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Experimental energies, spectroscopic factors, and electromagnetic data associated with
the low-1ying levels of Cr~a are fitted by means of a model in which the basis states are taken
to be single-particle orbits vector-coup1ed to states of the Cr~' core. Unknown properties of
the core states are treated as parameters. A least-squares minimization procedure is used
to determine optimum fits to the data. Although most of the low-energy data can be fitted
quite successfully, the spectroscopic factors and quadrupole moment are not well reproduced.
The observed levels appear to be more highly mixed than is suggested by the model. It is
also found to be necessary to introduce an effective charge in order to reproduce the B(&2)
data.

I. INTRODUCTION

The description of an odd-& nucleus in terms of
a core-plus-particle model as discussed by de-
Shalit' and used by Thankappan and True' appears
at first sight to be both conceptually simple and

yet capable of considerable generality. In this
model, the states of the odd-A nucleus are con-
structed as linear combinations of the states of
the underlying even-even core nucleus vector
coupled to the states of a single nucleon moving
"outside" the core, the amplitudes being deter-
mined by diagonalizing a suitably chosen Hamilton-
ian. Were it not for the requirement that the total
wave function be antisymmetric, such a descrip-
tion would always be possible, at least in principle.
Although it is possible to reformulate the model in
such a manner that the requirements of antisym-
metry are met, as Thankappan' has done, the re-
sult is a formalism of such complexity that the
original attractive simplicity of the model is lost.
Fortunately, however, the special case in which
the odd nucleon is moving relative to a core whose
low-lying states are characterized by excitations
among nucleons of opposite type may be treated,
to good approximation, without the encumbrances
of the more general formalism. If, in addition,
the low-lying states of the core nucleus are fairly
well separated in energy, one may hope to achieve
a useful description of the low states of the odd-A
nucleus by retaining only a few of the lowest states
of the core. Ambiguities remain in the choice of
the model Hamiltonian and also, possibly, in other
properties associated with the core states.

A somewhat specialized version of the core-plus-
particle model was used previously' to discuss the

properties of the low-lying states of Cu". The
model appeared to be capable of correlating a
large amount of low-energy data within a simple
framework. In the present paper, we report the
results obtained when the same model is applied
to the nucleus Cr' . The suggestion that such a
calculation might be of interest for Cr" has al-
ready appeared in the literature by Whitten' and
by Rao et al. ' Potentially, the model is capable of
acheiving a simultaneous fit to the low-lying energy
spectrum and the associated electromagnetic mo-
ments and transition-rate data in Cr", together
with a number of spectroscopic factors observed
in the Cr"(d, P)Cr" and Cr"(P, d)Cr" reactions.
As we shall see, the Cr" results are not as con-
clusive as in the Cu" case.

II. FORMULATION

The particular form of the core-plus-particle
model which we shall employ has been fully de-
scribed elsewhere. ' Thus we include here only
sufficient detail to make the meaning of the model
parameters clear.

A basis state of the model with total spin ~ and
projection chas the form implied by the notation

I ~„ap, ~M&, where &, stands for the quantum num-
bers of the core state, and)~ similarly represents
the quantum numbers of the particle state, a neu-
tron in this case. The model Hamiltonian may be
written quite generally as

H=H, +Pp+H;„„

where H, is the core Hamiltonian and H~ the par-
ticle Hamiltonian, both of which are diagonal in
the model basis states.
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The spectra of H, and B~ may be partly obtained
from experiment. Figure I shows the observed
spectrum' of the core nucleus Cr" up to an excita-
tion energy of 3 MeV. The ground and first ex-
cited states are seen to be fairly well separated
in energy from the more highly excited states.
Provided that the interaction between the core and
particle is not too large, it should be possible to
represent the core components of the lowest states
in Cr" using only the lowest two core states in
Cr". These are the only two core states retained
in most of the present work, though we shall have
occasion, later on, to consider some of the modi-
fications implied by the presence of more highly
excited states of the core. Again, on the basis of
the shell model, the f», neutron shell is just filled
in Cr". Thus we expect that, at least for the low-
lying states of Cr", the additional neutron will be
confined to the 2P»„ 1f»2, and 2P,&, orbits. The
situation is very similar to that encountered in
Cu" except that, in the latter case, it was an odd
proton which could occupy these orbits.

Unfortunately, we are unable to obtain from ex-
periment an unambiguous result for the relative
energies of the single-particle orbits. For a num-

ber of preliminary calculations, we took the rele-
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vant energy differences to be E», -E,~, = 1.2 MeV
and E», —E», = 1.35 MeV. In making this choice,
we were guided partly by the experimental obser-
vations of Cohen' and by the energies used in other
theoretical calculations. ' " Preliminary graphi-
cal surveys of the model parameter space suggest-
ed that this particular choice of single-particle
energies would be suitable. However, in recogni-
tion of the fact that the choice of these numbers
is rather arbitrary, we have treated the single-par-
ticle energy differences as free parameters in all
calculations reported here.

The remaining part of the Hamiltonian, repre-
senting the interaction between the core and the
particle, is given the form

(2)

Here Z, and j~ are the usual total angular momen-
tum operators for the core and particle states,
respectively, and Q,' and Q~' are the correspond-
ing mass quadrupole moment operators. This par-
ticular form has been selected' to economize the
number of terms included in P;„„while retaining
explicitly those terms which have appeared in the
past" to be of significance.

The matrix elements of H;„, taken between model
basis states can be expressed in standard form as
products of angular momentum recoupling coeffi-
cients and reduced matrix elements of the opera-
tors contained in 0;„,. The reduced matrix ele-
ments of Q~' were evaluated by using harmonic-
oscillator wave functions with an oscillator param-
eter given by

1.434

24 28

FIG. 1. Observed spectrum of Cr'"2 up to an excitation
energy of 3 MeV. Spins and parities are shown opposite
the energy 1evels.

p = 4/~/jP+ ~~3 = 0.264 F

In the philosophy of the present model, it is as-
sumed that the detailed structure of the core states
is unknown. Thus, the reduced matrix elements
in the subspace of the core (except for those of ~, )
must be introduced as parameters. Since our two
core states have spins J, = 0 and ~, = 2, it is suffi-
cient to define the two quantities g, -=q{0( ) Q,'~ ) ( 2)
and y,

—= q(2) ( Q,' [ [2) which, together with g, form
a set of three unknown parameters describing the
matrix elements of H;„,.

The total Hamiltonian may be diagonalized among
the model basis states to produce a theoretical en-
ergy spectrum and set of wave functions for the
Cr" nucleus. These wave functions may be used
directly to provide additional information, such as
predicted spectroscopic factors for the Cr"(d,P)-
Cr' reaction. Electromagnetic moments and tran-
sition rates may also be obtained provided that
appropriate operators are introduced. The opera-
tors for the magnetic and quadrupole moments
appear in standard notation as'
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p = 40(g~ J~ +gg lp +grasp)
the observed energy levels of Cu"". Actually, the
only new free parameters introduced here are P,
and e~, both connected with the quadrupole mo-
ment operator, The effect of these additional pa-
rameters will be investigated further in Sec. V.

respectively, where we have used e~ to represent
the effective charge of the neutron moving outside
the core. In these formulas, the first term acts
only on the core and second and third terms act
only on the particle. The quantity p, =ek/2Mc is
the usual nuclear magneton, and g, =Z/A is the
gyromagnetic ratio for the core.

It is now convenient to introduce parameters

in analogy with the parameters X, and X2. The
parameter P, may be fixed by comparison with the
observed matrix element for the decay of the 2+
state in Cr". We have taken P,/e = 16.28 F', which
is consistent with If(82; 2+ -0+)/e' = 63 F' as
found by Meriwether et al." In Ref. 2, the param-
eter P, was fixed by assuming the relation

(6)

This relation is true only if it is permissible to
make the replacement

where e, is an effective charge for the core. In
the present work, we will not rely upon this as-
sumption. However, even when P2 is allowed to
vary independently of X,, and X„ it was found to be
necessary to give the odd neutron a nonvanishing
effective charge, e~, in order to reproduce the
Cr" data. In Ref. 2, it was also found to be neces-
sary to renormalize the particle gyromagnetic ra-
tios g, and g, in order to fit the M1 properties of
Cu6'. Since the odd particle in Cr' is a neutron,
we may set g, = 0 and allow g, alone to vary. Thus
the calculation of electromagnetic data within the
framework of the present model involves the three
RddltlonRl free parametersy p2q 8p y

Rnd g~.
When the present model is compared with the

version employed previously, ' it appeax s that we
have introduced several new free parameters. Al-
though the earlier work claims to have used only
three free parameters, namely g„g„g, a care-
ful reading reveals that the single-particle ener-
gies were adjusted somewhat from their initial
values "in order to obtain better agreement with

III. FITS TO THE I.OK-ENERGY Cr" DATA
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FIG. 2. Observed spectrum of Cr~s up to an excitation
energy of 2.7 MeV. Known spins and parities are writ-
ten opposite the corresponding energy levels. Excited
levels populated strongly in inelastic scattering reac-
tions are indicated by upward-going arrows. The spec-
troscopic factors (2~+1)~ observed in the Cr'2(d, P) Cr53

reaction are shown on the right together with the assigned
/ values.

A wealth of information on the energy levels of
Cr" is available. ""In this section we shall
descllbe certain fits to the Cr" dRtR, conf lnlng
our attention to the lower end of the energy spec-
trum. Since the present model uses a highly trun-
cated set of basis states, one expects the higher-
lying model eigenstates to be fragmented by ad-
mixture with other states which have not been ex-
plicity included. Thus it is hard to determine a
Priori the expected location of the more highly ex-
cited model eigenstates from the (necessarily in-
complete) experimental data. On the other hand,
the inverse comparison —namely an attempt to
understand the fragmentation of the predicted mod-
el states by direct comparison with the observed
level scheme —is possible to some extent and will
be taken up in Sec. IV.

Figure 2 shows the observed spectrum" of Cr"
up to an excitation energy of 2.7 MeV. The upward-
going arrows indicate levels which are strongly ex-
cited in inel. astic-scattering reactions. ' '"Also
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shown in the figure are the E values and spectro-
scopic factors observed' "in the Cr"(d, P)Cr" re-
action. This information is supplemented with the
measured B(E2) values"'" for the decays of the
first three excited levels to ground, with the ob-
served spectroscopic factors' in the pickup re-
action Cr"(P, d)Cr" leading to the ground and first
excited states in Cr", and with the known values"
of the Cr'3 ground-state magnetic and quadrupole
moments.

Since we know in advance that our model cannot
describe all the eigenstates of Cr", it is impor-
tant to decide which of the observed levels might
be expected to have a large overlap with the states
which we include. We will then try to choose the
parameters of the model to reproduce as closely
as possible the positions and properties of these
levels.

Two criteria have been employed to rationalize
this choice. We have considered for inclusion (i)
those levels in Cr" which exhibit a large spectro-
scopic factor in the Cr"(d, p)Cr" reaction, and

(ii) those levels which appear to be excited collec-
tively in inelastic scattering reactions. The first
set of levels can be expected to have a large com-
ponent of the model state ~ &, = 0',j~ = &, &I); the
second set may reasonably be expected to contain
a large component of the model state ~ &, = 2+,
j~ = ~, ZM). With these criteria we are able to se-
lect 6 out of 11 excited states observed below 2.7
MeV in Cr" as candidates for fitting the param-
etel s. Levels which Rl e not included by the Rbove
criteria are thought to be formed by single-par-
ticle states being coupled to more highly excited
states of the core. In addition, the presence of the
odd neutron in Cr" encourages another excitation
mode to appear, namely that in which an f,» pro-
ton is excited into a higher orbit to form a pair
with the extracore neutron. The ~7- level at 1.54
MeV is believed ' "to have this type of structure.
It is not unreasonable for the states built on the
more highly excited core states (e.g. the 4+ state
at 2.SV MeV in Cr") to begin at about 2-MeV exci-
tation in Cr".

The level observed at 1.96 MeV in Cr" poses an
intriguing problem. It is observed strongly in in-
elastic scattering but does not exhibit a good strip-
ping pattern in the Cr"(d, P)Cr" reaction. One
may explain these observations quite simply by
supposing that this level is part of a multiplet
built on the lowest 2+ state in Cr". If such an ex-
planation is true, this level should be included in
our fit. We shall see, however, that it will not be
possible to make a definite identification of this
state with one of the theoretically calculated states.

The spin of the level at 1.96 MeV is not known
although the observations"' "that this level decays

primarily to the ground state suggests that it has
spin ~- ~7. We have performed least-squares
searches in the parameter space of our model as-
suming successively each one of the four possibil-
ities, &, &, &, and + for the spin of the 1.96-MeV
level. Because none of the searches produced
an entirely satisfactory fit to the available data,
we have also performed a search in which the 1.96-
MeV level mas not included. The quantity 4 which
was minimized in these least-squares searches is
described in the Appendix. We expect that the re-
sults are insensitive to small changes in the de-
finition of 4.

Figure 3 shows the variation of & as a function
of y, in a series of least-squares fits to the energy
spectrum of Fig. 2 supplemented with some of the
RVRllRble spectl oscoplc-fRctor lnfol mation. For
each value of X,„&is minimized with respect to

IO

0
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FIG. 3. Variation of the least-squares function 4
against the model parameter X2 using various trial val-
ues for the unknown spin of the level at 1.96 MeV in Cr53.
Each curve is marked with the spin value which was as-
suxned in the calculation of ~. At each point on any of
the curves, the function L was minimized with respect,
to the parameters y~ and $ and the two relative single-
particle energies. Electromagnetic data were not
included.
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the parameters $, y„E,/, -&»„and Ey(2 +p/2.
In each sequence of fits, the 1.96-MeV level was
assigned a definite spin, which is used as a label
in the figure. The figure indicates a definite ten-
dency for X, to prefer a negative value —which, of
course, is here quite independent of the electro-
magnetic data. On the basis of these searches, the
spins J =

& or 2 are seen to be preferred over ~= 2

or &, since ~ can be smaller in the former cases.
This may be readily understood in terms of the
number of states contained in the model and the
spins and position of those levels other than the
1.96-MeV level which are to be fitted. Thus, for
example, the model contains only two ~7 —levels,
and it is hard to bring them close together in en-
ergy and still maintain the fit to the remainder of
the spectrum.

If we include the B(E2) data, and perform a
seven-parameter over-all fit, the values of the
five parameters determined previously by the best
fit to the energies and spectroscopic factors are
reproduced with only insignificant changes, and
we obtain the final values given in Table I. The
eighth parameter, g„ is fitted to the observed
magnetic moment and has no effect on the values
taken by the other seven parameters.

The energy spectra obtained with these sets of
parameters are shown in Fig. 4. We see that the
observed energies of the lowest-three excited
levels are fairly well reproduced in each case,
there being considerable more variation in the en-
ergies of the more highly excited levels. A notable
feature of these calculations is the persistent ap-
pearance of a ~- level in the region of 2 MeV.
This calculated level is possibly to be associated
with the observed level at 2.23 MeV, for which a
spin of ~- has been suggested by Carola. " Sur-
prisingly enough, when the 1.96-Me V level is
omitted from consideration, the fit to the energy
spectrum appears to worsen rather than improve.
The reason for this behavior is that the searching
procedure is taken advantage of the additional free-
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I/2 I ~ 5/2 /~3/2

/
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I 9/2 3/2 i 9/2

7/2
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dom to improve the fit to the spectroscopic factors,
at the expense of the fit to the energy spectrum.
It is quite possible that too much weight has been
given to the spectroscopic factors in this case, as
the results' of Cr" indicate that the spectroscopic
factors are not explained very well with this sim-
ple model.

Sample sets of stripping spectroscopic factors
are given in Table II. On the whole, the agree-
ment between the calculated and empirical values
is rather poor. For example, the predicted spec-

3/2 3/2
Q ~

FITTED Exp

SPIN ASSUMED FOR I EVEL AT
I.96 MeV

FIG. 4. Comparison of various theoretical spectra for
Cr with experiment. The theoretical spectra are calcu-
lated using the parameters of Table I and are labeled in
the same manner as the columns of that table. Theoret-
ical levels which are fitted to observed ones are so indi-
cated by the sloping dashed lines connecting levels in dif-
ferent columns. The spin is the same for a11 levels con-
nected by such dashed lines with the exception of those
fitted to the level at 1.96 MeV. The spin is marked in-
dividually on the latter levels and is the same as the col-
umn label. Empirical levels which are not explicitly fit-
ted by the model are shown by dashed horizontal lines in
the columns marked EXP. A theoretical J= ~ —level
is also indicated by means of a dashed line in the appro-
priate columns.

TABLE I. Parameter sets determined by least-squares fits to the Cr data as described in the text. The spin value
assumed for the level at 1.96 MeV is used as a label for the first four columns. The fina1 column gives the parameters
obtained when the level at 1.96 MeV is ignored.

Parameters Not fitted

q, (MeVF ')
q, (MeVF ')
g (MeV)

Eg/2 —/3/2 (MeV)

E„,-E», (Mev)
p2/e (F)
e~/e
gs

0.327
-0.528

0.114
1.08
1.60

23.9
1.62

-1.24

0.287
-0.422

0.072
0.947
1.51

26.8
1.68
1%21

0.294
-0.285

0.120
1.13
1.09

37.9
1.64
1%17

0.289
-0.151

0.124
0.851
1.03

49.1
1.73

-1.14

0.360
-0.608

0.189
1.29
1.43

29.1
1.62
1%27



CORE- PLUS- PARTICLE MODEL AND THE LOW-LYING. ..
TABLE II. Sample spectroscopic factors {2J+1)Sfor

the reaction Cr (d,p) Cr . The experimental numbers
have been obtained by averaging the results given in
Refs. 5 and 14. No l value was assigned to the angular
distribution for stripping to the 1evel at 1.96 MeV. Con-
sequently, no empirical spectroscopic factor has been
defined for this level. The labeling of the columns of
calculated results is the same as Table I.

Energy
{MeV) Spin Exp.

Not
fitted

TABLE III. 8 (E2) values in units of e F4 for the decay
to the ground state of the lower excited states of Cr
The experimental va1ues have been modified s1ight1y {see
Ref. 15) from those given in Ref. 13. The labeling of the
columns of calculated resu1ts is the same as for Table I.

Energy
{Mev) Spin Exp.

Not
fitted

0
0.565
1.008
1.96
2.32
2.65

3
2
1
2
5
2

2.5
0.86
2.0

1.1
0.75

31 33 33 34
0.80 0.81 1.22 1.35
4.0 4.4 4.2 4.7
0.35 0.47 0.65 0
0.58 0.27 0.46 0.32
1.14 0.8 0.86 0.30

3.1
0.95
3.5

0.73
1.68

troscopic factor (2J+ 1)S for the —, level at 1.008
MeV exceeds the empirically observed quantity by
a factor of about 2. However, it is generally
known that the extraction of absolute spectroscopic
factors from empirical data is subject to a number
of uncertainties. Thus, in performing our fits to
the spectroscopic factors we have considered only
the ratios between spectroscopic factors derived
from transitions having the same 1 value. More-
over, because of the possibility that the level at
2.65 MeV contains only a fraction of the associat-
ed model eigenstate, we have not included the l = 3
spectroscopic factors in the search. Despite this
omission, the ratio 1.68/3. 5 =0.48 derived from
the search, which ignores the level at 1.96 MeV,
is in fair agreement (and a little larger than) the
empirical ratio of 0.75/2. 0=0.38. The values ob-
tained for this ratio from the four columns in
which the 1.96-MeV level is fitted are 0.29, 0.18,
0.21, and 0.06 for spin assignments —,

' to ~, re-
spectively. Of these, only the first is in approxi-
mate agreement with the empirical ratio. Similar
consideration of other ratios between spectro-
scopic factors shows that, for example, the ratio
S(0.565 MeV)/S(ground state) is fitted fairly well
throughout, whereas the ratio &(2.32 MeV)/&
(ground state) is rather badly underestimated by
the model calculations.

Table III shows the empirical and calculated
B(E2) values for the decays to the ground state of
some of the lower excited states of Cr". The
agreement between the model results and experi-
ment is quite good. Perhaps this agreement should
not be too surprising, since we have effectively
two free parameters, P, and e~, with which to fit
three pieces of data. The B(E2) associated with
the level at 0.565 MeV is consistently underesti-
mated, whereas that associated with the level at
1.29 MeV is consistently overestimated. An ex-

0.565
1.008
1.29
1.96

1
2
5
2

153 133. 136. 146. 153. 135.
34.3 34.6 34.8 35.0 34.1 34.9
59.3 69.4 68.2 62.7 58.9 67.9

20 5 0 4 62 1 0 9

ception to this statement is the search performed
with the assumption that the 1.96-MeV level has
spin &- —but which also placed the corresponding
calculated level at 2.8 MeV. The B(E2) values for
the decay of the 1.96-MeV level to the ground state
are also shown in Table III. The transition is
strong only for the spin assignments J= —,

' or ~= &

to the 1.S6-MeV level, the latter assignment being
associated with the larger B(E2) value.

A potential additional item of data which might
be taken into account in conjunction with the B(E2)
data is the measured value" of the Cr" ground-
state quadrupole moment, Q =-0.03 b. Early in
this work it was found that any attempt to force a
fit to the observed quadrupole moment by varying
the parameters P, and e~ automatically destroyed
the fit to the B(E2) data. In the present searches
we have assumed the accuracy of the B(E2) data to
be greater than that of the quadrupole moment
measurement and have simply ignored the latter.
All parameter sets listed in Table I lead to a val-
ue Q =-0.15 b, five times greater than that ob-
served. We are unable to account for this differ-
ence.

Another interesting comparison which can be
made is that provided by the intensity ratios for
the decay of the 1.96-MeV level. These ratios are
listed in Table IV and compared with the very re-
cent experimental work of Carola. " The observa-
tion of a measurable branch to the & state at 1.2S
MeV serves to rule out the assignment of spin ~

to the 1.S6-MeV level. Of the other possible spin
assignments, only the spin ~= 2 is consistent with
the observed intensity ratios.

A number of facts have emerged during the
above presentation, which tend to discredit the
various possible assignments for the level at 1.96
MeV. Spin 4= —, is disfavored experimentally,
and the possibilities J= 2 and & are disfavored by
the corresponding larger values of &, by the
evident lack of collectivity in the B(E2) matrix ele-
ment for the decay to the ground state, and by the
disagreement with the empirical branching ratios.
A possible assignment of ~= ~ is favored by the
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TABLE IV. Intensity ratios for the decay of the level
at 1.96 MeV. Empirical data were obtained from Hef. 17.
The labeling of the columns of calculated results is the
same as for Table I.

Final state
Energy
(Me V) Spin Exp.

0
0.565
1.008
1.29

3
2
1
2
5
2
't

Y

80
0
0

20

38
61

1

34
63

3
0

71
1
3

25
82

2

above tests. The main objections to this assign-
ment are as follows: The 1.96-MeV level is pre-
dicted too high- at 2.35 MeV. The ratios of the
spectroscopic factors in the Cr"(d, P)Cr" reaction
leading to the more highly excited 2 and 2 levels to
those to the lowest levels are seriously underesti-
mated. Last, but not least, the predicted spectro-
scopic factor to the 1.96-MeV level itself —even if
renormalized to take into account the evident dis-
parity between the predicted and observed spectro-
scopic factors - is found to be at least (2Z+ 1)S
= 0.3, despite the fact that the requirement S =0
was weighted heavily in the search. It is hard to
understand how a level with such a large spectro-
scopic factor could be so poorly observed in the

Cr"(d, P)Cr" work. Similar objections apply also to
the possibilities J =

& or J= 2 for the 1.96-MeV
level. Of all the possibilities considered above,
the assignment ~= 2 for the 1.96-MeV level
emerges as being the least disfavored.

It is of interest to note that a level having this
same spin value appears in the region of 1.96 MeV

in previous theoretical calculations' "of the spec-
trum of Cr". In common with ours, these calcu-
lations also predict sizable spectroscopic factors
for the (d, P) rea, ction leading to this level.

Because of the difficulties encountered in at-
tempts to fit the level at 1.96 MeV directly into

the framework of the present model, we briefly
considered the possibility that one of the lower

model states is fragmented by admixture with a
state based on one or more of the higher states of
the Cr" core. If the additional state is postulated
to have a component ~ 4+, P„„JM) the spin will be
restricted to J=-, or —,'. We have already seen
that it is hard to form a low-lying 2 state from
our model which would not be readily observed in

the Cr"(d, P)Cr" reaction. The same is true for
a low-lying 4= & component fragmented by admix-
ture with an additional state of the form ~

0+ (ex-
cited), Pz„&M). However, the possibility remains
that the lowest J=~ eigenstate of the model may

be split into two fragments, one of which is ob-

served at 1.29 MeV and the other at 1.96 MeV. Al-
though this notion appears in addition to provide a
mechanism for diluting the predicted B(&2) for the
decay to the ground state of the lower z state, it
is found to be discredited by the predicted decay
of the 1.96-MeV level. We discover a predicted
30% branch to the ~ level at 1.008 MeV, which is
in conflict with the experimental results.

IV. HIGHER-ENERGY REGION

(2 J+ I) $ jp Cr (d, p) ~cr

5/2

(5/2)
I

4-

MeV

2-
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FIG. 5. Comparison of spectroscopic factors (2J+1)S
for the reaction Cr (d, P) Cr" in the energy region above

2 MeV in Cr'"3. The theoretical results derive from the
parameters listed in Table I and are labeled accordingly.
Theoretical levels which are fitted to observed ones are
so indicated by sloping dashed lines. In the central col-
umn, the 2 level associated with the observed level at
1.96 MeV is indicated by means of a horizontal dashed

line. Observed l values and spins are indicated in the
experimental column. Theoretical spins, from which l

values can readily be deduced, are also shown.

As mentioned earlier, the available data on the
energy levels of Cr" extend to energies higher
than those considered in connection with the param-
eter searches. A comparison between our calcu-
lated spectroscopic factors (2J+1)S in the region
between 2- and 5-MeV excitation and those ob-
served" in the Cr"(d, P)Cr" reaction is given in

Fig. 5. Above 3 MeV, a number of weakly popu-
lated fragments are observed, together with two

strongly populated levels at 3.63 MeV (l = 1) and

4.66 MeV (l = 3). Levels having positive parity are
also seen in this region but are not shown in the
figure. Compared with the empirical results, the
present calculations tend to concentrate the spec-
troscopic strength too low in energy. This is par-
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ticulaly true for calculations in which the observed
level at 1.96 MeV is included in the fit.

A simple example will serve to illustrate the
magnitude of this effect. The energy of the model
state ~0+ (ground), P,q„ZM) relative to the Cr"
ground state can be determined if all the contribu-
tions to the spectroscopic sum for the addition of
a P3/2 neutron to Cr" can be located. In a rec ent
paper, "this energy has been estimated to be about
1 MeV, which is considerably larger than the val-
ue 0.4 MeV obtained from the calculated spectrum
when the level at 1.96 MeV is fitted with J = 2, or
the value 0.6 MeV obtained when the level at 1.96
MeV is not fitted. Similarly, the model state

~
0+

(ground), P,,„&M) has been estimated" to lie at
about 2.5 MeV above the Cr" ground state. This
estimate may be compared with the values 1.5
and 2.1 MeV, respectively, obtained from the
same two theoretical calculations mentioned above.
These discrepancies are symptomatic of the gen-
eral failure of the present calculations to repro-
duce the observed spectroscopic factors. The pres-
ence of the strongly populated level at 4.66 MeV
supplies further evidence that the amount of mix-
ing may be considerably larger than indicated by
our model.

A further remark concerns the nature of the
level at 3.62 MeV. A recent study" using polar-
ized deuterons has provided unambiguous evidence
supporting a spin assignment of J= —, for this level
rather than the value ~= ~ which had been suggest-
ed previously. ' ' On the basis of our model, the
level at 3.62 MeV would certainly more easily be
accounted for as a (large) fragment of one of our
higher-lying J=

& levels than as a fragment of a
&= 2 level. The model state ~0+ (ground), P„„JM)
normally lies higher in energy than the corre-
sponding state built on the p», orbit and if the mix-
ing is not too large, this state can be expected to
dominate the higher-energy region.

V. FURTHER DISCUSSION

In this section we make a few comments on the
model and its parameters. The model Hamiltonian
has been decomposed into three parts in Eq. (1).
The interaction between the core and the particle
may be written generally' as

(7)

where &, and &~ are arbitary spherical tensors of
rank k acting in the spaces of the core and the par-
ticle, respectively. In the model employed here,
this interaction has been replaced by the very
specific form given by Eq. (2).

Suppose we now imagine an ideal situation in
which we are able to represent the observed prop-
erties —at least those of interest to us —of the
core-plus-particle system by means of a set of
model states constructed within our truncated bas-
is, namely states built on the 0+ ground state and
first excited 2+ state only. No matter how the ob-
served eigenstates are formed from the allowed
basis states or how they are located in energy,
the interaction of Eq. (7) contains sufficient flexi-
bility to allow all such eigenstates to be obtained
as model eigenstates.

This conclusion no longer holds for the interac-
tion of Eq. (2). If we restrict ourselves to the
specific form of Eq. (2), a more or less satisfac-
tory fit can be obtained by varying the parameters

(We assume for the present that the spec-
trum of H~ has been determined from experiment. )
It is important to realize, though, that when this
has been done, the resulting numerical values
taken on by the parameters will not necessarily
bear any relationship to corresponding physical
properties of the system. Thus, for example if
the values of the matrix elements (0( j Q,' ( ( 2) and
(2 I I Q,"I I 2) for Cr" were known from experiment,
it does not necessarily follow that their ratio
would be equal to the ratio of g, to X,, as deter-
mined from the result of a searched fit to the Cr"
data. Any serious discrepancy between the two
ratios could be interpreted as an indication that
the form given in Eq. (2) was an oversimplification.
On the other hand, the fact that the form assumed
for the interaction is incomplete does not preclude
the possibility that the optimum fit to the data
when the parameters are allowed to vary may be
very good.

Indeed, we have found in our present searches
that there is a considerable degree of flexibility
in the model even when we use the form given in
Eq. (2). As a result, it would be hard to general-
ize the model in an orderly fashion. If more terms
were added to Eq. (2) the flexibility of the model
would be increased, and it would be hard to pin
down the parameters without considerably more
experimental data. Much of the data which might .

be helpful here are inaccessible to present experi-
mental techniques. For example, there are no di-
rect measurements of the amplitudes of the 2+ par-
entages of the Cr" excited levels. The same com-
ment applies even more strongly if the parametri-
zation is increased by the inclusion in the model
space of more highly excited states of the core.

Let us now turn to a consideration of the two
additional parameters P, and e~ which were intro-
duced in Sec. II. Figure 6 shows the variation of
~ as a function of P, in a series of one-parameter
fits to the Cr" B(E2) data. The parameter e~ was
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(odd proton) or if P, is taken much different from
the value implied by Eq. (6). We speculate that
the different behavior of these two cases is at-
tributable to the different stxuctures of the core
nuclei. The Cr" core has four protons outside a
Ca ' doubly magic core, whereas the Ni" core has
six neutrons outside a Ni" doubly closed core.
Any failure of the model to take proper account of
the recoupling of the proton configuration in Cr"
is likely to be reflected in a renormalization of
the B(E2) parameters, whereas a similar failure
in connection with the neutron configuration in Ni
wouM have little effect on the B(E2) parameters.

VI. CONCLUSION

FIG. 6. Variation of the least-squares function &
against the model parameter P2 for the case in which the
level at 1.96 MeV in Cr'"3 eras not fitted. At each point
on the curve, the function ~ was minimized vrith respect
to the single parameter e&, the resulting value of e& be-
ing indicated in the figure. The value of P2 consistent
with Eq. (6) is indicated by means of a vertical dashed
line.

allowed to vary, giving rise to the second curve
shown in the figure. During this search, the other
parameters were held constant at values given in
Table I for the case in which the level at 1.96 MeV
was not fitted. The value of P, at which Eq. (6) is
obeyed is shown as a vertical dashed line. A simi-
lar search in which all the parameters other than

P, were allowed to vary produced results scarcely'
distinguishable from those plotted in Fig. 6. It is
clear from the figure that the best fit to the B(E2)
data occurs at a positive value of P» far removed
from the value implied by Eq. (6). By virtue of the
remarks made earlier in this section, we should
perhaps be less surprised by this result than by
the apparent compatibility' of Eq. (6) with the low-
lying Cu" data. Nevertheless, it is somewhat sur-
prising that Eq. (6) does not even give the sign of
the best-fit values of P, found in the Cr" searches.

Another fit to the Cr" data was attempted in
which e~ was set equal to zero, and all the other
parameters allowed to vary. The resulting value
of 4 was 2.2 with P,/e =-52 F', and the other pa-
rameters within a few precent of the values given
in Table I. The corresponding point lies outside
the range plotted in Fig. 6.

As R result of these searches, we see that both
parameters are required if we wish to fit the Cr"
dRtR. By contrast~ 1f p2 Rnd 8p Rr'e varied Rbout
the solution given in Ref. 2 for the Cu" data, we
find that the fit to the B(E2) values is considerably
impaired if e~/e is taken much different from unity

In the present work we have attempted to fit the
available experimental data concerning the low-
lying levels of Cr" with R restricted version of the
core-plus-particle model. Although we have been
successful in fitting a number of the observed prop-
erties, such as the energy spectrum, B(E2) val-
ues, and branching ratios, we have encountered
some trouble with other properties, such as the
spectroscopic factors and the quadrupole moment
of the ground state.

On the whole, the model appears less able to
accomodate the Cr" data than the Cu" data, which
also gave rise to difficulties in connection with the
associated spectroscopic factors. 2 The compari-
son is not wholly fair, however, because in the
present work we have taken more experimental
information into account than was done in the par-
allel work on Cu". Indeed, if one performs a
least-squares fit to the data on Cu" considered in
Ref. 2, one finds a somewhat improved fit with
parameters considerably different from those
given previously. This may be interpreted as an
indication that more data should be employed in
the Cu" fit in an attempt to pin down the param-
eters of the model with greater precision for that
cRSe.

An attempt to predict the spin of the level at 1.96
MeV in Cu" favors the assignment J= &-. Although
the fit to the data is not entirely satisfactory here,
it is possible that the residual discrepancies may
be ascribed to the inherent limitations of the pre-
sent model. This prediction is in agreement with
earlier theoretical work. ' "

Note added in proof; After submitting this paper,
the authors became aware of R similar calculation
done by I amer who has applied the model of Ref.
2 to sevexal nuclei with %=29 or Z =29, including' Cr. Our values for the parameters y„X„$,
E»„and F]/2 E3/2 Rre consistent with the
trends suggested by I amer's Table II.
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APPENDIX

We give here a brief description of the least-
squares function 4 which was used in the above
calculations. Let the parameters of the model be
symbolized by n and the set of empirical data
which we desire to fit by {x;j where i is an index
1 unnlng over the lndlvldual items ln the set, A

theoretical number y; (o.'), which can be calculated
as a function of the model parameters was as-
signed to every piece of experimental data x;. The
function 4 can then be constructed from the func-
tions y; (u) as

where ~& is the weight associated with the ith
piece of data and r; was, with one exception, de-
fined by r; =y,./x;. Thus our searches were de-
signed to minimize the weighted sum of the squares
of the Percentage discrepancies between theoryand
experiment. An exception was made when it was
desired to include in the search the requirement
that a certain spectroscopic factor be zero. For

this particular item of data, r& was redefined as
r; =-1-y where y; was the associated spectro-
scopic amplitude.

The pattern of weights which was used in the
searches reflects our prejudices concerning the
relative importance of the various items of experi-
mental information. Thus, the experimental en-
ergies of the excited levels were given a weight of
6, except for the level at 2.65 MeV, which was
given a weight of 3. The ratios of spectroscopic
factors and the B(E2) values were each given a
weight of 2. In the exceptional case that a zero
spectroscopic factor was included (for the level at
1.96 MeV) it was associated with a weight of 10.

We note that the location of the least-squares
minimum point in parameter space will vary some-
what if the relative values of the weights are al-
tered. However, we do not expect reasonable ma-
nipulations of the wei.ghts to produce material
changes from the results described above. In any
case, multiplication of all the weights by a com-
mon factor has no effect on the location of the min-
imum point. Advantage has been taken of this fact
to express all weights as integers.
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