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The energy distribution of the neutrons emitted in the fission of Bi and U induced by
155-MeV protons was measured at 0 and 90' with respect to the fission fragxnent direction.
The neutron velocity was measured by the time-of-flight method in coincidence with the
measurement of the kinetic energy of the two fission fragments. The number of postfission
neutrons as a function of the fragment mass and the energy distribution of the postfission
neutrons were determined without reference to any theoretical model. The number of pre-
fission neutrons was determined on the assumption of isotropic emission from the excited
nucleus. With this assumption we find that 5.8+1.0 prefission neutrons are emitted from
U and 6.9+ 1.0 from Bi. The number of postfission neutrons is 5.1+0.5 for U and 4.2+ 0.5
for Bi. We compare our experimental results with the results of calculations based on
the usual model of a prompt intranuclear cascade followed by neutron evaporation-fission
competition with several assumptions for ly jl"~ (ratio of fission width to neutron emission
width). We are unable to find a consistent set of parameters which would give good agree-
ment between the calculated results, our experimental results, radiochemical results for
spallation residues, and total fission cross-section measurements. Our experimental re-
sults indicate that Iy/l~ decreases at high excitation energies. We find that the number of
postfission neutrons increases rapidly with increasing fragment mass for both Bi and U.
When our results for U are compared with low-energy fission data for this element, it is
found that almost all the additional excitation energy available in high-energy fission is
concentrated in the heavy fragment.

I. INTRODUCTION

When fission is indqced in heavy nuclei by high

energy (~100 MeV) protons, emission of neutrons
may occur in any of the three stages of the reac-
tion: (1) neutron emission in the fast intranuclear
cascade process, (2) neutron evaporation from the
excited nucleus before fission occurs, and (3) neu-
tron evaporation from the excited fission fragments.

The emission of neutrons in the fast intranuclear
cascade process is not believed to be related to
the subsequent fission process, and hence it will
not be discussed here in any detail. Experiment-
ally, these neutrons are characterized by the
sharp forward peaking of their angular distribution
and by their high kinetic energies. By confining
the neutron measurement to a plane perpendicular
to the beam direction and to neutrons of kinetic en-
ergy below 10 MeV, the probability of their detec-
tion is greatly reduced. Yet the fapt-cascade neu-
trons cannot be completely ignored, even under
these experimental conditions.

The investigation of the second and third groups
of neutrons (prefission evaporation neutrons and
postfission neutrons) is of great importance to the
understanding of the fission process for two rather

different reasons: The number of Prefission neu-
trons is directly related to the competition between
neutron emission and fission at high excitation en-
ergies. From the number of prefission neutrons
for several bombarding energies and target nuclei
one can determine If/F~(E*, A,), the ratio of the
fission width to the neutron emission width, i.e.,
the probability of fission relative to that; of neutron
emission as a function of excitation energy and
mass of the fissioning nucleus. The measurement
of the number and kinetic energy spectrum of the
Post fission neutrons as a function of the fragment
mass and the total kinetic energy of the two frag-
ments determines the total excitation energy in
high-energy fission and its division between the
two fragments. It is of particular interest to com-
pare such measurements for U with the results of
low-energy fission, and thereby obtain additional
insight into the differences between the low- and

high-energy fission processes.
The experimental separation of prefission and

postfission neutrons requires the measurement of
the energy and angular distribution (with respect
to the direction of the fission fragments) of the
neutrons, as well as the measurement of the kinet-
ic energy of the two fragments. It also requires
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an assumption concerning the angular distribution
of the neutrons emitted from the fragments. (Nor-
mally this angular distribution is assumed to be
isotropic in the c.m. system of the fragments. )

Harding and Farley' were the first to try to deter-
mine by this method the number of prefission and
postfission neutrons in high-energy fission. They.
measured the number of neutrons at 0 and 90'
with respect to the direction of the fission frag-
ments for the fission of "'U bombarded by 147-
MeV protons. They found that the ratio of the
number of neutrons at 0. to the number of neutrons
at 90' with respect to the fission fragment direc-
tion was N(0')/N(90') = 1.27+ 0.11. The total num-
ber of neutrons was previously measured by
Harding, ' who obtained 13.1+ 1.8. The experiment
of Harding and Farley suffered from poor statis-
tics and a very high random rate. They could not
measure the neutron energies, and hence had to
assume that the efficiency of their neutxon detec-
tor (a methane proportional counter) was the same
for the neutron spectra at 0 and 90' despite the
difference between the two spectra.

The relative probabilities of fission and neutron
emission I'q/F can also be determined by radio-
chemical measurements. The method consists of
measuring, radiochemically, the reaction yield of
the nuclides near the target nucleus, thereby de-
termining the cross section for the reaction which
did not involve fission throughout all stages of the
deexcitation process. The experimental results
are compared with the calculations of the fast in-
tranuclear cascade process followed by the deex-
citation of the nucleus through successive evapor-
ation of neutrons or fission (which may occur at
any stage of the neutron evaporation process).
Studies of this kind were made by Lindner and
Turkevich for the data of Lindner and Osborn
(340-MeV protons on '"Th and '"U); by Lefort,
Simonoff and Tarrago' for 82- and 150-MeV pro-
tons on '~~Th; by Pate and Poskanzer' for 680-
MeV and 1.8-6eV protons on '"Th, "'U, and '38U.

and by Le Beyec and Lefort' for 20-156-MeV pxo-
tons on '"Bi.

In the following, we describe an experiment in
which we measured the energy and angular di.s-
tribution of the neutrons accompanying fission of
"'Bi and ~"U nuclei bombarded with 155-MeV
protons from the Orsay synchxocyclotron. The en-
ergy and angle (with respect to the fission frag-
ment direction) of the neutron, as well as the
kinetic energy of the two fission fragments, were
measured with the aid of an on-line computer and
stored event by event on magnetic tape. The tapes
were later analyzed with an off-line computer.
The measurement of the kinetic energy and direc-
tion of the neutron and the two fission fragments

makes it possible to obtain the number and the en-
ex'gy spectrum of the px"efission neutrons, as well
as the number and the energy spectrum of the
neutrons emitted from each of the fission frag-
ments. The latter were determined as a function
of the fragment mass and total kinetic energy. In
the present paper we shall briefly discuss the
comparison of our experimental results with cal-
culations of the fast intranuclear cascade, and the
subsequent deexcitation of the nucleus by neutron
evaporation and fission.

We discuss in Sec. II the experimental arrange-
ment. The analysis of the experimental xesults is
explained in Sec. III. %'e present our experimen-
tal results in Sec. IV, and these results are dis-
cussed in Sec. V. We summarize our conclusions
in Sec. VI.

II. EXPERIMENTAL ARRANGEMENT

A. Brief Description of the Experimenta1

Method

The purpose of the experiment was to measure
the energy and angular distributions of the neu-
trons emitted from the target nucleus before it
underwent fission (more precisely before the fis-
sion fragments began their motion), and the num-
ber of neutrons emitted from the moving frag-
ments. The neutrons were measured at several
angles with respect to the fission fragments. But
all measurements were performed at the same
angle with respect to the beam direction, so as to
eliminate corrections due to angular momentum
imparted by the bombarding particle to the fission-
ing system. The energies of the two fission frag-
ments were measured with solid-state detectors,
and the neutron velocities were measured by the
time-of-flight method. The staxt pulse was given
by one of the fission fragment detectors and the
stop pulse by the neutron detector. This detector
was a plastic scintillator which was outside the
vacuum chamber. Pure random events in the time-
of-flight spectrum were measured simultaneously
(but stored separately) with the "true" spectrum
which contained both the true as well as random
events. This enabled random subtraction independ-
ent of the changes in the beam profile, beam in-
tensity, target thickness, etc.

The fragment energies and neutron velocity were
stored in chronological order by an on-line com-
puter on magnetic tape. The tapes were later
analyzed with the aid of a large off-line computer.
The fragment masses and total kinetic energy
were obtained from the fragment energies. The
neutron energies were obtained from the time-of-
flight data after correction for the time interval
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between the true moment of fission and the "start"
time of the time-of-flight system (this difference
is equal to the flight time of the fission fragment).
The detection efficiency of the neutron detector
was obtained by measuring the neutron spectrum
for the spontaneous fission of '"Cf, and compar-
ing our results with the accurate measurements of
Bowman et al. ' The neutrons were measured in
the energy interval 0.5-9.0 MeV, which includes
almost the whole spectrum of interest.

B. Geometrical Arrangement

In order to increase the counting rate, two neu-
tron detectors and two pairs of fission fragment
detectors were used. The two neutron detectors
were placed at 90' to each other in a plane per-
pendicular to the beam and at a distance of 35 cm
from the center of the target (which was also in the
sa.me plane). The two pairs of fission fragment
detectors were also placed at 90' to each other at
10 cm from the center of the ta.rget (Fig. 1). One

detector of each pair was colinear with one of the
neutron detectors in the target-neutron detector
plane. The second detector of each fission frag-
ment detector pair was placed in the forward
hemisphere at 4' (for 'eeU) or 7' (for eoeBi) with

SSD2

respect to the neutron detector-target plane. The
purpose of the forward angle of one of the detectors
is to correct for the recoil momentum imparted
to the nucleus by the bombarding particle. Kowal-
ski and Stephan' found that the mean value for the
recoil angle was 4' for "'U+ 155-MeVP and 7' for
'"Bi+155-MeV P. However, since the width of the
recoil-angle distribution" was of the same order
of magnitude as the acceptance angle of our de-
tectors, our choice of the detector angle introduces
a certain bias against very small and very large
recoil momenta. This is discussed in greater de-
tail in Appendix A.

C. Target Chamber

The target chamber was made of aluminium with
a thickness of 0.7 cm. Its shape was that of a
cylinder of 66-cm diam with dome-shaped top and
bottom covers. The distance between the centers
of the top and bottom covers was 60 cm. Thus the
chamber resembled roughly a spherical shell of
0.7-cm thickness and -60-cm diam. The axis of
the target holder was at 45' to the horizontal de-
tectors, and in the detector plane (normal to the
beam direction). The correct target angle was ob-
tained by rotating the target by 45' with respect to
the detector plane. Thus the effective thickness of
the target, as seen by both the beam and the de-
tectors, was twice its actua, l thickness.

D. Fission Fragment Detectors
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The fission fragments were detected with surface-
barrier detectors. One detector in each pair had
an active area of 4 cm', and the other had an active
area of 3 cm'. The experimental coincidence ef-
ficiency for each pair of detectors (defined as the
ratio of the coincidence rate to the singles rate in
the smaller detector) was approximately 50/z. This
relatively low number was mainly due to the finite
size of the beam spot, but was also due to the
spread of the recoil momentum of the target nu-
cleus and the spread in the fragment direction t,"ue

to neutron emission. (See Appendix A. ) The de-
tectors were covered with 40-pg/cm' Ni foils as
a protection against low-energy radiation.

The detector performance was checked before,
during, and after the experimental runs by observ-
ing the energy spectra of a, Cf source. Each of
the detectors received a total dose of -3 &10' fis-
sion fragments. Although a small change in the
detector gain was observed (and corrected for)
during the experimental runs, no detectable change
occurred in the shape of the "Cf spectra, .

E. Neutron Detectors

FIG. 1. The geometrical arrangement of the experi-
ment.

The neutrons were detected by NE102A plastic
scintillators" of 11-cm diam and 2.5-cm thick-
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ness. The scintillators were mounted on 58 AVP
photomultipliers. The pulse from the anode was
fed directly to a fast discriminator which gener-
ated the "stop" pulse of the time-to-amplitude con-
verter. This discriminator mas calibrated mith
the aid of y rays from "'Cs, "Na, and '"Ba
sources. The discriminator threshold was set at
a y-ray energy of 50-90 keV, which corresponds
to a proton energy of 300-600 keV." This value
of the discriminator threshold was obtained by re-
quiring a singles count rate of the detectors of not
more than (1-2)X10'/sec with the beam on. (The
instantaneous rate was actually higher by a factor
of 10-20 due to the beam duty cycle of 5-10%.)
The dc current in the voltage divider of the photo-
multiplier base was approximately 8 mA, and this
rendered negligible the effect of the counting rate
on the photomultiplier gain.

The detection efficiency of the scintillator as a
function of the neutron energy was obtained by
comparing the time-of-flight spectra obtained for
'"Cf with the results of Bowman ef, a/. ' This will
be discussed in greater detail in the next chapter.

F. Proton Beam and Targets

The proton beam of the Orsay synchrocyclotron
has an energy of 155 + 3 MeV and the high-fre-
quency structure of the form of the positive part
of a 20-MHz sine wave. The low-frequency FM

period is 2200 p, sec. %hen operating in the "sto-
chastic" mode the duty cycle is 5-10%. The beam
had a cross section of approximately 1 cm2 with a
considerable halo around it. However, the target
frame was made large enough to render negligible
the y background due to protons hitting the frame.
The U, and Bi targets were prepared by evapor-
ating natural U, in the form of UF4 and metallic
Bi on a backing of 40-pg/cms cellulose acetate.
Several target thicknesses were used so as to
check the effect of the target thickness. They were
in the range of 80-150 pg/cms (actual thickness).

G. Electronic System

The signal from the solid-state detectors was fed
to time pick-off units and to charge-sensitive pre-
amplifiers, Figure 1. The time pick-off units fed
timing pulses to fast discriminators, which in turn
produced logic pulses of two lengths for the fast-co-
incidence circuits. The discriminators of the tmo

detectors, which gave the "start" signal for the
time-to-amplitude converters (TAC) for the neu-
tron time-of-flight measurement, produced logic
pulses of 100 nsec. The anode signal of each
photomultiplier (PM) was fed to a fast discrimin-
ator which produced a logic pulse of 100 nsec,
which served as. the "stop" pulse of the TAC. The
TAC consisted of a logic AND circuit and integrat-
or. The amplitude of the TAC output pulse was
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proportional to the time overlap of the "start" and
"stop" pulses, and thus measured the time of
flight of the neutron. A second AND circuit served
as an indicator of random events. The "start"
pulse from the solid-state detector (SSD) was
clipped to a length of 5 nsec, and fed into the AND

circuit together with the 100-nsec "stop" pulse
from the photomultiplier. An overlap between the
photomultiplier pulse and the clipped SSD pulse
(which was somewhat delayed) indicated that the
"stop" pulse had arrived before the "start" pulse,
and hence the event was classified as a random
event.

The time structure of the random events was
correlated with the time structure of the beam to
the extent that these events were due to prompt y
rays from the interaction of the beam with the
distinct obj ects such as the target, the backing,
the slits, the Faraday cup, etc. Random events
which were a mirror image of this time structure
also existed in the "true" time-of-flight data due
to random events which came in the correct order,
i.e., "start" before "stop". These could therefore
be correctly subtracted from the true events.

Fast signals from the time-pick-off units of
the two detectors in each pair of fission detectors
were brought to a fast-coincidence unit. The out-
put signal from this coincidence units, as well as
a logic signal from the TAC, were fed into the
slow (MAIN ) coincidence circuit which produced
the gate signal for the analog-to-digital convertors
(ADC) and the on-line computer.

The experimental arrangement consisted of two
neutron detectors and two pairs of fission detect-
ors. Thus, in addition to three analog signals
(the output of one TAC and two solid-state detect-
ors), three logic signals were fed into the com-
puter in order to fully identify each event, one
determining which of the two neutron detectors
detected the neutron (or y), the second determin-
ing which of the two pairs of solid-state detectors
detected the two fission fragments, and the third
to signify whether the event was a "true" (correct
order of TAC input signals) or random (reversed
order) event.

H. ADC's and On-Line Computer

The three ADC's were of the successive approxi-
mation type and each had 100 channels. The ana-
log portion of the events was thus described by a
six-digit decimal number. An additional digit
coded the three logic signals, and the eighth digit
characterized the type of experiment (U, califor-
ium calibration, or pulser events). The eight-dig-
it numbers were stored successively in a 23-word
buffer memory. When the buffer was full, its con-

tent was transferred to the memory of the IBM
1610 on-line computer. Here they were transfer-
red to an IBM-compatible tape in records of 253
events each. In addition, the events were sorted
into 12 single-dimensional spectra: four fission
fragment spectra, four "true" time-of-flight spec-
tra corresponding to the four possible combina-
tions of detectors in a given event, and four ran-
dom time-of-flight spectra. The mean values of
the fission fragment energy spectra were calculat-
ed and printed out every 100 records (25.3 && 10~

events). This procedure made possible a continu-
ous check of the gain stability of the solid-state
detectors.

III. ANALYSIS OF THE EXPERIMENTAL

RESULTS

A. Fission Fragment Kinetic

Energies and Masses

We have used the calibration procedure of
Schmitt, Kiker, and Williams" to obtain the kin-
etic energy Ez of fragment i in terms of its mass
Az and pulse height X;.

E; = (a + a 'A; )Ãq + b + b 'A I,
where a, a', b, b' are constants determined by
the positions of the light and heavy peaks PI and
Pz of the '"Cf fission spectrum measured under
identical experimental conditions. E; and A; are
obtained by an iteration procedure. It is based
on the assumption that Ao A]+A2 the mass of
the fissioning nucleus is known for each event.
A, is determined by the number of particles
emitted before fission. In the present experi-
ment we measured the average number of neu-
trons evaporated before fission. In addition to
these, there are particles emitted in the fast-in-
tranuclear-cascade process preceding the neutron
evaporation stage. The number of these particles
was not measured in the present experiment. The
calculation of the intranuclear-cascade process'4
shows that average number of particles emitted in
this process is approximately 1.5 for both Bi and
U targets bombarded with 155-MeV protons. The
experimental results of the present investigation
are that the average number of prefission evapor-
ation neutrons is 5.8+1.0 for U and 6.9+1.0 for
Bi. Thus the average total number of particles
emitted prior to fission is 7.3 +1.0 for U and 8.4
x 1.0 for Bi. (To be exact, the average number of
fast-cascade nucleons should be determined from
the cascades which subsequently undergo fission
rather than from all cascades. ) However, since
the assumption of a fixed value for A, is only an
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approximation, we assumed arbitrarily for the
purpose of calculating the kinetic energy of the
two fragments that the mass of the fissioning nu-
cleus is A, = 205 in the case of the Bi target, and
A, = 234 for U (i.e., the total number of nucleons
emitted before fission is 5 for both Bi and U). It
should however be emphasized that E, and E, are
mainly dependent on the mass ratio, which was
measured directly for each event in our experi-
ment. E, and E2 depend only to second order on
our assumed value for A„and thus the error in-
troduced in the values for Ez by our procedure is
negligible. The details of the calculation are
given in Appendix B.

B. Neutron Spectrum

1. Zero-Time Correction
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The pulse initiating the neutron time-of-flight
measurement was produced by one of the frag-
ments hitting solid-state detector I or III (see
Fig. 2). The measured neutron time of flight must
therefore be corrected for the flight time of this
fission fragment. This correction was made off
line. The velocity of the fragment was calculated
from its kinetic energy and mass (see preceding
paragraph). This correction was made separately
for each event. The correction reduced the width
of the experimental y peak from about 4 nsec to 3
nsec full width at half maximum (FWHM).

2. Random- and y- peak Subtraction

The experimentally measured spectrum of ran-
dom events was used to subtract the contribution
of random events to the neutron time-of-flight
spectrum. The random events are partly corre-
lated in time with the beam pulse structure (e.g. ,
random events due to y rays emitted from the
backing), and partly uncorrelated to the beam
pulse structure (e.g. random events due to the neu-
trons which were emitted with a wide velocity dis-
tribution from remote objects such as the beam
catcher). The beam pulse structure had the form
of the positive part on a sine wave with. a period
of 50 nsec. The random spectrum was therefore
fitted by a least-squares method to a function con-
sisting of a constant term plus a sine-wave term
of a period of 50 nsec (the addition of a sin' term
did not improve the fit substantially). The fitted
random spectrum thus obtained was subtracted
from the neutron time-of-flight spectrum.

The time-of-flight spectrum obtained after ran-
dom subtraction at 0 and 90 with respect to the
fission fragment direction is shown in Fig. 3, to-
gether with the random spectrum. It is seen that

IOO—

50— ~ ~+ ~0
~ +Q ~ ~ ~ '+~a

~AP

gal%

e %V ~

I I I

50 100 I50
Channel

FIG. 3. The neutron time-of-flight spectrum at 0 and
90' to the fragment direction for U+155-MeV p. The
random spectrum has been subtracted from the time-of-
flight spectra. The random spectrum at 0' is shown sep-
arately.

C. Correction for Dispersion in the Measurement of the

Neutron Velocity

The dispersion in the measurement of the neu-
tron velocity has two main causes: (I) the inher-
ent time resolution of the system, i.e., the uncer-
tainty in the flight time; (2) the uncertainty of the
exact position of the interaction of the neutron in
the scintillator, i.e. the uncertainty in the length

the y peak (the sharp peak in the time-of-flight
spectrum) coincides in time with the maximum in
the random spectrum, indicating that the time
structure in the random spectrum is mainly due
to y rays emitted in the target and backing or their
immediate vicinity.

In order to obtain the true neutron velocity spec-
trum, the y peak must be subtracted from the time-
of-flight spectrum. This subtraction is somewhat
uncertain because of the fact that there is a cer-
tain amount of overlap between the y peak and the
highest neutron velocities of the time-of-flight
spectrum. It was therefore assumed that the
shaPe of the true y peak is given by the shape of
this peak in the time-of-flight spectrum for '"Cf
at 90' to the direction of the fission fragments.
(In this spectrum there are relatively few neutrons
and no background due to random events. )
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of the flight Path. The time resolution of the
electronic system is indicated by the width of the

y peak (the error due to the uncertainty in the
flight distance is negligible in the case of y rays).
The standard deviation of the time resolution
curve is therefore v, =1.3 nsec (the standard dev-
iation of the y peak). The uncerta, inty of the flight
distance and its standard deviation Oz for every
neutron velocity may be calculated by assuming
the detection efficiency of the scintillator to be
given by the single-scattering probability in the
hydrogenic fraction of the scintill'ator (see Bow-
man et al. ' for details). The variance of the neu-
tron velocity disper sion 0,' is theref ore given by

sured the neutron spectrum at 11.25, 22.50,
33.75, 45.00, 56.25, 67.50, 78.75, and 90.00'
with respect to the direction of the light and the
heavy fragments for 31 neutron velocities in the
range of 1.0-4.4 cm/nsec. Their tabulated re-
sults were transformed to the angles of our ex-
periment by fitting their angular distribution for
each neutron velocity value to a third-order Le-
gendre polynomial. Their angular distributions
were also dispersed in order to match the finite
size of our detectors. The efficiency e (v, 8) for
each velocity value and each experimental angle
with respect to the fission fragment direction was
obtained by the equation

o 2/v2 =(7 2/D 2+ o 2/is e(v, 8) =ND/ f p(v, 8)v'(usR], (4)

where D is the average flight distance of the neu-
trons, t is the flight time of the neutron, and v

=D/t is the velocity of the neutron. In correcting
the time-of-flight spectrum for the velocity dis-
persion, a procedure based on a suggestion by
Terrell" was followed: The neutron peak in the
time-of-flight spectrum (see left peak in Fig. 3)
is divided into two parts, one to the left and the
other one to the right of the most probable value
Xp and each part is as sum ed to have the shape of
half a Gaussian distribution with standard devi-
ation v~ and 0, respectively. The correction con-
sists of shifting each experimental value X of the
time-of-flight distribution to a new value X+~,
where

(3)

where 0; =0., for X&X„and 0,- =0 for X&X,. X
and crz are given in terms of the number of chan-
nels. (Note that Ã increases as the time of flight
decrea. ses. ) s is the channel width in units of time.
The effect of shifting X-X+~ is to shift the
experimental points towards the most probable
value X, thus reducing the width of the neutron-
flight-time di stribution.

D. Neutron-Detector Efficiency

The efficiency of the neutron detectors was de-
termined by replacing the target with a ' Cf
source and comparing the measured time-of-flight
spectrum at 0, 30, 60, and 90' with respect to
the fragment direction with results of Bowman
e t al. ' Zero-time correction, random event and
y-peak subtraction (there is, of course, no time
structure in the random distribution for 2'~Cf),

and dispersion correction were performed in the
manner described above. Bowman et al. mea-

where N is the number of counts in the time-of-
flight channel (after all corrections have been
made), p(v, 8) is the neutron velocity density as
given by Bowman et al. ,

' m is the solid angle sub-
tended by the neutron detector, and 8 is the total
number of fission coincidences (uncorrelated with
neutrons) measured by the fission fragment de-
tectors.

The efficiency s(v, 8) obtained in the above
manner is an effective efficiency which includes
the effects of neutron absorption and scattering
and (n, n'y) reactions in the walls of the target
chamber and its vicinity. These effects are the
reason that the efficiency is angle dependent, and
that a different value for e(v) is obtained for 0
and 90 with respect to the direction of the fission
fragments. When the neutron angular and energy
distributions in the "'Bi and "'U experiments
are calculated on the basis of this effective effi-
ciency function, the results are already corrected
for scattering and (n, n'y) contribution, assuming
that the shape of the angular and energy distribu-
tions of the neutrons is the same for "'Cf spon-
tanepus fjssipn and fpr the fissjpn pf Bi and U
bombarded by 155-MeV protons. Since this is
not the case, some corrections must be made.
This matter is discussed in greater detail in
Appendix C. There we also present theoretical
estimates of the scattering corrections.

For most of the analysis, we used the neutron-
detection efficiency function e(8, v) obtained in
the above manner. In addition an "uncorrected"
efficiency function e'(8, v) was calculated. This
function differed from the "corrected" function
e(8, e) in that it was calculated on the basis of the
time-of-flight data for "'Cf which were not cor-
rected for dispersion(see Sec. 111 C above). The
"uncorrected" efficiency function was used to cal-
culate the number of neutrons in the cases where
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FIG. 4. The "corrected" neutron detection efficiency
at 0 to the fragment direction. The dashed curve is the
calculated efficiency.

the statistics were very poor (uncommon values
of the mass ratio and the total kinetic energy of
the two fragments). In these cases, the experi-
mental data could not be corrected for dispersion,
and hence the use of an efficiency function based
on uncorrected" Cf data was called for.

We show in Fig. 4 the "corrected" efficiency
functions e (0',v) for both photomultipliers. The
electronic threshold of photomultiplier II was set
at higher value than that of photomultiplier I, as it
was located in a region of a higher y background.
As a result, the efficiency of II was reduced for
low-energy neutrons. In Fig. 4 we also show the
calculated efficiency as a function of neutron vel-
ocity. The calculation was based on the assump-
tion of a single scattering of the neutron in the
scintillator, and no scattering of the neutrons by
any other object. The differences between the
calculated and the two experimental curves are
discussed in Appendix C.

E. Prefission and Postfission Neutrons

We are able to determine the number and veloc-
ity distribution of the prefission and postfission
neutrons on the basis of the experimentally deter-
mined angular and velocity distributions of the
neutrons. We assume that the neutrons are either
emitted from a stationary (except for the small
recoil momentum}, excited nucleus in the lab
frame or from the fully accelerated fragments.
We define the former neutrons as prefission neu-
trons and the latter as postfission neutrons. (Thus
the "scission neutrons, """are included in the
prefission neutrons, and we neglect the possibility
that neutrons are evaporated from the fragments
before those have acquired their final kinetic ener-
gy. This is discussed in greater detail in Sec. V.}
We further assume that the prefission neutrons are
emitted isotropically in the c.m. system of the

I"inst Assurnjtion
(UpPer Limit for Postfission Neutrons)

We start with the assumption that all neutrons
emitted in the direction of fragment 1 (8 =0')
were emitted from fragment 1; likewise for frag-
ment 2. We obtain for the spectra in the c.m.
systems of the two fragments:

DI'~N, (c.m. ) = T(0, c.m. , 1)N(G), (5a)

Di'~N, (c.m. ) = T(180, c.m. , 2) N(180) . (5b)

In order to obtain the true c.m. spectra, we must

fragments. The first assumption is equivalent to
the requirement that the prefission neutrons are
emitted isotropically in the detector plane i.e., in
the plane perpendicular to the beam direction. We
do not restrict ourselves in any way with respect
to the reaction mechanism prior to fission, or the
angular momentum imparted to the target nucleus
by the bombarding particle. Furthermore we
make no assumptions with respect to the shape of
the neutron energy spectrum, except that experi-
mentally we were restricted to the neutron energy
range (in the lab system) of 0.5-9.0 MeV.

The neutron spectrum at any angle is composed
of three components: (1) prefission neutrons, (2)
pqstfission neutrons from fragment 1, and (2)
postfission neutrons from fragment 2. We define
the following quantities: 6 is the angle with re-
spect to fragment I, and N(8) is the neutron spec-
trum at the angle 8 in the lab system. Experi-
mentally the spectrum is given by a column of
numbers which denote the number of neutrons at
discrete velocity values. We further define:
(a.) Nz(c. m. ) is the neutron spectrum in the c.m.
of fragment i.
(b) Nb f is the prefission neutron spectrum.
(c) T(8, c.m. , i) is the operator which transforms
the neutron spectrum at the lab angle 8 to the
c.m. of fragment i. The transformation acts diff-
erently on each velocity component of N(8).
(d) T(c.m. , 8, i) is the operator which transforms
the (isotropic) neutron spectrum in the c.m. sys-
tem of fragment i to the lab angle 0.

The calculation consists of two iterations which
yield upper and lower limits of the number of
postfission neutrons. The starting points for the
two iterations are two extreme assumptions:

(1) All the neutrons emitted in the fragment
direction are postfission neutrons (uPPer limit for
postfission neutrons).

(2) All the neutrons emitted perpendicular to the
fragment direction are prefission neutrons (locoer
limit for postfission neutrons).
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subtract from Eq. (5a) the contributions of the
prefission neutrons and the neutrons emitted from
fragment 2 in the direction fragment j.. Similarly,
for Eq, (5b),

We calculate the spectrum expected at 90 from
the neutrons emitted from fragments 1 and 2

(Eqs. 5a and 5b):

¹(90)= T(e.m. , 90, 1)D t'~ N, (c.m. )

+ T(c.m. , 90, 2)Di'~ N, (c.m. ).

The measured spectrum at 90', N(90), is com-
posed of the prefission neutron spectrum N(b. f.)
and the postfission contribution N'(90). Hence

N(b. f.) =N(90) —N'(90) .
We assumed that N& ~ is isotropic in the de-

tector plane. Hence the first correction term to
Eqs. (5) is given by the contribution of prefission
neutrons:

D '~N, {c.m. ) = -T(0, c.m. , 1)N& &, (8a)

Di'~N, (c.m. ) =-T(180,c.m. , 2) N& & . (8b)

x [Dto&N, (c.m. )+D"&N, (e.m. )],

(9a)

Di'~N, (c.m. ) = -T(180, c.m. , 2) T(c.m. , 180, 1)

x [D"~N, (c.m. )+D"~N, (c.m. )].
(9b)

Thus we obtain at the end of the first iteration a
new expression for the postfission spectra:

N, (c.m. ) =D"'N, (c.m. ) +D"'N, (c.m. )

+Di'~N~(e. m. ) . {10)

Equation (10) serves as the starting. point for the
next iteration. It is still an upper limit for the
postfission neutrons. It is, however, lower than
our first upper limit, namely, Eqs. (5). Each ad-
ditional iteration will further reduce this upper
limit.

88cortd Assu &1pti on
(Lower Limit for Postfission Neutrons)

We start with the assumption that all neutrons

The second correction term (due to neutrons emit-
ted by one fragment in the direction of the other
one) is given by

Di2'N, (e.m. ) =-T(0, c.m. , 1)T(c.m. , 0, 2}

emitted at 90' to the fission fragments are pre-
fission neutrons (as defined above). In order to
obtain the postfission spectrum, we subtract the
90' spectrum from the spectra at 0 and 180' and
transform the results to the c.m. system of the
two fragments:

Dio1N, (c.m. ) = T(0, c.m. , 1)[N(0) —N(90)],

(1la)

D"&N, (c.m. ) = T(180, c.m. , 2) [N(180)-N(90)].

(11b)

The rest of the procedure is identical with that
of Assumption I except that Eqs. (11) are substi-
tuted for Eqs. (5). The result will be a lower limit
for the postfission spectrum, since we sta, rted with
the assumption that the spectrum at 90' is due to
prefission neutrons only. The details of the calcu-
lation are discussed in Appendix D.

In this fashion we obtain upper and lower limits
for the postfission spectrum. The difference bet-
ween the two limits could in principle be reduced
to any given limit. In practice, it is meaningless
to try to narrow the difference below the size of
the statistical and systematic errors. In our ex-
periment these limits were reached after one iter-
ation.

The above procedure determines the number and
energy spectrum of the postfission neutrons. It
also determines the energy spectrum of the prefis-
sion neutrons in the detector plane (i.e., perpendic-
ular to the beam of direction}. In order to obtain
the total number of prefission neutrons (excluding
the neutrons emitted during the fast intranuclear
cascade), we make the additional assumption that
the prefission neutrons are emitted isotropically
in the lab system.

The justification for this assumption is further
discussed in Sec. V.

F. . Calculation

We have seen that the evaluation of the number
and the energy spectrum of the postfission neutrons
involves transformations of the lab neutron spectra
at 0, 90, and 180' to the c.m. system of the frag-
ments. These transformations require the know-
ledge of the fission fragment velocity and the neu-
tron velocity for each event. For this purpose we
sorted all events into a three-dimensional matrix
of "bins. '* The three dimensions were: (1) the
nlass of 'tile flss1011 fl'aglllellt At, (2) 'tile 'total k111-
etic energy of the two fragments E&, and (3) the
neutron flight time t. (Since we assume a fission-
ing nucleus of a given mass value, the fragment
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velocity is determined by the total energy Ez and
the fragment mass. ) The "mass-energy plane"
was divided into 280 mass-energy bins (this num-
ber was determined by the size of the computer
memory and the actual number of intervals in the
mass, and the energy dimensions wexe chosen to
be optimum for the particular calculation at hand).
For each bin in the mass-energy plane there was
a "complementary" bin with the same value of E&
and complementary mass value (see Fig. 5). The
0' spectrum corresponded to the 180' spectrum in
the complementary bin, and the 90' spectra were
the saQle fox' tile two bins. Tile size of 'tIle bins
was increased towards the edges of the distribu-
tions because of the lorn number of events in these
bins. The finite extent of the mass-energy bins
introduced a dispersion in the fragment velocity
associated with the bin. However, this dispersion
had in most cases a standard deviation of less
than 1% of the fragment velocity. For each "bin"
we recorded the fragment velocity value and its
standard deviation, the relative fission yield, and
48 intervals of the neutron time-of-flight spectrum
at 0 and 90' to the fragment. Only "zero time"
corrections were pexformed on the time-of-flight
data in each mass-enex'gy bin, since the total num-
ber of counts in each bin was low. We used there-
fore the "uncorrected" effective efficiency curve
for these data. The subtraction of the random
events was performed by subtracting from each
time-of-flight spectrum in a given mass-energy
bin the total random spectrum multiplied by the
relative fission yield of that bin. In this fashion
the number of postfission neutrons &(&;,&~}as-
sociated with each bin was obtained. v(A~) and v(E&)
were obtained by summing over columns and rows,
respectively, the values of v(A&, E+) weighted by
the relative fission yield of each bin. Finally, the
total number of postfission neutrons was obtained

by summing in this manner over all rows and
columns.

The total number of postfission neutrons was
also calculated from the total time-of-flight spec-
trum, without division into mass-energy bins. In
this case, all the corrections which were discus-
sed in (C) above were applied to the data in ad-
dition to random subtraction and zero-time cor-
rection. The average fragment velocity was used
for the transformation to the c.m. system of the
fragments. The results for the total number of
prefission and postfission neutrons obtained by
this method agree within the statistical error with
the 1esults based on mass-energy bins.

We also checked the consistency of our results
by transforming the calculated postfission spec-
trum for U to 30 and 60' lab angle and adding the
prefission spectrum. The results wex"e compared
with the experimental spectra measured at these
angles. Good agreement was obtained.

IV. EXPERIMENTAL RESULTS

A. Neutron Spectrum in the Lab System

The lab neutron spectrum at 0, 30, 60, and 90'
with respect to the fragment direction for the '38U

target, and the lab neutron spectrum at 0 and 90'
for the '"Bi target are shown in Fig. 6. The statis-
tical corrections to the tinle-of-flight data which
were discussed in the previous section have been
applied to the spectra shown in this figure. The
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FIG. 5. Schematic drawling of the mass-energy matrix.
The dotted lines indicate mass-energy contours of equal
yields.

FIG. 6. The lab neutron spectra at 0, 30, 60, and 90'
with respect to the fission fragment direction for U and
at 0 and 90 for Bi.
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TABLE I. The number of neutrons/sr per fission event at various angles with respect to the fission fragment direc-
tion for Bi+155-MeV p, 3 U+ 155-MeV p (this experiment), 5U+n, h (see Ref. 16), and spontaneous fission of 2Cf

(see Ref. 8).

'52Cf (S.F.)

X(0 )
X(30 )
X(60 )
N(90 }

W0 )/W90)

1.11+0.03

0.63 +0.03
1.77

1,22 +0.03
1.06 +0.03
0.70+0.03
0.59 +0.03

2.05

0.399 + 0.002
0.259 +0.002
0.101 + 0.001
0.064 + 0.001

6.1

0.8
0.40 + 0.01
0,205 +0,005
0.120 +0,002

6.6

spectra were obtained on the basis of the corrected
effective efficiency derived from the measurement
of the neutron spectrum of '"Cf at 0' with respect
to the fragment. It is shown in Appendix C that the
use of the 0' effective efficiency for the U and Bi
neutron spectra at all angles results in an over-
estimate of the non-0 spectra. The largest over-
estimate is that of the 90 data. The total number
of neutrons per fission and per sr at the various
angles with respect to the fragment direction and
the ratio of the number of neutrons at 0 to that at
90' are given in Table I. The number of neutrons
in this table pertain to neutrons in the energy
range 0.5-9.0 MeV, i.e., the energy range detected
in our experiment. For comparison we also show
the numbers for thermal-neutron fission of 2"U,
obtained by Skarsvag and Bergheim, "and those of
the spontaneous fission of '"Cf of Bowman et aE.'
Since the 0' efficiency curve was used for all
angles, the non-0' neutron numbers for '"U and
"'Bi are overestimates, whereas the 0'/90' values
are underestimates of the true values. If the 90
data are analyzed on the basis of the 90 efficiency
curve one obtains values for the 0'/90' ratio which
are larger by 20% than those given in Table I. On

this basis we estimate the actual error to be less
than 10% for the 90' and 0 /90 data, a.nd smaller
for the other angles. (See also Appendix C.)

In Table II we present the average neutron ener-
gies for neutrons in the energy range 0.5-9.0 MeV.
The angles and targets are the same as in Table I.
The 0 efficiency curve was used to obtain the
average energies.

B. Number of Prefission and Postfission Neutrons

The number of postfission neutrons was calcu-
lated by the iterative procedure which was des-
cribed in the previous section. The number of
prefission neutrons was calculated with the addi-
tional assumption that these neutrons are emitted
isotropically in the lab system. The results are
presented in Table III. The numbers of prefission
and postfission neutrons were calculated using
both the 0' and the 90 efficiency curves for the
90' data, and the numbers shown in Table III are
the averages of the results obtained on the basis
of these two procedures. The difference between
the two results is about 10% for the postfission
neutrons, and it constitutes the maximum system™
atic error in the postfission neutron numbers of
Table III due to the uncertainties of the neutron
detection efficiency. The maximum systematic
error for the prefission neutrons is +20%. This
difference in the systematic error is due to the
smaller weight of the 90' data in the calculation of
the postfission neutrons.

Table III shows the results for the two initial as-
sumptions (L All 0' neutrons are postfission neu-
trons, and IL 90' neutrons are prefission neutrons)
and the results after one iteration for each of the
two assumptions. The results ba,sed on the two
initial assumptions are given only for comparison.
(They do not constitute a valid first approximation
since the values obtained for the prefission and
postfission neutrons for each assumption are not
consistent with each other. Thus the number of

TABLE II. The average kinetic energy of the neutrons at various angles with respect to the fission fragment direc-
tion for Bi+155-MeV p, 38U+ 155-MeV p (this experiment), ~ 5U+n, h (see Ref. 16), and spontaneous fission of 52Cf

(see Ref. 8).

Neutron energy
(MeV) '"Bi+155-MeVP U+ 155-Me VP 2 35U+ th '"Cf (S. Z.)

e (0')
c (30')
e(60 )
Z(90')

3.02 3.10
2.60
2.45
2.42

2.61
2.30
1 86
1.65

3.00
2.65
2.36
2.10
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TABLE III. The average number of prefission and postfission neutrons for Bi and U under assumption No. 1 (upper
limit of postfission neutrons) and assumption No. 2 (lower limit of postfission neutrons). The results before and after
the first interation are shown. The estimated uncertainties are +1.0 neutron for prefission and A.5 neutron for post-
fission neutrons {both Bi and U).

Assumption and
iteration

Bi+ 155-Me V P
prefiss ion postfis sion prefission

U+ 155-Me V P
postfis sion

No. 1,
No. 1,
No. 2,
No. 2,

no iter.
one iter.
one iter.
no iter.

4.90
6.01
6.13
7.75

6.02
4.06
3.67
3.20

4.05
5.12
5.44
7.45

6 ~ 64
4.82
4.56
4.08

Pxefission neutrons obtained with assumption I is
not zero, but the number of postfission neutrons
was not corrected accordingly). The estimated
uncertainty in the values of Table III are +0.5 neu-
trons for the postfission neutrons and +1.0 neutrons
for the prefission neutrons. These uncertainties
are due to statistical errors, and the estimates of
the systematic errors and errors due to the scat-
tering effects (see Appendix C). The difference
between the results of the upper- and lower-limit
assumptions after one iteration is smaller than the
estimated error in the results. Therefore no ad-
ditional iteration was performed. The mean of the
upper- and lower-limit results after one iteration
constitutes the "best" result.

Another correction which must be considered is
the effect of the neutrons outside our limits of de-
tection, i.e., neutrons of energy below 0.5 MeV
and above 9.0 MeV. This effect is estimated in
Appendix E. By assuming a rectangular distribu-
tion of the initial excitation energy of the fragments
and a level-density parameter which reproduces
the neutron spectrum and the average number of
neutrons, we a.rrive at the estimate that 8% of the
postfission neutrons in both the "'U and "'Bi ex-
periments have a lab energy above 9.0 MeV, and
were therefore not detected in our experiment.
Similarly 7% of the prefission neutrons had an en-
ergy below 0.5 MeV and therefore were not counted
by our system. The effect of the lower detection
limit on the postfission neutrons and of the upper
limit on the prefission neutrons is negligible.

The final "best" results are the following: U,
4.7+0.5 postfission neutrons within the experi-
mental detection range, and altogether 5.1+0.5
postfission neutrons; Bi, 3.8+ 0.5 postfission neu-
trons within the experimental detection range,
and altogether 4.2 + 0.5 postfission neutrons.

The best values for prefission neutrons, includ-
ing corrections for neutrons outside the experi-
mental detection limits, are 5.8 + 1.0 for U and
6.9+1.0 for Bi. We reiterate that the prefission
neutrons numbers were obtained by assuming an
isotropic spectrum in the lab system for these
neutrons.

The total number of prefission and postfission
neutrons is 11.1+ 1.0 for Bi and 10.9+ 1.0 for U.
These numbers are in good agreement with the re-
sults obtained by integrating the laboratory angular
distributions (10.9 + 1.0 for Bi and 11.4+ 1.0 for U).
Our results for the total number of neutrons are in
reasonable agreement with the results of Harding, '
who obtained 13.1+ 1.8 neutrons for U and 10.0
+ 2.7 neutrons for Bi at a bombarding energy of
147 MeV.

It should be stressed that our results for the
number of prefission and postfission neutrons
were obtained without reference to any model of
fission-spallation competition or of neutron eva-
poration (e.g. , the statistical model). The neutron
spectra were not fitted to any theoretical spec-
trum except for the evaluation of the effect of the
upper limit of detection. Since this effect amounts
to less than 10% of the number of postfission neu-
trons, other assumptions with respect to the neu-
tron spectrum would result in a difference smaller
than our stated errors.

C. Energy Spectra of the Prefission and

Postfission Neutrons

The energy spectra of the prefission and post-
fission neutrons from U and Bi, as obtained from
the iteration procedure, are shown in Fig. 7. The
prefission spectra refer to the l3b system, where-
as postfission spectra refer to the c.m. system of
the fragments. The curves show the spectra ob-
tained after the first iteration and using the 0 ef-
ficiency curve for the lab spectra at both 0 and 90 .
The first-order correction (difference between
zero-order and first-order iteration) for the lower-
limit assumption (Assumption II) is also shown in
Fig. 7. The experimental upper limit of 9.0 MeV
in the lab neutron energy results in a 5.2-MeV up-
per limit for the postfission neutron. This arti-
ficial cutoff also affects the first-order correction
to the prefission spectra, and is the reason for the
discontinuities in these spectra around 5.2 MeV.
It is seen that the prefission neutrons have higher
average energies than the postfission neutrons, in
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FIG. 7. The prefission and postfission neutron spectra
for Bi and U: (a) Postfission neutron spectra; (b) pre-
fission neutron spectra. Hollow circles refer to results
of upper-limit assumption after first iteration, crosses
to results of lower-limit assumption after one iteration.
Solid circles are for mean values between upper- and
lower-limit assumptions after first iteration. The data
in the lower left side of each graph show the magnitude
of the first-order correction to the lower-limit assump-
tion (difference between zero- and first-order iteration).

qualitative agreement with the notion that the pre-
fission neutrons are emitted at higher excitation
energies (higher nuclear temperatures) than the
postfission neutrons.

D. Dependence of the Number of Prefission and Postfission

Neutrons on the Fragment Mass

The average number of prefission and postfission
neutrons as a function of the mass division was ob-
tained by summing over all kinetic-energy rows in
the mass-energy matrix and adding complementary
mass values. The results for the total number of
neutrons, the prefission neutrons and postfission
neutrons, as a function of the mass division are
shown in Fig. 8. The total number of neutrons
seems to be independent of the mass ratio for Bi
and seems to drop slightly with increasing mass
ratio for U. The number of prefission neutrons
decreases with increasing mass ratio for both Bi
and U, whereas the number of postfission neutrons

increases with the mass ratio for Bi and is roughly
independent of the mass ratio for U. The results
for Bi seem to indicate that the larger mass ratios
are associated with fission at higher excitation en-
ergy (earlier in the neutron-evaporation cascade),
i.e., the width of the mass distribution increases
with increasing excitation energy at the moment of
fission. The situation is more complicated for U
because of the effect of low-energy fission.

The average number of postfission neutrons as
a function of the fragment mass is shown in Fig. 9.
In this figure we show the result obtained by the
zero-order upper limit (max) and the zero-order
lower limit (min). The results after one iteration
for both the upper- and lower-limit assumptions
are shown by the pair of dashed lines close to each
other and between the "min" and "max" lines. The
average between the "first-iteration" lines correct-
ed for the missing part of the spectra is shown by
the solid lines, which represent the best estimate
of the final result. The statistical error (based
only on counting statistics) and the mass distribu-
tion (dotted line) are also shown. The curves of
Fig. 9 were calculated by using the 0' effective ef-
ficiency curve for all angles. The use of the 90
efficiency curve for the 90' data results in a slight
upward shift of the curves, but does not alter
their shapes or their typical dependence on the
fragment mass.

The basic feature of Fig. 9 is the rapid increase
in the number of neutrons with mass number. The
fast rise of v(Az) seems to indicate that the average
nuclear temperature increases with the mass num-
ber. Support for this conclusion is shown in Fig.
10, where we show the average kinetic energy of
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are the mean of the two latter lines corrected for neutrons outside the experimentally measured velocity limits. They
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the postfission neutrons in the c.m. system of the
fragment as a function of fragment mass. We see
that the average c.m. kinetic energy of neutrons
increases with the fragment mass number. Since
for an evaporation spectrum the average energy is
proportional to the nuclear temperature T, Fig. 10
seems to indicate an increase in T with fragment
mass.

Comparing the v(A~) curves for U and Bi (Fig. 9)
one sees a flattening of the v(Ai) curve around mass
AJ =130 in U, whereas no such flattening is seen in
Bi. The flattening in U appears at a mass region
where the dip occurs in the well-known saw-tooth
curve of v(Aq) for thermal-neutron fission. Such a
dip is also seen in fission of "'U bombarded with
12-MeV protons. " It is therefore possible that the
flattening in the 23'U. curve of Fig. 9 results'from-

low-energy fission events. Thus the total mass
distribution for "U bombarded by 155-MeV pro-
tons is symmetric, however the mass distribution
for events of high total kinetic energy of the two
fragments is slightly asymmetric. " The average
number of postfission neutrons as a function of
fragment mass for events of high total fragment
kinetic energy (E&&171 MeV for U and E&& 156 MeV
for Bi), and for low total kinetic energy (E& & 154.5
MeV for U and E&& 135.5 MeV for Bi) are shown in
Fig. 11. The high-Ez data for U show distinct flat-
tening at mass A&.=130, whereas the low-. E& data
for U and both the high- and low-Ezdata for Bi do
not show this flattening. , Both the absolute number
as well as the rate of increase of the number of
neutrons with mass is higher for low-E& events
than for high-'Ez events'.
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F&Q. 10. (a), (b) The average kinetic energy of the postfission neutrons in the c.m. system of the fragment as a func-
tion of the fragment mass.
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total kinetic energy Ez of the two fission fragments and for events with low E&.
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E. Dependence of the Number of Postfission Neutrons on the

Kinetic Energy of the Fragments

The average number of postfission neutrons as a
function of the total kinetic energy of the fragments
P(Ez) was obtained by summing the mass-energy
matrix P(AI, Es) over the mass columns with the
weights of the fission yield. v(Ex) is of interest
since it represents the correlation between the de-
formation energy of the nucleus and the total ki.n-
etic energy of the fragments. This statement is
correct only when v(Ex) is measured for a given
mass division, since Ez is also a function of the
mass division. We have attempted to eliminate
this effect to a large extent by calculating P(Es)
for the mass regions for which E&is approximately
constant, i.e., 95&A&&140 for U and 85 &A~&120
for Bi." The results are shown in Fig. 12. The

U+ p l55 MeV

Slope 7.6 MeV/neUft'On

average slope P(Ez) is 7.6 MeV/neutron for U and
8.8 MeV/neutron for Bi. Assuming this slope to
represent the average energy taken away by each
postfission neutron we see that the average total
excitation energy of the fission fragments required
for neutron emission is 39 MeV for U and 37 MeV
for Bi. In order to obtain an estimate to the aver-
age excitation energy of the fissioning nucleus, we
must subtract from these numbers the deformation
energy of the fission fragments.

An estimate of the average excitation energy E,*
of the fissioning nucleus may be obtained from the
rela, tion

Eo~ =PE*+Ez+E~+dM,

where E~ is the average energy spent on the emis-
sion of one postfission neutron, E& is the total en-
ergy spend on emission of y rays, and hM is the
average mass difference between the (ground-state)
fissioning nucleus and the (ground-state) fission
fragments prior to neutron emission. For sym-
metric fission of 3' U and '"Po, we assume AM
=191.8 MeV and 149.8 MeV, respectively. " The
total kinetic energy of the fission fragments is E&
=166 MeV and 149 MeV, respectively, for U and
Bi." We assume E&= 9 MeV in both cases. These
values yield for the average excitation energy
prior to fission E,*=21 MeV for U and 44 MeV for
Bi. However, these numbers should not be taken
to be more than rough estimates of E,*, in view of
the uncertainty of the values of AM, E~, and E&.

V. DISCUSSION
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FIG. 12. The average number of postfission neutrons
as a function of the total kinetic energy of the two fission
fragments.

l. Prefission and Postfission Neutrons:
ExPerimental Definition

The analysis of our experimental results is based
on the division of all the neutrons accompanying a
fission event into two groups:

(a) Prefi ssion neutrons, which are assumed «be
emitted from the stationary (except for the recoil
momentum) excited nucleus, and which are not cor-
related with the fragment direction. In order to
calculate the total number of prefission neutrons,
we make the additional assumption that the pre-
fission neutrons are emitted isotropically from the
excited nucleus.

(b) Postfisson neutrons, which are assumed to be
emitted isotropically from the fully accelerated
fragments.

Several questions arise with respect to these
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assumptions:
(1) How many neutrons are emitted while the fis-

sioning system is at the saddle point (transition
point) a.nd in the stage between the saddle and scis-
sion points?

(2) How many neutrons are emitted during scis-
sion?

(3) How many neutrons are emitted from the mov-
ing fragments before they are fully accelerated?

(4) To what extent are our assumptions regarding
the isotropy of emission of the prefission neutrons
in the detector plane (perpendicular to the beam
direction) and the isotropy of emission of the post-
fission neutrons from the fragments justified'?

It is immediately seen that our questions fall in-
to two categories: (a) The first two questions con-
cern the interpretation of correctly analyzed ex-
perimental results. According to our experimental
definition, neutrons which are emitted before or
during scission are prefission neutrons whereas,
as shall be discussed below, the neutrons referred
to in (1) and (2) should probably be regarded as
postfission neutrons. (b) The last two questions
concern the possibly incorrect analysis of our ex-
perimental results.

2. Postfission Neutrons Emitted before Full
Acceleration of the Fragments

(a) Neutrons emitted at the saddle Point or be
tween saddle and scission points. The experimen-
tal definition of prefission and postfission neutrons
as emitted from the stationary excited nucleus and
from the fully accelerated fragments, respectively,
is not completely compatible with the definition of
these neutrons according to the statistical theory
of nuclear reactions. According to this theory the
relative probability of fission versus neutron emis-
sion is given by the number of open channels to
fission versus the number of open channels for
neutron emission. The number of open channels
for fission is taken to be the number of available
levels for the excited system above the saddle
point. It is therefore implicitly assumed that once
the system has reached the saddle point, it will
undergo fission. The neutrons which are emitted
while the system is in the transition state (i.e., at
the saddle point) or beyond that point are therefore
to be regarded as postfission neutrons according
to the statistical model; The time which the fis-
sioning system spends at the saddle point may be
estimated in the following way. For a system of
mass m and energy E. above the top of a parabolic
barrier V =--,'Cx', the time t it takes the system
to travel from -xf to xl (x is the fission direction,
with x =0 at the top of .the barrier) is given by

~XI' dx 2

[(2/m)(E+ —,'Cx')] '"

1i2

A"' E* It )-B exp [2a 1l2(Eg E )1l2

2 (a Eg)1/2] (12)

Here A is the mass of the excited nucleus; E*—the
excitation energy; B —the neutron binding energy;
a, and a -level-density parameters of the com-
pound nucleus and the residual nucleus, respect-
ively, and K, a constant (K, = 10 MeV). Assuming
a, =a, =A/10 MeV ', A =240, and B =6 MeV, we
obtain for the neutron lifetime ~, =h/I; in the case
of E*=50 MeV a value of v. =2&&10 sec, whereas
for E*=25 MeV we obtain v~ =4&&10 "sec. As-
suming a =a =A/20 MeV ', we obtain T =3x10
sec and 3 &&10 "sec for E*=50 and 25 MeV, re-
spectively. Using a rather different modeP' to cal-
culate the neutron emission times, J. M. Miller24
obtains values comparable to the evaporation model
results with a„=a~ =A/10 '. It should be remem-
bered that in our case E* is the excitation energy
above the fission barrier, and the above values of
E* correspond to a total excitation energy of -55
and -30 MeV, respectively, in the case of U and
considerably higher values in the case of Bi. In

where ~ull~ = AC/m is the absolute value of the (imag.
inary) frequency of the system in the fission direc-
tion. For E = 2 C xf' we obtain t = 2 (&ul ~

' ln(1+ vt2 ).
Liquid-drop-model calculations of Nix21 yield ap-

-21
proximately 2X10 sec for this number. This
time will be shorter for higher excitation energies.

The transition time from the saddle point to the
scission point may again be estimated from the
liquid-drop-model calculations of Nix» for non-
viscous irrotational flow. (For a given path, this
type of flow requires the minimum time, since
either viscosity or an increase in mass increases
the time. ) He finds that for systems starting at
the saddle point with 1 MeV of kinetic energy in
the fission mode, this transition time is approxi-
mately 2 &&10-» sec for Bi and 3 X10 2' sec for U.
This time interval will again be shorter for more
highly excited nuclei. The total time that the sys-
tem spends at the saddle point and from saddle
point to scission point is therefore less than 10-2'
sec.

The neutron emission width is given according to
evaporation theory"
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the preceding section we estimated that the aver-
age total excitation energy of the excited nucleus
at the moment of fission is approximately 21 MeV
for U and approximately 44 MeV for Bi. We may
therefore conclude that if this estimate is correct,
the probability of neutron emission between the
time the system reaches the saddle point to the
moment of scission is quite small. If, on the other
hand the average excitation energy is much higher,
this probability is no longer negligible.

(h) Scission neutrons. The existence of scission
neutrons was suggested by Bowman et al. ' in order
to explain their experimental results. They sug-
gested that the scission neutrons are emitted iso-
tropically from the fissioning nucleus at the mo-
ment of scission. Moreover, various charged par-
ticles are known to be emitted in fission, and
their angular distribution indicates that they are
emitted from the neck region between the two
fragments at the moment of scission. " It would
therefore be surprising if neutrons were not emit-
ted at scission. Bowman et al. estimated the num-
ber of scission neutrons in the spontaneous fission
of "'Cf to be approximately 0.4 neutrons/fission.
Milton and Fraser" estimated that as many as 30%%uo

of all the neutrons emitted in the thermal-neutron
fission of "'U and "'U might be scission neutrons.
The results of Loveland, Fairhall, and Halpern"
show that the number of n particles emitted in fis-
sion is roughly independent of the excitation energy
of the fissioning nucleus up to Eg =35 MeV (the
highest energy which they measured). Assuming
the same to be true for the scission neutrons, we
estimate that 0.4-1.0 scission neutrons/fission
were emitted in our experiment. They are classi-
fied as prefission neutrons in our analysis.

(c) Neutrons emitted during the acceleration of
fragments. Postfission neutrons may be emitted
from the fragments before these are fully acceler-
ated. In this case, fewer neutrons are detected in
the direction of the fission fragments than in the
case where they are emitted from the fully accel-
erated fragments. If the experimental results are
analyzed on the assumption that all postfission neu-
trons are emitted from the fully accelerated frag-
ment, the analysis will yield a smaller number of
postfission neutrons than were actually emitted.
We shall try to estimate the error in our experi-
ments due to this fact. In this, we shall follow the
approach of Eismont. "

Let the neutron spectrum in the c.m. system of
the moving fragment be N(v, ~ ) dv, ~, where v, ~
is the neutron velocity in the c.m. system of the
fragment. The Jacobian of the transformation to
the lab system is (v, +vz)'/v, ', where vq is
the fragment velocity at the moment of neutron
emission. The Jacobian of the transformation from

the lab system to the system of the fully acceler-
ated fragment of velocity v„ is (v, +vz -v„)'/
(v, +vf}'. The calculated spectrum is therefore

N(v }dv ~N(v ~) [(v +VI v )/v ~ ]dv

where v' is the neutron velocity in the c.m. system
of the fully accelerated fragment. We assume the
neutron spectrum to have a Maxwellian form

2v
N(v, )dv, = ' ' exp[-V, '/V ]dv,

0

(14)

v, is a constant which depends on the nuclear
temperature (excitation energy). The time distri-
bution of neutron emission from the excited frag-
ment is

P(t)=(1/r. ) e (15)

where 7 =t/1", and the neutron emission width F
is given by Eq. (12).

The calculated number of neutrons emitted from
a fragment for the first neutron actually emitted
from this fragment is given by

8f
q(E~)= . P(t, E~)—N(v, ~,E*)

v- YI VI

(vc.m. vt
X ' '

~ VC ~ Vy
vc. m.

&(E*)= P(t, E') 4 ' (1+Xo')
8t
8vy

-v'" y,'[1-erf (X )]}dv,

where pc=(v, -v~}/vc.
To a good approximation the fragment lab veloc-

ity VI is the velocity, as function of time, of point
charges which are at rest at the moment of scis-
sion and have a total kinetic energy Ez at infinity.

[Both P(t) and N(v, ) are functions of the excita-
tion energy E* through their dependence on w and
v„respectively]. The integration with respect to

is carried out to infinity rather than for the
maximum possible velocity [2(E* B~)/m] "~. -
This introduces a negligible error in the calcula-
tion. (A similar integral may be written for the
second and the following neutrons except that E*
is then the excitation energy of the fragment after
the emission of the previous neutrons, and that the
lower limit of the integration with respect to vz is
then the fragment velocity at the time of emission
of the previous neutron. ) We obtain
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Nix2' has shown that the fragments already have an
appreciable part of their final velocity at the mo-
ment of scission. Hence our calculation starts be-
fore the actual moment of scission. (This means
that our estimate of the number of neutrons emit-
ted before the fragments start to move [see part
2(b) above] is an overestimate of the true number. )

The relation between the distance r between the
fragments and the lab velocity vz of fragment A, is
given by

l.O
I

0.8—
QJ

O

(c)

(d)

where ~o is the distance between the fragments at
rest ("scission distance") and v is the lab velocity
of fragment A, at infinity. We have

l I I

6 8 l0
Neutrons emitted

l2

(19)

where A, is the mass of the complementary frag-
ment and A, =A, +A, . Hence

Equation (20) is inserted into the expression for
e(E*) (Eq. 17) which may then be integrated nu-
merically. This was done for the integration limits
0 ~ vz ~ 0.99m„. For 0.99 e„&vI- ~ v„we assume that
no error is made in the transformations, and we
therefore add to the integral the fraction of neutrons
emitted when vt &0.99v„, i.e., exp [-t(0.99v„)/~, ].
The function e(E*) was evaluated for the set of
parameters a =16.7 MeV ', B =7 MeV and the set
a =9.7 MeV ', B~ =5 MeV. The fact that the ex-
citation energy E* decreases for the successive
neutrons was taken into account in the following
way: The function s(E*) was evaluated for a num-
ber of excitation energies which correspond (on
the average) to the emission of an integral number
of neutrons. [These excitation energies were ob-
tained by a Monte Carlo calculation which used the
same values a and B that were used in the calcu-
lation of e(E~)]. The results for the two sets of
parameters are shown in curves (b) and (d) of Fig.
13. Curves (a) and (c) were obtained by summing
the values of a[ curves (b) and (d)] for integral val-
ues of neutron numbers from 1 to n and dividing by
n. Thus curves (a) and (c) represent the average
error for n neutrons emitted. However, since
curves (b) and (d) give this error for the first neu-
tron emitted as a function of the excitation energy
(translated into number of neutrons), it follows
that curves (a) and (e) represent an overestimate of
the error (underestimate of s). [A correct calcu-
lation of s(E*) for the nth neutron should not only
take into account that the initial excitation energy
was reduced by the emission of the (n —1) previous

FIG. 13. The ratio of the number of neutrons calculat-
ed to be emitted assuming neutron emission occurs only
after the fragments have been fully accelerated to the
number of neutrons actually emitted, as a function of the
number of neutrons emitted per fragment. Curves (b)
and (d) show this ratio for the first of n neutrons to be
emitted, i.e. the expression &{g*) (Eq. 16) as a function
of the excitation energy which corresponds to the emis-
sion of n neutrons. Curves (a} and (c) show this ratio
when averaged over the n neutrons. Curves (a) and (b)
were calculated using a = 16.7 MeV and B~ = 7 MeV.
Curves (c) and (d) using a=9.7 MeV and B~=5 MeV.
The culves wex'e calculated fox' syxnxnetrlc flsslon of U
and total fragment kinetic energy of E~= 167 MeV.

neutrons, but also the fact that the fragments were
already accelerated during the emission of the
previous neutrons, i.e., the lower limit of integra-
tion for vt should be &0.] The curves of Fig. 13
were calculated for symmetric fission of '"U and
total fission fragment kinetic energy Ez = 167 MeV.

In trying to assess, on the basis of Fig. 13, the
error in our analysis due to emission of neutrons
while the fragments still have not reached their
final velocity, note should be taken of two points:
(1) Assuming a =A/10 MeV ' to be the correct val-
ue for the level density parameter, curves (a) and
(c) span the fragment mass range A =100-160, with
curve (a) appropriate for the heaviest fragment and
curve (c) the correct one for fragment mass A =100.
The values for fragment masses between these
limits fall between the two curves. (2) The average
number of neutrons increases rapidly with the
fragment mass (Fig. 9); v: 2 for A =100 and v —6
for A =160. From Fig. 13, we find that for both
cases e(n) &0.95. We conclude that we analyze
correctly the neutron spectrum for 95%%uo-of the emit-
ted neutrons.

3. AnisotroPic ¹utron Emi ssion

(a) Prsfission neutrons. It has already been stat-
ed that the determination of the number of Post-
fission neutrons is not affected by any anisotropy
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of the prefission neutrons, since the prefission neu-
tron distribution is isotropic in the detector plane,
i.e., a plane perpendicular to the beam direction.
Our value for the total number of prefission neu-
trons will, on the other hand, be affected by the
forward-backward peaking of the prefission neu-
tron distribution. This anistropy results from both
the linear and angular momentum transfer to the
target nucleus by the bombarding particle. For
full momentum transfer (i.e., compound-nucleus
formation) in the bombardment of U and Bi by 155-
MeV protons, the average angular momentum of
the compound nucleus is comparable to that of the
compound nucleus formed by the bombardment of
Au by 42-MeV o. particles. The angular distribu-
tion of the neutrons emitted in the latter case is
almost i.sotropic. 2' The question of the forward
peaking of the prefission neutrons due to linear
momentum transfer is more difficult. We have re-
stricted our definition of prefission neutrons to
neutrons evaporated after the termination of the
prompt cascade. According to the statistical model
these neutrons are emitted isotropically in the
c.m. system of the excited nucleus, except for
possible forward-backward peaking due to the
angular momentum effects which we have already
discussed. We therefore conclude that within our
definition, and assuming the statistical model to
correctly describe the evaporation process, our
value for the total number of prefission neutrons
is correct. However, in nature there is of course
no clear separation between the neutrons emitted
in the prompt cascade and evaporation neutrons.
Harp, Miller, and Berne" calculated the number
of neutrons evaporated in a highly (1000-MeV) ex-
cited nucleus before thermal equilibrium is estab-
lished and found that only 5% of the particles are
emitted before the system of nucleons in the ex-
cited nucleus relaxes to an equilibrium energy dis-
tribution. There remains however, the question of
whether the rapid equilibration of energy among
the nucleons in the excited nucleus is accompanied
by an equally rapid equilibration of linear momen-
tum. If this is correct, then the results of Harp,
Miller, and Berne would indeed mean that 95% of
the neutrons are emitted isotropically in the c.m.
system of the excited nucleus. This question is
not dealt with in the work of Harp, Miller, and

Berne. On the other hand, Brun et a/. "found that
when Au is bombarded with 156-MeV protons,
there exists a considerable forward peaking in the
emitted neutron distribution, even below kinetic
energies of 9 MeV. However, it may in principle
be argued that these forward-peaked neutrons do
still belong to the prompt-nucleon cascade and
should not be classified as prefission evaporation
neutrons. We conclude that the prefission evapor-

ation neutrons are not well defined, and our ex-
perimental method which measures the isotropic
part of the prefission neutron distribution repre-
sents one way of defining this quantity. There re-
mains the question of whether the prompt-cascade
calculations do correctly account for the remaining
prefission neutrons.

(b) Postfission neutrons. Any possible anisotropy
of the postfission neutron in the c.m. system of the
fission fragments can only be the result of the
angular momentum of the fragment. Three types
of experiments show that it is not negligible.
From the relatively high yield of fission fragments
with isomeric states, Sarantites, Gordon, and
Cpryell, ' concluded that the average angular mo-
mentum of the fragments in the thermal-neutron
fission of "'U is 5.5h, and it is 7.0@ for "'U bom-
barded with 33-MeV a particles. Hoffman" has
measured the angular distribution of the y rays
emitted in thermal-neutron fission of "'U and "'U
and concluded that the fragments have an angular
momentum of (7 + 2)h normal to their direction of
motion. Finally, Thomas and Grover" fitted the
results of an evaporation calculation, which in-
cluded y competition, to the number of y rays emit-
ted in the spontaneous fission of "2Cf and to the
average energy of these y rays. They obtained
good agreement for an average angular momentum
of the fragments of 5.5h.

Angular momentum of the fragments in the plane
normal to their direction of motion causes forward-
backward peaking of the neutron angular distribu-
tion in this direction and thus to an overestimate
of the number of postfission neutrons. In order to
estimate the size of this effect we again refer to
the work of Drake, Axel, and Halpern, "who mea-
sured the angular and energy distributions of the
neutrons emitted when aluminium, cobalt, niobium,
and gold targets are bombarded with 42-MeV e
particles. Of the four targets, niobium is closest
to the mass range of the fission fragments. Drake,
Axel, and Halpern find that for the niobium target
the anisotropy b of the neutron angular distribution,
when fitted to the form W(0, ~ ) =1+b cos' 8, is
of the order of b =0.1. (They also find forward
peaking of the angular distribution of the high-en-
ergy neutrons due to direct interactions, however
this effect will not be present in the case of fission
fragments. } In view of the much lower average
angular momentum of the fission fragments (5.5-
7h as compared to -155 in the case of a niobium
target bombarded with 42-MeV n particles), the
anisotropy of the angular distribution of the post-
fission neutrons in the c.m. system of the frag-
ment will be substantially smaller than IO%%uo. In-
deed, when Milton and Fraser" tried to fit the
postfission neutron distribution in the thermal-
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neutron fission of 2"U to the form W(8, ~ ) =1+b

cos2 8, ~, they found that the best fit was ob-
tained for b =0, i.e., isotropic evaporation. We con-
clude that the angular momentum of the fragment
will not affect our results within the experimental
errors.

B. Ratio of the Number of Neutrons at 0 and 90' with

Respect to the Fission Fragment Direction

(U Target)

The N(0')/N(90') ratio is related to the number
of prefission and postfission neutrons. The experi-
mental results of N(0')/N(90') for neutrons with
lab energy between 0.5 and 9.0 MeV are 2.05-2.45
for U and 1.77-2.11 for Bi (Th. ese numbers have
not been corrected for the finite solid angle of the
detectors. } The lower and upper limits refer to the
two efficiency curves which are used to analyze
the 90' data. The statistical errors are only +0.1
for each target. The results for U disagree with
the ratio N(0')/N(90') reported by Harding and
Farley' in 1956. They obtained N(0')/N(90') =1.27
+0.11 for neutrons emitted in the fission of "'U
induced by 145-MeV protons. They detected the
neutrons with the aid of methane proportional
counters, and their lower limit of detection was a
neutron kinetic energy of 1.8 MeV as compared to
0.5 MeV in our experiment. The disagreement
between the two result is even larger if we consid-
er only neutrons above 1.8 MeV in our experiment.

Based on their experimental results, Harding
and Farley concluded that of the 13 neutrons emit-
ted in the rea.ction (this number was determined
in a separate experiment by Harding' ), only 2.5 a 1

are postfission neutrons. Their conclusions were
based on the comparison of the experimental N(0')/
N(90') ratio with the results obtained from an
evaporation calculation.

We have also performed calculations in order to
obtain the N(0')/N(90') ratio which is predicted by
the conventional model of the prompt cascade fol-
lowed by fission-spallation competition. The cal-
culation of the prompt intranuclear cascade for
"'U bombarded with 155-MeV protons was carried
out in the manner described by Chen et al. ' This
calculation yields the distribution (A, Z, E ) of the
excited nuclei at the end of the fast cascade. This
information was used as an input for a calculation
of the fission-spallation competition. This calcu-
lation followed, in general, the method of Dostrov-
sky ef af.""The following assumptions were
made in the calculation:

(1) The prefission neutrons are emitted isotropi-
cally in the lab system and the postfission neutrons
are emitted isotropically in the c.m. system of the
fully accelerated fragments.

(2) The fragment kinetic energy, mass, and
charge divisions are Gaussian distributions with
the experimental mean values and standard devia-
tions, and with Z, /Z, =A, /A, . No mass-kinetic-
energy correlation was assumed.

(2) The total excitation energy of the fission frag-
ments is equal to (E*+hM-E&}, where E* is the
excitation energy of the nucleus prior to fission,
~is the mass difference between the fissioning
nucleus and the two fragments, "and Ezis the
total kinetic energy of the fission fragments. The
excitation energy of the fragments is divided be-
tween the fragm ents in pr oportion to their mass es.
(The experimental results show that more neutrons
are emitted from the heavy fragments than would
be predicted by this relation. ) This effect tends
to lower somewhat the experimental N(0')/N(90 )
ratio, since more neutrons are correlated with
the slower moving heavy fragments.

(4) The level-density parameter is a, =25 MeV '
before fission and a~ =A/7 MeV ' for neutron emis-
sion from the fission fragments. Lower values of
a, for neutron emission from the fragments (e.g. ,
a, =A/10 MeV ') result in an increase in N(0')/
N(90') since the kinetic energy of the neutrons in
the c.m. system of the fragments is increased.

The calculations were performed for three diff-
erent assumptions with respect to the ratio Fz/F
of fission width to neutron-emission width.

(1) Fq/F, is independent of the excitation energy
E* and dependent only on the (A, Z) of the excited
nucleus. The actual values of Fq/F, were taken
from Vandenbosch and Huizenga. "

(2) F~/F, as given by the statistical model. '4"

I'f K,a {2[af(E Ef)] —1)
F, 4A"'a (E*-B,)

xexp(2[af(E Ef)] 2[a (E -B )]' j,
(21)

where E~ is the height of the fission barrier and a~
is the level-density parameter at the fission bar-
rier. The other symbols have the same meaning
as in Eq. (12). The values of Ef were obtained from
the empirical relation of Vandenbosch and Seaborg. "
We assume aq=a~ =25 MeV '.

(2) Fq =-0 for E"&10 MeV, I~ =~ forE*-10 MeV.
The purpose of this assumption was to obtain the
lowest possible N(0')/N(90 ) ratio by forcing fis-
sion to occur only at the very last step of the eva-
poration cascade.

The results of our calculations for these three
assumptions are shown in Table IV. The calcu-
lated values for N(0 }/N(90') have been corrected
for the finite solid angles of the detectors in our
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TABLE IV. The calculated number of prefission and postfission neutrons and N(0')/N(90 ) for V+155-MeV p for
three formulations of FI /F~. Also shown are the experimental values. All numbers pertain to the neutron lab energy
range 0.5-9.0 MeV.

Energy dependence of
r~/I

Number of
prefission neutrons

Number of

prefers

sion
neutrons N(0 ) /N(90')

(1) 1"p/F~ —independent of E*
(2) F~/1~ as given by statistical

model
(3) 1~ = 0 E*& 10 Me V

1I =~ E*-10MeV
Experimental

1.1
5.8

9.5

5.7 + 1.0

10.5
6.2

2.34

5.2 +0.5

2.90
2.36

1.70

2.05-2.45

experiment. They pertain to the neutron lab ener-
gy range 0.5-9.0 MeV.

Table IV shows that the calculated values based
on the first assumption (I'f/I'~ independent of ex-
citation energy) do not agree with the experimental
results. Neither does the third assumption (fission
at E*& 10 MeV) give results compatible with the
experimental values. The latter was to be expected.
However, the results of the third assumption show
that even with the most extreme value for I'f/I„
we are unable to reproduce the experimental value
of Harding and Farley' for N(0')/N(90'), despite
the fact that they made a calculation with similar
assumptions and obtained agreement with their ex-
pex'imental value N(0')/N(90') = 1.27+ 0.11.

The calculated values based on the second as-
sumption [lf/I', given by Eq. (21)] are in good
agreement with our experimental result (except
for a slight discrepancy for the number of postfis-
sion neutrons). Yet when the same calculation is
made for Bi bombarded with 155-MeV protons
(also assuming a~ =aq), the calculation predicts
that fission should not occur at all. LeBeyec and
Lefort' have shown that with the same equation for
I'f/I' good agreement can be obtained for the
spallation residues of Bi+156-MeVP if low values
for the fission barriers of the neutron-deficient
isotopes of Po and Bi are used. " This is further
discussed in the next section. A restricted con-
clusion which may be drawn from Table IV, and
which is quite independent of the particular ex-
pression used for I'f/I;, is that the calculations
confirm that a N(0')/N(90') ratio of 2.0-2.5 cor-
responds to an approximately equal number of
prefission and postfission neutrons.

C. Comparison with Radiochemical Results and Measurements

of Fission Cross Sections

Information on the competition between fission
and neutron emission in the deexcitation of excited
heavy nuclei can also be obtained from the mea-
surement of total fission cross sections and the
yield of spallation residues in high-energy reac- .

tions in heavy nuclei. Indeed any calculation of
such reactions must correctly predict not only the
number of prefission and postfission neutrons,
but also the total fission cross section and the
cross sections for the formation of the residual
nuclei which have not undergone fission. Converse-
ly, a meaningful comparison between the three
types of experimental results can only be made
through a theoretical calculation of the reaction.
The three types of experimental results may be
said to agree with each other if a given theoretical
model correctly predicts all of them.

Lindner and Osborne measured the spallation
yields for U and Th bpmbarded with prptpns
of energy 100-340 MeV. 4 These results were
later analyzed by Lindner and Turkevich. ' They
calculated the spallation yields assuming the usual
sequence of a fast intranuclear cascade followed
by neutron evaporation and fission. They obtained
good agreement with the experimental results as-
suming I'f/I; to be energy independent (our as-
sumption 1). Using the energy-dependent expres-
sion of Eq. (21), they obtained calculated cross
sectj.pns fpr the isptppes 2U and U pf 29 and
4.4 mb, respectively, whereas the experimental
values were 3 and. 0.03 mb, respectively. Similar
disagreement was obtained when fission was re-
stricted to low excitation energies only (similar
to our third assumption). However, our calcula-
tion and the calculation of Lindner and Turkevich
used somewhat different models for the fast intra-
nuclear cascade process, and the fission-neutron-
emission competition calculation of Lindner and
Turkevich used approximations which were not
made in our calculation. Therefore, it is not
certain that our results and the results of Lindner
and Osborne disagree with each other.

LeBeyec and Lefortv have studied the radio-
chemical yields of the residual nuclei in the bom-
bardment of ' Bi by 156-MeV protons. They ob-
tained agreement between calculations based on
the prompt cascade followed by fission-neutron-
emission competition and their experimental re-
sults, when low values for the fission barrier of
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the neutron-deficient isotopes were used in Eq.
(21)." The effect of using low fission barriers in
the calculation is that fission occurs towards the
end of the neutron-evaporation process. Such an
effect can also be obtained if az/a, is not con-
stant but is assumed to be higher at low excita-
tion energies. Khodai-Joopari" has shown that at
excitation energies below 35 MeV, best agree-
ment is obtained between the calculated fission
cross sections and the experimental values for @-
particle and proton bombardments of Bi and lead
for az/a, =1.35-1.45. At higher excitation ener-
gies such a ratio predicts fission cross sections
which are ten times larger than the experimental
values.

We have performed calculations similar to those
which we made for uranium for the reaction "'Bi
+155-MeVP. Equation (21) was used for F~/F„
and the values for EI were obtained from the
work of Khodai-Joopari. " A wide range of values
was tried for the level-density parameters aI and

a, (assumed to be energy independent). Within
these limitations on E„u„and a~, we wexe un-
able to obtain a set of parameters which would
give good agreement with all three types of ex-
perimental results, namely the number of pxe-
fission and postfission neutrons, the cross sec-
tions for the spallation residues, and the fission
cross sections.

Thus we tentatively conclude that the classical
model of prompt cascade followed by fission-neu-
tron-evaporation competition, with I'z/F as given
by the statistical model (Eq. 21) and with the usu-
al assumptions for EI, a~, and a, is unable to
predict both the number of prefission and postfis-
sion neutrons as obtained in this experiment for
309Bi and 33 U and the radiochemical results with
the same set of parameters. It seems that in or-
der to obtain better agreement, at least in the
case of Bi, F&/F must be assumed to decrease
with increasing excitation energy. Both the low

fission barriers which Le Beyec, Lefort, and
Peter ' found necessary to use, and the very high
ratio for a~/a„which Khodai-Joopari'9 found to
give the best fit at low excitation energies seem to
support this view. Moreovex Thompson, Moretto,
and Gatti~o find that in a-particle bombardments
of tungsten isotopes, the function Fq/F, flattens
or even decreases above excitation energies of
60-70 MeV despite the fact that Eq. (21) would
predict F~/F to increase rapidly with energy.

We expect on quite general grounds the statis-
tical model formulation for Fz/F„ to become in-
valid at high excitation energies. In this formu-
lation no cognizance is taken of the fact that the
transition of the nucleus to the saddle point in-
voh"es the collective motion of the whole nucleus,

whereas the equivalent transition in the case of
neutron emission consists of scattering a single
nucleon int;o an unbound state. In particular the
transition-state method [which is the theoretical
basis for Iz in Eq. (21)j assumes statistical equil. -
ibrium between all states of the system, be they
single-particle excitations of the nucleus in its
ground-state deformation, or levels associated
with the nucleus at the saddle-point deformation.
This assumption breaks down when the time as-
sociated with the transition from the ground-state
deformation to the saddle-point deformation is of
the same order of magnitude or larger than the
total lifetime of the excited system. We thus ex-
pect that at high excitation energies Iq/F, will be
lower than the value obtained from Eq. (21).

A more definite statement on the agreement be-
tween the various experimental results and be-
tween these results and any particular energy de-
pendence of Fq/F must await a more detailed
analysis of both the calculations and the various
experimental results.

D. Division of the Excitation Energy between the Two

Fragments

The number of neutrons emitted from a given
fragment is to a first approximation proportional
to the excitation energy of the fragment. From
the average slope of the total fission fragment
kinetic energy versus the number of neutrons
(Fig. 12), we obtain for the factor of proportion-
ality 8.8 MeV/neutron for Bi and 7.6 MeV/neutron
for U. Figure 9 shows that the average number of
neutrons emitted from a fragment increases
strongly with the fragment mass. The slope of
v(A;) at the most probable mass value (symmetric
fission) is 0.051 neutrons/amu for Bi and 0.055
neutrons/amu for U. We thus find that the slope
of the excitation energy vexsls fragment mass is
0.45 MeV/amu for Bi and 0.42 MeV/amu for U
(for the most probable mass value).

The statistical model px edicts that if the two
fragments are in "thermal equilibrium" up to the
moment of scission, the excitation energy of the
two fission fragments should be proportional to
their mass (equal nuclear "temperature") except
for that part of the fragment excitation energy
which had its origin in the deformation energy of
the fragments at the moment of scission-. Dis-
regarding the deformation energy we would ex-
pect, therefore, the slope to be approximately
equal to P/A, (v is the average number of postfis-
sion neutrons, and A, is the mass number of the
fissioning nucleus), i.e., 0.021 neutrons/amu for
Bi and 0.022 neutrons/amu for U. The mass de-
pendence of the deformation energy as obtained
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where T is the nuclear temperature of the fission-
ing nucleus, and a; =cA; is the nuclear-level-
density parameter. Differentiating, we obtain

1 &E;* 1 BX&

~A; E BA; E BA
(22)

where E is the average energy required for the
emission of one neutron. The calculations of Nix '
show the function BX,'/BAz to be a rapidly varying
function of the fissility parameter x in the re-
gion of Bi (x = 0.70), and hence the value of BA;./
8A& is very sensitively dependent on the choice of
(Z&/A)„, , (See Fig. 23 of Ref. 41). Moreover,
it should be stressed that the calculations of Nix
were made for a two-spheroid approximation of
the liquid-drop model, and that a more accurate
calculation may well yield a higher value of
BÃg'/BAI,

The liquid-drop calculations of Nix and Swiatecki
are not valid for U. However, for this nucleus
there exist low-energy data with which we can
compare our results. It has been noted by Cheifetz
and Fraenkel' and by Burnett et al."who mea-
sured ( P)Afor the reaction '3'U+12-MeV P and
for '"U+ (8.5—13.0) MeV p, respectively, that the
main effect of the increase in excitation energy of

from the calculations of Nix and Swiatecki" on the
two-spheroid approximation to the liquid-drop
model for Bi is even smaller than the above val-
ues (-0.15 MeV/amu, see Fig. 23 of Ref. 41).

Plasil, Ferguson, and Schmitt (PFS)~' also
concluded from their work that the slope of P(A;)
is much steeper than predicted by the two-spher-
oid approximation of the liquid-drop model. They
bombarded 'Bi with 53.25-MeV e particles and
obtained P(A;) by indirect neutron counting. Their
curve v(A~) ha, s a somewhat higher slope than ours.
This may be explained by the mass dispersion in
our results due to the prompt intranuclear cascade
which results in a distribution of excited nuclei.
The effect of this mass dispersion is a decrease
in the slope of v(A~). No such mass dispersion
exists in the experiment of PFS. However, PFS
obtain for the average number of neutrons v =7.4
+1.0, whereas we obtain v=4. 2+0.5 for '"Bi+155-
MeVP. PFS indicate that their value for v might
be slightly too large. Yet there seems to remain
a serious discrepancy between these two results.

In order to clarify the disagreement with the
results of the liquid-drop-model calculations for
dv/dA~, we write the total excitation energyR~ of
the fragment at the moment of scission as the sum
of the deformation energy Xz and the "internal"
energy E',"',

E*=X'+E'" =X-+a T1 j I I

the compound nucleus on P(Aq) is an increase in the
number of neutrons emitted from the heavy frag-
ment, whereas little increase is noted in the num-
ber of neutrons from the light fragment. The same
effect is observed when we compare our results
for "'U+155-MeV P to the results for intermedi-
ate excitation energies. " The sudden drop in
the "staircase" curve of P(A;) for the heavy frag-
ment is almost completely "filled in" at high ex-
citation energies, whereas little increase is noted
in v(A;) for the light fragments. Thus the addi-
tional excitation energy of the fissioning system
seems to be almost exclusively concentrated in
the heavy fragment, whereas the increase in the
excitation energy of the light fragment is relative-
ly small. This result does not necessarily indi-
cate that statistical equilibrium prior to scission
is not maintained. It most probably means that
the nuclear equation of state is more complicated
than the relation E*=aT' with a =cA. At low ex-
citation energies the level-density parameter a
for nuclei far from closed shells is indeed roughly
proportional to the mass number, but is smaller
for closed shell nuclei. As the excitation energy
increases, the level-density parameter for mid-
shell nuclei remains constant but it increases for
closed-shell nuclei. Hence the relative amount of
excitation of the closed-shell nuclei will increase
as the excitation energy increases. A second fac-
tor which is also associated with the disappearance
of the shell effects at higher energies is the de-
crease of the stiffness to deformation of closed-
shell nuclei at higher energies. These nuclei
therefore also acquire a larger share of the defor
~ation energy at higher excitation energies.

VI. SUMMARY

In our experiment we measured the angular and
energy distribution of the neutrons as a function
of the total kinetic energy of the fission fragments
and of the mass division in fission induced by 155-
MeV protons on "'Bi and "'U. Based essentially
on only one assumption, namely: The postfission
neutrons are emitted isotropically in the c.m.
system of the fully accelerated fragments, we ob-
tained the number of postfission neutrons as a
function of the fragment mass. The number of
prefission neutrons was obtained on the basis of
an additional assumption: The prefission neutrons
are emitted isotropically in the lab system. Our
results are: 5.8+1.0 prefission neutrons and 5.1
+0.5 postfission neutrons in the case of U, and
6.9+1.0 prefission neutrons and 4.2+0.5 postfis-
sion neutrons in the case of Bi. The results have
been corrected for neutrons with velocities outside
the experimental upper and lower limits of detec-
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tion. The possible errors in the number of post-
fission neutrons due to neutron emission before
the fragments attained their final velocity and due
to the anisotropy of emission in the c.m. system
of the fragment are within our stated experimental
error.

Isotropic emission in the lab system of the pre-
fission neutrons might be regarded as an opera-
tional definition of the prefission neutrons, rather
than an assumption. Such a definition is necessary
since the prompt-cascade and evaporation proces-
ses cannot be clearly separated, either experi-
mentally or theoretically. Therefore there exists
no sharp distinction between the prompt cascade
and the prefission evaporation neutrons. An ad-
ditional source of ambiguity is the neutrons which
are emitted between the moment the nucleus
reaches the saddle point and the moment of scis-
sion. From the theoretical point of view these
neutrons should probably be regarded as postfis-
sion neutrons, but experimentally they are indis-
tinguishable from the prefission neutrons.

Calculations based on the usual model of a fast
intranuclear cascade followed by neutron-evapor-
ation-fission competition were carried out. The
level-density parameters and fission barrier used
in these calculations were taken from low-energy
data. We were unable to obtain a consistent set
of parameters which would fit the prefission and
postfission neutron data, the radiochemical cross
sections for the spallation residues, and the ex-
perimentally measured fission cross sections. It
seems that better agreement would obtain if the
fission probability (I'f/1„) is assumed to decrease
at higher excitation energies.

The average number of postfission neutrons as
a function of fragment mass was found to increase
strongly with increasing fragment mass for both
Bi and U. In the case of Bi these results are in
disagreement with the predictions of the liquid-
drop model. Comparing our results for U with the
results at lower excitation energies, we find that
almost all the additional excitation energy is con-
centrated in the heavy fragment.
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APPENDIX A. EFFECT OF THE RECOIL
MOMENTUM ON THE FRAGMENT

DETECTION EFFICIENCY

In the following we try to evaluate the experi-
mental bias in our resu1ts due to the deviation
from collinearity of the two fission fragments in
the lab system. This deviation affects the detec-
tion efficiency of the two fission fragments.

The deviation of the fragments from collinearity
in the lab system is due to three factors:
(1) The linear momentum imparted to the target
nucleus by the bombarding particle.
(2) The recoil of the excited nucleus due to the
emission of prefission neutrons.
(3) The recoil of the fragment due to the emission
of postfission neutrons.

In addition, the detection efficiency of the two
fission fragments is reduced as a result of the
finite size of the bombarding beam. (ln our exper-
iment the beam size was much smaller than the
size of the target. )

The effect of the deviation from collinearity and
finite beam size on the detection efficiency of the
two fragments was reduced in our experiment by
using two detectors of different active area, s (3
and 4 cm'). However this was not sufficient to
achieve the ideal situation: that, if one fragment
is detected by the smaller detector, its partner is
invariably detected by the larger detector.

In the evaluation of the effect of the deviation
from collinearity, we shall utilize the experiment-
al work of Stephan and Perlman" who measured
the deviation from collinearity of the fragments in
the fission of U, Bi, and Ta induced by 155-MeV
protons. In their experiment they fixed one frag-
ment detector at 90' to the beam and measured
both the in-plane (polar) and out-of-plane (azimu-
thal) angular distributions of the second fragment
with respect to the direction of the first one. Their
results show that for the U target, the in-plane
angular distribution peaks at a forward angle of
4 (with respect to the center line of the second
detector, normal to the beam) and has a. FWHM
of 10', whereas the out-of-plane angular distribu-
tion has a FWHM (at the in-plane forward angle
of 4 ) of 7 . For Bi the in-plane distribution peaks
at a forward angle of 7' and has a, FWHM of 7 .
The out-of-plane distribution was not measured
for Bi. The average forward deflection angle is
the result of the momentum imparted to the tar-
get nucleus by the bombarding particle during the
fast intranuclear-cascade process. The latter
process, as well as neutron evaporation, are re-
sponsible for distribution of the in-plane and out-
of-plane angles around the average deflection angle.
Stephan and Perlman a1so calculated for U the fast
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intranuclear-cascade process using a Monte Carlo
method, and presented their results in the form
of the distribution of the excited nuclei as a func-
tion of their forward momentum Pll and their ex-
citation energy E* at the end of the fast-cascade
process. Their calculation gave good agreement
with their experimental results. The results of
these calculations will be used here in order to
estimate the efficiency of detecting both fission
fragments in our experiment as a function of the
excitation energy E* prior to the neutron-evapor-
ation process. Since the number of neutrons emit-
ted in the evaporation cascade is roughly linearly
related to the initial excitation energy, we thus
obtain the detection efficiency as a function of the
number of emitted neutrons.

The experimental arrangement is shown in
schematic form in Fig. 14(a). The beam is in the
z direction. The large detector of radius r, is
placed along the x axis at a distance d from the
target. The smaller detector of radius r, is placed
in the x-z plane at a forward angle 8 with respect
to the x axis and at the same distance from the
target. 0 was set equal to the average deflection
angle as determined by Stephan and Perlman, "
i.e., 4' for U and 7' for Bi. The detector and tar-
get projections in the y-z plane are shown in a
schematic way in Fig. 14(b). Since 8 is small,
the projection of detector 1 may be approximated
by a circle. For a collinear fission event which
originated at a point (y„z,) on the target and in

SSD 1

which one of the fragments hit detector 1, there
exists a circular disk of radius r, and center (2y„
2z, +Hd) in the plane of detector 2 within which
the second fragment will hit. The ratio of over-
lapping area between this disk and the area of de-
tector 2 [shaded area in Fig. 14(b)j to the area of
detector 1 represents the detection efficiency of
our system.

The detection efficiency of the two fragments as
a function of the deviation A0 of their recoil angle
from the angle 8 of the experimental arrangement
was calculated by integrating numerically the co-
incidence, efficiency for all points of the effective
target area (actually the beam cross section).

The results of the calculation for our experi-
mental conditions are shown in Fig. 15 for both a
point source in the center of the target and the ac-
tual effective target area of 0.5-cm radius. Al-
though the absolute efficiency is higher for a point
source, the variation of the efficiency as a func-
tion of the deviation angle 68 is smaller for a
finite target area.

The detection efficiency of the fragment pair as
a function of the excitation energy E* of the nu-
cleus at the beginning of the neutron-evaporation
cascade is shown in Fig. 16. The figure was ob-
tained by integrating numerically the results of
Stephan and Perlman for the average excitation en-
ergy E* as a function of the forward momentum P„
with the results of Fig. 15. The relation between
pll and the recoil angle I9 of the fragments is given
by

beam

target

here p, l
is the recoil momentum of the excited nu-

cleus in the beam direction, PI is the fragment mo-
mentum in the c.m. system of the fissioning nucle-
us (=lab mometum of the fragment), Af is the
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FIG. 14 (a), (b) The experimental arrangement of the
target and fission fragment detectors in schematic form.
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FIG. 15. Fission-fragment-coincidence detection effi-
ciency as a function of the deviation Lh 8 from the most
probable recoil angle for a point target and a target of
radius R=0.5 cm.



282 CHEIFETZ eI al.

0/o

IOO
E3
C

80
4
UJ

co 60
O
C
Ol

40—
O

0
O 20—

I I I I I I I I I I I I I I I

209 8

0/

—30

25

—20
of—(Bi)

—15 R

—IO

I I ~ I I I I I I I I I I I I I

40 60 80 IOO l20 l40 l60

Excitation energy (MeV)

FIG. 16. Fission-fragment-coincidence detection effi-
cie7;cy for Bi and U as a function of the excitation energy
E" of the excited nucleus prior to the neutron-evapora-
tion cascade. Also shown is I'~/I'~ (ratio of fission
cross section to the total reaction cross section) as a
function of E* for Bi.

fragment mass, and A, is the mass of the fission-
ing nucleus (=target nucleus). We see that in the
extreme cases of (a) compound-nucleus formation
(P~~ equal to the momentum of the incoming parti-
cle), and (b) the formation of an excited nucleus
with the minimum energy required for fission
(6 MeV), the detection efficiency changes by less
than 10% from its maximum value (mean recoil
momentum).

The, situation is somewhat different in the case
of Bi, since here the mean recoil momentum pI~

in the beam direction for those nuclei which sub-
sequently undergo fission is above the average
value for all cascades, and the mean excitation en-
ergy of these nuclei at the beginning of the evapo-
ration cascade is above the average value for all
cascades. This may also be restated in the follow-
ing way: Whereas in the case of U the fission
probability is roughly independent of the initial ex-
citation energy, and hence the average excitation
energy E* for nuclei undergoing fission is close to
the average excitation energy of all nuclei at the
beginning of the evaporation cascade, this is not
so for Bi. In this case mainly nuclei with excita-
tion energy E* above the average value will even-
tually undergo fission. Therefore the mean recoil-
angle (and hence the deflection angle 8 of detector
1) in the case of Bi is close to the maximum value,
and the detector efficiency for small recoil angles
(low excitation energy E*) is substantially lower
than the maximum value. This is seen in Fig. 16.
Since Stephan and Perlman did not calculate the
average excitation energy as a function of recoil
momentum p~~ for Bi, we obtained the Bi curve by
calculating E"(p Ii) with the Monte Carlo program
of Chen et al. ' One may conclude on the basis of
Fig. 16 that our measurements had a large experi-

mental bias in the case of Bi. This however is not
so. Stephan and Perlman found that the FWHM of
the recoil-angle distribution for Bi was 7' (as com-
pared to 10 for U), and since the mean recoil an-
gle is 7 fission events with small recoil angles
are very infrequent. This is the result of the very
small fission cross section at low excitation ener-
gies for nuclei in the Bi region. In order to illu-
strate this point, we also show in Fig. 16 the ratio
oz/oz for the reaction Pb20'+He~ as obtained by
Khodai-Joopari. " (o&is the fission cross section,
o~ is the total reaction cross section. )

So far we have dealt only with the effect of the
parallel component PII of the recoil momentum.
The distribution of the transverse component p~
of the recoil momentum may be obtained from the
distribution of out-of-plane recoil angles. As al-
ready mentioned, Stephan and Perlman measured
this distribution and found a FWHM of 7' in the
ca.se of U (the mean out-of-plane angle is, of
course, zero). One may reasonably assume that
a similar number holds for Bi. Since this width
is equal to or smaller than the width of the in-
plane recoil-angle distribution, the effect of the
p~ distribution on the detection efficiency will be
similar or somewhat smaller than the effect of
the pII distribution which was discussed above.
However, whereas there exists a definite corre-
lation between pii and E*, essentially no corre-
lation exists between E* and the transverse com-
ponent of the recoil momentum due to the fast
cascade. " This is not true for the transverse re-
coil momentum due to neutron evaporation. How-
ever, altogether, the correlation between p~ and
E* is much weaker than that between PII and E*.

Finally we must consider the bias introduced in
our measurement because of the (triple coinci-
dence) requirement of detecting a, neutron in ad-
dition to the two fission fragments. This neutron
causes a deviation from collinearity because of
the recoil momentum which it imparts to the
fragment. The effect of this recoil momentum on
the fragment detection efficiency is entirely neg-
ligible for neutrons detected at 0' to the fragment
(it would be strictly zero if not for the finite ac-
ceptance angle of the neutron and fragment detec-
tors). The effect is larger for neutrons emitted at
90' to the fragments. Here the detection efficiency
is diminished as a result of the recoil momentum
imparted by the neutron, and it is a function of the
neutron velocity (the effect is largest for the neu-
trons of highest energy). Unlike the effects of the
finite distributions of pII and p~ on the detection
efficiency discussed above, we can readily correct
for the effect of the triple coincidence require-
ment by explicitly calculating the fragment detec-
tion efficiency as a function of the neutron velocity,
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APPENDIX 8. CALCULATION OF THE FRAGMENT

ENERGY AND MASS

The fragment energy is first approximated by
the relation

Eg=cXg +d )

where Xq is the pulse height (channel number) of
fragment i, c =24.4/(Pr. —P~) MeV, and d=(79.4
—cPH) MeV. Pz. and PH are the pulse heights of

the light and heavy peaks, respectively, for the
2'2Cf fission energy spectrum.

The next step is to correct for energy losses in
the target, backing, and the protection foils in
front of the dectors. We used the relation given

by Alexander and Gazdick46

g (E + ~)1/3 (23)

where ~q is the energy loss of, fragment i, C is a
constant which depends on the stopping material,
W is the thickness of the stopping material, and~ is the average energy loss of the median frag-
ment. The first approximation for the fragment
masses is

A,' =AOE" /(E, +E3), A3 A3-A„

where Ez =E~ + ~~, and Ao is the mass of the

(24)

and correcting the results accordingly. Such cor-
rections were indeed made in the experiments of
Milton and Fraser ' and Bowman et aE.8 However
the acceptance angle of their detection systems
was very much smaller than ours. A neutron
emitted at 90 with a lab energy of 9 MeV will re-
sult for the average U fission fragment in a deflec-
tion angle of 1.8 . This recoil angle reduces the
detection efficiency by only 5% (see Fig. 15). Neu-

trons of lab energy of 9 MeV at 90' to the frag-
ments are very rare indeed, and the reduction in

efficiency because of the recoil of most neutrons
is entirely negligible. We therefore did not cor-
rect our data for u»s effect.

To summarize, the largest bias to the fragment
detection efficiency is caused by the parallel com-
ponent P~~ of the recoil momentum imparted to
the target nucleus by the bombarding particle.
This bias results in a, reduction of less than 10%
in the detection efficiency over the whole range of
possible excitation energies for U. The effect is
larger for Bi at low excitation energies, but the
probability of fission at these energies is very
small. Thus the effect of the recoil momentum
imparted to the target nucleus and to the fission
fragments by the incoming particle and by the
evaporated neutrons is well within our experi. -
mental errors.

fissioning nucleus (we assume A, = 234 for U and

A, =205 for Bi). Based on A'„A,', &„and &„
the energies @,and F-, are recalculated using Eq
(1) (see Sec. III), and E; and Aq are recalculated
using Eqs. (23) and (24). The energies E, and E,
are the fragment energies after neutron emission.
The initial (preneutron emission) kinetic energy
is approximated by

E~ =E~(1+v (A~, E~)/A;), (25)

A. ,=AOE /(E, +E3), A3=A3-A, . (27)

The experimental uncertainties in the determina-
tion of the total ki,netic energy and the fragment
mass are the results of the following factors:

(1) The energy resolutions of the solid-state
detectors. According to Schmitt, Kiker, and
Williams" this resolution is approximately 1.5
MeV FWHM or 0 =0.4 MeV.

(2) The uncertainty in the number of neutrons
emitted from a fragment of mass Aq, i.e., the
variance of the function v(A&). This variance has
not been measured so far for any fissioning sys-
tem. We therefore estimate this vaxiance to be
o'(v) = v. For the median fragment in our ex-
periment v = 2.5 neutrons/fragment. This yields
a kinetic-energy uncertainty of variance o'(Eq)
= 1.8 MeV' for both U and Bi.

(3) The effective target thickness, W (in MeV),
for the median fragment was 5.6 MeV for U and
2.0 MeV for Bi. Since the energy-loss distribu-
tion is rectangular, its variance is given by ~ W'

which is 2.6 MeV' for U and 1.25 MeV' for Bi.
(4) The channel width was approximately 1.2

MeV/channel resulting in a variance (Sheppard's
correction) of 0.12 MeV'.

where v(A~, E~) is the average number of neutrons
emitted by fragment &q when the total kinetic en-
ergy of the two fragments is E~. We assume

v(A&, Ez) = v(As)+[Em Ebs-) j sv/sEtc. (26)

v(A) is the average number of neutrons from frag-
ment Aq, EgA;) is the average total kinetic energy
for the mass division A; and (A3 —Aq), and Sv/SE&
is the weighted average of the variation of the num-
ber of neutrons as a function of E~. &(A;), E~(A;),
and Sv/SE~ were measured in the present ex-
periment. Both Eqs. (25) and (26) involve the
approximation of taking the average values
v(Aq, Ex) and Sv/SEx instead of the true values
(which were not measured). In addition we assume
in Kq. (26) that v(Ag, Ex) =v(A;, E~) (- des. ignates
preneutron emission quantities. )

Once the preneutron emission energies E~ and
F., are determined, we obtain the initial mass
values as in Eq. (24)
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The total variance in the measurement of the
single-fragment kinetic energy was thus 4.9 MeV
for U and 3.6 MeV' for Bi.

The target thickness does not contribute signifi-
cantly to the error in the measurement of the total
kinetic energy of the tmo fragments, since the
total energy loss of the two fragments is essential-
ly constant. The uncertainty due to straggling is
much lower than the other errors which are dis-
cussed here. Thus the variance of the total kinetic
energy E~=&,+E, is given by 2X(0.4+1.8+0.1)
= 4.6 MeV', or 0 = 2.15 MeV, for both Bi and U.

The uncertainty in the determination of the frag-
ment masses is obtained from Eq. (24) which
yields

(28)

and a similar equation for (5A, /A, ). The uncer-
tainty in 5E~ in Eq. (28) includes only errors in
measuring E„since the errors in E, are already
included in 6E,. The total uncertainty in the deter-
mination of the fragment masses has a standard
deviation of 0~ = 3.3 amu for U and 2.9 amu for Bi.
However, these values are based on the assump-
tion of a unique. fissiomng mass &0(20=284 for U

and 80=205 for Bi). As already mentioned, one
has a distribution of fissioning nuclei, and the
width of these distributions for Bi and U increases
the uncertainty in the determination of the abso-
lute fragment masses. It does not affect the mass
ratio.

APPENDIX C. EFFECTS OF NEUTRON SCATTERING ON

THE NEUTRON-DETECTION EFFICIENCY

The neutron detection efficiency was obtained by
the comparison of the experimental energy dis-
tribution of the neutrons emitted in the spontane-
ous fission of "'Cf mith the result~ of Bowman
et a/. ' In the following, we shall discuss the effect
of neutron scattering inside the chamber and, in
particular, in the chamber walls on our experi-
mental neutron energy distribution. Neutrons
which are scattered from objects outside the vac-
uum chamber tomards the neutron detectors may
be neglected since their flight time mill be above
the limit of the time-to-amplitude eonverters. On
the other hand, y rays from (n, n'y) reactions may
be detected by our system.

Neutron scattering inside the chamber and in the
chamber walls affects the measured neutron en-
ergy spectrum in two ways: (a)lt changes the
velocity spectrum of the detected neutrons; (b)it
changes the measured angular distribution of the
neutrons. The effect on the energy distribution is
to shift the spectrum to loser energies, since the
flight path of the scattered neutrons is lenghtened

and their velocity lowered. The y rays from
(n, n'y) reactions cause, on the other hand, a shift
to higher energies, since they simulate high-en-
ergy neutrons.

As a result of neutron scattering, the measured
angular distribution of the neutrons is more iso-
topic than the original distribution, since mox e
neutrons are scattered out of the direction of the
peak of the distribution (0') into the direction of
the minimum (90') than vice versa. The y rays of
the (n, n'y) reactions have a similar effect on the
angular distribution. As a result of the increase
in the measured distribution at 90' compared to
the distribution at 0, the effective detection effi-
ciency at 90' as determined by our method, is
higher than that at 0'.

The N(0 ) /&( 90') ratio for the "'Bi and "'U tar-
gets in our experiment was much smaller than
that for "Cf [N(0')/Ã(90')=7 for ' Cf]. This
means that the relative effect of neutron scatter-
ing for Bi and U mas larger at 0 and smaller at
90' than for "'Cf. Thus the neutron detection effi-
ciency for Bi and U at. aEE angles was larger than
the ~' Cf 0' efficiency and smaller than the '2Cf
90' efficiency. In other words, the efficiency
curves for 0 and 90 which were obtained on the
basis of the Cf measurements are upper and lower
limits of the true efficiency for all angles of the
Bi and U measurements. However, since the neu-
tron spectrum and the effect of scattering for Bi
and U at 0' are very similar to those of Cf at 0',
we used the 0 Cf efficiency curves for the Bi and
U measurements at O'. For the 90' Bi and U
measurements the O' Cf efficiency curve is also
the better approximation, and it was therefore
used for the 90 data as well. However the num-
bers in Table III are the average values of the
results obtained on the basis of the 0 and 90' Cf
efficiency curves.

We mentioned above that scattered neutrons
which reach the detectors add to the neutron spec-
trum at lower energies, whereas the y rays from
(n, n'y) reactions add to it at higher energies.
However, since the neutron spectrum falls off
rapidly with increasing energy, the relative effect
of the scattered neutrons is much smaller than
that of the y rays. This mas shown in Fig. 4,
mhere the experimental efficiencies at 0 for the
two detectors- are compared with the calculated
efficiency. The theoretical curve was calculated
assuming a single scattering in the plastic scintil-
lator (52.5% H, 47.5% C). Scattering inside the
chamber and in the chamber mails was not taken
into aeeount in this calculation. It is seen that for
high neutron velocities the experimental curves
are substantially higher than the calculated one,
lndlcatlllg the sizable effect, of 'f rays from (s, s 7')
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tron spectrum N;(c.m. ) for mass-energy box i after one iteration is given by Eq. (10):

N; (c.m. ) =Di'lN;(c. m. )+Dt'lN;(c m .)+.Dt'lNq(c. m.).

The explicit form for the upper-liinit assumption (first assumption) of the neutron spectrum in mass-en-
ergy box i, fragment 1 is given by the expression

N;(c.m. ) = Tq(0, c.m. , 1)[N&(0) -N~(90)]

+ T&(0, c.m. , 1)T;(c.m. , 90, 1)T;(0,c.m. , l)N;(0)

+ Tq(0, c.m. , 1)Tq(c.m. , 90, 2)T~(180, c.m. , 2)N; (180)

—T;(0, c.m. , 1)T;(c.m. , 0, 2)Tq(180, c.m. , 2)N;(180) .

For the lower-limit assumption (second assumption) we obtain

N; (c.m. ) = T; (0, c.m. , 1)[N ~ (0) —N ~ (90) ]

+ T;(0, c.m. , l)T(c.m. , 90, 1)T;(0,c.m. , l)[N;(0) -N;(90)]

+ T;(0, c.m. , 1)Tq(c.m. , 90, 2)Tq(180, c.m. , 2) [N;(180) —N;(90)]

—T; (0, c.m. , 1)Tq (c.m. , 0, 2) T; (180, c.m. , 2) [N ~ (180) —N; (90) ] .

(29)

(30)

N;(8) is the neutron spectrum for mass-energy
box i at angle ~. The transformation operators &q

are given by:

Tq(&, c.m. , k) =v, ~(vt. —v;q cos 8)/vz', (31a)

The calculation for the number of prefission neu-
trons below the lower detection limit follows the
same lines. We make the following assumptions:

(1) The c.m. kinetic energy spectrum of the neu-
trons has a Maxwellian form

T;(c.m. , &, A) = v~'/[ v, ~ (v& —v;I, cos 8) ] .
n(e)de =(e/T')e ' de, (32)

(31b)

v, and vL, are the neutron c.m. and lab veloci-
ties, respectively, and v;I, is the velocity of frag-
ment k associated with mass-energy box i, ~ is
the angle with respect to fragment 1. The trans-
formations are not commutative. We see that the
upper- and lower-limit expressions (Eqs. 29 and
30) differ from each other in the operand of the
second to fourth terms.

APPENDIX E. EVALUATION OF THE NUMBER OF
NEUTRONS WITH KINETIC ENERGIES ABOVE
OR BELOW THE EXPERIMENTAL DETECTION

LIMITS

We wish to estimate the number of neutrons
which were not detected in our measurements
because their lab energy was below the lower
limit of detection (0.5 MeV) or above the upper
detection limit (9.0 MeV). Prefission neutrons a,re
almost solely affected by the lower detection limit,
whereas the postfission neutron spectrum is only
sensitive to the upper detection limit. The upper
limit of detection in terms of the c.m. energy of
the postfission neutrons has an average value of
5.2 MeV (3.2 cm/nsec). In the following, we shall
be mainly concerned with the number of the post-
fission neutrons above the upper detection limit.

where & is the neutron energy, and & is the nu-
clear temperature of the fragment. & is related
to the excitation energy E* in the usual manner,
E*=aT'. We assume @=14MeV '.

(2) The initial excitation energy distribution of
the fission fragments prior to neutron emission
is rectangular between the limits E;„and E
E;„is the lowest excitation energy at which neu-
tron emission is possible.

(3) The evaporation of a neutron reduces the ex-
citation energy of the fragment by a constant
amount.

If follows from assumption (2) and (3) that the
excitation energy distribution of all fragments
along the evaporation cascade has a triangular
form

P(E +)d E*= 2[(E~,x
—E*)/(E ~,„—E~;„)']dE*.

The spectrum of all neutrons emitted in the
evaporation cascade is given by

+max
N(e)de = P(E +) [e/T(E*)'] e

mill

(34)
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The number of neutrons above the detection
limit max &s

40

-6/T(E )
8E g (35) 30—

The integral l(e,„) can be evaluated analytical-
ly if the upper limit of integration with respect to
& is changed from E~» to infinity. This change
introduces a negligible error. The number of neu-
trons above v,„=(2e,„/m)' ' is shown in Fig. 18
for various values of E~» —the upper limit of the
fragment excitation energy distribution. The lower
limit of the excitation energy distribution was
assumed to be E ~jp 5 MeV.

The upper velocity detection limit for the post-
fission neutrons is v,„=(4.3 —vq) cm/nsec in the
c.m. system, vl is the fragment velocity. For an
upper limit of the fragment excitation energy dis-
tribution E,„=45 MeV and a fragment velocity of
v~ = 1.1 cm/nsec, about 10% of the postfission neu-
trons are above our detection limits. This is true
for both U and Bi.

The correction for the average number of post-
fission neutrons as a function of the fragment
mass A~ (Fig. 9) was made by evaluating the mean
velocity vg of fragment A; from the experimental
data and the mean initial excitation energy E*
= —,'(E,„+E;„)of the fragment from the average
number of neutrons v(A~). Both E* and v~» in-
crease with the fragment mass A.;. As a result,
the percentage I(v,„) of undetected neutrons is a
rather slowly varying function of A q. It increases
from 8% for the lightest fragments to 13/0 for the
'heaviest fragments.
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FIG. 18. The percentage of neutrons above the c.m.
velocity v~» as a function of v~» for various values of
the highest excitation energy E~~„of the fragment.

The number of prefission neutrons below the
lower detection limit is given by an integral iden-
tical to Eq. (25) except that the limits of integra-
tion are between 0 and 0.5 MeV. The result is
that approximately 7% of the prefission neutrons
are not detected in our experiment.
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