that in the Fermi
sea. For a simple hard-core potential, one can
easily derive (e is the angle between k and k' )

(k'lRlk) = ——Q (2l+1)P, (cos8)j, (k'c)/n, (kc).
u )=0

(3.1)

The standing-wave normalization' has been used„

u, (r) -kr[ j,(kr) —tan5, n, (kr)], r -~, (3~ 2)

together with the Schrodinger equation

J k"'dk" ' ' =~i (Zr )k (zr )k"'+ h(k)

(2.22)

d'u, (r),
)

l(l+1)

(3.3)

where A.
' =h(k) and where i, and k, are spherical

Bessel functions of imaginary argument of the first
and third kinds. That is,

U(r) =(m/k )V(r), mE =5'k'

for u, (r), the lth partial wave, and the formula'

i, (x) =v' ,'v/xf„„„(x—),i, (x) = (sjnhx)/x,

k, (x) = v' —2&/«„„„,(x), k, (x) = ( 2w/x)e "—

(2.23)

(k'lRlk) =, d're ' ' V(r)gp(r),
2 7r'

where (& is the angle between r and k)

P q(r) =—Q (2l + 1)i'u, (r)P, (cos0) .kr, —,

(3.4)

(3.5)

Again we have used a step size of 4k" = 0.1k~ and a
Simpson's-rule integration. To solve the integral
equations (2.7) and (2.19), a, mesh size of nr = hr'
= -', c was used. For our potential this choice re-
quires, for each value of k and l, the inversion of
a 29 && 29 matrix for l even and a 7 && 7 matrix for l
odd. The wave functions were computed for 0 «k
«k~ at steps of —,',k~, and from them the necessary
values of (k'lR lk) were computed by a Simpson's-
rule integration of (2.8) and (2.20). The range of k
was extended for A well beyond k~, though in
coarser steps.

3. REPRESENTATION OF THE R MATRIX

In the previous section we have described how to
evaluate the necessary R matrix elements. As we
plan to evaluate many multidimensional integrals
in which R matrix elements appear in the integrand,
it is important to have an empirical representation
of these elements so that the numerical aspects of
this problem can be reduced to manageable propor-
tions.

We shall first treat the problem of representing
the R matrix with no excitation in the Fermi sea.
As a guide to what behavior is to be expected, we
will compute the limiting behavior for a dilute sys-
tem (kr-0). We expect, physics. lly, that this ap-
proximation will also be valid when 0 &k„«k,as

%=V, or V4, P =, -+k' (3.6)

respectively, for triplet or singlet states. It is to
be noted that P m ay be imaginary, since W is neg-
ative. Then

M(k'IR, lk)
,2[fi j~(k'd) f,k'j, ,(k'd)—

+ (k' —k")j,(k'c)], (3 7)

where

f, = (Pd)'[j, (Pc)n, , (Pd) —n, (Pc)j, ,(Pd)](P' —k'),

(3.8)

f, = Pd'[j, (Pc)n, (Pd) —n, (Pc)j,(Pd)](P' —k') .

Examining (3.1) closely and remembering that
k «k~ for the problems of interest, we see that the
series (3.1) converges rapidly for any value of k'.
This result suggests that a partial-wave expansion
of (k'lRlk) of a finite number of terms will be suf-
ficient to represent R. We expect, as mentioned
above, that the k~ = 0 approximation will be good at
large k'. One can also work out the k~ = 0 approxi-
mation where there is an attractive potential out-
side a hard core, as in (2.1). We will let
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(h'IRAN& =Q(2f+ I)I'&(cosg)(k'IR, lk&
1=O

(3 8)

at l = 3 provides adequate accuracy, comparable to
that of the individual partial waves.

We will now consider the problem of adequately
representing the R matrix, when an excitation of
the Fermi sea is present. Here a fit is required
throughout the (k, k') plane. Again, it is instruc-
tive to compute the k~ =0 approximation as a guide
to the structure of the 8 matrix. This approxima-
tion can be obtained as the solution of (2.21) of Ref.
1, namely,

(- V'+q')qp(r)+ V(r)i(p(r) = (k'+q')e'"',

(3.10)

The distance d is the range of the potential (2.1).
In the k~ =0 approximation, S is determined by
matching the solution to the form (3.2) at r =d, In
order to get a good representation of the values of
(k'lR, lk&, we have adopted the following procedure.
For l even, we have fitted our R —matrix data with
the form (3.7), allowing P and the wave-function
normalization as adjustable parameters, and deter-
mined them as a function of k for k = 0, 0.1k~, . . . ,
k~. We fitted over the range 0 «k' «5k~ and then
compared our extrapolations out to 10k~. We did
not, however, fit l=0, 0 «k «k~, 0 «k'' «k~, but
rather have used a table of values and bilinear in-
terpolation in this range. Over-all, the quality of
the fit obtained varied between 3 and 2%, measured
in units of the local maximum. The P's showed
weak but non-negligible variation with k„,k, and
l. The same general form was used for odd val-
ues of I, except that here f,=f, =0, and P'=k',
since according to (2.2) there is only a hard core
and no attraction. Consequently there is only one
adjustable parameter, S. Here the fit is good to
about 3'. We have found for the range of densities
considered that truncating the expansion

where W is as in (3.6). (Note that W is negative. )
Working out the details we obtain

M(k'IRilk& 2 k" +X
I '(k' Z')V 'Q ', (k' )n' k' +K

+d'&, + (~' —X')(k'+ ~')d'T, V ]

where
(3.13)

k j,(k'c) j, , (kc) —k' j, ,(k'c) j,(kc)
1 k'' —k

'clj-)'(.kc) -A.i(kc) 6- (kc)~

k j,(k'd) j, ,(kd) —k'j, , (k'd) j,(kd),

= adl I&'(kd) -ji.i(kd) ii i(kd)~

2X j,(k'd)k, ,(Xd)+k' j, , (k'd)k, (Ad)
kr2 + y2

(3.14)

(3.15)

where the 8, are adjustable parameters and

2k' +g

2 (k" +Z')(k'+x'),
'F k' +/P

The symbols Q, and T, are parameters determined
by matching boundary conditions and are hence in-
dependent of O'. We have divided the region into
two parts for the purpose of a fit: the small-k
range, O-kc-3, 0-k'c-5; and the large-k range,
which is the rest of the positive quadrant in the
(k, k') plane.

In the small-k range we have fitted on a mesh
Ak =6k'=0.1/c with the form

where U is as in (3.3) and q' is the excitation ener-
gy. The expansion of this equation in partial waves,
its solution, and finally taking the hard-core limit
are tedious but elementary operations, and we
shall omit the details. The excitation energy
(2.18) is

2 k"

2 (x' —A')(k" + X')(k'+ ~'),
~~+ K~ 3 ~

(3.16)

q' =n(k)+k'.

We find it convenient to define the quantities

g' = A (k) —ygW/g ',
Z' =A(k),

(3.11)

(3.12)

We have adjusted the @; by least squares over the
range 0 (k'-5. /c on a mesh of 0.1/c; the range of
k is O-k(3. /c on a mesh of 0.1/c. We obtained a
fit accurate to about 3% over this range.

This expression can be recast to display its ex-
plicit dependence on k'. Linear interpolation in k

can then be used to obtain the values in the small-
k range.
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M(k'[R[» k"+~'[
(k, ) (k, )]

+„,[r,j,(k'd)+r, k'j, ,(k'd)],

where

(3.17)

S(k') =„,[r,j,(k'c) +r,k' j, , (k'c)

+r,j,(k'd)+r, k'j, ,(k'd)], k' gk,

,' c—[r—j,(k'c)+r, j„,(k'c)/k']
(3.18)

——,'d[r, j,(k'd)+r~j, +,(k'd)/k'], k'=k

ymptotic formula to represent the R matrix. One
would expect that at the higher energies involved
that the matrix elements would be dominated by
the effects of the hard core. To investigate this we
compared, in the range 3k~~k-5k&, the differ-
ences between the R matrix for hard core alone
and for hard core plus attraction. We found, for
the partial waves checked, agreement within about
3%. Besides, in this range, the contribution to the
final integrals to be done will be small, because of
the presence of other factors which go to zero.

In order to develop an asymptotic formula, we
propose to sum the kz-—0 approximation (3.19) to
all orders in l. First we will insert an approxima-
tion for H, . One can easily show from (2.23),
(3.19), and

k, (x) = (w/2x)e "[1+(1/x)] (3.22)
and the r,. are functions of k alone and not of k'.
The relation between the x; and the N. ; is easily ob-
tained from (3.14)-(3.18).

For the odd-l states, where only a hard core is
present, the problem is much simpler. Taking the
hard-core limit in Sec. 3 of Ref. 1, we deduce in
the k& =0 approximation

that

(3.23)

for large A. , or equivalently k»1. If we use the
standard recursion relations for Bess el funct jons, '
one can show that

M(k'IRAQI» 2, k,

+—[kcj, , (kc) H,j,(kc)]j,(-k'c),
2

(3.19)

H, = —Zk, , (zc)/k, (xc).

H„,= —A'c'/(2l+1-H, )

exactly. If we make the hypothesis that

a, =-Xc+l,

(3.24)

(3.25)

We have fitted the R matrix using a least-squares
fit for two parameters. These parameters were
inserted in (3.19) where the factors of (2/w) appear.
We obtained results accurate usually to a, few hun-
dredths of a percent ranging up to 0.2%%uc. We can re-
cast (3.19) in a form to make the dependence on k'
manifest. It is

then expanding (3.24) for A. large confirms (3.25)
for I+ 1 within O(X '). In this approximation, we
will show that (3.19) sums to

M(X'(R[Z) 2c, -, ,j,(~i- I (c)

+ (P.c+ I)j,(~ k —k'[c)

M(k'iRik) . (k, ) („,)

where

(3.20)
(3.26)

Now to show that (3.26) is equivalent to (3.19) us-
ing (3.25), we first note that'

B(k') =„,fc,j,(k'c)+c,k'j, , (k'c)], k' Pk, (3.27)

(3.21)

= ——,c[c~j,(k'c)+c,j,+, (k'c)/k'], k'=k, which, together with the partial-wave expansion

and again the c's are independent of O'. Over the
small-k range we found it sufficient to keep l-14
for l even, and l~5 for l odd.

For the large-k range we have developed an as-

j,( ~k —It'~c) =g (2l+ I)P, (cos 0)j,(kc)j, (k'c)
n=p

(3.28)

and the observation that
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u—[j,(~k - k (c)]= (u'-l &) '

(S.29)

allows us, by interchanging the order of summa-
tion and integration on differentiation, to write
(3.26) as

M&k (ft)lt) 2c-
=—Q (2l + 1)P,(cos8)[kcj, ,(kc )j,(k'c)

7T

+ ().'c'+k'c'), j,(kcx) j,(k'cx)x'dx
~J o

+(Ac —f)j, (kc) j,(k'c)], (3.30)

where the recursion relation'

1+1.
jg(x)=j&,(x)- „A(x) (S.31)

hRS been used. When we I'ecognlze the lntegl'Rl ln
(3.30) as having the value (V,/c), then we see that
(3.30) is equivalent to (3.19), where (3.25) is used
for H, . Thus the approximations in using (3.26) as
an asymptotic form are these: (i) 0~=0, (ii) H, is
given by (3.25), and (iii) that the hard core gives
the dominant scattering effect. We have also com-
pared (3.26) [as expanded (3.30)] with our numeri-
cal results, and for the / values we have checked
we find an accuracy of about 3k or better over the
range 3/c -k ~5/c. We have therefore adopted this
asymptotic form for the large-k range.

4. GROUP-THEORETIC REDUCTION OF THE SUMS

OVER SPIN AND ISOSPIN SPACE

In the evaluation of the contributions to the R-
matrix expansions, in addition to the integrals
over the intermediate momenta, one must sum
over the various spin and isospin states. Through
fourth order in A, up to four independent spine' Rnd

isospins can occur, or 256 different states. Al-
though this sum needs to be performed only once
for each diagram, the formulas that result RI e
rRtheI' RwkwRrd Rnd may indeed contRln Rs many
as 256 terms. %'e will show how these formulas
may be derived in a simple and compact fashion
(at least through fourth order).

We first need to give a formali, sm which corI ect-
ly takes account of the contributions from the dif-
ferent states. It will be helpful to have an example
to illustrate the discussion. We choose the dia-
gram III.B. The Hugenholtz diagram is shown in
Fig, 1. This diagram represents the sum of a num-
ber of basic diagrams, each of which is an ex-
change variation of the Hugenholtz diagram. These
are obtained by expanding each vertex into the
form shown in Fig. 2. The X's at the top and bot-

FIG, 1. The Hugenholtz diagram representing
case III.S.

tom represent two states each. Each of the four
states involved changes its occupation during the
interaction. If a state in the Fermi sea is emp-
tied„ its line entexs on the left as a blank and
leaves on the right as dotted. If, on the other hand,
it is filled, it enters on the left as a dotted line
and leaves on the right as a blank. For a state
above the Fermi sea, if it is filled it enters blank
and leaves as a solid line; conversely, if it is emp-
tied, it enters as a solid line and leaves as a blank
line. Thus one representative of III.8 becomes as
illustrated in Fig. 3.

For clarity, we will first explain the action of
the vertices (labeled V~-V~) for the spin- and lso-
spin-independent case. Before any vertex acts,
the system is represented by a Slater determinant
with one rom for each occupied momentum state.
The action of the first veItex multiplies the wave
function by a factor and replaces the momentum
variables labeled m and n in the determinant by
new ones labeled p and p, , respectively. Of course,
we must integrate over appropriate ranges of m,
n, v, and p, , but we will treat this aspect in a lat-
er section. The action of the successive vertices
is outlined in Table I. We have numbered the rows
ln the Slatel determlnRn't 1-4 Rnd the orlglnRlly
empty states which are later filled 5-8. These
types are separated by a dashed vertical line. As
every allowed vertex in a Hugenholtz diagram is
four pronged, there will always be exactly 2ri col-
umns in such a table where n is the number of ver-
tices, although there need not be equal numbers of
the two types. The symbols I';,. standing in the
right-most column are permutation operators on
the 2n position numbers. One sees that the effect

FIG. 2. Expanded vertex.
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of a vertex can be thought of in terms of these per-
mutation operators. Any valid perturbation term
must result in a final wave function which is not
orthogonal to the original one; by the orthogonali-
ty properties of Slater determinants the first four
entries on the last line of Table I must therefore
be the same, though possibly in different order, as
those in first line. In other words, the permutation

a separate name in the above (4.2) labeling scheme.
It is these relations, of course, which distinguish
an individual graph.

Let us now consider the addition of a spin-depen-
dent force. We wish to consider only those forces
which conserve the total spin at a vertex. When
S= 2, spin exchange is the only possible such force.
It is convenient to write

15 26)( S7 48)( S7 46)( 15 28) P, , =P, ,(~)P, , (o)P, , (1,), (4.3)

= (P„)(P„)(P„)(P„)(P„)(P„)(4. 1)

representing the action of all the vertices must
factor into a permutation of 1—4 times a permuta-
tion of 5-8, as indeed we see in (4.1) that it does
for our example. When there are spin variables
attached to the momentum variables, we get
(2S+1)c such allowed states, where C is the num-
ber of cycles in the permutation of (1-4). In our ex-
ample C =3. This count arises from noting that
there is one independent spin per cycle, and there
are (2S+ 1) allowed states per spin. In our problem
we will deal with S= 2, of course. A similar re-
sult is also obtained for the inclusion of isospin
with a factor of (2I+1) for those states. Now,

as every Hugenholtz diagram corresponds to many
exchange terms, we wish to write out the sum of
all such terms represented by one diagram in one
simple form. This task may be done as

2"-" II "((R,I+R„P„.P„..„.)P...„.P. .., ]IS),
j=n

(4.2)

where ~S) is the Slater determinant, RD, and Rs,
are the coefficients for the direct and exchanged
vertex configurations, n is the number of vertices,
and m the number of pairs of equivalent lines. The
lines are labeled conventionally as in Fig. 3 where,
for example, m, = v„v4-=rn„etc. There will be
2n such relations, as each end of 2n lines is given

where K, o, and t, stand for momentum, spin, and
isospin, respectively, and the permutation opera-
tor now permutes only the quantity specified by the
argument. When we recognize that there is a fac-
tor of (-1)', where q is the number of permuta-
tions required to express (4.2) as a coordinate in-
dependent multiple of ~3), we can replace P, , (8)
by (-1) inside the parentheses in (4.2) provided we
remember to take account of the over-all sign of
the basic diagram representative of the Hugenholtz
diagram we have chosen. Consequently, the con-
tribution of a single vertex will be, in terms of
the singlet and triplet terms

t2(Rr+Rs)D, I+ 2(Rr -Rs)&, P .„.(o)P„„(o)

—2(Rr+R8)z, P,„(o)P „.(1.)P„.„.(o)P& „(1).

—2(Rr-R8)s, P„(1)P„,.(1.)]. (4 4)

The contribution for a given Hugenholtz diagram is
then given as follows. Multiply the factors (4.4) to-
gether (in proper order) for all the vertices in the
Hugenholtz diagram. The result will be a sum of
terms each of which is a coefficient times an ele-
ment of the direct product of the permutation group
on spins and that on isospins on the 2n line names.
Each element can be factored into the product of
permutations on initially filled states only, and of
permutations on initially empty states only. Now

Ap
I

V V

FIG. 3. One representative of the class of expanded
diagrams represented by Fig. 1. The line labels give
the momenta and the V; label the vertices in order.

FIG. 4. Subdiagrams which occur in all possible reJ.a-
tive vertex orders when the sum over all allowed dia-
grams is taken.
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TABLE I. Vertex action in III. 8.

V2

1 2 3 4

mg sf ~ 82

Vg P)

&g Pg &2 P2
V3

Vg

V4
min2 2 nf

5 6 7 8
I

Vi ~1
I

m, n,
I

I Ply 8)
I

sly p2
I

I Vg Pg
I

V2

m2 n2

V2 S2

V2 P)

15 26

P3v P48

P37 P46

P() P28

take the trace of the matrix representation of the
permutation operators induced in the space of spin
and isospin states corresponding to the originally
filled states. (Note that permutations of one emp-
ty state into another are unity in this representa-
tion. )

We digress from our reductions at this point to
remark that it follows at once that the Hugenholtz
theorem, which states that if a perturbation term
has two portions o and P as in Fig. 4, then when
one sums over all the possible vertex orders the
result is just the product of the two parts taken
separately. The different possible vertex orders
arise because all those different diagrams are pos-
sible which retain the order of the o. vertices and
the P vertices but allow any relative order between
the n and P vertices. This theorem is important,
as it eliminates the extra complication of an excit-
ed Fermi sea in the calculation of the contributions
of both the mand P vertices. This theorem goes
through because the permutation operators at the
o and P vertices are on disjoint sets and so com-
mute.

We can, at least through fourth order, make the
following reduction. We would like to reduce the
basis for the permutation operators as far as pos-
sible. Inasmuch as the trace of the permutation
operators is always 2, where C is the number of
cycles in the final permutation, we cannot expect
to reduce the basis below 2", where M is the max-
imum number of cycles. We propose the following
scheme.

Suppose that the Hugenholtz diagram is such that
we can draw a basic diagram which has the maxi-
mum number of cycles (closed loops made of solid
or dashed lines only) with the additional property

[s(R r+Rs)D&I+ 2(Rr R s)D& P&, ~ &,,(g)

—&(R 2 +R S)E &Pl&. X . (o)P&& y (&L)

, (Rr-Rs—)s,P& ~ (&.)], (4 5)

where l', , X, are the interacting loop numbers at
vertex j (taken in straightened order), we will ob-
tain the correct statistical weight by taking the
trace in the space of states where each loop is as-
signed one independent spin and isospin.

We are now in a position to express the contribu-
tion of a Hugenholtz diagram in a way which can be
greatly simplified by group theory. Let

R, &
= 2(Rr+Rs)o. ,

R,.= 2 (R r -R s)D, &

R,s = z(Rr+Rs)s„
(4.6)

R,, = 2(Rr Rs)s, -

Then the contribution is

Tr[ g(R»I &&I+R»I&& M» —R~s M~x M» R&~M&,xI)]&-

that a vertex order can be specified so that every
cycle (loop) is traversed in order. (For Fig. 3
such an order is V„V„V„Vs.) We call these
stxaightenable gxaPhs. By inspection, all fourth-
order graphs are of this type, but not all fifth-or-
der ones. We illustrate by straightening out Fig.
3 (which is a suitable maximum-loop basic diagram
for Fig. 1) in Fig. 5. The loop lines as shown may
be either solid or dashed. The left and right sides
are supposed to be connected on the same level.
Now, if there is an interchange at V, and V, only,
the lines are crossed at those points, and a single
loop results. If an interchange at V, and V4 only oc-
curs, the two crossed lines undo each other and
there are again three separate loops. If we consid-
er any straightforward graph which can be drawn
in the form of Fig. 5 (horizontal loop lines with
pair interactions between them, in order), then if
we replace a vertex with

V V

FIG. 5. Reduced form of an expanded representative
of a straightenable diagram.

(4.7)
where M~ =U(P»,„),the representative in loop-
spin space. The second term in the direct product
is for isospin space, but the representation here
is identical to that in spin space. Now (4.7) is a
polynomial of degree n in the R». It has the 4"

terms in which one of the four values of j appears
with each value of k = 1, . . . , n in the subscripts in
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FIG. 6. 8-matrix diagrams for the first three orders in the expansion.

the product. Our task is to produce these coeffi-
cients. %'e note that they can be obtained in turn
by setting, for each k, one of the R~,. =1 and taking
the rest of the R's to be zero. In this cir cumstance,
there is only one term in (4.V), and its value irre-
spective of which term it is, is given by

computer, and it has produced in a systematic
fashion the table of coefficients for each diagram
from the string of loop permutations. Ke believe
that this procedure is a reliable method of accom-
plishing what would be a very tedious and error-
prone task by hand.

5. 8-MATRIX PERTURBATION SERIES

as the trace of a direct product is the product of
the traces. The traces which appear in (4.8) are,
for n= 4, of maximum degree 16 rather than 256 as
in (4.7). The factor at the end is there because X
=X for X=+I, 0.

Now we know fx om group theory" that these rep-
resentations are reducible. These representations
are made up of those whose Young tableaux contain
at most two horizontal rows. In Table II we list
the relevant irreducible representations, the num-
ber of times they occur, and their dimensionality
for maximum cycle numbers of 2, 3, and 4. The
necessary irreducible representations of the indi-
vidual permutations required are tablulated in Ham-
ermesh's book '0 or are easily derivable from
those he does tabulate. It mill be noted that the
largest matrix we now need to consider is only 3
&3. We have programmed this procedure for the

TABLE II. The necessary irreducible representations.

Il reducible
representation

Number of
occurrences Dimension

The B-matrix series in terms of diagrams is
simply derived. The first step is to write down all
the diagrams in the potential series perturbation
series. This job has been done through fourth or-
der. ' Next we start in first order and group all the
higher-order diagrams which correspond to the
ladder insertions, with the first-order diagram.
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0- q I

I'. 6

I A, 3

FIG. 7. A-matrix diagrams for classes I and IA of fourth order in the expansion.

This group will be the first-order K-matrix term.
Then we proceed to the next order (third) and exam-
ine those diagrams which were not already grouped.
To each of these we add those higher-order dia-
grams which correspond to ladder insertions in it.
This procedure gives us a systematic procedure
for developing the K-matrix series. Care must be
exercised to sum all the different vertex orders to-
gether in situations like Fig. 4. Care must also be
exercised to sum together all the diagrams with
the same self-energy insertion in all the different
filled-state and hole lines along a particular verti-

cal line, in order to avoid divergent terms. After
this procedure has been carried out, we may ex-
pand the contribution of each E-matrix term in
powers of R as explained in Sec. 2.

When this is done, the resultant diagrams have
the topology of those of Ref. V numbered 81, RS,
HS, FS, I.6, IA. 1, IA. 2, IA. S, II.S, II.4) II.5, II.V)

II.B, II.9, II.10, II.11, II.12, IIA. 1, IIA. 2, IIA. S,
IIA. 4, IIA. 5, IIA. 6, III.2, III.9+10, IV. 1, IV.4,
IV. 5, IV.6, and IV.V. The general term is, apart
f f d' g s 'th th pp 't s'g d
few cases in which it is convenient to group sever-
al Hugenholtz diagrams together,

1 ~+„c Tr[ gf (R»IxI+R„,Ixllf, R»llf, x M, R„~,xI)]-
k=1

16w(- 4w)" 2
II D,

where the numerator is explained in the previous
section, the denominator is the product of the var-
ious excitation energies, n is the order, m is the
number of equivalent lines in the diagram, I' is the
number of violations of the Pauli principle, II is
the number of holes, and C is the number of cycles.

We have illustrated the various diagrams in Figs.
6-10. The momenta are labeled and we have indi-
cated which vertices require the inclusion of an ex-
cited Fermi sea in their evaluation by means of a
carat over them in the figure. The value of the

sign factor in (5.1) of (- 1) '" is listed as a mi-
nus sign in front of the diagram name, where ap-
propriate. The flag symbol always means that an
R matrix is required for the self-energy insertion
on every filled-state line, but an R matrix is re-
quired on every hole line. Where we need to use
the vertices in an order other than left to right for
the reduction procedures of Sec. 4 to be valid, we
have written the vertex order directly above the
figure.

In the numerical approximations set out in Secs.



BAKE R, HIND, AND KAHANE

—XX, l2

FIG. 8. B-matrix diagrams for class II of fourth order in the expansion. The superscript numbers are the
straightened vertex order.
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—XL A. 2

FIG. 9. 8-matrix diagrams
for class IIA of fourth order
in the expansion. The super-
script numbers are the
straigthened vertex order.

-Z A. 4
2

f8+ g

-3X A. 5

Diagram Per mutations c

TABLE III. Momentum transfer taMe for the integrals.

2k3

I.6
IA.l
IA.2
IA.3

II.4
II.5

II.7
II.9

DA.1
IIA.2

IIA.3
IIA.5

IIA.6
III.2

III.9

(12) g2)
(23) (13)

(12) (12)
(13) (34)

(34) (24)
(23) (14)

(12) (23)
(13) (23)

(23) (13)
(23) (13)

(13) (13)
(23) (13)

(23) (12)
(23) Q2)

(23) (12)
(13) (12}

(13) 0-2)
(23) (23)

(13) (13)

m-n
n+q —qi

2q)+m —n
q~-qi-q

m-n
m —q qi

mi+ 2q —n

mi q n,

mg n+q
ni —n+ qi

2qi+q+mi —n
m~+qi -n

m+q~+q —mi
xIl —mg

Dl +qg —ni
Dl —mi

m —ni -qi
mi —qi n

mi +2qi —n+q
mi +2qi +q —n

m —n+ qi
m+qi n

m —n qi
n q —m —qi

In +2qi —np —q
mi +ni —2n

m+qi —n+q
Dli —ni

2m+ 2q —nli —ni mi —ni

2 2qi+m-n
3 n —q —qi

(12) 2 2qi+m-n
(24) 4 m+q —qi

(13) 4 mi —ni
(34) 4 mi -n+q

(13) 3 2qi+m —n
(12) 3 m+q —ni

(12) 3 mi —n+q
(12) 3 mq- n-qi
(23) 3 m+qi —ni
(12) 3 m, -n+q,

(23) 3 mi —n+q
(23) 3 mi —n+q

(23) 3 mi -n-q,
(13) 3 m+qi —m~

(13) 3 m+q —n~

(12) 3 mi - n,

(12) 3 mi-n,

2qi+m-n
q~+q-qi

2q+mi —n
m n& q

m+q mi qi
m-m~-2qi
m+ 2q —ni qi
m+2qi —m,

m —n+ q —qi
mi+ni —2n

m +qi
m-n
m —n
m —2qi —n

n —ni qi+q
m+2qi —n

m+2q —mp qi
2qi+ m —n

Ill +2qi + 2q n
m+2q —'Q

n-q-ni-qi
m+2q- n

mi+ 2qi —n
mi + 2qi —n

mi —n+q qi
m& -n+q -qi

ng +2q 2qi —n
m+2q -n
m+2q —n
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—ZZE. l0

F/Q. 3.0. 8-matrix diagrams for classes III and IV of fourth order in the expansion.

2 and 3 each R~,. depends on the initial relative mo-
mentum, k, and the final relative momentum vec-
tor k'. %e have tabulated these in Table III.
These are derived in the main from the paper of
Baker, Hi.ll, and McKee, "where the momentum
transfer and the exchanged momentum transfer are
tabulated; however, the relative signs listed there
are not always consistent, as their functions do not
depend on this sign. For all diagrams we have

k, = 2(m —n), k,'= 2(m+q —n). (5.2)

The M~ matrices are described by the permutations
in Table III. The permutation at the first vertex is
always (12), and so ls omitted.

All the required denominators D; in (5.1) are tab-
ulated in Ref, 7, to which the reader is referred.
The notation has been kept the same. The region
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of integration in (5.1) is defined by the Pauli prin-
ciple, which states

Iml -4, I v I » (5.3)

k, =k = 2(m —n), k,' = k,' = 2 (m + 2q —n),

kz~ =k 2 = ~2(q —m —q), k 2=k;2= 2(qi —m).

(5 4)

The subscript 2A refers to the fiIled state +R con-
tribution at vertex 2, and the subscript 2B-refers
to the -R contribution at vertex 2. In addition, we
have an extra factor of 2, as the bubble could have
been on either of the two equivalent filled-state (or
hole) lines. The minus sign that comes in front of
the bubble on the hole line arises from the Pauli
principle.

For diagram IV. 1 we have

where m is any hole momentum (line with an arrow
to the right) and v is any filled-state momentum
(line with an arrow to the left in Figs. 6-10). The
vertex order in Table III is the straightened order,
where that order differs from the left to right or-
der.

We will now discuss the diagrams listed at the
beginning of this section which do not appear in
Table III. Diagram Bl has been thoroughly dis-
cussed in Sec. 2. The contribution from the follow-
ing diagrams is identical to that of another, but
must be included to obtain the correct total. Hence
we only calculate one of each pair, II.3=II.4, II.7
=II.12, II.S =II.11, IIA. 2 =IIA. 4, IV.4=IV. 5, IV.6
= IV.V. The remaining diagrams not yet discussed
represent the sum of several Hugenholtz diagrams
each, and consequently the form (5.1) is modified
appropriately. All of these diagrams are the sum
of the same self-energy bubble acting on all lines
in a given vertex position. The factor for this ver-
tex is obtained by replacing R»(j =1-4) by the sum
of the appropriate R's for the filled-state lines
minus the sum of the appropriate R's for the hole
lines.

Thus for F3 we get

In this diagram the subscripts A and & refer to
filled states, and C and D refer to holes.

For diagram IV. 4 we have k, and k,' given by

given by (5.5). The rest are

k = —,'(n —q —q, ),

k, = —,'(m —q, ),

k,'=-2'(q, —q —n),

k,'= —,'(m+2q —q, ).
(5.6)

Again the A and B subscripts refer to filled states,
and the C and D refer to holes.

For the last diagram, IV.6, k, and k,' are given
by (5.2), and k», k,'„,k,c, and k,'c are given by
(5.5). The rest are

k = 2(m+2q, —n), k' = —,(m —n),
(5 7)

k = —,'(m+2q; —n), k,'= 2(m+2q —n).

D (~ lkRI k&[+f2'+n(fz) -D, )(+klRlk&
+k Rzzxiined k 0'+ ~(k) 7

k ~k~,

(5.8)
= (+klRl)'2 & k )ki, .

Here A refers to a filled state and C to a hole.
This diagram requires an additional factor of 2 for
correct counting due to two pairs of equivalent
lines. We have listed the permutations required to
describe the M~ in Table IV. Again the permuta-
tion of the first vertex is always (12), and so is
omitted.

If no approximations were used in the computa-
tion of R, then it would reduce to R when all the
lines meeting at that vertex lie in the surface of
the Fermi Sea. This property is important, as
there is a related vanishing of the relevant D; at
the same time. If our approximation (the use of an

averaged excitation energy) should destroy this
property of R (as it does), then we would introduce
spurious singularities into the integrand of (5.1).
To prevent this undesirable behavior, we have mod-
ified the definition of R in diagrams F3, IV.1, IV.4,
and IV.6 as follows

k, =k2= 2(m —n), k,' = k2 = —,(m + 2q —n),

1k 2 2(m +q —m, ), kzz =kzz 2(n —q —m, )

The denominator D, happens to be (or is equal to)

TABLE IV. Permutations specifiying M&.

kzc =kzc = z(m —m, ), k,D
= k,'~ = —,'(n —m, ), (5.5)

k,c =k,'c = —,(m —m, ), kzD = kzii ——2 (n —m, ) .
2 —2(m+q —m, ), kzs =kz'2 2(n -q —m, )

Diagram

F3
IV.1
IV.4
IV.6

Permutations

(~3) (1~)
(~3) (~4) (1~)
(14) (Z3) (13)
(13) (12) (12)
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the correct relevant vanishing denominator in the
aforementioned diagrams, and this modification
serves to make R equal to R at the right points. It
will be noted that by (4.6), (5.4), and (5.5) that only
the matrix elements (+klR~~;&;,dlk) are required;
the off-energy-shell elements do not enter into
these diagrams.

The integration for each diagram was done by a
Monte Carlo procedure. We select the independent
momenta in the Fermi sea, m for example, accord-
ing to the prescription that ms =0~3'„where r,
is a random number which is distributed uniform-
ly on the interval (0, 1). For momenta which can
be infinite, we select a filled-state momentum,
say l m+ ql =k„r, , where r, is again a random
number which is uniformly distributed on the inter-
val (0, 1). The set of momenta selected in this way
are then tested to retain only those points which al-
so satisfy the restrictions due to the Pau1i prin-
ciple and which are not automatically taken care of
by our selection procedure. The cosine of the an-
gles between independent momenta has been taken
as uniformly distributed.

Only in two diagrams is special comment re-
quired on the integration procedures. In II.5 and
IIA. 1 (where "real" three-body scattering occurs)
there are two independent momenta which become
infinite instead of just unity as in the other dia-
grams. Here we select instead

lm+ql =~eicos@~ lm+qgl =&a@sin~'
(5.9)

This choice is necessary to make the integral do-
able by a Monte Carlo procedure. Because of the
hard core the quantity R which comes in does not
vanish at infinity, and hence these special addition-
al precautions are necessary to assure a conver-
gent numerical procedure.

As a test to determine whether our programming
of the diagrams was correct, we have also special-
ized every dfagram to the case of spin only (no
isospin); we use the spin-independent repulsive
square-well force of Baker, Gammel, and Hill' in
place of the R and R matrix elements. We can then
compare our results directly with theirs and check
whether we get the same answer. The specializa-
tion was accomplished by using the one-dimension-
al representation P;,(t)=—1 in (5.1). A. lso, by (4.6)

R, , =v(q, ), A, , =v(q, ,„,p),
(5.10)

where q; is the momentum transfer and q, ,„,q is
the exchanged momentum transfer at the jth vertex,

and v(q) is the momentum transfer of the potential
function.

At this point we wouM like to thank Crichton and
Anderson" for pointing out that Eq. (2.15) of Ref. 7
for diagrams IIA. 5-6 is wrong and that the form
given there for diagrams IIA. 1-4 is also correct
for IIA. 5-6. We cannot therefore use this test on
IIA. 5-6. We note that this particular error does
not persist in Ref. 11.

The application of our test procedure has turned
up two additional minor errors in previous work
(Refs. 7 and 11), as well as eliminating a number
of potential errors in this work. The entry for x2
for diagram 0.9 in Table II of Ref. 7 should have
been lq+q, l instead of lq —q, [. Also one of the
Pauli restrictions was wrongly programmed in dia-
gram IIA. 2 (=IIA.4). These errors also persist in
Ref. 11. The numerical effect of all these errors
on previous work is rather small.

The integrals were evaluated by using 10' to 10'
Monte Carlo values of each integrand.

6. NUMERICAL VALUES

In this section we tabulate the numerical values
of the coefficients of the R-matrix expansion de-
scribed in the previous sections for the potential
described by (2.1)-(2.3). We also analyze these co-
efficients and discuss their implication for the
ground-state energy function.

We have only computed the higher-order terms
of R-matr1x expansion for the first-ol del E-ma-
trix diagram. As the leading corrections here are
very small, we have not calculated the first-order
corrections to the third-order diagrams, which
should be done to complete the expansion through
fourth order. Other than that, we have a complete
expansion through fourth order. In Table V we have
listed our best values for the integrals through
third order for various densities. In Table VI we
give our best values for the fourth-order integrals
at a density of k~e =0.625, which, we believe, is
close to saturation for this potential. The errors
quoted are one standard deviation observed in the
Monte Carlo evaluations.

In order to analyze what these data imply about
the ground-state energy of a many-fermion system
interacting with this potential, we need to sum the
R-matrix series. To do this, we shall use the
Pade approximant method. '~ An assessment of the
accuracy to be expected has been obtained by
means of a model calculation' on a lattice gas.
There it was found that, while the lowest-order ap-
proximations were rather wide of the mark, im-
provement was quite rapid, and by the time fourth-
order terms were taken into account in the region
of interest here, the saturation density was loeat-
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TABLE V. R-matrix expansion data (units 1=259.2 MeV).

Diagram
k~ =0.5

Value Deviation
A~ = 0.625

Value Deviation
k~ =0.75

Value Deviation
k~ =0.875

Value Deviation

Zero order
(0 3Q 2c2)

First order
Bl8

Second order
B1~

Third order
Bl
H3

R3
F3"
Total

0.075

-0.1560

1.1379 x 10 3

-1.666 xlo 4

-3.370 x 10 3

-1.22 x 10
5.33 x 10
4.85 xlO-'

+6 xlo 5

+6xlo 5

+3.6 x10 4

~3.7 x 10-4

0.11719

-0.2492

5.098 xlo 4

-1.102 xlo 4

-4.472 xlo 3

6.09 xlo
1.29 x 10
1.25 x 10

+9 xlo ~

~1.7x10 4

+1.3xlo 3

+1.3 xlo 3

0.168 75

-0.3537

-1.507 xlo ~

-1.084xlo 4

-7.92 xlo 3

1.53 x 10
3.26 x10 i

3.33 x 10

+1.3 xlo 4

&xlo 4

+2.6xlo 3

+2.6x10 3

0.229 69

-0.4366

1.194x 10 3

-1.602 xlo 4

-1.191xlo 2

7.88 xlo 2

7.44 xlo i

8.11 xlo i

W.5xlO '
+1.7 xlo 3

+7.7xlo 3

+7.9xlo 3

Terms included in the Brueckner approximation.
Except for this term, which is only partly included, the other terms listed in this table as included in the Brueckner

approximation are also included in the two-"hole-line" approximation of the Cornell group.

ed to an accuracy of about 2%%d. Th eenerg y isob-
tained with relatively greater accuracy.

We have shown in Fig. 11 a plot of our results
for successively more accurate Pade approximants.
The most accurate Pade approximants are

[2, 2] = -25.6 MeV,

[1,2] = -24.2 MeV,
(6.1)

for k~c =0.625.
By way of a check we have also used the Borel

method of summing divergent series. " Analytic
continuation at an intermediate stage was provided
by a [2,2] Pads approximant. The result was
-25.7 MeV. These results are to be compared
with those obtained by the "hole-line" approxima-
tion"" using the Brandow choice" for intermedi-
ate-state energies. For this potential' it is, in
two-"hole-line" approximation, —16.76 MeV at k~c
=0.625. We have discussed in Ref. 6 the reasons
why we do not feel that one may confidently use the
"hole-line" approximation to evaluate the many-
body energy. The source of the difficulty appears
to lie in the treatment of the energy in the inter-
rnediate states. Inspection of Tables V and VI re-
veals that, at least in low order, the "hole-line" se-
lection criteria works well in selecting the largest
diagrams. By this we mean that those diagrams
either wholly or partially included in the two- and
three-"hole-line" approximations are indeed the
largest diagrams. (All third-order diagrams are
included in the three-hole-line approximation. ) It
is not possible with our results to give an order-
by-order assessment of the terms neglected in the

+25—

p

-25—

—50—
I

0.5
I

I.O

FIG. 11. Pad@ approximants to the binding energy of
the many-fermion system using our model force. The
large tic marks are the experimental "nuclear matter"
density and energy.

"hole-line" approximations with the Brandow
choice" for the intermediate-state energies be-
cause only parts of certain diagrams are included.

We have previously discussed' the difficulty with
the approach of Brueckner and Gammel. " In addi-
tion, Bethe' has emphasized the importance of in-
cluding the three-body scattering terms, such as
IIA. 1 of Table VI which is around 40 MeV in size.

In conclusion, we showed in a previous paper
that the R-matrix expansion" defines the physical-
ly correct energy, at least for densities and inter-
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TABLE VI.

Diagram

B1
I.6
IA.1
IA.2
IA.3
II.3
II.4
II.5b

ll. vb

II.8
II.9
II.10
II.11~
II 12& b

IIA. 1b

IIA.2
IIA.3
IIA.4~

IIA.5
IIA.6
III.2
III.9+ 10
ly ]~~~
IV.4
IV.5"
IV.6'
II 7a, e

Total

5.084x10 6

-2.66 x10
-2.52x10 3

-1.56 x10
-2.37x10 3

6.1 x10 ~

6.1 x10 5

-9.1 x10 3

-1.40x10 4

-2.29x10 4

-7.7 x10 '
2.0 x10 5

-2.29 x10 4

-1.40x10 4

-0.1516
-5.3 x10
-6.4 x10 4

-5.3 x10-'
4.45x10 3

4.32 x10 3

-3.23x10 3

3.68x10 3

-0.1117
8.6 x10 3

8.6 x10
-1.637 x 10-2
-1.637 x10 2

-0.2878

+8x10 6

+9.5 x10 5

+5.5x10 5

a..2x10 4

+9 x10 ~

+9 x10 6

+5x10 4

~7 x10-'
+2.8 x10 5

Ax10 6

+5 x10
+2.8 x10

+vxjo '
~9.5x10 4

W x10-'
+5 x10 ~

mx10 '
+8.5 x10
+1.0x10 4

+9x10 5

+7.5x10 '
+8.5 x10
M.5 x10
+2.5x10 4

+3.5x10 4

+3.5 x10
+1.6 x10 3

Fourth-order R-matrix expansion data for
k~ =0.625 (units 1=259.2 MeV).

Value Deviation

action strengths where the many-fermion system
is free of long-range order (diagonal or off-diagon-
al). By "defines" we mean that there is at most
one function of a suitably restricted class which
has that expansion. We have calculated the first
four terms of this expansion for a model hard-
core potential and obtain a binding energy of about
-25 MeV with an uncertainty of perhaps several
MeV. This energy is significantly more attractive
than that given by the two-"hole-line" approxima-
tion for the same potential. Previously" that ap-
proximation was found, for good hard-core poten-
tials, to yield too little binding energy for the nu-
clear-matter problem. Soft-core potentials have
been found" "to be more attractive, and to yield '
in that approximation results for the nuclear-mat-
ter problem which are closer to experimental val-
ues. In light of our present results, it seems that
it is rather likely that the correct many-fermion
binding energy is significantly more attractive than
the "hole-line" approximation, with the Brandow
choice for the intermediate-state energies, indi-
cates and that the hard-core potentials are not in-
compatible with the observed binding energy for
the nuclear-matter problem.

Identical to a previous diagram (but must be added to
find the total fourth-order coefficient).

"Included in the three-"hole-line" approximation.
Included in the Brueckner approximation.
Partially included in the two-"hole-line" approximation.
Partially included in the three-"hole-line" approxima-

tion.
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