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An optical-model analysis of the scattering of 64.3-MeV n particles from Ni and Fe, and
of 50.2-MeV n particles from Ni, has been performed using independent real- and imaginary-
potential-geometry parameters. The scattering is found to be sensitive only to the potential
form at radial distances beyond about 6 F. Real-potential-parameter ambiguities have been
studied with particular reference to the quality of the analyzed data. The potentials found are
compared with expectations based upon a simple folding of matter sizes and effective two-body
forces.

I. INTRODUCTION

Recently, relatively detailed studies' ' have
been made of the representation of the elastic scat-
tering of nucleons by an optical model. These
studies have emphasized that only limited informa-
tion concerning the potential can be extracted from
such analyses and have gone some way towards re-
lating such potentials to nuclear neutron and pro-
ton distributions and nucleon-nucleon forces. The
present paper attempts a similar approach, using
n-particle elastic-scattering data. Among the com-
plex particles, the e particle is the most appropri-
ate for such investigations, since its relatively
high-binding energy makes it reasonable to neglect
the excitation of the projectile, which would

greatly complicate interpretation of the results. If
such an assumption is justified, o. elastic-scat-
tering potentials represent a simplification over
the proton case, since no spin-orbit interaction is
involved. The purpose of the present work, there-
fore, is to determine to what extent information
concerning the potential and nuclear sizes can be
obtained from optical-model analyses of e-particle
scattering data.

Previous optical-model ana1yses of e-particle
scattering data have given real-potential radii sig-
nificantly larger than the corresponding quantities
determined from proton data. Schemes that ac-
count for this difference by adding to the proton
potential radius a constant term for the finite size
of the o. particle have had limited success. ~ ' In

order to minimize the number of parameters,
analyses have tended to use the same geometry
for the real and imaginary potentials. In genera1,
the data analyzed are such that little improvement
in the quality of fitting is achieved if the geome-
tries are uncoupled, and the increased number of
parameters cannot be justified. It is unlikely that
the two geometries are the same, and the values

found, presumably, represent some kind of aver-
age between the optimum real and imaginary
forms. This indicates a need for more accurate
and extensive e-particle elastic-scattering data.
%'here independent real and imaginary geometries
have been used to analyze relatively extensive
data, 7 the imaginary-potential radius is found to
be larger than that of the real potential.

The present work attempts to explore the param-
eter space of the o, -nucleus elastic-scattering po-
tential in some detail using independent real- and
imaginary-potential geometries. The parameter
ambiguities are examined, and also the relation-
ship of the potentials to the corresponding proton
potentials and nuclear-matter distributions.

II. a-PARTICI. E POTENTIALS

In an optical-model analysis the elastic scatter-
ing is represented by the scattering of a point par-
ticle by a spherically symmetric potential. In the
present case, this potential has the form

V(r) = Vc,„}—VR f(r) —i Wqg(r)+ iWD 4at g'(r),
(&)

where Vc, „& is the Coulomb potential

f (r) —
(g + e (r -rR 2 }laR)

and

1 /3

The fact that n particles are strongly absorbed
in nuclear matter results in the scattering being
dominated by the potential at large radii and being
insensitive to the interior form. This emphasis on
the potential surface has been expressed by Igo' by
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vrhere i corresponds to the ith real potential that
fits the data'

I:58
Ni, 64.5 MeV a PARTIQLES

VR=I58.9 MeV JR 475 MeV-F
I

»

gf -~-i g1/3.
R

and C, 1S a constant for all t.
Although Eg. (2) is consistent with a continuum of

values of V~, only discxete sets of parameters are
found to be compatible vrith the data, . This discrete-
ness is attributed to integral numbers of nodes of
the %ave fuQctlon 1DS1de the potential» In general3,
acceptable real-potential parameters give values
of C, which, although not constant, have relatively
small variation. It is to be expected that a relation-
ship similar to Eq. (2) will hold for the imaginary-
potential parameters, when these have independent
geometry. However, . the evidence is less satisfac-
tory than in the case of the real potential. ' ' It has
been suggested that the magnitudes of the poten-
tials at the strong absorption radius constitute a
more satisfactory criterion than Eq. (2).

If the use of independent real and imaginary ge-
ometries is to be justified, it is necessary that the
experimental data be both accurate and detailed.
This point has been examined by Broek et al.7 for
the scattering of 43-MeV o, particles by ' Ni. They
found that with errors of less than 2%, an angular
range covering five relatively deep cross-section
mln1ma %RS Qeeded to specify the imag1nary poten
tlRl unambiguously»

The RngulRx' distributions chosen fox' the present
investigation mere available in numerical form at
50.2 MeV' from ¹iand at 64.3 MeV" from 58Ni

and 'SFe. These data satisfied the criteria estab-
lished by Broek et g/. Most attention was paid to
the data from '8Ni at 64.3 MeV. This angular dis-
tribution contains significant structure and has
been measured with good accuracy; errors are
less than 1% at forward angles and about 2-3% at
backward angles (Fig. 1). Reference 11 also pro-
vided data of comparable quality for "Fe at 64.3
MeV (Fig. 2). The data at 50.2 MeV for "¹i(Fig.
3) contained several pronounced oscillations in the
angular distribution, with errors of +5%. Some
data at 21.08 MeV" frere also studied, although
these did not satisfy the strict criteria for accuracy
RDd detail d1scussed Rbove»

G.OI—
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FIG. 1. A ~ical fit to 64.3-MeV 0.'-particle elastic
scattering data from 58Ni (Bef. 13.) for one of the eqmva-
lent potentials of TaMe I,

diffuseness 0.502 F and radius (1.106+1.053
&10 'A)A'13 F.'" The computer code aAROMX"'
vras used. The goodness of fit was measured by
the usual y' criterion vrhere

1 ~ o,h(8,)-a,~(8,)

Fe, 64.3 MeV e PARTICLES

V -I65.2 MeV J =447 MeV-F
p,R R

0.0l-

i rg p~g(kJ)

and &gh(eg)~ &»gp(eg)~ and 4&»gp(&g) are the pre-
dicted cross section, the measured cxoss section,
Rnd the 6I'1ox' 1Q the IQeasux'ed cI'oss sectlony re
spectively, at angle 8&, and N is the number of data
points. The search routine varied parameters to
find a minimum in ym.

0.00I ' l

40 60

The optical-model potential used in this analysis
is given by Eq. (1) with the Coulomb potential taken
to be that of a Woods-Saxon charge distribution of

FIG. 2. A typical fit to 64.3-MeV O.-particle elastic
scattering data from 58Ze (Hef. ll) for one of the equiva-
lent potentla18 of Table G,
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A. 'swi at 64.3 MeV

For the "¹idata at 64.3 MeV, preliminary ex-
plorations of the parameter space were started
near VR =200 MeV with a volume form for both the
real and imaginary potentials. %eQ-known char-
acteristics of optical-model analyses for strongly
absorbed particles were found: There was a pref-
erence for r& to be larger than xR and for g, to
be smaller than aR.7 Equally good fits to the data
were obtained using either a surface or a volume
imaginary potential, or a combination of the two.
These alternative imaginary potentials were al-
most identical for radial distances greater than
6.5 F but significantly different for smaller dis-
tances. This facet of the analysis is discussed
later.

The real-potential ambiguities were investigated
by fixing xR at a succession of values and varying
all other parameters for a best fit. Using small
values for xR yielded large values for VR and vice
versa. However, the correlation was not continu-
ous in VR, which changed in multiples of about 50
MeV from approximately 150 MeV with rR around
1.35 F to 300 MeV with r& around j..2 F. Accom-
panying these changes in VR were changes of about
j.QO MeV F' in the volume integral per particle
pair of the real potential, ZR ( =J'/4A), where A

is the mass number of the target, and Z is the vol-
ume integral of the nuclear potential given by

J=Vp4m x x dx
0

V„(MeV)

IOO —$

50—
400—

l.2—

'~4
«»

58 .
Ni, 64.3 MeV

/ y /t

have shown that the volume integral of the real
central optical-model potential is well defined for
acceptable fits to the data, whereas the individual
strength and geometrical parameters can vary
within wide limits. The quality of fit in these anal-
yses appeared to be sensitive to the volume inte-
gral of the real potential and not to its detailed
shape. This suggested that in the present case, it
might be more appropriate to characterize the al-
ternate families of real-potential parameters fit-
ting the data by their volume integrals, as defined
by Eq. (3), rather than by their depths. This ap-
proach, using volume integrals, proved to be more
satisfactory than the depths in separating different
families, and was used in the present analysis.

In an analysis of the present type, the y~ mini-
mum found in the parameter space can be prej-
udiced by the starting values chosen. An attempt
was Inade to avoid these difficulties by using the
following procedure. The starting values for the
imaginary-potential parameters were WD =0, 8'&

= V„-, s R„3[l + (w a „)'/R„')

l.o =
I

I

Ni, 50.2 MeV a PARTICLES

V =95.1 MeV, JR=40l MeV-F

Ql—

b
b

0.0l =

for the potential of Eq. (l).
Recent analyses of elastic proton scattering' '
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FIG. 3. A typical fit to 50.2-MeV e-particle elastic

scattering data from ~8¹i(Bef. 10) for one of the equiva-
lent potentials of Table IIL

FIG. 4. Parameter correlations and the corresponding
y2 values found for the 64.3-MeV data from ~ ¹i,obtained
as described in the text. Several equivalent minima in
$2 are seen.
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= 20 MeV, xr = 1.5 F, and a ~
= 0.4 F. The real radi-

us parameter rR, was then fixed at values between
1.15 and 1.40 F in steps of 0.05 F. For each rR

value, the starting value of aR was taken to be
0.65 F, and the starting value of VR varied from 25
to 300 MeV in 25-MeV steps, and from 350 to 600
MeV in 50-MeV steps. For each initial combina-
tion a minimum in X~ was found by searching on

V„, a„,W„, r, , and a, (Wn was taken to be zero).
In some cases values of rR greater than 1.4 F were
investigated. A summary of the results of these
searches is presented in Fig. 4. This figure shows
a series of weQ-defined minima in X2 as a func-
tion of JR, and systematic changes of the other
parameters as variations away from the minima
are effected. The parameters giving the lowest
y' in the grids on r„were used as starting values
for the final fits, which were obtained from a
search varying all parameters including t'R. This
produced negligible changes in the parameters.
The values obtained for each family are given in
Table I, and a plot of the predictions for the fam-
ily with ZR=4V5 Mev F' is included in Fig. 1. In-
vestigations were also made beyond the range
shown in Fig. 4 (i.e., where V„&100 MeV or &400

MeV) but these always produced y,
' values at least

1,5 times greater than the best shown in Fig, 4
and are not included.

B. ~8Fe at 64.3 MeV

The above investigation of the 64.3-MeV e-par-

ticle scattering from "Ni was used as a guide to
extend this type of analysis to other cases. The
time-consuming mapping of the families of param-
eters for each discrete potential was not repeated.
In the case of "Fe at 64.3 ]geV,"the family with
V„-200 MeV (8„-580 MeV F') was examined using
an xR grid as described above, and found to be
similar to the ' Ni case. These results, together
with the systematics found in Sec. III A, were used
to choose starting parameters for a search for the
best-fit parameters for the other families. The
parameters for the equivalent potentials are given
in Table II, and a plot of the predictions for the
family with ZR -447 MeV F' is included in Fig. 2.

C. 'SNi at 50.2 MeV

A similar analysis was performed for the 50.2-
MeV e-particle data from "Ni of Ref. 10. This
resulted in the parameters listed in Table III, and
a plot of the predictions for the family with JR
-401 MeV F3 is included in Fig. 3. Since this
angular distribution contained only about half the
number of oscillations of the one at 64.3 MeV, and
the experimental errors were two to five times
greater, the X~ minima were much broader, This
was evidenced by the increased width of the g'
versus cJR mlmma~

The correlation between the accuracy of the data
analyzed and the acceptable range of parameter
values for a given family was investigated to
so e t t s ng th ¹ dataat 64.3 M V. Th

TABLE I. 5 ¹i,64.3 MeV, equivalent potentials.

(MeV)

111.4
158.9
209.4
266.4
326.1
397.3

1.423
1.367
1.316
1.281
1.258
1.226

0.625
0.629
0.625
0 622
0.615
0.616

4.867
4.693
4.679
4.483
4.410
4.327

20.0
21.0
22.3
24.1
27.4
29.7

1.661
1.641
1.631
1.621
1.607
1.694

0.420
0.438
0.437
0.433
0.429
0.430

47
38
39
41
46
47

7.5
6.8
7.2
7.8
9.0
9.9

8.85.
4.15
4.17
4.71
6.40
5.04

1591
1592
1590
1588
1587
1685

TABLE II. ~ Fe, 64.3 MeV, equivalent potentials.

36.7
78.5

118.1
165.2
220.4
283.4
362.8
430.0

1.589
1.438
1.356
1.300
1.250
1.206
1.170
1.147

0.636
0.663
0.676
0.670
0.670
0.672
0.671
0.658

5.315 23.3
4.964 24.1
4.779 23.6
4.626 25.2
4.499 26.7
4.393 27.9
4.303 29.4
4.219 32.8

1.686
1.576
1.581
1.646
1.537
1.544
1.548
1.498

0.698
0.679
0.671
0.601
0.598
0.578
0.661
0.699

179
279
369
447
536
627
721
827

18
17
17
15
16
16
17
16

5.8
3.6
2.8
3'.0
3.0
3.0
3.0
3.6

6.67
9.04

10.6
5.30
5.57
8.60

12+7
6.23

1698
1681
1677
1684
1683
1676
1671
1686
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TABLE III. ¹i,50.2 MeV, equivalent potentials.

~R
(Mev) (F) (F) (F)

wv
(MeV) (F) (F) (Mev F3) 10 C 10-i2 C

57.2
95.1

132.9
178.4
225.6
269.0
327 3

1.652
1.566
1.505
1.450
1.424
1.394
1.366

0.487
0.516
0.518
0.540
0.531
0.533
0.530

5.272
6.040
4.905
4.787
4.703
4.624
4.544

18.6
19.6
20.8
20.7
25.3
26.0
27.7

1.717
1.692
1.678
1.687
1.671
1.655
1.634

0.221
0.246
0.250
0.251
0.253
0.269
0.272

285
402
511
621
745
836
961

11
10
10
12
12
12
11

28.2
10.6
9.9
5.8
7.4
6.8
7.0

211.0
7.0
4.0
4.1
3.2
1.4
0.3

original analysis of these data was presented in
Sec. III A. These data were randomized to be con-
sistent with 5% errors and then reanalyzed over
the minimum around J„=55 0 Me V F 3 (VR - 200
MeV). The process was then repeated using 10%
errors. The widths of the X'-J& minima at X' =1.5
y';„ for the original data (1-3%), the 5% data,
and the 10'%%uo data were 24, 34, and 50 MeV F', re-
spectively. For the restricted angular range at
50.2 MeV with 5% data, the corresponding width

was about 100 MeV F'. Since the minima are only
separated by about 100 MeVF', it is clear that
data containing structure comparable with that at
64.3 MeV (Fig. 1) and an accuracy of better than
5% are needed if well-separated families are to be
obtained using uncoupled real and imaginary ge-
ometries. In the case of some 21.08-MeV data for"¹i,"it proved not to be possible to separate the
parameter families using independent real and

imaginary geometries.

IV. RESULTS

'BNj, data at 64.3 MeV (Table I) are plotted in Fig
5. The potentials are closely similar for all r& 7 F.
A similar situation holds for the ' Fe data at 64.3
MeV and the ' Ni data at 50.2 MeV. This feature
is represented by the constancy of C, in the Igo
criterion of Eq, (2). Values obtained for C, in the
three cases examined are included in the corre-
sponding Tables (I, II, and III). With the exception
of the first family in Table III, the values listed
are constant within a factor 1.5. The quantity C,
is extremely sensitive to the diffuseness param-
eter aR, and a large fraction of the variation seen
is due to minor variations in aR. If the strength
of the potential in the surface region is well deter-
mined, as is apparent from Fig. 5, then constancy
of C, implies constancy of aR. Since, in these cal-
culations, the imaginary geometry is independent-

Ni, 64.5 MeV 0 PARTICLES
EQUIVALENT IMAGINARY POTENTIALS:

The discrete equivalent real potentials for the

500-
Io=

IOO =

50:

10=
5:

O. I

I="eI, 64.
EQUIVA

&9~ X

2
r (F)

IO

FIG. 5. Plots of equivalent real potentials for the 64.3-
MeV data from ¹.The potentials are similar for large
r values.

O. l

0
r(F)

FIG. 6. Plots of the optimum imaginary potentials us-
ing volume and surface forms. In both cases the real
potential parameters were VR =159.8 MeV, rR =1.354 F,
and aR = 0.632 F. For the volume form, %'v= 20.8 Me V,
ri =1.645 F, aq =0.437 F, and y =42. For the surface
form WD=47. 2 MeV, ri =1.278 F, ai =0.517 F, and g
= 55. The potentials are similar for large r values.
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ly variable, it is perhaps not surprising that the
best set of parameters for any given family shows
some variation from the mean in the C, values.
Keeping aR constant for all families would only
marginally worsen the fits with an improvement
in the agreement of C, values.

A similar situation applies to the imaginary po-
tentials found here; equivalent fits to the data are
obtained with either a surface or a volume shape
so long as these have the same form at large dis-
tances. This is illustrated in Fig. 6 for'SNi. The
values for the imaginary potential C„defined by
Eq. (2), are included in the tables. The constancy
of C, for the results at 64.3 MeV is comparable to
that of C,. However, at 50.2 MeV a wide spread
in C, is observed (factor of 20) which can be at-
tributed to the less comprehensive nature of the
experimental data.

As mentioned previously, the ' Ni data'3 at 21.08
MeV did not yield distinct families of parameters
when an independent imaginary geometry was used.
It is interesting to note, however, that the origin-
al analysis" of these data yields Cy values for al-
ternative parameter sets which agree within a
factor of 2, but the corresponding C~ values vary
by 11 orders of magnitude. This suggests that,
whereas limited o, -particle elastic-scattering data
give reasonable values for the tail of the real part
of the optical-model potential, relatively detailed
and extensive data are needed to define the corre-
sponding imaginary potential.

V. DISCUSSION

The minimum X' values of the various families
shown in Fig. 4 differ by less than a factor of 2
and offer no basis on which to choose an optimum
parameter set. This choice is usually made by
analogy with the potentials found in analyses of
nucleon-nucleus scattering data. Recent analyses
of such data' ' have shown that the well-defined
quantities determined by the data are the volume
integral (4AZ&) and the root-mean-square radius
(rmsr) of the real central potential. Inspection
of Tables I, II, and III, where these quantities
are listed, shows clearly that a similar situation
does not hold in the e-particle case, where only
the tail of the potential is important. It is never-
theless interesting to see if any of the parameter
families of the present analysis correspond to
expectations based on analysis of nucleon-nucleus
data.

An analysis of nucleon-nucleus elastic-scattering
data has been made recently' using a model which
is readily extended to cover the n-particle case.
In that work the real parts (direct central, isospin
central, and spin orbit) of the nucleon-nucleus po-

tential are obtained from a folding of the nuclear-
matter distribution with specific components of
the nucleon-nucleon force. In the case of n™parti-
cle elastic scattering an additional folding of the
matter distribution of the ~ particle is required,
together with the assumption that no excitation of
the o. particle takes place during the interaction.
This leads to the relationships

(r')R=(r'} +&r'), +(r'}„,

J=4A Jd,

where (r~) is the mean-square radius of the real
potential (R), the nuclear-matter distribution (m),
the direct part of the nucleon-nucleon force (d),
and the o particle (o.), J'd is the volume integral
of the direct part of the nucleon-nucleon force,
and J is the volume integral of the real potential.
To a good approximation the folding procedure
produces a potential of shape similar to a %oods-
Saxon form with the same half-way radius as the
matter distribution, but with a larger diffuseness.
Taking the values for Jd and (r') m found in the
proton analyses' leads to the following expectations
for a scattering for mass number 58: (1) JR-400
MeVF'; (2) V„-180 MeV; (3) (r'} '" -4 7 F;and
(4) y„-i.15 F, aa-0. 85 F. A comParison of these
values with those in Tables I, II, and III shows that
for the 64.3-MeVdata there is fair agreement with
one of the acceptable parameter families for ex-
pectations (1), (2), and (3), but disagreement with

(4). At 50.2 MeVno significant agreement is evi-
dent. The phenomenological potentials for n par-
ticles clearly need a ha1f-way radius significantly
larger than the corresponding nuclear-matter radi-
us for the best fit. This disagreement with expecta-
tions of the model of Ref. 1 for the o.-particle data
is perhaps not surprising. In this case only the
tail of the potential is playing a role in determin-
ing the scattering, and the shape of the tail will be
more dependent on the detailed functional forms
used than on gross features such as the volume in-
tegral and the mean-square radius.

A similar approach to that of Ref. 1 has been ap-
plied to the analysis of e-particle data by Jackson
and Kembhavi. '~ These authors combined the nu-
cleon-nucleon force and the n-particle matter dis-
tribution and parametrized it as a Yukawa form.
This Yukawa was then folded with the nuclear-
matter distribution. The gross features of elastic
angular distributions were reproduced, but no de-
tailed fitting of the type presented here was at-
tempted.

In conclusion, the elastic scattering of e parti-
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cles by "Ni and "Fe can be well represented by
an optical model, but only the potential at distanc-
es greater than about 6-7 F is well determined.
The real potential in thi. s region can be obtained
from relatively inextensive measurements, but to
determine the imaginary-potential tail requires

accurate measurements over a wide angular re-
gion showing considerable structure. It is unlike-
ly that such data will yield useful information con-
cerning nuclear sizes, but the possibility of ob-
taining information concerning nuclear densities
at large radii cannot be excluded.
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The reaction Ti(3He, d)50V has been studied at 15-MeV incident energy with an over-all en-
ergy resolution better than 20 keV full width at half maximum. 54 states were observed in 5 V

up to 6-MeV excitation, and corresponding deuteron angular distributions were measured in
the angular interval 7 to 50'. Spectroscopic information has been extracted for 30 of the stron-
ger or well-isolated transitions by means of a distorted-wave analysis of the differential cross
sections. The results are compared with nuclear-model predictions.

I. INTRODUCTION

The present investigation of the 4'Ti('He, d)"V
reaction forms part of a systematic study of proton
states in the Z =23 nuclei excited by means of the
('He, d) reaction. The results for "V, "V, and "V
have already been published. ' '

Definite spin and parity assignments are known'

only for the ground state of "V. Level energies
have been rather well established up to 3.7-MeV

excitation from studies of the 'OTi(p, ny), ' "Ti('He,
f) ' "V(p p') " "V(d d') ' "V(p, d), ' and "Cr(d, a)
reactions, but tentative spins and par ities have
been obtained for very few of them. No previous
study of the 4'Ti('He, d) reaction has been reported.

II. EXPERIMENTAL TECHNIQUES AND RESULTS

A self-supporting titanium metal foil, enriched to
76% in "Ti, was bombarded with 15-Mev 'He"


