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Thermonuclear-reaction rates have been calculated over the temperature range 2 ~ (T/10~)'K
—6 for some cases of particular interest in nucleosynthesis during silicon burning (Michaud and
Fowler). We explicitly relate our calculations to the evaporation theory and the optical model
for particle channels. For y-ray channels we develop an approximate formula fitted to the ex-
perimental results of Macklin and Gibbons on radiative capture reactions for neutrons. We com-
pare our calculated rates with available data and discuss the effect of excited states.

I. INTRODUCTION

Astrophysical calculations currently being under-
taken require a large number of nuclear-reaction
rates. Many of these reactions proceed through a
compound nucleus and at sufficiently high energy
such that nxrny resonances lie in the effective en-
ergy interval determined by the product of the bar-
rier penetration factor and the Maxwell-Boltzmann
factor. For these reactions, the Woods-Saxon po-
tential represents reasonably well the nuclear
physics involved in the particle channels. How-

ever, a different approach is needed for the pho-
ton channel.

In what follows, we explicitly relate our calcula-
tions of the particle reactions to the optical model
with a Woods-Saxon potential. For the y-ray chan-
nels, we develop a semiempirical formula. The
free parameters in this formula are evaluated by
comparison with the experimental results of Mack-
lin and Gibbons" on the radiative capture of neu-
trons. Some nuclear-reaction rates which have
been measured and some which are used in calcu-
lations on nucleosynthesis during silicon burning'
are then calculated.

The uncertainties involved are discussed briefly:
Uncertainties of a factor of 2 are found in the nu-
cleon channels, of 5 in the a-particle channels (or
perhaps more owing to uncertainties in the appli-
cability of the optical model as discussed in

Michaud, Scherk, and Vogt'), and of 5 in the y-ray
channel. These uncertainties are not compounded
in most cases, since one of the reaction channels
usually dominates in the decay of the compound nu-

cleus, and the over-all reaction-rate uncertainty
is approximately equal to that in the weaker chan-
nel.

II. PARTICLE CHANNELS

We now relate our calculations of particle chan-
nels to the experimental parameters through the
evaporation theory and the optical model (with
Woods-Saxon potentials). We start from the re-
sults of the evaporation theory for reaction cross
sections averaged over the resonances of the com-
pound nucleus':

2 J+1
k' ~ (2I+1)(2i+1)

Jm s, )

x QTi (n') Q Tr (o")
s, l'

where a represents a pair of particles and their
state of excitation, I and i are the intrinsic spins
of the initial pair of interacting particles, s is the
channel spin, / the orbital angular momentum of
the pair, and J' is the angular momentum and par-
ity of the compound nucleus. The vector sums s
=?+i and J =l +s must be consistent with the con-
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Vw, (r) =(V, +i W, )/(I+e'" 0' '),
where a is the surface thickness, R, is the radius
of the well, and V, and 8', are the real and imagi-
nary parts of the potential close to r =0 (since
R, »a). For a. justification and a detailed discus-
sion of the optical model, the Woods-Saxon poten-
tial and the equivalent square well, see Michaud,
Scherk, and Vogt. ' The calculations are simpli-
fied if one uses the equivalent square well defined
by

V=V, +i lV, ,

U=O,

R, =Ro+ AR,

lV, = Wo,

r&R, ,

r&R, , (2')

and U, determined from

UORO
= U,R, (2rs)

The value of ~ is given by Michaud, Scherk, and

Vogt. '
Using the equivalent square well to replace the

Woods-Saxon potential, the transmission function
can be written

servation laws for angular momentum and parity.
The unprimed quantities refer to the incoming
channel, the primed quantities refer to the out-
going channel, and the double-primed quantities
should be summed over all open channels in the
compound nucleus, including excited states of the
residual nuclei. It is assumed that all T„(o)=T, (n),
and similarly in the primed and double-primed
cases.

For particle channels, the T,(o)'s can be ob-
tained through the optical model with Woods-Saxon
potentials:

the black-nucleus strength function throughout,
s, =(vKR, ) ', where K= 1.5A'" F ' is a wave num-
ber appropriate to the nuclear interior, and A is
the reduced atomic mass of the interacting parti-
cles. Vogt' has shown that, on the average for neu-
trons, the black-nucleus strength function multi-
plied by the reflection factor should be equal to the
Woods-Saxon strength function. The same is true
for protons. For 'He projectiles, the black-nu-
cleus strength function multiplied by f is equal to
the diffuse well strength function, since the large
8', used for 'He smooths out any "giant, " "shape, "
or "size" resonance effects. Finally, in the de-
nominator of Eq. (3) we have neglected terms like
PR, SR, and wSs. ' The terms containing R"
will be, on the average, zero. They will change
sign at resonance. For a particles, they will al-
ways be zero, since the large size of lVO guaran-
tees no resonance effects. For protons and neu-
trons, numerical calculations prove them to be
small. The rS,s, term is also small. It is zero
at a giant resonance, since S, is zero there (see
Vogt'). Away from a giant resonance, s, becomes
small by definition of a giant resonance. Using the
black-nucleus strength function to calculate ~S,s,
then gives an overestimate. Even then, numerical
calculations have shown that the ~S,s, term would
contribute less than 5% to the value of the denomi-
nator in Eq. (3) .

We have calculated the transmission function for
all particle channels using the square wells equiva-
lent to the Woods-Saxon wells with the parameters
indicated in Table I. For T(y), we have used

T(~) =2vr, /D,

where I'&/D is obtained from the semiempirical
formula now to be developed. I"& is the radiative
width and D is the level separation.

Tr = 7 i/(I + 4'7
i ),

g, =4mP, s,f,
(3)

(4)

III. y-RAY CHANNELS

A. Transition Probability and Level Separation

where P, = [kr/(F, '+ G, ') ]s and s, are the usual
1

square-well nuclear penetrability evaluated at R,
and strength functions, respectively, and where f
is the reflection factor. I, and G, are regular and
irregular Coulomb wave functions. We have used

It is assumed that electric and magnetic dipole
transitions dominate the radiation widths. Replac-
ing the summation over all transitions from the
capturing states to lower states by an integration
yields"

TABLE I. Parameters of the Woods-Saxon potential Ifrom Michaud, Scherk, and Vogt (Ref. 4) and Vogt (Ref. 5)].

3
p

(F)
Vp

(MeV)
p

(MeV) (F) (F)

Nucleons
4He 1.09Ap + 1.6

-50
-60 -10

0.5
0.5

0.1
0.7

2.7
4.8

Az =atomic mass of the target nucleus.
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r, (B) „, '(B E)-' „D(B), D(E)
(6)

For numerical evaluation this is best expressed
as

1/D(E) = c (A E) 'e'2 "c- (7)

where Ac is the atomic mass of the radiating com-
pound nucleus. For a Fermi gas of neutrons and
protons with R =1.25Ac'" F, the constants in Eq.
(7) are given by

c1:4 5 MeV,

c, =0.57 MeV '"- (6)

In what follows, cy and c, are treated as free pa-
rameters.

The substitution of Eq. (7) into Eq. (6) yields

c,' x
(9)

where

x = C2(AcE) ~ X = c2(AcB)' (10)

and c,' is a new constant proportional to ccrc.
The integrand of Eq. (9) diverges at x =0, but

Eq. (7) is not at all correct for D(E) near E =0 or
x =0. It can be shown" that if a reasonable lower
limit other than zero on the integral in Eq. (9) is
chosen and if the integral is evaluated by develop-
ing x ' in a series around X, then

48 c,' x+6/x
D A 10/3

c

where B is the binding energy in the compound nu-
cleus and is thus approximately equal to the excita-
tion energy for low-energy interactions. The
ground state is taken at E =0. The radius of the nu-
cleus is designated by R, and c is a constant to be
determined empirically in combination with other
constants which appear. The R' factor is strictly
correct only for electric dipole transitions, but
no great error is made if magnetic dipole transi-
tions are included in Eq. (6). The main point is
that both transitions are proportional to the cube
of the transition energy (B —E).

Equation (6) requires that the level separation
energy D(E) between levels of the same spin and
and parity in the compound nucleus be specified.
In the simplified treatment given here, it is not
necessary to include the spin dependence of D(E).
Since the dependence of I

&
on J is relatively weak,

as shown for example in Margenstern, Alves, de
Barros, Julien, and Samour, "we will later neglect
spin and parity conservation in the y-ray channel.
Bethe" showed that the level separation at excita-
tion energy E for a Fermi gas is given by

log»(I" &/D) = -C, —3.33log, oA&+ C,(Ac B') "
+1.13/[C,(Ac B')'~']; (12)

where C, ~ ci and C, = c,/log»e are the final con-
stants to be determined empirically. Note that
Eq. (6) would indicate C, =0.25 MeV-"". This is
to be compared with C, = 0.286 MeV '", as eval-
uated in what follows. In Eq. (12), B has been re-
placed by a corrected binding energy B' for the
reasons now to be discussed. B' contains addition-
al empirical constants.

B. Excitation Energy

The energy B in Eq. (6) is to be measured from
the lowest possible level in a Fermi gas. By hy-
pothesis, in a Fermi gas, there is no interaction
between the particles. In the real nucleus, the
pairing, deformation, and shell structure effects
on the binding energy are ample proof of interac-
tion between the nucleons. In an undeformed nu-
cleus, the pairing and shell-structure effects low-
er the position of the ground state compared with
the excited states. We assume that the most im-
portant effect of the deformation is to diminish the
correction for the pairing of two of the nucleons.
Consequently, if one wants to calculate the level
density at an energy B above the ground state of
the nucleus, the energy to be used in Eq. (7) should
be

E =B'=B—6, (13)

where 6 is a correction for the pairing, deforma-
tion, and shell-structure effects. Thus in Eq. (12),
B has been replaced by B'.

In previous work, "6 was used to take the pairing
energy into account. We will also include in 6 the
effects of shell structure and of deformation. It
allows a convenient and accurate determination of

r, /D.
Figure 1 gives the variation with neutron number

of the position of the first excited state in even-ev-
en nuclei. We interpret the dashed curve, 5(N), as
giving a measure of the pairing of two nucleons
corrected for the effect of the deformation. h(N)
would be approximately a constant if it were only
for pairing, but the correction one must make in
the energy due to deformation decreases 5(N) in
the heavy nuclei. (For the sake of brevity we will
-refer to the dashed curve as giving "the effect of
pairing, " keeping the effect of deformation implicit,
in what follows. ) When corrected for the pairing
energy, the experimental energies for the first
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excited states then give a measure of the energy
necessary to break the shell structure. The peaks
at N=20, 28, 50, 82, and 126 are apparent in Fig. 1.

The excitation of a nucleus to its first excited
state does not require breaking completely the
pairing or the shell structure. Rather it is expect-
ed that excitation to the first state would require
on the average a certain fraction less than unity of
the pairing or shell-structure energy. Now an odd-
odd nucleus has no pairing effect, and so L„ for
such a nucleus mainly arises from shell-structure
effects, as deformation effects are assumed to be
small. Then the excitation energy of the first state
of an even-even nucleus E'„, corrected for pairing
effects given by 5(N) from Fig. 1, should be a frac-
tion of A„given by

where the summation is taken over the two even-
even nuclei bracketing the nucleus of interest and
where 1/C, is interpreted as the fraction of the
pairing energy required to excite the first excited
state.

For even-even nuclei excitation to the first state
breaks only one pair (the paired neutrons or the
paired protons). Through 5(N), the position of the
ground state is corrected for the pairing of two nu-
cleons and for the effect of deformation. There re-
mains to correct for the pairing of another two nu-
cleons. This is assumed to bring roughly a con-
stant correction; that is, it is assumed that the
deformation is fully taken into account through
5(N). A constant term C, is added to the expres-
sion for even-odd or odd-even nuclei:

E'„5(N) =(—1/C, ) n„, (14) n«= C, [E'„—5(N)]+C~ 5(N)+C, ,

where 1/C„with C, a constant greater than unity,
is to be interpreted as the fraction of the shell-
structure energy broken on the average in excita-
tion to the first state. For our purposes, we at-
tempt to determine h„empirically from measure-
ments of E' . To do this, the excitation energies
of the first level of the four even-even nuclei
bracketing the odd-odd nucleus of interest are
used so that

n„=C,[Q 'E«(i) ——5(N)] .

In some cases, it is found that 6„-'0. As an ex-
ample, ~„=1.1 MeV for "V is computed from E'„
=0.98, 1.55, 0.'l8, and 1.43 MeV for "Ti, "Ti,
' Cr, and "Cr, respectively.

Proceeding in the same manner for an even-odd
or odd-even nucleus, one finds

n„=h„=C,[g 2E«(z) —5(N)]+C, 5(N), (16)

where E'„ is the excitation energy of the first ex-
cited state of the nucleus of interest. The correc-
tions 6„, 6„, 6„, and A„are used where appro-
priate in Fq. (13) for B', and thus C„C„and C,
appear in Eq. (12) along with C, and C, when B is
properly replaced by B' as has been done.

C. Determination of the Empirical Constants in I' /D

The empirical constants necessary to determine
the average systematic behavior of rz/D have been
determined by comparing the analytical result ex-
pressed in Eqs. (12), (13), (15), (16), and (1'1) with
the experimental values of (ou) z/vr for (n, y) reac-
tions given by Macklin and Gibbons. " Macklin and
Gibbons measured cr(n, y) for various nuclei over
the neutron energy range from -10 to 100 keV and
then calculated the Maxwellian-averaged cross
section (av) r/vr as a function of temperature
from kT = 5 to 90 keV, using their own and other
data. The thermal velocity is found from

v r = (2kT /M„)'" = 4.1 x 10' T,'" cm sec ', (18)
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where

(19)

with T, = (T/10')'K.
In order to facilitate the comparison of experi-

ment and theory, we evaluate Eq. (1) for an (n, y)
reaction in the approximation given by Fowler and
Hoyle. " In this approximation, the over-all statis-
tical weight factor becomes (2l+1) for the l partial
wave, and T, (n) is replaced by 2v(r„/D), as well
as T& by 2v(rz/D) so that

FIG. 1. Excitation energy of the first excited state of
nuclei as a function of neutron number. The dashed line
gives a measure of the effects of pairing and of deforma-
tion.

(20)
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with

(21)

In most cases considered, on&y the neutron and p-
ray channels are open. When proton or e-particle
channels are open, the charged particles are al-
ways well below the Coulomb barrier so that I'~/D
and I'gD are always much smaller than I'„/D, as
indicated by the far right-hand side of Eq. (21).

For (n, y) reactions Eq. (20) is a good approxima-
tion, since the neutron channel is the dominant one
(I'„» I' ) when it is open and since the angular mo-
mentum and parity conservation laws have little
effect in the y-ray channel. The effect of this ap-
proximation in other reactions will be discussed
below. In Sec. II it was stated that black-nucleus
strength functions would be used. This is warrant-
ed, since at least two partial waves with differing
l values are always involved in our calculations.
Overlap of maxima for one partial wave by minima
for the other leads to a sum close to that for the
smoothly varying black-nucleus value. However,
the measurements of Macklin and Gibbons were
mainly at lower energy where only one / value,
usually l = 0, contributes substantially. The varia-
tion of (I'„/D);„, with atomic mass number is
then important. In general, we have found that val-
ues for (I'„/D). .. , are sufficient for our purposes.
For (I'„/D), , the experimental values given by
Newson" for 54 &A & 208 have been used. For
(I'„/D). .. the theoretical values of Campbell
et a/. "have been used.

From Fowler and Hoyle" one has

(22)

where x =E/kT. Since (I'„I' /I'D), in Eq. (20) is a
slowly varying function of E, a first approxima-
tion to Eq. (20) is obtained by evaluating it at E =kT.
Then Eq. (22) becomes (vv)z/v„= (4/v)'~'o(kT),

with which it is easy to determine the constants C,
to C, from the empirical data. To determine C,
and C„ the (n, y) reactions leading to odd-odd com-
pound nuclei for which 6„=0 were used. Then the
reactions leading to the odd-odd compound nuclei
for which 6, 0 were used to determine C, . With
Cj C2 and C, determined, the reactions leading
to even-odd and odd-even nuclei were used to de-
termine C, . Finally, C, was determined using re-
actions leading to even-even compound nuclei.
Once first approximations to the empirical con-
stants are available, it is possible to integrate Eq.
(22} numerically, taking into account the variation
of (I'„I'„/DI'}, with energy. Final values for the
constants are obtained by adjusting to a best fit to
the empirical values for (ov)r/vr. These are C,
=3.72, C, =0.286 MeV ' ', C, =1.8, C4-3.8, and

C, =1.3, so that Eq. (12) becomes

log„(I' /D) = log„T& —0.80

= -3.72 —3.33logioAc+ .286(Ac

+3.95(AcB') '~' (23)

Except for the dependence on Ac, this equation is
very similar to that used by Wagoner, Fowler,
and Hoyle. " It gives a superior fit to the experi-
mental results for (n, y) reactions. Certain numer-
ical examples are given in Table II.

Figure 2 shows the ratio of the calculated (ov)r/
v~, using the adjusted constants to the experimen-
tal values at kT =30 keV. For A &176, six ratios
lie outside the range 0.4 to 2.5. There were four
reactions leading to even-odd compound nuclei for
which the first excited state of only one of the
bracketing even-even nuclei was known: "Zr(n, y)-

Zr Mo(n y) Mo Te(g y) Te and +Sm-

(n, y)'"Sm. All four cases are poorly fitted. More-
over, our treatment has included the effects of nu-
clear deformation only in a very crude way. This
seems to result in satisfactory results for A ~176

TABLE II. Numerical examples.

Reaction

28Sl (n y) 28Sj

50V(n y)RV
5i,V (n ~) 52V

Cr(n, p) Cr
Ru(n, y) Ru

29
51
52

54
101

Bracketing
even-even

nuclei

28Si 30sj

"Ti,"Cr
Tl, Tls

5 Cr, Cr
'4Cr

B
(MeV)

8.475
11.05
7.31

9.72
6.806

&PO
(MeV)

0.64
0.54
0.53

0.52
0.34

p E ., l~)
1Vl

-~e)
(MeV) (Ref. a)

1.26
0.76
0.68

0.31
0.16

(MeV)

4.73
3.47
1.23

3.90
1.59

B' =B -&
(MeV)

3.74
7.68
6.08

5.82
5.21

5.9x10 '
2.7 x10-4
7.5 x 10

6.3x10 '
2.2 x10 4

I is 1 for even-even compound nuclei, 2 for even-odd or odd-even nuclei, and 4 for odd-odd nuclei.
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through the adjustment of the five free parameters
but may be the cause of the divergence for A &176.
The poor fit in this region may also be related to
the closure of a proton shell as well as a neutron
shell at "'Pb. The effects of this closure begin to
be appreciable at A-173 in the excitation of the
first excited state.

IV. CALCULATED REACTION RATES

For our final calculations of cross sections for
reactions of interest to us as a function of energy,
we returned to Eq. (1). Transmission functions
for n, p, and n channels were determined using
Eq. (3) and the parameters of Table I. The trans-
mission function for the y channel was determined
from 1' /D as discussed in Sec. 111. The spin and

parity of the ground states of the target and resid-
ual nuclei were taken from Nuclear Data Sheets. '
The inelastic scattering channels were neglected.
The reaction rates as a function of temperature
were then obtained from Eqs. (18) and (22). The
results were fitted to expressions of the form

N„(ov)r =const'~ 'h~ cm'g 'sec ', (24)

where N„ is Avogadro's number. " The empirical
energy E,h is an effective threshold energy for the
reaction. For exoergic reactions, it is usually
somewhat less than the Coulomb barrier in the in-
cident channel. For endoergic reactions with nega-
tive Q values, E,h differs from

I Qi somewhat be-
cause of Coulomb effects in the incoming and out-

going channels. For (n, y) reactions it is generally
found that E,„=O and (ou)r = const over a limited
range of temperature. For convenience, Eq. (24)
has been transformed to

log»N„(au)r = log»B, +B, (4 —1/T, ), (2&)

where B, =N„(uu)r at T, =4 in the middle of the
temperature range of interest and B,= 5.04E, h for
E,„in MeV. Equation (25) fits the calculated values
for N„(uv)r to within approximately 20% over the
range 3 ~T, &6. The fit is good to a factor of 2

down to T, =2. The calculated results for certain
reactions of astrophysical interest are given in
Table III. Table IV shows a comparison of the cal-
culated reaction rates with available experimental
rates" and with those calculated by Truran, Cam-
eron, and Gilbert (TCG)." Our calculated rates
involving only particle channels are within a factor
of 2 of the observed rates, whereas those involving

y rays are within a factor of 3. The main uncer-
tainty in the (P, y) rates comes from the y channels,
since the proton channels are not very sensitive to
the radius used.

To determine an experimental rate at a given
temperature when charged particles are involved,
it is necessary to know the properties of all reso-
nances within the width ~, around the effective
thermal energy Eo, where"

E, =0.122 (Z, 'Z, 'A T,')'" MeV,

dE, = 0.237 (Z 'Z 'A T,')'" MeV,

IO—

5 — 0
131 I 29

Te
155

even-even nuc le i

even —odd nu c I e i

odd-odd nuclei, affected by shell structure
odd-odd nuclei, unaffected by shell structure
isotopes undifferentiated

Reaction B2

E,h Q of the

B2/5 04 reaction
(MeV) (MeV)

TABLE III. Constants for the reaction rates
in cm3 g

~ sec ~.

Q)0
v)O

oo E
A A

b b
v v

02-'

0.7—
0.5—

+
+

pp+ p
0 d

+ p

0
0

dp
8 +

0 0
+

0 +

0 +
OO

0

d

0+

0 +
0

0.3—

0.2—

0. 1

10
I I

50

9'e Mo

I I I I I I I

90 130 170

ATOMIC MASS NUMBER

210

FIG. 2. Comparison of the calculated ((Tv) & values for
(n, y) reactions [Macklin and Gibbons (Refs. 1 and 2)l.
For A. &176 there are about 70 measured cross sections.
For six of these the calculated value is outside a factor
of 2.5 from the measured value. The atomic-mass
numbers refer to the compound nuclei. The nuclei indi-
cated are the compound nuclei.

"Al(p, o.)
3~P(p, n)
"p(p, ~)
'4S(p, y)
4'Ca(n, y)
"Ca(o', y)
42ca(e, p)

Ca(n, n)
"Ca(n, y)
"Ca(p, ~)
"Ca(p, n)

Sc(p, y)
Scg, y)

44Sc (p
44T ( p)
"T'(n, 7)

Sc(p, y)
5Sc (p, n)
~Tip, y)

"Cr(p, y)

3.6 x10'
6.9 x 105
1.09 x 104
1.43 x 104

6.6
1 ~ 14x10
1.76 x10

7.9
7.8 x 106
5.7 x104
3.7 x1Q3
3.2 x 104

1.3 x 10~

4.4 x 1Q5

8.9
6 6 x]06
1.3 x10&
9.2 x 104
1.5 x10~
1.86 x 104

6.7
7.3
3.86
3.31

17.6
16.7
20.6
27.0
0.0
5.35

22
6.14
0.0
8.3

23
0.0
6

14.3
0.0
6.44

1.33
1.44
0.77
0.66
3.0
3.0
4.0
5.4
0.0
1.0
4 4
1.2
0.0
1.6
4.6
0.0
1.2
2.8
0.0
1.28

1.6
1.9
8.9
6.4
6.3
8.0
2 03

-5.2
6.7
6.9

-4.4
8.5

11.3
-0.9
-0.5

9.4
10.4
-2.8
13.2
6.6
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Z, and Z, are, respectively, the charge numbers
of the target nucleus and of the incident particle,
and A is the reduced mass. E, is at least 1 MeV
for protons and 2 MeV for n particles. Only very
few reactions have been studied carefully enough
in the mass range of main interest to us, Zo) 20.
This is why Table IV is rather limited and actually
involves target nuclei with somewhat smaller Z,
than we were mainly interested in.

In evaluating the accuracy of the calculations, it
is useful to bear in mind the range of energies in-
volved. For instance, for a proton incident on
"Ca at T, = 2, E, = 1 MeV, and ~, = 1 MeV. Thus
an average is taken over an energy range larger,
in general, than 1.0 MeV. Furthermore, there
are usually at least three J values involved. After
averaging over ~,) 1 MeV and over three J val-
ues, fluctuations in the level density are not ex-
pected to lead to order-of-magnitude errors in
compound nuclei with Z )20.

It is true that Table IV is somewhat meager. We,
however, included all reaction rates available to
us for which there appeared to be enough data over
the energy range of interest and which were in the
proper mass range. Finally, it must be noted that
none of the disposable constants were fitted to the
data included in Table IV. The constants were all
fitted through comparison with the 70 or so mea-
sured (n, y) cross sections.

Table V shows a comparison of the calculated
rates around atomic mass number 44 to those cal-
culated by TCG." In their calculations TCG" ap-
proximated the effect of excited states in the target
nucleus by multiplying the right-hand side of Eq.
(1) by (2Ir+I) ju&r, where Ir, designated by I in Eq.
(1), is the spin of the ground state of the target nu-
cleus and u~ is the partition function for the target
nucleus (including the excited states). They imply
that inelastic scattering can be approximated by

TABLE V. Comparison of calculated rates
{cm g sec ).

These TCG TCG
Reaction T

& calculations (Ref. 21) xu z/(21&+ 1)

"Ca(&,7)

4'Ca(0. , y)

Ca(~,p)

42Ca(n, n)

3 2.4 x 10 1.3 xlp 1.3 xlp"
5 5.4 x 10 3.5 xlp 3.5 xlp

3 3.9 xlp 2.5 xlp 2.5 xlp
5 9.6 xlp 5.0 xlp 6.0 xlp

3 2.7 xlp 1.3 xlp 1.3 xlp
5 25 xlp 12 xlp 15xlp

4.2 x 1P ' 1.6 x 1P-' 1.6 x 1P '
5 19xlp 85 xlP 10xlP

"ca(n, y)

4'ca(p, y)

"Ca(p, n)

3 7.4 x 106 1.4 x 10
5 8.2 xlo 1.4 xlp

3 2.0 xlp 2.2 xlp
5 1.1 xlp 1.2 xlp

3 5.0 xlp 2.2 xlp
5 5.0 xlp 2.1 xlp

1.8 xlp
2.2 xlp

2.4 x 104

1.7 x 1O'

2.4 x 10
3.1 x lO4

the partition function. The approximation is ex-
pected to be good only if the denominator of Eq. (1)
is dominated by the entrance channel. If it is domi-
nated by any other channel, the factor (2lz+1)/ur
will be an overcorrection. This correction is seen
to introduce a factor of up to 4 when "Sc is the tar-
get nucleus. When this is taken into account, the
two sets of calculations seem to agree very well
except for "Sc(P,n) and "Ca(n, y). In the latter
case, the difference is probably mainly due to
I'&/D In .the "Sc(p, n) case, however, the source
of the disagreement is harder to trace. Most of the
present calculations give larger reaction rates,
mainly because of the inclusion of the reflection
factor, f, in Eq. (4).

Another effect of the uncertainty of the spin and
parity can be studied by calculating reaction rates

TABLE IV. Comparison of calculated and measured
rates {cm g sec ).

44S (p )

Sc(n, y)

3 1.04 xlp 3.1 x 10 9.6 x103
5 7.0 xlp 1.3 xlp 6.3 xlp

3 1.1 x 10 3 x106 9.0 x106
5 12 x 10' 3 x106 15xlp

Reaction
Experimental

(Ref. 20)
These TCG

calculations (Ref. 21) 44SC(p, n) 3 8.4 x 104 2.2 x 104 6.6 x 104

5 1.3 xlp 1.9 xlp 9.6 xlp

"Al(p, ~) 3
5

3i P(p, n) 3
5

1.1 x10~
4.7 x10~

1.6 x105
7.8 x 105

2.6 x 103

5.9 x 103

2.4 x 10
6 x103

9.6 xlp
7.8 x10~

1.7 xlO'
1.6 x106

5.2 xlp
1.7 x 104

7.6 x 103
2.1 x 10'

9.6 xlp
4.1 x105

1.5 x105
7.2 x 1O'

9.0 xlp
2.4 xlp

9.0 xlp
3.4 x 10

'sc(p 'Y)

4'SC(p, n)

44Ti(n, P)

Ti(n, 7)

3 3.8 xlp 2.8 xlp 3.6 xlp
5 2 7xlp 1 4xlp 2 4xlp

3 1.4 x103 3.0 x103 3.6 xlp
5 5.5 x104 2.2 x10~ 3.6 x105

3 1.2 x 10 1.1 x 10 1.1 x 10
1.5xlP' 8.P xlP 1.P xlP'

3 6.1 xlp 2.9 xlp 2.9 xlp
5 6.9 xlp 3.5 xlp 4.4 x 10

~2cr(p, y) 3
5

1.5 x 103
1.1 x 104

5.4 x 103
3.9 x104

6.0 xlo
5.4 x 104

Ti(n, y) 3 1.4 x 10
5 1.6 xlp

6.6 x106
6.6 x106

1.1 xlp
1.3 xlp
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on the assumption that the target and residual nu-

clei, and the incoming and outgoing particles all
have zero spin and the required parity. Equation
(1) then becomes Eq. (20).

In most cases, Eq. (20) is a very good approxi-
mation to Eq. (1). However, when neither e nor
a' is the main open channel, Eq. (20) implies that
the leading term in Eq. (1) would be that for f = 0
and would contain

T.(a)T.(&') T,(a)f', {a')
T,(a)+T,(a')+To(main channel) To(main channel)

(26)

If there were a large spin difference between the
residual nucleus for the main channel compared
with the a and a' channels, Eq. (1) would correctly
give the right-hand side of Eq. (26) as

INCLUOING J ANO~
CONSERVATION

10~—

IOI—

~ IOo
I

E
(3

IO I

& IO

EGLECTING J AND 7r

CONSERVATION

T.(a)T.(a')
T,(a) + T,(e') +T„»,(main channel)

(26')

in the case i = 2 for a neutron or proton in the
main channel. . The spin difference between the
main channel and the channels involving the target
and residual nuclei is taken as AI, assuming for
illustration that these nuclei have the same spin.

Consider the case for the "Ca(n, y)"Ti reaction
in which the ground states of both "Ca and "Ti
have I' = —,

' . Thus for the dominant partial wave,
l=0, the compound nucleus also has J =-,' . At
high enough temperatures the endoergic reactions
"Ca(n, n)"Ti and "Ca(n, P)"Sc compete with "Ca-
(a, y)"Ti. Thus, the leading term in Eq. (20) is
proportional to

IO-'—

0.5 0.4 0.3 0.2
I.O/T9

I

O. l

FIG. 3. Reaction rate for the reaction 4~Ca(o.', y)4~Ti
which must compete at high temperatures with 4~Ca(n, n)-

Ti (I~ of Ca is ~, I"of Ti is 0+). Neglect of the
conservation of spin and parity is seen to decrease the
cross section by a factor 3 or so. This will be the case
only when there are large differences between the spins
of the ground states of the nuclei involved in open chan-
nels. Our fitting formula (straight line) fits the calcu-
lated points when 1/T& & 0.04 or T& ~ 2.5.

To(u)T(y) To(a)T(y)
T,(a) +T(y) +T,(n) +T,(p) T,{n}

T(y) + T.(&) ~T.(&) +T,(P) ~~To(~) . (28')

The cross section calculated for "Ca(u, y)"Ti by
the use of Eq. (20) is too small by a factor of 3
relative to the cross section from Eq. (1). This is

using T's rather than (I /D)'s for ea'sy comparison
with Eq. (1). The right-hand side of Eq. (27} fol-
lows, since T,(n) is considerably larger than the
other T's. However, the ground state of "Ti has
I' =0' and that of "Sc has 2'. Thus the leading
term is given correctly in accordance with the con-
servation of angular momentum and parity by Eq.
(1) as proportional to

To(a}T(y} To(a}T(y)
T.(a) +T(y) +T.(n) +T,(0) T.(a) +T (0) '

where the right-hand side of Eq. (28) follows,
since

illustrated in Fig. 3. Similarly, for "Sc(p,y)"Ti
the factor is 10.

If low-lying excited levels had a spin different
from the ground state by AI «2, inaccuracies
have resulted from our neglecting them. Consider,
for example, that the reaction rate for a "Z(a, p)
reaction on an even-Z even-N nucleus (I' =0' for
the target nucleus) is to be calculated. Assume
that the ""(Z+1)nucleus (the residual nucleus)
has I'= —', . The conservation of total spin will
then eliminate all combinations such as 'j'0{a)T,(P)
or T,(n)T, (P) and allow only the smaller combina-
tions, T,(a)T,(p), T,(a)T,(p), . . ., T,(a)T,(p). How-

ever, if the first excited level of ""(Z+1)is a
low-lying state with I' = 2', combinations such as
T,(a)T,(P), T,(n)T, (P) would be allowed again and
could enhance the cross sections by 1 order of
magnitude. From shell- model calculations, 23 lev-
els with I"= —,

' are expected to occur in the mass
range of interest here (A=44). However, no I' = —,

''
level is expected to be at low excitation. The en-
hancement is then not expected to be large (prob-
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ably smaller than 30/e). In any case, when suffi-
cient experimental data on spins and parities are
available, Eq. (I) should be used in preference to
Eq. (20). The effects of excited states and of the
conservation laws are then properly included. Only
in the case of reactions involving y channels is it
sometimes warranted to resort to Eq. (20), and
then it must be realized that the errors can be
large if there are open channels whose spin differs
from the spins of the channels of interest by M» 2.

In conclusion, it is our considered opinion that

the prescription for calculation of reaction rates
discussed in this paper is straightforward and
easily adaptable to computer calculations, and that
it produces results well within the uncertainties in
present experimental determinations. It has the
advantage of being simpler to carry out than other
methods of similar accuracy and of directly relat-
ing, through the equivalent square well, the calcu-
lations of particle channels to currently fashionable
optical models.
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