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Reactions He (p, tp)p and He (p, He p)n at E„=47MeV
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The three-body breakup reactions induced by 47-MeV protons on a gaseous He4 target have
been investigated in a kinematically complete experiment. Protons were observed in coinci-
dence with tritons or He 's at several pairs of coplanar lab angles using two counter tele-
scopes. Data were stored by an on-line computer which serially listed four linear signals
from each event on magnetic tape. The proton spectra showed strong enhancements from
neutron-proton and proton-proton final-state interactions, in agreement with the predictions
of the Watson-Migdal theory. A Chew-Low-type extrapolation procedure was used to extract
the np singlet scattering length, which was in fair agreement with the value from np free
scattering. The triton and He3 spectra showed peaks due to sequential reaction processes
via the continuum resonance states in the He4 system. These enhancements could be iden-
tified with previously observed He levels of known spin and parity assignments.

INTRODUCTION

Any reaction involving three particles in the fi-
nal state may exhibit distinctive peaks in the ener-
gy spectra of emitted particles because of one or
more processes. The detailed shapes of spectra
are often complex and can be affected by compli-
cated interferences between first-, second-, and
higher-order processes as well as possible many-
body forces. Because of the complexity of a de-
tailed theoretical treatment of such a problem,
data are measured and analyzed in restricted por-
tions of phase space, and the possible occurrence
of second-order effects, interference, and many-
body forces is neglected. Three basic processes
are considered.

The sequential breakup is the case in which two
of the emerging particles interact strongly with
each other in the final state compared to their in-
teractions with the third particle. This classifica-
tion includes both nucleon-nucleon final-state in-
teractions (FSI) and sequential decay through par-
ticle-unstable nuclear levels. Both of these kinds
of sequential processes are characterized by a def-
inite relative energy for the pair of particles that
"stick together" in the final state, and both may be
viewed as two-step processes, sequential in time.

The simultaneous breakup is a direct reaction in
which the three particles emerge simultaneou'sly in
the final state. In the absence of resonant process-
es and when the scattering matrix is not a function
of the way in which the energy is distributed among
the emerging particles, this process results in a
phase-space distribution. Qualitatively, one might
expect a phase-space distribution in the energy
spectrum at fixed lab angles when the three emerg-
ing particles interact weakly in the final state. It
is important to note that the presence of this pro-

cess is generally assumed but has never been fully
proven.

The third process, quasifree scattering, is a di-
rect reaction in which the projectile interacts with
a single constituent of the target. In the final state
we find the projectile and the scattered constituent
with high relative energies and the remainder of
the target is left with a low energy in the lab frame.

It is known from other breakup studies' that all
three of these processes contribute substantially
to the spectra of particles emitted in P+D and P
+He' breakup. Since He breakup reactions are not
expected to contain significant quasifree contribu-
tions at these energies because of the very large
Q values involved, they offer an opportunity to
study nucleon-nucleon FSI's free from this compet-
ing process, an advantage not present in reactions
involving the more loosely bound deuteron or He'
particles. However the spectra, in the case of a
He4 target, reflect not only the nucleon-nucleon fi-
nal-state interaction but also the nucleon-trion
(where trion is a triton or He~ particle) interaction
in the particle-unstable excited states of He'. The
nucleon-nucleon interaction has been studied in a
kinematica1ly incomplete measurement of these
same reactions, ' but not with a view toward inves-
tigating the dependence of the cross section of nu-
cleon-nucleon low-energy scattering parameters.
In the present kinematically complete experiment
we have studied the He breakup both from the
point of view of nucleon-nucleon interactions and
of He' excited states.

EXPERIMENTAL METHOD

Single-counter measurements of He (P, t)2P and
He (P, He')Pn showed that the cross section for the
production of the strongly interacting nucleon-nu-
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FIG. 1. A scale drawing. of the inside of the gas target cell showing the arrangement of the two detector telescopes
and the thicknesses of the detectors. The entire region inside the foil contained helium gas. Si(SH) means silicon sur-
face-barrier detector.

cleon pairs in the final state exhibited maxima at
very forward angles for trion emission and at about
32' in the lab. ' The low energy of the protons cor-
responding to trions emitted at forward angles
makes the present measurement in the region of
the first maximum impractical. Accidental coin-
cidences and pulse pile up in the electronics were
also experimental difficulties encountered when
small-angle trion observations were attempted,
since the competing two-body reactions are strong-
ly forward peaked. "We chose to investigate the
nucleon-nucleon FSI by measuring the correlated
energy spectra at a trion angle of 9, = 40' and at
three different proton angles, 8~=51, 67.5, and 80'.
All measurements in the kinematically complete ex-
periment were made with the proton and trion de-
tector telescopes on opposite sides of the beam line,
which means that the azimuthal angle between the
trion and proton momenta was always Q&~ = 180'.

The momentum-analyzed proton beam of the
UCLA sector focused cyclotron was used to bom-
bard a natural helium gas target in a cylindrical
cell of 27.3-cm outside diameter. The pressure in
the cell was kept at about 1 atm. The beam entered
through a 50-p;thick Kapton H-foil window which
extended over 330' of the cylinder's circumference.
Additional details on the experimental area, shield-
ing, Faraday cup, and, gas target cell have been re-
ported previously. '

The counter arrangement which was used for ac-
quisition of most of the data is shown in Fig. 1. It

consisted of two particle telescopes, each of which
contained two silicon surface-barrier detectors op-
erated at room temperature in the helium gas. The
thicknesses of the four detectors are also shown in
Fig. 1. The detectors were mounted inside the tar-
get cell to minimize the energy losses of the scat-
tered particles. We could observe protons down to
an energy of 2 MeV, and tritons could be separated
from He 's down to an energy of about 4 MeV. The
absolute angular accuracy is estimated at +0.5'.
The two telescopes were always kept in the hori-
zontal plane.

The region of target gas viewed by each detector
was defined by a pair of brass slits in each tele-
scope. In such a geometry each telescope views a
region of target composed of a central umbra (the
region in which the entire rear aperture is ex-
posed) and a wider penumbra, (the region in which
the rear aperture is partly obscured by the front
slit). The intersection of the umbra and penumbra
of one telescope with the umbra and penumbra of
the other telescope defines the target region effec-
tive in a coincidence measurement. The target
thickness and the angular acceptances of each tele-
scope are functions of both scattering angles and
the sizes and separations of the apertures in both
telescopes. ' The proton and trion telescopes had
front apertures of horizontal opening 0.452 and
0.635 cm, respectively, and rear apertures of hor-
izontal opening 0.452 and 0.508 cm. The apertures
were 6.17 cm apart in the proton telescope and
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I IG. 2. A simplified schematic block diagram of the electronics used to coQect most of the data. The detailed func-
tions of the various elements are described in the text. S.C.A. = single-channel analyzer and T.A. C. = time-to-amplitude
converter.

7.15 cm apart in the trion telescope.
For some of the measurements, when it was not

necessary to observe the very low-energy protons,
the experimental arrangement differed from that
described above. For these measurements at 8„
8~=40', 51', 40', 67.5'; and 30', 40' the proton
telescope was mounted on an independent arm out-
side the target cell. This telescope consisted of a
250-p, -thick plastic scintillator optically coupled to
a Phillips 56AVP photomultiplier tube as a 4E de-
tector, and a NaI(T1) crystal Optically coupled to a
RCA 8053 photomultiplier as an E detector. This
arrangement set a lower limit of about 5 MeV for
the observation of protons.

Each coincidence event generated four linear sig-
nals; the energy loss (&E~) of particles in the pro-
ton telescope passing counter, the residual energy
(E~) deposited in the proton telescope stopping
counter, the energy loss (AE, ) of particles in the
trion passing counter, and the residual energy (E',)
deposited in the trion stopping counter. A block
diagram of the circuit used in the setup with the de-
tectors inside the gas cell is presented in Fig. 2.
Two timing signals from the E detectors triggered
a time-to-amplitude converter, the output of which
(T) was stored as a measurement of the relative ar-
rival time of the two particles observed. The other

linear signals that were stored by the on-line com-
puter were the linear sum of E' and ~ from each
telescope, which are labeled E~(= nE~+E~) for the
proton and E,(=~,+E,') for the trion in Fig. 2, and
the energy loss of the trions in the passing counter,
labeled 4E, in Fig. 2.

The final important element of the electronic ar-
rangement is the element labeled "P.I. and slow co-
incidence" in the block diagram. This auxiliary
circuit included a Goulding-type particle identifier
which was used to reject all deuterons observed in
the proton telescope. The largest rate of such par-
ticles was from the He'(P, d)He' reaction, since at
some of the pairs of angles examined, the deuter-
on entered the proton telescope and the recoil He'
entered the trion telescope. With perfect experi-
mental resolution these two-body events would be
separated kinematically from the locus of the
three-body events; however, the finite energy and
angular resolution of the detection system caused
the two types of events to overlap sufficiently at
some angles to make the particle-identifier cir-
cuit necessary. In addition to the requirement that
the particle observed in the proton telescope not be
a, deuteron, an over-all slow (1 gsec) coincidence
was required between the four signals to be stored
by the computer.
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FIG. 3. A photograph of the isometric osciQoscope pro-
jection of the raw data in an E~ versus E& array for 8&

=40', 8& =51'. The ellipse-shaped contour across the up-
per part of the display is formed by the overlapping three-
body loci of the reactions He (p, tp)p and He (p, Hesp)e.

The linear signals were converted by four analog-
to-digital converters with 1024-channel resolution.
The computer listed these pieces of information on
magnetic tape in serial order and also formed a
two"d1mens10QRl 64x 64 ax'rRy of counts from R Se-
lected pRlr of slgQRls which could be viewed con-
tinuously as an isometxic oscilloscope display.
Figure 3 shows a picture of a typical Z, versus E~
array from the oscilloscope.

The electronics setup described thus far appbes
to data acquisition using the four surface-barrier
detectors inside the gas cell and was modified
somewhat to process the four signals when the
plRstlc sc1ntlllRtol RQd NBI cx'ystal wex'e used.
With the latter counter arrangement, the Goulding
particle identifier was not employed, since this ar-
rangement was used only at angles where the two-
body events were kinematically well separated
from the events of interest. The 4E~ scintillator
supplied only a timing pickoff; the linear signal in-
foxmation from this detector was not used.

DATA AND ANALYSIS

The three-body loci at the sets of angles exam-
ined for the nucleon-nucleon FSI are shown for the
He~(P, He'P)n reaction in Fig. 4, where the solid
curve is the He' energy (E„)versus E~ locus, and
the dash-dot curve is the nP relative energy (E„~)
versus E~. As one sweeps the proton counter from
8~= 51 to 67.5' the minimum relative energy of the
two nucleons varies from E„~(min) =0.8 MeV to
E„~(min) =0. As the proton angle is further in-
creased, the minimum relative energy rises again
to 0.5 MeV at 80'. The kinematic loci for the
He (P, He~P)n reaction are very similar to those
for He (p, tp) p, as can be seen from Fig. 5, where
the corresponding set of kinematic loci for the lat-

Ep = 47 MeV

8H=40, qbH =180—EHvs E& locus
—-E„&vs E& locus
——Phase spase

function

I
Ep (MeV)

FIG. 4. He4(p, Heep)n three-body kinematic loci for
three sets of measured angles as predicted by a relativ-
istic kinematic calculation. The solid curve, the He en-
ergy Eg velsus E~ locus, is applopriate for comparison
with the two-dimensional array, as shown in Fig. 3. The
dash-dot curve, the locus of relative energy E„& versus
E&, is relevant to events falling on the upper branch of
the +~ versus Ep locust and ls useful in identifying peaks
due to the expected ~80 FBI in the np system. The phase-
space function along the upper branch (dashed curve) is
slovenly varying in the region of minimum np relative en-
ergy but is peaked at the high-energy end of the proton
spectrum.

ter reaction are shown.
The third (dashed) curve plotted in Figs. 4 and 5

is proportional to the volume of phase space avail-
able for the reaction products as a function of pro-
ton energy. Both the relative-energy locus and the
phase-space function refer to the upper branch of
the double-valued E, versus E~ function. Projec-
t1on of dRtR oQ the px'oton enex'gy axis 18 Rpplopx'1-
ate for investigating the nucleon-nucleon FBI,
since the phase space is smooth in the region of
low nucleon-nucleon relative energies in the pro-
ton spectrum. This is in contrast to a spectrum
projected on the trion axis, which would be expect-
ed to show a phase-space peak in the region of min-
imum nucleon-nucleon relative energies even in
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the absence of any sequential process. Such a
phase-space peaking is exactly calculable, but the
effects of finite angular and energy resolution on
such a fast-rising cross section make the extrac-
tion of information from superimposed features
very uncertain.

The data recorded on magnetic tape by the ac-
quisition program were reduced by a separate off-
line computer program to projected spectra of
counts versus channel number for the two reac-
tions of interest. The basic technique was to read
the data tape into the computer to form various one-
and two-dimensional arrays of counts versus chan-
nel number for selected events from the tape. This
procedure is illustrated for a particular data set in
Figs. 3, 6, and 7, which are photographs of an os-
cilloscope display during various steps of the data
reduction.

Figure 3 is the unfiltered 64X 64 channel E, ver-
sus Ep array of all the reaction events obs erved in
the P+He breakup. Figure 6(a) shows the unfil-
tered ~, versus Z, ~e~escope array formed from
the same data. Figure 6(b) shows "filter function"
lines which were calculated by the program to iso-

late the Hes particles from all the others in the
telescope array. Figure 6(c) is a 512-channel time
spectrum formed from the data with the filter re-
quirement of Fig. 6(b). The events in the large cen-
tral peak are the true coincidence events. Figure
'l(a) is of the data extracted from that shown in Fig.

He'(p, tp)p

8@= 5l
/'

0 --== 0

8p
= 67.5

8p= 80
I Ep = 47MeV

I,
' 8t = 40, Ptp =l80

Et VS Ep lOCUS 3——
Epp vs Ep lOCUS

——Phase space
function

0
M

FIG. 5. He (P, tP)P three-body kinematic loci for three
sets of measured angles. For further details see the
caption for Fig. 4.

FIG. 6. (a) A telescope arxay Q.E, versus E&) show-
ing tbe & = 1. particles to the left and the He particles i,n
the center and to the right. The diagonal straight-line
portion is caused by He particles which stop in the pass-
ing counter of the trion telescope. (b) Particle division
contours intensified in the 8 E& versus E& array, with the
data suppressed from the display. These contours sepa-
rate the Hes particles from aQ other particle types ob-
served in the trion telescope for all trion energies above
about 4 MeV. (c) A time spectrum fox' the He particles
selected by the contours in (b). This spectrum shows the
large peak of true coincidence events and smaller peaks
of random events, which are separated from each other
by intervals equal to the cyclotron rf period (35 nsec.).



REACTIONS He~(P, tP)P AND He'(P, He'P)n AT E~ = 47 MeV

X, Y, Z = 4,
TOTAL =

(a)

Iiiiiiiiiiiiiiiiiiiiiiiiiiiii'»ii~

X, Y, Z = 4I,
1 TOTAI

0, l48
5I2I

X, Y, Z = 4I,
TOTAL

0, 148
5I 2 I

3 by applying the filter of Fig. 6(b) and the require-
ment that the time coordinate of the events be lo-
cated within the peak for the true coincidence
events on Fig. 6(c). Figure 7(b) and Fig. 7(c) are
the final projections of the counts of Fig. 7(a) on
the vertical and horizontal energy axes with an ad-
ditional filter requirement set to exclude the events
which do not lie on the kinematic locus for the
He'(P, He'P)n reaction. To make a reasonable com-
promise between statistics and channel resolution,

this last projection was performed using 128 chan-
nels. The projected spectra of counts were trans-
formed to units of mb/sr' Mev using the measured
integrated beam current, target density, and de-
tector geometries. Details of this calculation wi11

be the subject of a later article. '
%'e found that simple sequential theory' gave a

rather good prediction of the enhancement in the
proton spectra due to the nucleon-nucleon FBI.
The theoretical prediction was calculated as a func-
tion of proton lab energy and a Gaussian resolution
function was folded in. The width of this Gaussian
resolution function was determined by applying the
same folding to the phase-space functions shown in
Figs. 4 and 5 so that they matched the slope of the
observed projected spectra along the falling edge
of the high-energy kinematic end points, the re-
gions indicated by arrows in Fig. 7(b) and Fig. 7(c).
Since the unbroadened phase-space functions are
vertical in this region, the finite sloPe of the ex-
perimental data is a measure of the combined angu-
lar and energy resolution of the detector system.
The position of the high-energy cutoff was adjusted
to match the phase-space function by varying the
energy calibration constants, i.e. , the gain and off-
set. The average result of this determination for
the several proton spectra was a width of 1.0 MeV
full width at half maximum (FWHM) for the Gaus-
sian resolution function. %'e attribute the larger
part of this 1.0 MeV to kinematic broadening due to
the angular acceptance of the counters.

The differential cross section at (9& = 40', 0~ = 67.5'
is shown in Fig. 8 for the He'(P, tP)P reaction. The
double peaking on either side of E~ = 5.5 MeV is due
to the PP FSI. The Watson-Migdal (WM) theory
gives a fairly good prediction of the shape of the PP
peaks, as shown by the solid curve in Fig. 8.

(c)
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Q6-

~o 04

Proton spectrum

He (p, tp)p

E =47 MeV

8 =40O8 =675

(E ) OOMeV

FIG. 7. (a) The kinematic locus for He (P, HeP)n true
coincidence events, which was separated from the raw
data shown in Fig. 3 using the methods described in the
text. (b) The locus of (a) projected on the vertical trion
axis excluding all events off the proper three-body locus.
The sharp peak (two channels) in the center is an instru-
mental effect. (c) The locus of (a) projected in the hori-
zontal E& axis, excluding the events off the locus.

0.2-

I I i

4 6 8 10 12 14 16 18 20
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FIG. 8. The proton spectrum from He4(P, tP)P at 8~

=40', 0&=67.5' in mb/sr MeV. The solid curve is the
prediction of the Watson-Migdal theory. Typical error
bars due to statistics are also shown.
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In the absence of the Coulomb force the WM the-
oretical expression predicts a single peak centered
at E» = 0. The width of this peak is related direct-
ly to the size of the scattering length, a smaller
width for a larger absolute value of the scattering
length. The effect of the Coulomb interaction is to
depress the cross section at the very lowest rela-
tive energies, since the Coulomb force in the the-
ory is infinitely repulsive at E» = 0 and entirely
swamps the attractive nuclear force. This depres-
sion causes the minimum at Ep = 5.5 MeV. Since the
the Coulomb penetration factor C(g) falls off expo-
nentially with decreasing fP relative energy, ' the
Coulomb effect is most significant in the vicinity
of E» = 0. This spectrum shape, which character-

izess

the PP FSI, has been seen previously in P +D,
P + He, and He~ + He reactions.

If a proton a ngle is chosen to exclude the PP re 1-
ative energies below 0.4 MeV [E»(min) = 0.4 MeV]
from observation, it is expected that a single broad
peak will be observed for the PP FSI. This was
found to be the case at 8p = 80, as shown in the
spectrum of Fig. 9. The PP FSI peak is still in
fair agreement with the WM theory (solid line) at
this s et of angles. Figure 10 shows the spectrum
at 8~= 51', where E»(min) = 1.0 MeV. At these high

relative energies the assumptions of the WM the-
ory are violated, and the cross section in the vi-
cinity of the minimum PP relative energy (E' = 5. 5

MeV) can no longer be expected to be dominated
exclusively by an S-state nucleon-nucleon FSI pro-
cess.

In these three spectra, and the ones to follow for
the He (P, He~P)n reaction, the solid curves repre-
sent the WM theoretical prediction with the values
of the low-energy nucleon-nucleon scattering pa-
rameters determined from nucleon-nucleon scatter-
ing. ' The curves are independently normalized to
fit the FSI peak at each angle. The peak .near the
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FIG. 10. The proton spectrum from He4(p, tp)p at 0
&

= 40, 0p = 51 in mb/sr MeV. See the caption for Fig. 8.

high- energy proton end point is probably due main-
ly to phase -space peaking. However, this peak
m ay also be augmented by enhancements due to the
sequential processes via the particle -unstable lev-
els in the A = 4 system.

The proton spectrum for the reaction He4-

(P, HesP)n at 9„=40', 8'= 67.5' is shown in Fig. 11.
Because of the great similarity of the kinematics,
all relative energies from zero upward are kine-
matically allowed in the nP system at this set of
angles, which is appropriate to E»(min) = 0 in the
He (P, tP)P reaction. As expected, in the absence
of Coulomb forces, the spectrum exhibits a. single
strong peak in the region of low nP relative ener-
gies. The nP singlet scattering length is appr eci-
ably larger in absolute value than the correspond-
ing PP scattering length, s o the nP FSI peak is con-
siderably narrower than the (split) PP FSI peak.
The width of this peak is about 160 keV (FWHM) in
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FIG. 9. The proton spectrum from He (p, &p)p at 0
&

= 40 0p = 80' in mb/sr Me V. See the caption for Fig. 8.

FIG. 11. The proton spectrum from He4(p, He3p) n at
0&=40 0p = 67 5 in mb/sr Me V. See the caption for
Fig. 8.
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As we sweep the proton angle away from the one
where E„~(min) =0, the FSI peak decreases sharply.
The differential cross section at ~~=80' is shown
in Fig. 12. The contribution of the S, nP reaction
relative to the 'So is expected to be greater at
these higher relative energies. At 19~= 51' the spec-
trum shown in Fig. 13 does not exhibit any particu-
lar peak in the region of E„~(min) =0.8 MeV. It is
likely that the influence of the + FSI on the spec-
trum at these relative energies is predominantly
due to a S, interaction. It is also likely that an ad-
equate description of the final state under these
circumstances must include the effect of the pres-
ence of the He~ particle. This is especially neces-
sary in view of the possibility of resonant He -n in-

FIG. 12. The proton spectrum from He (P, He P)n at 0+
= 40', 0& = 80' in mb/sr 2 Me V. See the caption for Fig. 8.

nP relative energy, whereas the PP peak is about
1.6 MeV wide.

The effect of the nP triplet interaction is difficult
to account for in a meaningful way using the WM

theory. In a somewhat unsophisticated treatment,
one can add an incoherent triplet -mixture weighted
only by the relative statistical factor of that final
state. The solid curve shown in Fig. 11 represents
an incoherent sum of triplet and singlet S-state nP
interactions as predicted by the WM theory. The
triplet admixture was weighted by a factor of 3,
which is the spin multiplicity of the triplet nP final
state relative to the singlet. " The over-all cross
section (o,+3o,) was broadened by the Gaussian
resolution function and normalized at the maximum
of the FSI peak of the experimental data to obtain
the curve shown. The triplet nP scattering length
is much smaller than the singlet in absolute value,
so.the relative effect of the additional term on the
shape is negligible in the vicinity of E„~=0.
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FIG. 13. The proton spectrum from He (P, He P)n at Oz
=40', 0&=51 in mb/sr MeV. See the caption for Fig. 8.

.I .2
E„p (MeV)

I

.3

FIG. 14. A plot of the function on the left-hand side of
Eq. (2) versus the np relative energy E„& for the data
from He4(p, He p)n at 0&=40 Op=67 5 Also shown is
the line giving the best )(' fit to the 10 data points. The
line intercepts the E„& axis at E„&=0.0795 MeV, which
gives the np singlet scattering length a, = -21.6 F.



836 RO GE RS, P AIC, RICHARDSON, AND VE RBA

teractions via the levels in He4 at relative energies
of about 8 MeV in the He -n system, "which also
occur in the region near E~= 5 MeV. '

Although the WM theory gave a good fit to the ex-
perimental data using the currently accepted val-
ues of the low-energy nP scattering parameters,
it is of interest to determine what value of the scat-
tering parameters best fitted the data. To do this
we used a linear extrapolation procedure similar
to that used by Bruckman, Kluge, and Schanzler. "
To begin with, we wrote the differential cross sec-
tion as a sum of two terms, one for singlet and one
for triplet.

O'= O + 0'g,

G, G,
k' ~ (- 1/, —,'r„k')' k' (—ll, ~ —,'r„k'j'),

therefore

(7 1(k'+ ~ ')
G'2p ' J G,G, — a,

(2)
We have ignored 2r«k relative to 1/a, and ~go,2k~

relative to I/a, ' since we intend to use only data
for low values of E„~. The subscripts s and t refer
to the appropriate 'S, or 'S, scattering parameters,
respectively, and p is the invariant three-body
phase-space function. ' If we plot the expression
on the left-hand side of Eq. (2) versus E„~(=k'k'/
2m) using the experimental cross section, we
should find the points described by a linear func-
tion which crosses the E„~ axis at a point which
uniquely determines the singlet nP scattering length

a, , since at this crossing point the bracketed term
in the right-hand side of Eq. (2) is zero That i.s

extrapolation of this function for the data from He-
(P, He'P)n at 0„=40', 9~ = 67.5', is shown in Fig. 14.
The line shown in this figure is the one giving the
minimum y' for 10 points near E„~= 0, with the un-

certainties taken to be purely statistical, that is,

df(o)
uncertainty =

where f(o) is the function of the left of Eq. (2), and

6o is the statistical uncertainty in the cross sec-
tion. With this procedure we determined the 'S, nf
scattering length giving the best fit to the data to
be a, = -21.6+ 2.0 F. The uncertainty quoted is a
sum of the variations in the extracted scattering
length due to statistical uncertainty in determining
G, (+1.0 F) and to the uncertainty in the absolute en-
ergy calibration for E~(+1.0 F). It contains, how-

ever, no estimate of any theoretical uncertainty in-
volved in this extrapolation procedure. The uncer-
tainties were determined by recalculating the scat-
tering length after shifting the normalization by
one standard deviation or the energy calibration by
+0.10 MeV.

(orbit
uni

(1 —ro, /a, )k'+ a, ' = 0, (3)

theref ore

a, = ,'r„(4r„——-k /2m&„~)"', (4)

where m is the reduced mass of the nP system, and
8'/2mE„~ =k '. We have assumed the singlet scat-
tering length to be negative in selecting the nega-
tive root of the quadratic Eq. (3). This zero cross-
ing is at the value of k where the denominator of
the first term in Eq. (1) is zero, the position of a
singlet pole in the S matrix. ' The factor G, was
determined by normalizing the second term in Eq.
(1) to the experimental data at E~ = 11.0 MeV. At

this point E„~=2.13 MeV, and the S, nP interaction
was assumed to dominate the cross section. The

—
O.I O. I 0.2

E„p (MeV)

03

FIG. 15. A plot similar to Fig. 14 but with the triplet
term replaced by a pure phase-space term. The straight
line giving the best fit intercepts the E,&

axis at E„&
=0.0991 MeV, which gives a, =-19.2 F.
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FIG. 16. A triton spectrum as a function of triton ener-
gy E& from the He (p, tp)p reaction, showing peaks (indi-
cated by arrows) which are due to He4 levels. The histo-
gram shows the actual number of counts in each channel,
whereas the upper points are these same data converted
to differential cross sections (mb/sr2 MeV). The rela-
tive energies are also plotted wherever they are less than
10 MeV.

If the second term in the bracket of Eq. (I) is re-
placed by a constant term, a similar linear extrap-
olation may be performed. This extrapolation is
shown for the same data in Fig. 15, yielding a scat-
tering length of -19.2+2.0 F for the best fit. As
shown in the figures, both of these extrapolations
have small values of g' for the line giving the best
fit, and both of the extracted scattering lengths are
slightly lower in absolute'value than the presently
accepted a, = -23.68 F from low-energy nP scatter-
ing data. '4

It is not possible with such an extrapolation pro-
cedure to unfold the effects of finite energy and an-
gular resolution on the value of the scattering
length extracted. However, qualitative arguments
indicate that insofar as the resolution effects are
well represented by Gaussian folding, they tend to
cause the value of the extracted scattering length
to be too low in absolute value. " Thus it seems
likely that the departure of the extracted scattering
lengths from the "true" scattering length is due in
part to experimental resolution effects.

In addition to the peaks discussed in the previous
section, enhancements occurred along the three-
body kinematic locus in regions where the nucleon-
nucleon relative energy is high and the trion-nucle-
on (either He' —n or tP) relative energy is low.
These peaks are best examined in a projection of
the locus of counts onto the trion axis.

A typical projection onto the triton axis is shown
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FIG. 17. Triton spectrum: See the caption of Fig. 16. FIG. 18. Triton spectrum: See the caption of Fig. 16.
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TABLE I. He levels from He (p, tp)p. E&& is the relative energy of the observed peak in the triton-proton c.m. sys-
tem. E* is that same energy relative to the He ground state. I"{FWHM) is the approximate width of the peak (measured
in relative energy) at the half-maximum of the portion of the peak which is above the background. The last two columns
give the characteristics of the nearest He levels as determined from two-body trion-nucleon data. All energies are in
MeV.

r(FWHM) Etb

40 51

40' 67.5'

3p0 400

0.1+0.1
1.1+0.2
0.8+ 0.1
1.4 + 0.2
1.9+ 0.2

19.9 + 0.1
20.9 + 0.2
20.1+0.1
21.2 + 0.2
21.7 + 0.2

0.15+ .05
1.4 + 0.2
0.2 +0.1
1.4 +0.2
1.6 +0.3

p+

p and 2
Q+

0 and 2
0 and 2

20.2
21.4 and 22.4
20.2
21.4 and 22.4
21.4 and 22.4

J and E&& are from Ref. 11.

for the He~(p, fp)p' reaction at 9, =40', 0~=51 in
Fig. 16. (The prime is to distinguish the unob-
served proton from the observed one. ) There are
two prominent peaks, one centered at a triton en-
ergy of 6 MeV and one at about 8.2 MeV.

To identify the peaks as a function of triton-pro-
ton relative energy (E,~.), we have plotted that en-
ergy as a function of E, in the same figure. This
relative energy is the energy in the c.m. system of
the triton and the undetected proton. The other tri-
ton-proton relative energy (E,~) is necessarily
quite large, since we only observe triton-proton
pairs which emerge in approximately opposite di-
rections with enough energy to make detection pos-
sible. The PP' relative energy is also high in the
region of the peaks, as shown similarly by the plot
of that energy in the figure. The energy E,~ is the
only one of the three relative energies which is low

in the vicinity of the peaks, and sequential enhance-
ments with small energy widths are not expected
above 10 MeV in the tP or PP systems. Hence, we.

may interpret the observed peaks as being due to
tP continuum states, which is to say He4 levels.

The other two prominent features of the data pre-
sent:;.d are the apparent presence of a large back-
ground of nonresonant processes which fills in the
regions under the peaks, and the sharp rise above

E, =12 MeV. This rise may be attributed to a com-
bination of phase-space peaking and PP FSI enhance-
ment in this region of low PP relative energy.

Spectra for the He'(P, tP)P' reaction for three
sets of lab angles were analyzed in terms of peak
positions in relative fP energy and (wherever pos-
sible) corresponding widths. By width, we mean
the full width at the half-maximum point of the part
of the peak which is above the background. This
value is probably lower than the true width, since
a part of the "background" is no doubt due to the
overlap of the peaks themselves. The triton spec-
tra at (9„0~=40', 67.5', and 30', 40'are shown in
Figs. 17 and 18. The positions and widths of the ob-
served peaks in the triton spectra a,re summarized
in Table I.

We observe the 0' level at excitation energy E*
= 20.2 + 0.2 MeV and a peak due to a P-wave res-
onance. The location of this P -wave resonance
agrees approximately with the energy of the broad
0 and 2 states identified by Meyerhof and Tom-
brello. " The errors quoted here and in Tables I
and II are rough estimates of the uncertainties in
positions and widths due to statistics, and do not
include any possible systematic errors. The varia-
tion of the peak position with angle for the P-wave
resonance is difficult to analyze in the absence of
experimental data at a reasonably complete set of
lab scattering angles.

The He4(p, He'p)n reaction also shows peaks in
the He' spectrum which may be identified with lev-
els in He . Table II summarizes the analysis of
peaks appearing in the three He~ spectra shown in

TABLE II. He levels from He (p, He p)n. E&„ is the relative energy of the observed peak in the He -neutron c.m.
system. E* is that saxne energy relative to the He- ground State. The other columns are described in the heading of
Table I. All energies are in MeV.

r{FWHM)

40' 51'

40' 67 5'
30' 40'

0.8+ 0.2
+0.-2

-0.4

1.2+ 0.2
1.5+ 0.4

21.4 + 0.2

23 2+0. 2

0

21.8+ 0.2
21.1+0.4

, :1.3+ 0.2

1.2 + 0.2
1.8+ 0.4

0 and 2

0 and 2
0 and 2

21.4 and 22.4

21.4 and 22.4
21.4 and 22.4

and E* are from Ref. 11.
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FIG. 19. A Hes spectrum as a function of He3 energy
Ez from the He~(P, He3P)n reaction showing a peak due to
the levels of He4. See the caption of Fig. 16.

Figs. 19, 20, and 21. In the spectra at HH, H& ——40',
51' and 40', 67.5', the peaks which we attributed to
the P-wave resonance are very similar in appear-
ance and width to the corresponding peaks in the
triton spectra, but they appear 0.5-0.6 MeV high-
er in excitation energy. This difference in energy
is possibly due to differences in the two reaction
channels and perhaps a different penetration factor
in the tP channel because of the Coulomb interac-
tion. Alternately, the apparent position of this
peak may be affected in the triton channel by its
partial overlap with the adjacent 0' level, which
does not occur in the He' channel.

Relative to the background, the He~ spectra show
a stronger yield in the P-wave peak than do the tri-
ton spectra. This is in agreement with the corre-
sponding branching ratio found in the kinematically
complete study of sequential enhancements in Li'-
(d, nt)P and Li'(d, o.'He )n at E, =10 MeV. " Except
for the P-wave peak, there are no peaks in the He'
spectra which can be readily identified with the lev-
els of Ref. 11. The He' spectrum does however,
show a faint indication of a peak at F-*=23.2 MeV
(at 40', 51'), but it is almost statistically insignifi-
cant.

Kinematically complete observations have also
been reported on the reactions d+ He'-P+P+t or
P+ n+ He' at EH, s = 31.8 MeV" and at lower deuter-
on bombarding energies. " The trion spectra from
these reactions also showed the peaks correspond-
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FIG. 20. Hes spectrum: See the caption for Fig. 19. FIG. 21. He3 spectrum: See the caption for Fig. 19.
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ing to the 0' level and P-wave resonance in He4,
but not for any other levels. These measurements
are in substantial agreement with ours as to the
general character of the 0' and P-wave levels.

Inelastic proton spectra from He'(p, p') reactions
measured at E~ = 40 MeV' show the 0' level to
have an apparent width of 0.34+ 0.04 MeV, consid-
erably larger than the width we measure. The
cause of the discrepancy in the measured width
with these two different methods of studying the
same reactions is not clear at this time.

serve the resonance structure of He, since a
large range of excitation energies is allowed in a
measurement at a single bombarding energy and
angle. The states of lowest excitation (0', 0, and/
or 2 ) show up quite clearly. Of course the diffi-
culties inherent in any analysis of three-body final
states are present here, too, in that the reliable
methods (e.g. , phase-shift analysis) used to extract
level parameters from two-body data are not avail-
able.

SUMMARY AND CONCLUSIONS

Nucleon-Nucleon FSI

The energy spectra in the region of the second
maximum of the trion angular distribution is in
good agreement with the predictions of simple se-
quential theory. A Chew-Low type of extrapolation
yields a value for the nP singlet scattering length
that is slightly lower than the value extracted from
nP free scattering. Because these experiments
show no marked contradictions between the data
and simple sequential theory, it seems worthwhile
to undertake a study of the analogous reactions in-
duced by fast neutrons on He~, with a view towards
simultaneously examining the nP and nn FSI.

He4 Levels

These reactions offer a convenient way to ob-
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The R-matrix expansion for the ground-state energy of a many-fermion system is carried
through fourth order. We evaluate this expansion for a potential modeled after the nucleon-
nucleon one. The calculation is described in detail. We find that the "hole-line" approxima-
tion seems to underestimate the attraction so that a hard-core force may well be consistent
with the experimental bi~ding energy of large nuclei.

1. INTRODUCTION AND SUMMARY

A method, the R-matrix expansion, has recently
been proposed" for the calculation of the ground-
state energy of a many-fermion system interacting
through forces which have a short-range strong re-
pulsion, an intermediate-range attraction, and
which vanish rapidly at long distances. It is the
purpose of this paper to carry through such a cal-
culation for a simple model potential, patterned on
the nucleon-nucleon potential. The results of this
calculation are compared with those of the two-
"hole-line" approximation, and it appears that the
"hole- line" approach substantially underestimates
the binding energy in this case. Consequently it
seems likely that hard-core potentials are compat-
ible with the "observed values" for the binding en-
ergy for infinite nuclear matter.

In the second section of this paper we describe
how to obtain the R matrix from the potential, both
in the absence and presence of an excitation of the
Fermi sea. The R matrix is basically the same as
Brueckner)s~ K matrix except that it has been reg-
ularized' in the neighborhood of the Fermi surface
to eliminate the appearance of certain singularities
which occur in the Brueckner formulation.

Since the R-matrix expansion procedure involves
multidimensional integrals of products of the R
matrix elements, just as the potential perturbation
expansion involved multidimensional integrals of
products of the potential matrix elements, we have
found it desirable to have an accurate numerical
representation of the R matrix. We describe our
representation in the third section. As a guide to
the proper forms to employ, we compute the di-

2. EVALUATION OF THE R MATRIX

In order to evaluate the terms of the R-matrix
expansion of the ground-state energy of a many-
fermion system which was recently proposed, "
we need first to evaluate the R matrix itself in
terms of an interaction potential. We have select-
ed the following potential for consideration in this
paper. First, for states of even relative angular
momentum,

Vr(r) = V, , Vz(r) = V2, 0 & r &c,

Vr(r) = V, , Vz(r) = V~, c &r &d, (2.1)

V,(r) = V, (r) =0,

lute limiting case, introduce adjustable parame-
ters, and fit them to our values of the matrix ele-
ments computed by methods of the second section.

In Ref. 1, the spin and isospin sums were left
in matrix form under the integrand of the multi-
dimensional integrals. We have, however, found
group-theoretic methods to reduce by mechanical
procedures all of these sums (at least through the
fourth order in the R expansion) ab initio. These
procedures are described in the fourth section of
this paper.

In the fifth section of our paper we detail how to
write out the R-matrix perturbation series and
give all the data necessary to construct the multi-
dimensional integrals whose evaluation is required.
In the final section we describe our evaluation of
these integrals by Monte Carlo methods and tabu-
late the numerical results. Comparisons are made
with the results of other methods.


