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The distorted-wave Born approximation, justified in a previous study, is applied to 7" pro-
duction in proton-proton collisions. The production amplitude is studied as a function of the
phenomenological two-nucleon potential used to describe the proton-proton interaction, For
selected possible experiments it is shown that the pion-production amplitude depends on
which phenomenological potential is used to describe the two-nucleon interaction.

INTRODUCTION

In this paper we study 7° production in proton-
proton collisions as a method of obtaining informa-
tion about the nonrelativistic two-nucleon interac-
tion. To perform this study we must have a meth-
od of treating pion production in the nonrelativistic
limit. Such a method was established in an earlier
study.?

Using an approach similar to the one Fubini and
Furlan® have applied to pion-nucleon scattering,
Banerjee ef al.! (BLSZ) have obtained a dispersion
relation in the pion-mass variable for the pion-pro-
duction amplitude in two-nucleon collisions. Work-
ing in the rest frame of the pion the soft-pion lim-
it (mass of the pion equal to zero) was obtained
from current-field algebra. Since this soft-pion
limit explicitly contains an off-shell nucleon-nu-
cleon scattering amplitude factor, it differs from
the soft-pion limit derived by Adler® and applied
to this production process by Beder* and by Schil-
laci, Silbar, and Young.®

By considering the leading singularity in the
mass-dispersion relation for the production am-
plitude, BLSZ were able to establish a connection
between the mass-dispersion approach and non-
relativistic production theory. Once the validity
of the nonrelativistic theory was established, the
Schrodinger equation was used to extrapolate from
the point at which the production amplitude is
known (the soft-pion limit) to the value at the phys-
ical pion mass. This extrapolation involved only
nonrelativistic two-nucleon wave functions. The
final result was to obtain the distorted-wave Born-
approximation (DWBA) amplitude in the rest frame
of the pion as
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where

T, is the ath component of the isospin operator
for nucleon #,

| Do

3, is the nucleon-spin operator for nucleon #,
[« is the pion-decay constant,

&g 4 is the axial-vector-nucleon coupling con-
stant,

m 5 is the mass of the pion,
M is the mass of the nucleon,

¢, is the distorted two-nucleon wave function
for state «,

and V acts on the nucleon space variables X,. The
summation is over the nucleons. In the rest frame
of the pion the transition operator shown above is
the one frequently used in nonrelativistic studies
of the pion-production process.® Equation (1) is
shown graphically in Fig. 1.

In Sec. I we study the angular distribution of the
final-state nucleons for an ‘“ideal” experiment and
for a realistic one. In Sec. II we study the total
cross section for 7° production in proton-proton
collisions.

I. ANGULAR DISTRIBUTION
OF FINAL NUCLEONS

Using the above result we are prepared to inves-
tigate the possibility of devising experiments which
will depend strongly on the potential used to calcu-
late the two-nucleon wave function. Since correc-
tions to the DWBA depend on the pion-nucleon scat-
tering potential,™” we are not able to treat these
corrections accurately until the nonrelativistic
pion-nucleon scattering potential is established.
Therefore, we must choose a process for which
the corrections to the DWBA are as small as pos-
sible.

The low-energy n°-nucleon elastic scattering am-
plitude is much smaller than either the charged-
pion-nucleon elastic scattering or the charge-ex-
change scattering. This result arises because on-
ly the isoscalar amplitude contributes to 7°-nucle-
on elastic scattering. This amplitude is known to
be much smaller than the isovector amplitude.®
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FIG. 1. Graphical description of T(E) in the dis-
torted-wave approximation.

For the process pp —ppn°, Fig. 2 shows that due
to charge conservation n°-proton elastic scattering
is the only process which contributes to the first-
order corrections to the DWBA. Thus, we will
study the production of neutral pions in proton-
proton collisions and be assured that the correc-
tions to the DWBA amplitudes will be as small as
possible.

As a further restriction we wish to avoid compli-
cations due to the (3, 3) pion-nucleon resonance.
Recent calculations by Schillaci and Silbar® and an

FIG. 2. The first-order correction to the DWBA for
pp —ppr’. Note that charge conservation requires that
the intermediate pion be 7°.

experiment by Cochran ef al.'® have shown that one
does not avoid the resonance by simply considering
pions at rest. Since the nucleons can recoil, one
of the nucleons and the pion can be in a relative p
state, and, thus, if the recoiling nucleon has suffi-
cient energy, the two particles can resonate even
though the pion is at rest. Therefore, we are re-
quired to consider energies very near threshold,
where only s-wave pion production is important
and insufficient energy is available to allow a reso-
nant condition to exist. Another, more practical,
consideration is the energy of accelerators avail-
able to perform the experiments to be suggested

in this paper. The meson-physics facility being
constructed at Los Alamos will be able to acceler-
ate protons to laboratory energies of 300 to 800
MeV in increments of 10 MeV. Therefore, we will
present the results of the following calculations at
a proton energy of 300 MeV as well as at other en-
ergies which seem appropriate.

The experimental configuration which would dis-
play ideally the off-energy-shell two-nucleon scat-
tering effects is shown in Fig. 3. In this situation
the pion is emitted at rest. As they would in elas-
tic scattering, the nucleons go off in opposite di-
rections. Thus, we have an experimental situation
which is very similar to an off-energy-shell two-
body interaction. Unfortunately, since the velocity
of the pion is zero, the phase-space factor van-
ishes, and therefore, so does the cross section,
However, we are able to obtain information about
the two-nucleon off-energy-shell scattering by a
study of the production amplitude for this impossi-
ble experiment.

By studying this process we can determine at
which energies we expect to see the largest differ-
ences in cross sections when different potentials
are used to determine the two-nucleon Schrodinger
wave functions. For this study we will use four
nucleon-nucleon potentials: the Reid soft core!!
labeled RSC on graphs of the results of the calcula-
tion), the Reid hard core'! (labeled RHC), the Ham-
ada-Johnston hard-core'? (H-J), and the Bressel-
Kerman-Rouben finite core!® (BKR). For the rea-
sons discussed above we limit our discussion to
laboratory energies of 300 MeV or less and to the
process pp — pp°.
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FIG. 3. Graphical description for pion produced at
rest.
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To evaluate the DWBA amplitude [Eq. (1)] we
perform a partial-wave analysis of the initial and
final two-nucleon relative wave functions. A semi-
classical calculation (see Appendix) indicates that
one must retain states for which the square of the
orbital angular momentum quantum number (L) is
less than or equal to the center-of-mass kinetic
energy in MeV divided by 10. Since the final two-
nucleon state is at a much lower kinetic energy
than the initial energy, the highest value of angu-
lar momentum which we must consider is deter-
mined by the final state. For an incoming labora-
tory energy of 310 MeV the final nucleons would
have (at most) an energy of 20 MeV in their center
of mass. Thus, retaining states of orbital angular
momentum of two and less would be more than suf-
ficient. We have chosen to include all states of
total angular momentum (J) less than or equal to
two. Thus, we have retained states of L < 3.

The initial and final two-nucleon states used in
all calculations in this paper are listed in Table 1.
The notation is the usual one GT*V2S*1L , where T
is the isospin, S is the total spin, L is the orbital
momentum, and J is the total angular momentum).
Since we consider only s-wave pion production, the
parity of the initial and final two-nucleon states
must differ (that is, the initial and final orbital an-
gular momentum must differ by an odd number,
while the total angular momentum remains fixed).

In Figs. 4 and 5 the square of the amplitude for
production of pions at rest is shown as a function
the laboratory energy of the incoming proton. Fig-
ure 4 shows the amplitude when the final nucleons
are at an angle 6 of 90° with the initial nucleons,
while Fig. 5 shows the same calculation for the
situation in which the final nucleons are moving on
the same axis as the initial nucleons.

By examining Figs. 4 and 5 we can discover
which off-energy-shell T matrices we are measur-
ing in a pion-production experiment. If an energy
region exists in which the 6 =90° (Fig. 4) and the
6=0° (Fig. 5) amplitudes are essentially equal,
then the J =0 nucleon states must be dominating
the production amplitude. (Of course, the compari-
son must be made for each nucleon-nucleon poten-

TABLE I. Nucleon states for s-wave pion production.
pp— ppm°. (Notation: 2T +1, 2S+1L ;.)

Initial state Final state
3180 33P0
33P0 3150
3p, 3p,
o iyt

P. D.
33FZ 31D:

| o

H-J .
RS
RHC

BKR
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FIG. 4. Transition amplitudes squared for pions at
rest and 0 =90°,

tial.) On the other hand, if these two production
amplitudes are very different, then the J=2 nucle-
on states must dominate the production. Very near
the threshold the two amplitudes (for each potential)
are essentially equal. However, the amplitude for
6 =90° drops off much faster than the 6 =0° ampli-
tude. Thus, the higher angular momentum states
must become important at energies very near the
production threshold.

Hence, at laboratory energies as low as 280 MeV
(10 MeV above threshold) we expect to see struc-
ture in the angular distribution of the final-state
protons. Figures 4 and 5 indicate that, for a theo-
retical calculation, this structure will be strongly
dependent on the potential used to describe the nu-
cleon-nucleon interaction. Thus, we are encour-
aged to look at the angular distribution of the pro-
tons as a method of determining the “true” nucleon-
nucleon potential (or, at least, as a method of elim-
inating some of the presently used potentials).

Further, by studying Figs. 4 and 5 we can deter-
mine the energy region in which the different po-
tentials will yield the greatest differences in the
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FIG. 5. Transition amplitudes squared for pions at
rest and 6 =0°.

calculated cross sections. First, we note the
equality of the Hamada-Johnston and Reid soft-
core amplitudes at threshold (270 MeV). Very
near threshold the momenta of the final nucleons,
ps and p,, are essentially zero. Since from the
previous study' we know that the amplitude for the
emission of a pion is proportional to the velocity of
the nucleon relative to the velocity of the pion, the
amplitude for emission of a pion from the final nu-
cleon state will be essentially zero (i.e., the two
graphs at the bottom of Fig. 1 will not contribute to
the production amplitude). Further, since the ve-
locities of the final nucleons are very near zero,
the two nucleons will be in a relative S state (i.e.,
in the state ®'S;). In addition, since the incoming
nucleons are at a rather high energy, the initial-
state distortion will be somewhat small. Thus,
most of the contribution to the production ampli-
tude will come from the processes associated
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with the top two graphs of Fig. 1 with the nucleons
going from a 3P, state to a *'S, state. In this case,
the off-energy-shell nucleon-nucleon scattering
will be a scattering of two nucleons in a 3!S; state.
Thus, the equality of the DWBA production ampli-
tudes implies the equality of the off-energy-shell
scattering associated with the 3'S, state. Redish,
Stephenson, and Lerner!* have studied this off-
shell T matrix and have concluded that the 7 ma-
trices of the Hamada-Johnston potential and the
Reid soft-core potential are equal at this particu-
lar energy.

As we increase the energy of the incoming pro-
ton, the amplitudes calculated using different po-
tentials become much different. The region in
which the desired differences are most pronounced
is from about 275 to 300 MeV. This result is very
encouraging, since this region is precisely the en-
ergy region in which pions are produced predomi-
nately in an s state. Thus, all the ill effects aris-
ing from the p-wave production and the (3, 3) reso-
nance can be avoided while we investigate the prop-
erties of the nucleon-nucleon potential.

In the next section we will discuss the total cross
section for pion production. First, we will dis-
cuss an experiment which could reproduce as
closely as possible the “ideal” experiment de-
scribed above. The notation we use is shown in
Fig. 6. To construct this possible experiment we
restrict the magnitude of the momenta || and |7,
to be equal, and we hold the angle between p, and
P, fixed. (This angle will be called ©® =0, + 8, and ©
is held fixed.) By choosing Oto be large enough
(near 180°) we can be assured that the three-mo-
mentum of the pion is very small.

For ©=160°, Figs. 7 and 8 show the differential
cross section for 280 MeV and 300 MeV, respec-
tively. As shown in these graphs, the differential
cross sections, although very small, do show a
reasonably strong dependence on the nucleon-nu-
cleon potential used to perform the calculation.
Table II shows some selected percentage differ-
ences between each of the potentials and the Ham-
ada-Johnston potential. As is seen in Table II,
many of these differences are quite large. Thus,
we can conclude that this experiment is a reason-
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FIG. 6. Graphical description of notation.
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FIG. 7. Angular distribution of final protons for 0
=160° and a laboratory energy of 280 MeV,

able one to do to determine the “true” nucleon-nu-
cleon potential.

II. TOTAL CROSS SECTION

Using the Hamada-Johnston potential Koltun and
Reitan’ have calculated the total cross section of
7° production in proton-proton collisions. Their
calculation was performed by approximating the en-
ergy dependence of the production amplitude as its
value at theé production threshold multiplied by a
factor which depends on the energy and the nucleon-
nucleon scattering length.'® In the previous sec-
tion we saw that the amplitude at threshold depends
solely on the 'S, off-energy-shell scattering. By
combining this term with the scattering length,
Koltun and Reitan have used results which contain
information about the singlet S nucleon-nucleon in-
teraction only. The results of Sec. I seem to sug-
gest that this approximation is not appropriate for
pion production. We saw that at energies very
near the threshold the higher angular momentum
states enter the calculation in a very important

-J
—

~J

do/dQ,d0, x 10° (mb)
IS L) ® S

n

1 1 | 1
(0] 20 40 60 80 100 120 140 160 180

8, (CENTER OF MASS DEGREES)

FIG. 8. Angular distribution of final protons for
=160° and a laboratory energy of 300 MeV.
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TABLE II. Comparison of the production amplitude
for the potentials listed and the Hamada-Johnston poten-
tial. (The numbers are the percentage of the Hamada-
Johnston cross section.)

280 MeV 300 MeV
03=0°  0;=80° 03=0° 0;=80°
(%) (%) (%) (%)
RSC 20 13 25 12
RHC 16 25 14 4
BKR 32 53 27 16

way. However, now we shall see that the total
cross section is indeed dominated by the singlet S
off-energy-shell scattering.

For the two-nucleon potentials discussed in Sec.
I we have performed a DWBA calculation using the
partial waves listed in Table I. The results of this
calculation are shown in Fig. 9. Also shown in Fig.
9 are the curve obtained by Koltun and Reitan and
the one available experimental measurement.

(The datum is listed in Ref. 10 as less than 4 ub.)
The striking feature of Fig. 9 is the similarity
near threshold of the cross sections using the Reid
soft-core potential and the cross section using the

Hamada-Johnston potential. At first, this result
seems to contradict the results of the previous
analysis (Sec. I). However, if we examine the en-
ergy distribution of the produced pions, the explan-
ation of the results is clear. (Figure 10 shows

this distribution for the Reid soft-core potential.)
Since the pion is much less massive than the nucle-
ons, it tends to carry most of the kinetic energy
available to the pion two-nucleon system. This dis-
tribution requires that the nucleons usually have
very little kinetic energy. Therefore, as we dis-
cussed in the previous section, the nucleons will

be predominately in an S state. As we and Redish,
Stephenso, Jr., and Lerner!* have noted, the S-
state off-energy-shell scattering amplitude in-
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FIG. 9. Total cross section for s-wave pion
production.



2 PION PRODUCTION AND THE
T T
04 - -
;0.3— —|
g
3
3
Ol —
0 L 1 |

[} 5 10
E, (MeV CENTER OF MASS)

FIG. 10. Energy distribution of pions for a labora-
tory energy of 300 MeV.

volved in this production process is very similar
for the Reid potential and the Hamada-Johnston po-
tential.

At thveshold the slope of the cross section of this
calculation indicates that in the neighborhood of
threshold it may be written as

o~ (T ub)|ky|?/m,? .

This result compares with
o= (17 ub)|K,[2/m ;2

for the calculation of Koltun and Reitan, and with
0= (327 pb)|k,[*/m 2

for the experimental determination. Here, E,, is
the maximum momentum of the pion. Since the ex-
perimental fit was obtained primarily from fitting
measurements at energies greater than 310 MeV,
it cannot be considered as a very good measure-
ment of the slope at threshold. (We note that had
we used the values of our calculation at 300 MeV
to calculate the “threshold slope” we would have
obtained

0= (8 ub)lk,|?/m,?

for the Reid potentials and o= (10 ub)|k,|2/m,? for
the Hamada-Johnston and Bressel-Kerman-Rouben
potentials.)

The discussion of the total cross section reveals
that, at least near threshold, we would find it use-
ful to consider processes in which the nucleons
have some Kkinetic energy. One such process was
described in Sec. I. Another similar (and experi-
mentally less difficult) measurement would be to
study the energy distribution of the pion in the re-
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FIG. 11. Energy distribution of very low-energy pion

for a laboratory energy of 300 MeV.

gion where the pion has very little kinetic energy.
A graph of this pion energy region for a bombard-
ing energy of 300 MeV is shown in Fig. 11 for the
Reid soft core and Hamada-Johnston potentials.
Again, we see small (up to 15%) differences be-
tween the two potentials.

III. CONCLUSIONS

By applying the DWBA to the production of neu-
tral pions in proton-proton collisions we have
studied the two-nucleon interaction. The experi-
ments described here would be very difficult to
perform. However, the information obtained from
them could shed much light on the nature of the
two-nucleon interaction. Therefore, we hope that
such experiments will be performed.

Further, we believe that this study has been only
a first step in using pion production (and particle
production in general) as a method of studying the
two-nucleon interaction. The results have been en-
couraging, and we expect that an analysis of p-
wave pion production (which must include a de-
tailed description of the pion-nucleon final-state
interaction) will yield even more information about
the nucleon-nucleon interaction.

ACKNOWLEDGMENTS

The author wishes to thank M. K. Banerjee, C. A.
Levinson, and M. D. Shuster for offering many use-
ful suggestions during the course of this work.
Gerald Lerner allowed me to use several of his
computer programs which were run on the IBM
360 of the University of Maryland Cyclotron Group.

APPENDIX

Using the classical equation for angular momen-
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tum, L =Mvr, we assume that the “radius” appro-
priate for the interacting nucleons in the inverse
of the pion mass. Thus,

| no

12 _<Mv>2 _2ME _E (in MeV)
\M,) " M, 10 MeV
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The differential cross sections for elastic scattering of 36.0- and 46,3-MeV neutrons from
deuterium were measured over an angular range of 15 to 170° c.m. The cross section agrees
well in shape and absolute value with that for p-d scattering. A slightly more pronounced min-
imum seems to be present in the n-d results. From measured values of the total n-d cross
sections, we obtain the values 154 +6 and 116 +5 mb at 36.0 and 46.3 MeV, respectively, for

the n-d nonelastic cross section.
I. INTRODUCTION

The interaction of two neutrons and one proton is
the simplest and the most fundamental three-body
problem in nuclear physics. The lack of any Cou-
lomb interaction among the particles simplifies
the theoretical description of the system. The
three-body problem was set on a sound mathemat-
ical basis by the work of Faddeev.' Independently,
the introduction in 1962 of an S-wave separable po-
tential in the Schrddinger equation by Mitra? and
also by Amado® permitted an exact treatment of
the dynamical aspects of the three-nucleon prob-
lem. This approach has been very successful in
predicting low-energy properties of the three-nu-
cleon system®”%; in particular, n-d differential
cross sections up to 14 MeV. Inclusion of higher

partial waves and tensor forces seems necessary
to describe polarization and medium-energy, 20—
60-MeV, n-d elastic scattering. Work in this di-
rection is currently being attempted by several
groups.”®

Mainly because of the lack of intense neutron
beams, no neutron n-d elastic scattering has as
yet been published in the medium-energy region
although incomplete work has been reported be-
tween 18.6 and 20.5 MeV at Los Alamos® and at 28
MeV at Lyon.'® The present work involves mea-
surements of n-d elastic scattering at 36.0 and
46.3 MeV. Preliminary results of some of this
work have been reported.!' Energies were select-
ed to be close to those of the p-d measurements
performed at the University of California, IL.os
Angeles (UCLA) in order to have a more direct



