
TWO- PION- EXC HANGE THR E E - BODY FORC E.. . 2091

Phys. Rev. 159, 782 (1967); and A. Gal, Phys. Rev.
Letters 18, 568 (1967).

There was a mistake in sign in the corresponding
formula Eq. (23) for the ANN force, given by R. K.
Bhaduri, B. A. Loiseau, and Y. Nogami, Ann. Phys.
(N.Y.) 44 57 (1967),

VH. Hoshizaki and S. Machida, Progr. Theoret. Phys.
(Kyoto) ~24 1325 (1960). Here we consider the combina-
tion K K' because an additional K factor comes in
through S~& in Eq. (6). Actually, as was shown by Hoshi-
zaki and Machida, the most general form of the form
factor is more complicated than (4).

More precisely, for a pion with vanishing zeroth
component of its four-momentum. The 6-function 4(0) in
(6) actually stands for 6(qio-q20) with q~o=q20=0. All the
vectors in this paper are three-vectors unless otherwise
stated.

This is so because A and B are constants in the non-
relativistic approximation. Relativistic effects may
suppress the high-momentum contributions.
' Corresponding formulas for the TPE ANN force are

obtained by replacing C& by 3C&(ANN)/2N, where
C&(ANN) =1.43 MeV. See Refs. 2 and 3. Hence the

conversion factor" is 3C&(ANN)/2C&Pi'NN) =4.7.

'~E. Ferrari and F. Selleri, Nuovo Cimento 21, 1028
(1961); 27 1450 (1963).

i2H. P. Durr and H. Pilkuhn, Nuovo Cimento 40, 899
(1965).

H. Euler, Z. Physik 105, 553 (1937).
'4G. E. Brown, G. T. Schappert, and C. W. Wong, Nucl.

Phys. 56 191 (1965).
i5T. Dahlblom, K. G. Fogel, B. Qvist, and A. Tom,

Nucl. Phys. 56, 177 (1964).
The pionic form factor has been considered in the

one-boson-exchange-type analysis of the NN interaction,
e.g., by A. E. S. Green and T. Sawada, Rev. Mod. Phys.
39, 594 (1967). Their form factor modifies the Yukawa
potential in the OPEP as

-pr 2 2 2- 2
n -v

8 —
2 2e + 2 2er r U -q U2 q2

Since they take a very large value for U (=20 m) the above
formula is practically reduced to (e ""-e "")/r, which
is obtained by using our spectral function (40) with $ = 1
—(p/q)2. The values they considered for p ranges from
about 5p, to 7p, , hence /=1. Therefore, using their form
factor we would get very similar results to those with
our form factor I.

PHYSICAL REVIEW C VOLUME 2, NUMBER 6 DECEMBER 1970

Tensor-Force Effects on the I-Forbidden M 1 Transitions

S. T. Hsieh and H. Ogata
Department of Physics, University of Windsor, windsor, Ontario, Canada

(Received 5 June 1970)

The reduced matrix elements for the l-forbidden Ml transitions are calculated in the frame-
work of the pairing model. Three quasiparticle states are admixed to the seniority-one state
by perturbation due to the short range 6 force and the tensor force. It is shown that the mix-
ing of the tensor force is essential to explain the observed values of the reduced matrix ele-
ments.

I. INTRODUCTION

According to the shell model, the l-forbidden
magnetic dipole (M1) transitions between two
states which differ in their orbital angular mo-
menta are strictly prohibited, for the magnetic di-
pole interaction does not change the orbital angular
momentum and parity. Hence, the ~1 transitions
are presumably allowed if the initial and the final
states are assigned the same orbital angular mo-
menta and parities, and vice versa. However,
there have been observed many M1 transitions
whose lifetimes are much longer than those ex-
pected from the shell-model estimate. Therefore,
it has been suggested that either the M1 transition
operator is not adequate, or there is a breakdown
of the l-forbiddenness due to some nuclear effects.
A theoretical explanation attributed the breakdown
of the forbiddenness to the nucleon-nucleon interac-

tion, and a modification of the form of the M1
operator was introduced. ' This effect, however,
is now believed to be too small to explain many of
the large retardations actually observed. Another
approach was made by Arima, Horie, and Sano
(AHS)' by introducing the method of configuration
mixing. Govil and Khurana' have investigated the
systematic trend of the M1 transition matrix ele-
ments and they have found a shell effect in these
matrix elements. They have also indicated that
the calculated values of the matrix elements from
the theory of AHS are sufficient to reproduce quali-
tatively those values deduced from the experiment-
al transition rates.

Recently, the emphasis of the importance of the
short-range residual interaction, which admixes
a small amount of high-seniority configurations
to the basic shell-model configuration, has led to
the application of the pairing theory to this prob-
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lem." Since there had been no criterion for de-
termining how much configuration admixture to al-
low to explain the breakdown of the l-forbiddenness
of the M1 transitions, it was expected that the
pairing theory would provide a reasonable mea-
sure for the admixing of excited configurations.
Freed and Kisslinger' have examined the effects
of pairing correlations coupled to quadrupole pho-
non vibrations on the l-forbidden M1 transition
rates, while Sorensen' has also calculated these
rates using wave functions resulting from the shell
model with a residual pairing-plus-P ' force. The
former authors show that the projected single
quasiparticle state with a mixture of higher-senior-
ity states generated by the quadrupole-quadrupole
interaction gives almost satisfactory values for
the transition rates for many nuclei in a wide mass-
number region. They observed, however, that not
all of the known l-forbidden MI transition data are
explained, and suggested that a part of the residual
interactions, such as the tensor force, may also
be important in generating configuration mixing. '

The effect of the tensor force has been examined
by Shikata' for nuclei in the medium-heavy-mass
region. He has pointed out that the tensor force
by itself provides better agreement with the ob-
served data than the central force does, but that
these two forces cannot be combined together un-
less the relative sign of these two forces is altered
to the negative of the commonly used one.

It is the purpose of this paper to show that the
central and tensor forces can be combined, with-
out introducing the awkward relative sign, by
changing the interaction range of the tensor force,
as was mentioned by Shikata, ' and that the residual
interaction, thus obtained, can give very reason-
able results for the l-forbidden MI transition
rates for nuclei of all mass numbers.

II. ASSUMPTIONS AND CHOICE
OF PARAMETERS

For the magnetic dipole transition, the radiative
transition probability is written as

Ip= E 1(j'm'IEv. lj~)I'=(j'Ilzujl j)',
qmm

(2)

where j and j' are the angular momenta of the ini-
tial and final states, respectively, and the sum
Qp is taken over all nucleons in the nucleus.

The initial- and final-state wave functions are
expressed in the form

lq(j~)& = &,.'Iy.&+K&~~, '~, '(g~, "(i~) ly.&,

and

+Z&~~„'~„'(J)~,'(j'~') l0. &,

a~=-(g ) a, Vn, o., (J)u,. (jm)~ gg/~, (4)

where ~ is the energy difference between the
zeroth order and excited configurations.

The residual interaction inducing the above con-
figuration mixing is the sum H „,=Hq +H ~, where
Hz and H~ are the short-range 6-interaction and
tensor-interaction Hamiltonians, respectively.

The short-range interaction Hq has the form

in terms of the quasiparticle creation operators
o.,„t and o.'; .t, and [ g, & is the quasiparticle vac-
uum state. The additional three quasiparticle
terms in the wave functions contribute to the re-
duced matrix element of the E-forbidden M1 tran-
sition, just like those admixed terms do in the
configuration-mixing calculation. j, and j, must
have the same orbital angular momentum, ' and J
takes only the value of unity because of the angular
momentum selection rule. The coefficients a& are
calculated in the first-order perturbation

H~ = [ Vo+ V,v(1) ~ a(2)] 5(r, —r,)

mc' I hc 2j +1

E35lP

2g+ 1

=&-.'[1- (1) ~ (2)]V.]

+(-'[3+(x(1)~ (r(2)] V, ] 5(r, —r,),

where T& is the mean lifetime, E is the photon en-
ergy measured in MeV, and % is the reduced tran-
sition matrix element

which involves two parameters, the singlet strength
~, and the triplet strength V,. The tensor force in-
teraction Hz is of the form
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ffr=Vr(1-&rl r.)e '"»'"" &[V'"(1)&&o(1)]'" [V'"(2)&&~(2)]'"+P'"(1)&&~(1)]o(2)+P'"(2)&&o(2)] o(1)j.

(6)
Here V~ is the strength parameter, n is the isospin singlet-triplet mixing parameter, r, is the range pa-
rameter, gi) and &i'&(i) are the spin operators and the spherical harmonics for the ith particle, respec-
tively. One can, then, readily calculate the reduced transition matrix elements for the l-forbidden M1
transitions. The result is

l(l'+ 1)6g=+3g. =(U,. U, , +V, V,') (, )
(g, g,)—g+. , (7)

where

and

V,fq/(-~~)

-
I —,'g(v, —v, )f,/(-m )

2m~2 ~i ~2 ~i ~2 l'+ 1 2l ~+ 1 '~' 2(2l ~+ 1)
3(l, +1)

2(2l, + 1)
V~I~

m

(8)

Here, U and V are the coefficients of the Bogolju-
bov-Valatin transformation. ' The upper line in
the brace of Eq. (8) corresponds to the even pair
—the quasiparticles in the orbits j, and j, are of
the same kind (proton or neutron) as the one in the
orbit j or j —and the lower line in the brace cor-
responds to the odd pair. g, -g, in (7) is 4.585p„
for odd-proton nuclei and -3.826 p.„for odd-neu-
tron nuclei, while g in (8) is the ratio 3.826/4. 585
= 0.834 for the creation of neutron quasiparticles
in the odd-proton transition, and is 4.585/3. 826
= 1.199 for the creation of proton quasiparticles in
the odd-neutron transition. Iq is the Slater inte-
gral for the 6-function interaction, whereas I2 is
the one for the tensor interaction. It is rather in-
teresting to note that the first term U, U, r in (7).
corresponds to the like-core transition of AHS, '
while the second term V,.V,' corresponds to the un-
like-core transition, if we write

U,'=(2j+1-P)/(2 j+1),
v,.'=p/(2j+1),

U,. 2 =(2j'+ 1 —q)/(2 j'+ 1), (10)

V,. ,2 = q/(2 j'+ 1) .
In the numerical calculations, we use the har-

monic-oscillator wave functions in order to evalu-
ate the Slater integrals. For the 5 force, we intro-
duce

-V.4(i,i.;fi') =crf(i,i.; ji')& "', (ll)
where the interaction strength C, is chosen to fit
the experimental values of the M1 transition rate,
and the mass-number dependence of the integral

Iq is determined in the same way as in the work
of Noya, Arima, and Horie, ' while the relative
magnitude V,/V, of the strengths for the triplet
and' singlet interaction is assumed to be 1.5, the
same as used by AHS. ' The strength parameter
for the tensor interaction V& is assumed to be -25
MeV, and the value of the isospin singlet-triplet
parameter n is approximately equal to unity. The
range parameter A. is introduced in place of r„
defined by the equation A, = ro(v/2) '~', where v is
the oscillator wave-function parameter.

The single-particle energy levels used in solving
the gap equation of the pairing model are essential-
ly the same as those which are currently used. '
At both ends of the major shells, we only included
the relevant pairs of spin-orbit partners, whose
separations have been readjusted, and the strengths
of the pa.iring interaction are G„=19.5/& MeV and

G~ = 21/A MeV throughout the whole mass region. "
Since we noticed during our preliminary calcula-

tions that the effect of the tensor force was rather
small, we first investigated the effect of the
central force so that we were able to choose the
strength parameter C~ in Eq. (11) to reproduce
almost all experimental data as closely as possible.
We found that most of the data can be fitted, ex-
cept for the heavy-mass nuclei, by choosing the
parameters C„=50 MeV for neutrons and C~= 25
MeV for protons. These values are consistent
with those of the parameters used by Freed and
Kisslinger. ' (These authors used k„=60 MeV and
k~= 30 MeV. ) Then the values of the range param-
eter A. and the isospin singlet-triplet parameter e
of the tensor interaction were varied, including
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also a minor adjustment of the other parameters,
and we have found that the value of 0.3 for the
range parameter A. provided the best fit for the
whole mass region, whereas the parameter u is
found to be 0.8.

III. RESULTS AND DISCUSSION

The results of the calculation are shown in Fig.
1 for the odd-neutron nuclei, and in Fig. 2 for
the odd-proton nuclei, respectively. Experiment-
al data are mostly taken from the compilation of
Geiger et al." To show explicitly the effect of the
tensor force, the figures show squares of the cal-
culated reduced M1 transition matrix elements
with and without the tensor-force contribution.

For the odd-neutron nuclei, over-all good agree-
ment is obtained. For Ni, Cd, Sn, and Hg isotopes,
the central force gives better results. This is be-
cause these nuclei are interpreted to have almost
pure quasiparticle nature. ' On the other hand,
improvement is observed for Te and Xe isotopes
when the spin-dependent quadrupole force, tensor
force, is also included. Since the spin-dependent
quadrupole force has a resemblance to a collective
force, ' " these soft-vibrational nuclei can be better
described by the inclusion of the collective effect. '

For the odd-proton nuclei, the effect of the ten-
sor force is more important, although no sizable
effect is clearly observed up to the medium-heavy
region. Except for the heavy-mass nuclei, the
pure quasiparticle component is dominant in this
calculation and, therefore, among the soft-vibra-
tional nuclei the softest-vibrational I isotopes
seem to be more collective than Cs isotopes, which
are described quite well. The evidently deformed
Eu isotopes are certainly not described by the pres-
ent model, which gives very small values as seen

,from the figure. As and Rb in the relatively light-
mass region are also not explained very well.
These nuclei may be soft vibrational, or they may
require an effectively stronger interaction, such
as the inclusion of the neutron-proton interaction,
and are subject to a more careful study. The most
important result of this calculation is seen in the
heavy-mass region, where experimental data show
very small reduced M1 transition matrix elements
for Ir, Au, and Tl isotopes. As can be seen from
the figure, the central force alone gives much
higher values of the matrix elements, whereas the
inclusion of the tensor force drastically reduces
the magnitudes of these matrix elements. This is
because of the interference effect between the ten-
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FIG. 1. The square of the reduced transition matrix elements of the l-forbiddenM1 transitions for odd-neutron nuclei
versus the neutron number N.
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sor force and the central force, giving rise to op-
posite signs and comparable magnitudes for the
matrix elements %q and %~. Although the result
for Tl isotopes looks as if it does not indicate the
effect, the interference minimum is slightly shift-
ed to the lower-mass side according to the pres-
ently chosen value of the range parameter, and
a minor change of the range parameter will make
the agreement much better because the dependence
on the choice of the tensor-force parameter is very
sensitive, particularly in this mass region. It is
interesting to note that the spin-dependent quadru-
pole force gives better results than the spin-in-
dependent quadrupole force does, as pointed out by
Kisslinger, "and this may be because the spin-in-
dependent quadrupole force is not strong enough in
this mass region. ' It seems a bit strange that the
calculated results for Ir agree so well with experi-
mental values, because one might think that these
isotopes were still in the deformed region, but the
phonon component of these isotopes is not more
than 50/p and, therefore, these isotopes may not
be well deformed. '4

We have seen that our calculation agrees with
that of Freed and IQsslinger, ' both in its trends

and in the choice of the strength parameters for
the short-range interaction, as far as the central
force is concerned. On the other hand, the im-
provement due to the mixing of the collective force
is different, and we see that the spin-dependent
quadrupole force is quite important for the heavy-
mass isotopes. The effect of the spin-dependent
quadrupole force has been examined by Shikata in
the medium-heavy-mass region. ' He has pointed
out that the tensor force is more important than
the central force, but that the tensor force cannot
be combined with the central force. Our results
show not only that the tensor force can be mixed
with the central force without violating the normal
choice of the relative sign, but also that the im-
portance of the tensor force is essential in the
hevay-mass region rather than in the medium-
heavy-mass region. We have chosen a stronger
interaction strength of -25 MeV, for which he
uses -10 MeV, and a shorter range parameter of
0.3, which he takes as 1.0. The tensor-force ef-
fect is more significant for the isospin singlet as
he&also observed.

As a conclusion, we stress that the interference
effect between the central and tensor forces is
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FIG. 2. The square of the reduced transition matrix elements of the f-forbidden M 1 transitions for odd-proton nuclei
versus the neutron number N.
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quite important for the heavy-mass isotopes in
order to explain the small observed values of the
/-forbidden M1 transition rates for the odd-proton
nuclei.
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