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The low-lying states of the calcium isotopes 4 Ca through 5 Ca are discussed within the
framework of the conventional shell model. An inert 4 Ca core is assumed. Calculations are
made in several basis-vector spaces involving active Qf&(2, 1P3(2, Ofs(2, 1P~(2, and Qge(2 neu-
tron orbits. In one set of calculations, we use a "realistic" effective interaction derived for
this mass region by Kuo and Brown. The shell-model results suggest that, in this effective
interaction, the interactions of f~(2 neutrons with p3/2y pf(2 and f5(2 neutrons are too strong.
In other calculations, with a modified Kuo-Brown interaction, we find the calculated spectra
for the low-lying states of the calcium isotopes are in agreement with observed spectra,
with several significant exceptions. The exceptions are that the second 0+ and 2+ states ob-
served in Ca, Ca, and 8Ca are not accounted for in the calculation. Calculated spectro-
scopic factors for fv(2 transfers are in good agreement with experimental spectroscopic fac-
tors, and the observed centroids of the p3(2 single-particle strengths are reasonably well re-
produced. Our results also indicate that "core-excitation" effects are significant above
about 2.5 MeV in Ca through 48Ca.

I. INTRODUCTION

The low-lying levels of the calcium isotopes
have long been of interest to both experimental
and theoretical physicists. Thirteen isotopes of
calcium are known, six of which are stable. Us-
ing these six stable isotopes as targets, it is pos-
sible to study the level structure of all i3 isotopes
with one- and two-nucleon pickup and stripping re-
actions. Thus it has been possible to accumulate
a large amount of experimental information about
these nuclei. The calcium isotopes comprise a
convenient set of nuclei from a theoretical stand-
point too. With the exception of the lightest two
isotopes, "Ca and "Ca, it is useful to make the
approximation that each calcium isotope has a
doubly-magic A =40 core. In this approximation,
all the active particles outside the A =40 core are
neutrons. Then with some further simplifications
(which we shall discuss), detailed shell-model
treatments of the Ca isotopes become quite feasi-
ble. These further simplifications are suggested
by the spectrum of single-particle states that
seems to be appropriate for the calcium isotopes.
The single-particle spectrum will be discussed in

more detail in Sec. II.
Many calculations of the level structures of the

calcium isotopes have been reported previously.
It is useful to describe briefly several such calcu-
lations, as a background to the investigation re-
ported here. In the earliest systematic calcula-
tions of the calcium isotopes, ' ' only pure f„,-
neutron configurations were included. The struc-
ture of the single-particle spectrum, as discussed
below, suggests that this pure-f», model is a rea. —

sonable first-order approximation. In this approx-
imation the effective Hamiltonian is completely
specified by five parameters: the binding energy
of the f,~, neutron to the Ca core, and the four
two-body matrix elements (f», 'J ~ V~ f»,'&) with
~=0, 2, 4, and 6. (Here, and throughout this pa-
per, V represents the two-body part of the effec-
tive Hamiltonian. ) ln the calculations of Refs. l-
3, these five parameters were taken directly from
the experimentally observed spectra of "Ca and
"Ca. These calculations satisfactorily reproduced
the observed energies and spins of many of the
low-lying states of the calcium isotopes. The
levels which are accounted for by this pure-f»,
model will be referred to as f», states.
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In a later calculation, reported by Raz and So-
ga, ' active P», neutrons were allowed, as well as
active f„,neutrons. The four isotopes "Ca
through "Ca were treated. All possible configura-
tions of particles distributed in the f„,and P„,
orbits were included in the basis-vector space.
The f», and P„, single-particle energies were
taken from observed states in "Ca; and the two-
body interaction was parametrized with seven
strengths which were adjusted so as to give least-
squares fits to several alternative sets of experi-
mentally determined energy levels. (These sev-
eral sets contained from 18 to 22 levels. ) The re-
sults of this seven-parameter calculation indicated
the importance of active P», neutrons in certain
low-lying & states of 'Ca and "Ca. In another
systematic calculation of the calcium isotopes,
Engeland and Osnes' included all pure-f„, con-
figurations, and all configurations in which only
one neutron is excited from the f„,orbit. to the
p 3/2 orbit. With this restriction, and with the as-
sumption that the effective residual Hamiltonian
contains only one-body and two-body terms, the
Hamiltonian is defined by two single-particle en-
ergies and ten two-body matrix elements. Enge-
land and Osnes took the single-particle energies
from the experimentally observed spectrum of
"Ca, and then treated the ten two-body matrix
elements as variable parameters in a least-
squares fit to 20 experimental levels in "Ca to
'Ca. In these Haz-Soga and Engeland-Osnes'

calculations, both of which included some config-
urations involving active P„, neutrons, the quality
of agreement with experiment was very similar.
Neither calculation could account for the first ex-
cited 0' and second 2' state in "Ca and 'Ca.
From both calculations, it was concluded that
these particular 0 ' and 2 ' states contained im-
portant contributions from configurations not in-
cluded in the model vector spaces that were used.

In another calculation, reported by Federman
and Talmi, ' all possible configurations of the
f»m (f„,"), (f,(," 'P„,), and (f„," 'P„,') were
included. In this space the effective model Hamil-
tonian is specified by 15 two-body matrix elements
and two single-particle energies. The single-par-
ticle energies were again taken from the observed
spectrum of O'Ca. Two of the 15 two-body matrix
elements were fixed at values determined in a pre-
vious calculation, and the remaining 13 were treat-
ed as adjustable parameters. Furthermore, the
second 0' and 2+ states in "Ca were assumed to
contain significant admixtures of deformed states,
ard the effects of these deformed states on the
spectrum of 4'Ca were introduced in a way that
involved one more adjustable parameter. Thus
there were 14 adjustable parameters in all. These

14 parameters were determined by a least-squares
fit to 30 observed levels in the nine isotopes 'Ca
to "Ca. In this calculation, it was possible to
account for the energies of these second 0' and 2'
states in Ca with f»2 and P»2 active neutrons
only. This conclusion was in contradiction to the
conclusions of Raz and Soga and of Engeland and
Osnes.

In addition to the questions raised by these con-
tradictory results, the recent accumulation of
many new experimental data suggests that a more
extensive calculation of the calcium isotopes could
be useful. These new data include empirically de-
termined spectroscopic factors both for single-
nputron transfer reactions, and for two-neutron
transfer reactions to states in the even calcium
isotopes. In this paper we limit ourselves to dis-
cussing energy levels, ground-state binding ener-
gies, and spectroscopic factors for one-neutron
transfer reactions. (We defer discussion of two-
nucleon transfer, and of electromagnetic moments
and transition rates, to a subsequent paper. ) In
the calculations to be discussed in this paper, we
allow some active neutrons in each of the orbits
in the f Pshell. -In some calculations we also al-
low some active g„, neutrons. The model vector
spaces are described more exactly in the next
section. We believe that we have included all
those configurations involving f-P-shell particles
outside an inert "Ca core which are significantly
admixed into the low-lying states of the calcium
isotopes. We use the effective residual interac-
tion derived by Kuo and Brown' from the Hamada-
Johnston free nucleon-nucleon potential. Also,
we investigate some variations of the Kuo-Brown
interaction. One purpose of our calculations is to
assess the quality of agreement obtainable in shell-
model calculations which use the Kuo-Brown in-
teraction. Our hope is that the results of this in-
vestigation lead to reasonable conclusions as to
which of the experimentally observed calcium
states can or cannot be accounted for by f-P-shell
configurations. This hope is based, to some ex-
tent, on the success of similar calculations of the
structure of light s-d-shell nuclei. '

In Sec. II we give details about the basis-vector
spaces we have used, and the model Hamiltonians
we have used. In Sec. III we discuss the energy
levels and spectroscopic factors calculated for
'Ca to "Ca from the Kuo-Brown interaction. In

Sec. IV we discuss the analogous results obtained
from a modified version of the Kuo-Brown inter-
action. (This modified version gives distinct im-
provement for certain selected levels. ) In Sec. V
we present results for ground-state binding ener-
gies. A brief summary of all the results is pre-
sented in Sec. VI.
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II. BASIS-VECTOR SPACES AND MODEL
HAMILTONIANS

The calculations we shall discuss are all made
mithin the framework of the conventional shell
model. We assume a truncated set of active
single-particle orbits, and form multiparticle
basis states by distributing neutrons in these ac-
tive orbits. We then diagonalize a model Hamil-
tonian in the space of these basis states. The
eigenvalues axe identified as nuclear energy lev-
els, and the eigenvectors as wave functions of
nuclear states. All the calculations have been
made with the help of the Oak Ridge-Rochester
shell-model computer programs. '

We shall discuss calculations involving two al-
ternative basis-vector spaces. Fox both spaces
an inert "Ca core is assumed. Fox' the first
space, all the f-P-shell single-neutron orbits are
active-i. e., the f„„P3»,P„„andf», orbits.
For the second space, the g„, neutron orbit is
active as well as the f-P-shell orbits. For each
isotope of mass A, we include all Pauli-allowed
configurations of the form (f7»"&p,»"2), where
n, +n, =A -40. In addition, we include all Pauli-
allowed configurations of the form (f»," 'P», "2

f,"'g,"~), where n, +n2+na+n4=A —40 and n, +n4
-2. In the first space, ), and j, ean be either P,q,
OI' fggg,

' Rnd ill 'tile secolld spRce, g1 Rnd J2 cR11 be
either P»„ f»„or g„,. Thus for both spaces we
restxict the number of neutrons distributed among
the P»„ f„„and g», orbits to two or fewer. This
restriction is necessary for the heavier isotopes
(A ~ 46), in order to limit the size of the matrices
to manageable prppprtions. This truncation
scheme is suggested by the experimentally ob-
served 'Ca spectrum (which we shall discuss
soon).

We shall start by discussing calculations which
use an effective interaction derived by Kuo and
Brown' for the f-P-shell region of the Periodic
Table. This interaction was designed for use in
the shell-model vector space spanned by all Pauli-
aQowed states of active particles distributed
among the f7», P„„P1»,f„„andg„, orbits.
This is not the space used in any of the calcula-
tions we shall discuss hexe, since in our calcu-
lations the number of particles distributed among
the P»» f»» and g,» orbits is always restricted
to 0, 1, or 2. We justify our use of the Kuo-
Brown interaction in this restricted vector space
as follows. Suppose that me mere interested in
calculations in a vector space limited to neutron
configurations of the form (f~»" 'p, y, "2). Suppose
also that instead of using the published Kuo-Brown
interaction, we followed the Kuo-Brown prescrip-
tion to generate an effective interaction for this

f~„-P», shell-model calculation. Then any effects
due to the excitation of particles to the P„» f,»,
or g„, orbits would be included only as second-
order renormalizations of the f7»-P„, effective
interaction. These second-order renormalizations
would involve only one- and two-body excitations
out of the f„,-P», space. But in the shell-model
calculations to be described in this paper, the P„»
f„„andg», are treated more fully —for we ex-
plicitly include, in the first space, configurations
with one- and two-particle exeitations to the p»,
and f», orbits; and in the second space we in-
clude configurations with one- and two-particle
excitations to the P«„ f»» and@9» orbits; i.e.,
the effects of these excitations on the states dom-
inated by (f»,"'P»,"2) configurations are treated
by diagonalization, rather than by second-order
perturbation theory. Thus, insofar as states domi-
nated by (f„, 'P», ') configurations are concerned,
the ea1culations reported here x epresent an im-
provement over a calculation in which the explicit
shell-model basis involves only (f», p», ) configu-
rations, while the effects of other f -P -shell con-
figurations are introduced via second-order renor-
malization of the effective interaction. In fact, we
have checked the effect of our vector-space limita-
tion by comparison mith results from some calcu-
lations using the vector space for which the Kuo-
Brown interaction was designed. In particu1ar, we
calculated shell-model energy spectra for ~3Ca

and 44Ca using the Kuo-Brown interaction in the
complete space of multipartiele states formed by
distributing neutrons among the f7,2, P»2, P,&2,

f»„and g,&, orbits For st.ates below about 4
MeV, we found no significant differences between
these results and the results found from calcula-
tion mith the same Kuo-Brown interaction in either
of our two more limited basis-vector spaces.

The Kuo-Brown interaction' which we use in-
cludes eontxibutions from renormalizations due
to one-particle one-hole excitations of the core,
as did the Kuo-Brown interaction derived earlier
for the s-d shell. " These Kuo-Brown interac-
tions"' do not contain contributions from renor-
malizations due to two-particle exe1tatlons from
the core, nor do they contain contributions assoc-
iated with the excitation of two particles from the
active orbits to orbits above the active ones. The
Kuo interaction" for 8-d-shell nuclei does con-
tain contributions from these latter-types of ex-
citation. (Also, it differs from the Kuo-Brown
interaction in its bare matrix elements, before
renormalization. ) In s-d-shell calculations it has
been found that many nuclear-structure results
axe very similar when either the Kuo-Brown" in-
teraction pr the Kup" interactipn is used.

The single-particle energies (s.p.e.) which we
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TABLE I. Single-particle energies In Ca. Column 2
shows the single-particle energy spectrum used by Kuo
and Brown (see Ref. 7). Column 3 lists the centroids of
the single-particle strengths observed in the Ca(d, p)

Ca experiment of Ref. 12. In column 4, QS is the sum
of the strengths determined from the distorted-wave
analysis of the experimental data (see Ref. 12). Column
5 gives the number of levels over which the observed
strength is spread.

Kuo Brown Experiment
(Me V) (MeV)

Number of
levels

fV2
~ 3/2

P 1/2

fS/2

8 9/2

0
2.1
3.9

5.9

0
2.1
4.1
5.5

&5.0

1.0
1.2
1.2
0.5
0.1

use are the same as those used by Kuo and Brown
in their calculation of the effective interaction
(and in their calculations' for 4'Ca). There is
some uncertainty about the s.p.e. which should be
used, especially for the f»s and g„, orbits. This
uncertainty is indicated by the results from a
"Ca(d, P)4'Ca experiment performed by Belote,
Sperduto, and Buechner (BSB)." They concluded
that in 'Ca there is a significant splitting of the
single-particle strength of evexy j orbit outside
the "Ca core, except for f„,. The results of
their analysis are shown in Table I, along with
the s.p.e. used by Kuo and Brown. As Table I in-
dicates, the P„, strength was found to be split
over two states, and the P,~, strength over five
states. Spectroscopic factors 8 were deduced
from the experimental data by distorted-wave anal-
ysis. These 8 values were normalized so that the
spectroscopic factor to the ~2 ground state was un-
ity. The normalized results suggest that only
about half of the f,~, single-particle strength was
observed, and less than 10% of the g,q, strength
was observed. Recently, the strong transitions
in the 'Ca(d, p)"Ca reaction were studied again,
by Seth, Picard, and Satchler (SPS)." Their pur-
pose was to determine absolute spectxoscopic fac-
tors for these transitions as accurately as possi-
bfe. For transitions analyzed both by BSB"and

SPS, "the relative 8 values are in good agree-
ment. The absolute values found by SPS are about
25% smaller than the values given by BSB. For
the f,&„P,l„and p», orbits, the Kuo-Brown
s.p.e. which we use are consistent with the cen-
troids of single-particle strength as deduced from
experiment. The f,» and g„, orbits are at a suf-
ficiently high energy that they should have only a
perturbative effect on the structure of low-lying
states in the various calcium isotopes, and so the

uncertainty in the position of the s.p.e. for these
two orbits should not be critical in the calculations
discussed hex'e.

The splitting of the single-particle strengths is
one indication of the major imperfection of the
models we are discussing. This major imperfec-
tion vis-a-vis nature is our neglect of breakup of
the ~oCa core. In ~'Ca itself, excited states are
observed as low'~ as 3.4 MeV; and these states
necessarily involve configurations in which par-
ticles are excited out of the A =40 core. In their
4'Ca(d, P)"Ca experiment, BSB"found evidence
of 43 levels below 5.0-MeV excitation in ~'Ca;
but in our model, "Ca can have only five single-
particle levels. One of the experimentally ob-
served ~'Ca levels is a &' state near 2 MeV; this
presumably involves core breakup. Indeed, as
we shall show, in all the Ca isotopes up to at
least "Ca, there appear to be observed states
dominated by core-excited configurations at ex-
citation energies as low as 2 or 3 MeV. Obvious-
ly, it would be desirable to include core-excited
configurations in the calculations reported here.
If we included them in the same way that we in-
clude the closed-core configurations, we would
encounter prohibitively large matrices, and we
would also encounter some problems associated
with spurious center-of-mass motion. Some de-
sex'iptlons of cox'e-excited states ln Ca, Ca,
and "Ca have been given by others. ""

Because of the facts, (l) that the effective inter-
action we use is not designed for the same vector
spaces that we use, and (2) that the experimental
evidence clearly demonstrates a major deficiency
of the models we use, we expect that our calcu-
lations can reproduce only a limited set of experi-
mentally observed features. The best agreement
is expected for the properties of those nuclear
states which are dominated by (f„,"&ps„"&) con-
figurations. Since in nature such states do mix
with core-excited states, the spectroscopic
strength which we calculate for one final nuclear
state is likely to be spread, in nature, over
many final nuclear states (some of them predomi-
nantly core-excited). lf the core excitations in
target state and final state are not similar, then
this spreading effect will be particularly serious.
However, it is reasonable to hope that these shell-
model calculations can reproduce experimentally
determined centroids for the f~„and P„s single-
particle strengths. The model vector spaces are
more seriously deficient for describing nuclear
states dominated by configurations including Py/2,

fmi» and g„, neutrons. And for such nuclear
states, there are further theoretical difficulties:
recall the above-discussed uncertainties in the
s.p.e. for the f„, and ge„orbits. Thus for nu-
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clear states dominated by P,&2, f„„and g»2 neu-
trons, one should expect only rough agreement
between calculated results and experimentally ob-
served results.

III. RESULTS OF CALCULATIONS WITH KUO-BROWN

INTERACTION
—5

4
3

—5—3
4

—0

4= 2= 2= (2, 4)

In this section we present results for 'Ga to
' Ga calculated from the Kuo-Brown two-body
interaction and single-particle energies. These
calculations were performed in several alter-
native basis-vector spaces, and the results are
presented graphically in Figs. 1-9. All these
figures are set up with the same format. The
first column, f», (H,„,), shows the spectrum calcu-
lated using a vector space in which only pure-f„,
states are included, and this is the only theoret-
ical column in Figs. 1-9 not calculated from the
Kuo-Brown interaction. Instead, this set of spec-
tra was calculated by using the effective two-neu-
tron interaction taken directly from the observed
spectrum of 4'Ca. Thus, in these results the ef-
fects of all orbits other than f„,are introduced
implicitly via the empirically determined effec-
tive interaction. The second column, f», -KB,
shows the spectrum calculated by using a vector
space which again includes only pure-f», states,
but with the effective interaction defined by the

(f»,'J ~
V

~ f„,'J) matrix elements of the Kuo-Brown
interaction. In principle then, this f„,-KB spec-
trum completely excludes the effects of configu-
rations with particles in the p»„p»„ f»„and
g», orbits. The third column, f», p„„shows-
the spectrum obtained when the model space in-
cludes all states of all configurations f», "&p„,"2,

and when the effective Hamiltonian is defined by
those one- and two-body matrix elements of the
Kuo-Brown Hamiltonian involving only the f», and/
or P„, orbits. The fourth column, f p, shows th-e

spectrum obtained when all four f-P-shell orbits
are active, and when the Hamiltonian is defined

by the Kuo-Brown matrix elements for these four
shells (but the number of particles distributed
among the P„, and f», orbits is ~2, as explained
in Sec. II). The last column, f p g, shows the spec---
trum obtained when all four f-P-shell orbits and
also the g», orbit are a.ctive (subject to the two-
particle excitation restriction discussed above),
and when the Hami1tonian is defined by all the
Kuo-Brown matrix elements.

In general, for the theoretical spectra in Figs.
1-9, all levels calculated belom 5 MeV are shown.
(In a few instances, 0' states calculated to be
above this energy are also shown. ) We have cal-
culated only positive-parity states for even-A nu-
clei and only negative-parity states for odd-A

O 3I—

O

2= (2')
6

—0

0— 0 0 0

f7~
—

P3~ f —P

C

EXPT

nuclei. For this reason, we generally omit parity
assignments from all the theoretical spectra in
the figures in this paper. For odd-A nuclei we
show 2 J for each level in both the theoretical and
experimental spectra. In those cases where there
are multiple spin assignments made for a given
level in a theoretical spectrum, we mean that
there is a level for each indicated spin at the giv-
en energy. In most cases, only the lowest four
states with a given J value were calculated. Thus
in spectra where the first four eigenvalues for a
given spin lie belom 5 MeV, there may be more
theoretical states with that J value which would
lie below 5 MeV. The exception to this general
rule is that eight —, and eight ~ states mere cal-
culated for "Ca and "Ca, and for these nuclei the
calculated positions of all —,

' and ~ states below
5.0 MeV are shown. These higher —,

' and -',

states mere generated so that by calculating spec-
troscopic factors for these states, we could see
whether there was any significant calculated pzy2
or f», single-particle strength below 5-MeV ex-
citation in "Ca and "Ca. (Most of the f„,and p„,
strength calculated for the odd isotopes lies with-
in the first four 7 states and the first four ~

states. ) Obviously, the pure-f», model is mean-

FIG. 1. Calculated and experimental excitation ener-
gies in 42Ca. The column labels are explained in Sec. III.
The experimental excitation energies are taken from
Ref. 21. In the experimental spectrum, all known possi-
bly even-parity levels below 5.0 MeV are shown. The
levels indicated with long lines are calculated or ob-
served to be populated strongly in the Ca(d, t) Ca reac-
tion. The experimental data on the 43Ca(d, t)42Ca reaction
are found Bl Hef. 22.
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FIG. 2. Calculated and experimental excitation energies in Ca. The column labels are explained in Sec. III. Experi-
mental information in this figure is taken from Ref. 24. In the experimental spectrum, all known possibly odd-parity
levels below 2.0 MeV are shown. Above 2.0 MeV in the experimental spectrum, only those levels which are populated
with l = 1 or l = 3 transfers in the Ca(d, p) Ca reaction are shown. The levels indicated with long lines are calculated
or observed to be populated strongly in the Ca(d, p) Ca reaction.

ingless for 4'Ca and "Ca, and so the pure-f»,
spectra are omitted from the figures drawn for
these nuclei.

The levels calculated in the pure-f», model,
and their modified versions as calculated in the
larger spaces, will be referred to as "f», levels. "
These levels are drawn as extra-thick lines in
Figs. 1-7. The f», levels, at least, should be
reasonably well reproduced by the calculations.

In addition to information on the energies of
states in" "Ca, the figures also contain some
information on single-particle strengths for those
isotopes which can be reached with single-neu-
tron stripping reactions —i.e., ~'Ca, 7Ca, and
'Ca, . In the figures for these nuclei, levels

which are populated with significant strength in
the stripping reactions are indicated with long
lines, while other levels are indicated by short
lines. Numerical values for the spectroscopic
factors in neutron transfer reactions are sum-
marized in Tables III-XI. These tables will be
discussed in more detail later.

We first discuss the general characteristics of
the various calculated spectra. As already ex-

plained, the first two columns in the figures for
4'Ca-4'Ca show pure-f», -shell-model results.
Column one, f», (H,„,), uses the effective interac-
tion specified by the observed energies of the
lowest 0', 2', 4', and 6' states in 'Ca. Thus it
implicitly includes the effects of all other orbits
on the energies of the low-lying states. The cal-
culation f„,-KB explicitly excludes effects due to
the other three orbits in the f pshell, and due-

to the g», orbit. As is well known, the f7,2(H«, )
calculation is in rather good agreement with the
observed spectrum of low-lying states in " "Ca,.
In all five of these isotopes, the ordering of spins
is the same in columns f», -KB and f», (H«&, ), but
the spectra for f», -KB is compressed relative to
that of f»2(H, „&,), This compression implies that
one or more of the neglected orbits P3/2 f5/2 P]/2,
g9/, plays a significant role in affecting the ob-
served excitation of low-lying states in "Ca-"Ca.

Columns 3, 4, and 6 in Figs. 1-5 show what
happens when orbits above f», are added to the
active space. The biggest change occurs when we
add the P», orbit to the active-model space, i.e.,
when we go from a, pure-f», model to an f», -P„,
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FIG. 3. Calculated and experimental excitation energies for Ca. The column labels are explained in Sec. III. The
experimental information is taken from Hefs. 23 and 26. In the experimental spectrum, all known possibly even-parity
levels below 3.0 MeV are shown. Between 3.0 and 5.0 MeV, all levels observed to be populated in the Ca(d, P) Ca re-
action with /= 1 or l = 3 transitions, or for which spin assignments are known from the Catt, p) Ca reaction, are shown.
The levels drawn with long lines are calculated or observed to be populated strongly in the Ca(d, p) Ca reaction.

model. Then there is a large increase in the num-
ber of levels below 5 MeV. But the calculated

f„,-P„, spectra. are still too compressed with re-
spect to the experimental spectrum. The spectra
labeled f-P contain the perturbative corrections
(to predominantly f„,-P„, states) due to raising
neutron pairs up to the P,~2 and/or f»2 orbits. The
main effect is an expansion compared to the

f„,-p„, spectra, and this expansion gives closer
agreement with experiment. The level orderings
are very similar in the two calculations f7„-P»2
and f-P. When the vector spaces are further en-
larged, as in the f P gcalculation, then th-e -spec-
tra are further expanded.

It can be seen from the energy-level plots of
'Ca that the low-lying excitation spectra ob-

tained in the f-P and f P-g calculations could ha-ve

been obtained in the f„~-P„,calculation by slightly
increasing the strengths of all the f7~2-P3» matrix
elements. In the f-p-g calculation, the expansion
of the spectra overshoots the mark, with respect
to the experimental spectra. To make this effect
readily apparent, we have placed the experiment-

ally observed spectrum between the f-P spectrum
and the f P gspectrum. On-e c-an then see that if
one constructed spectra by averaging the excita-
tion energies of analogous states in the f-P and
f-P-g spectra. , the averaged spectra would be in
general agreement with the experimentally ob-
served spectra below about 3 MeV. Exceptions
are the second 0' and second 2' states in 4'Ca,
44Ca, and "Ca, and a few states of uncertain spin
and parity in the odd isotopes. We shall say more
about these states later.

It seems to us that a better treatment of the g„,
orbit could lead to a directly calculated shell-
model spectrum similar to the intermediate (aver-
aged) spectrum. As we indicated in Sec. II, the
position of the g,&, s.p.e. is very uncertain from
an experimental point of view. It is possible that
the centroid of the g„, single-particle strength
lies at an energy higher than the 5.9 MeV that was
used by Kuo and Brown, and by us. By treating
this g„, s.p.e. as an adjustable parameter, and
by raising it to a higher energy, we could de-
crease its contribution to the calculation, and
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FIG. 4. Calculated and observed excitation spectra for ~Ca. The column labels are explained in Sec. II. The experi-
mental information in this figure is taken from Hef. 80. In the experimental spectrum all known possibly odd-parity
states below 3.0 MeV are shown, and between 3.0 and 5.0 MeV all states observed to be populated with l = 1 or l = 3 tran-
sitions in the 44Ca(d, p)4~Ca reaction are shown. The levels drawn with long lines are calculated or observed to be popu-
lated strongly in the 44Ca(d, p) 5Ca reaction.

thus compress the f-p-g spectra. Raising this
g„, s.p.e. would also affect the calculation of the
effective interaction.

In addition to the uncertainty of the g, s.p.e.,
there is the possibility that in the Kuo-Brown in-
teraction, the two-body matrix elements of the
type (j,j,J ( V[g„,' J) may be less accurate than
the other matrix elements which do not involve

~g»,
' J') states. This possibility was pointed out

by Kuo and Brown. ' A distinguishing feature of
these (j,j,J(Vrg„,' J') matrix elements is that the
three-particle one-hole renormalization contribu-
tion for these matrix elements involves matrix ele-
ments between odd-parity particle-hole states.
There are very collective low-lying negative-pari-
ty states observed in 'Ca, and it is not clear how
well these states can be described by the limited
set of one-particle one-hole core excitations im-
plied in the Kuo-Brown prescription for renormal-
ization of two-body matrix elements.

For the isotopes from "Ca to 4'Ca, the excita-
tion spectrum intermediate to the calculated f-p
and f-p-g spectra gives reasonable agreement
with the experimentally observed low-lying exci-

tation spectra. The quality of the agreement is
not as good as that obtained in the several pre-
vious calculations (discussed in the Introduction}4 '
which included P», -orbit contributions, and which
used interactions obtained by a many-parameter
fit to observed energies. But, in general, for
"Ca-"Ca there are no great differences, in the
quality of agreement obtained from these earlier
calculations and from the averaged f-p and f-p-g
calculations. Beyond 'Ca, however, there is not
good agreement between our "averaged" spectra
and the observed spectra. For example, in the
observed spectrum of "Ca, there is a 2-MeV gap
between the —,

' ground state and the 2 first ex-
cited state. But in the f-P model spectrum for
4 Ca, the first 2 and the first 27 states are al-
most degenerate, and there are six states below
2 MeV. The matrix dimensions of the f-p-g cal-
culation for 4'Ca are too large to handle. We
have not investigated whether the inclusion of g9/2
excitations would give a big improvement over
the f-P model for 4~Ca, but we do not expect that
it would. In "Ca, we see again that the f-P model
gives excited states which are too low with re-
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FIG. 5. Calculated and observed excitation spectra for
46Ca. The column labels are explained in Sec. III. The
experimental spectrum is taken from Ref. 23. In the ex-
perimental spectrum, all known possibly even-parity
states below 5.0 MeV are shown, and in addition the
known 0 states between 5.0 and 6.0 MeV are shown.

spect to experiment by roughly 2 MeV. In this
case it is possible to calculate the 0' states in
the f P gspa-ce-. The results, shown in Fig. 7,
indicate that such g„, excitations cannot account
for the discrepancies from observed spectra; for
even though the inclusion of ggf2 excitations in-
creases the separation of the lowest two 0' states,
the second 0' state is still significantly lower
than the second observed 0' state. This feature—
that the excited states are calculated to be too
low relative to the ground state -persists in "Ca.

The first question one might ask when faced
with these results is: Why does the general quali-
ty of the agreement between theory and experi-
ment change abruptly from 'Ca to ~VCa? There
ls one fallly obvious answer. As shown by Figs.
1-5, the pure-f„, calculation f», (H,„&,) gives
quite reasonable agreement with experiment for
a number of the levels with known spin in ~3Ca to
6Ca. To a first approximation then, the low-lying

levels in these nuclei consist of pure-f»" config-
urations. The spectra of these states are affected
primarily by the matrix elements (f»228(V(f7, 2 J),
and are less sensitive to the other two-body ma-
trix elements and to the single-particle energies.
In the ~VCa vector space there is only one pure-
f„," basis state; it has J' =-,', and it is the dom-
inant component of the ground state. All higher
calculated states are therefore dominated by ex-
citations to the remaining active orbits in the cal-

'/z '/z
EXPT

FIG. 6. Calculated and observed excitation spectra for
Ca. The column labels are explained in Sec. III. The

experimental information is taken from Hefs. 31 and 32.
In the experimental spectrum, all known possibly odd-
parity states below 5.0 MeV are shown. The levels
drawn with long lines are calculated or observed to be
populated strongly in the 6Ca(d, P) Ca reaction.

culation. Therefore the positions of these higher
calculated states are sensitive to matrix elements
other than the f»,' matrix elements, and sensitive
to the s.p.e. of the higher orbits. Thus by assum-
ing that the Kuo-Brown f„,' matrix elements are
"almost correct, "while the remaining matrix ele-
ments are less accurate, we can "explain" the suc-
cess of the calculation in reproducing low-lying
spectra of the isotopes Ca through 'Ca, and the
contrasting failure to accurately reproduce the low-
lying spectra of 'Ca-' Ca.

As we shall demonstrate in the next section, we
have found that an improvement in the calculated
spectra, at least for~'Ca and "Ca, can be achieved
by either of two relatively simple procedures.
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Q(2J'+ l)

One procedure is to use a larger f„,-P,» single-
particle splitting for the heavier isotopes than is
used for the lighter isotopes. This choice was
made by Sartoris and Zamick" in a calculation of
4'Ca. They found that a splitting of roughly 3 MeV
in 7Ca gives significant improvement in the agree-
ment between calculation and experiment for these
heavier calcium isotopes. But a similar improve-
ment can be achieved while keeping the effective
Hamiltonian constant for all the isotopes, by al-
tering the Kuo-Brown two-body matrix elements
(f»,p„,Zl V l f», p„,7). The interaction energy of
a P», particle with the state l f»," Z=o) is given
by

~~co

FIG. 8. Calculated and observed excitation spectra for
~Ca. The column labels are explained in Sec. III. The

experimental information is taken from Ref. 34. In the
experimental spectrum, all known possibly odd-parity
states below 5.0 MeV are shown. The levels drawn with
long linea are calculated or observed to be populated
strongly with E= 1 or /= 3 transitions in the Ca(d, P) ~Ca
reaction.

The energy C», „,is called the "center of gravi-
ty" of the f», -p», interaction. From (l), togeth-
er with the fact that for " 4'Ca the ground states
are predominantly f»,", we see that the position
of the P», single-particle strength in a given odd
nucleus becomes more sensitive to this center of
gravity C7,2 3/, as the number of fv/, particles in-
creases. We have found that in ~'Ca, a 250-keV
shift in this center of gravity shifts the single-
particle strength by 1.5 MeV with respect to the
ground state. As we shall show in Sec. IV, an
upward shift of the f„,-p„, interaction matrix ele-
ments (i.e., a weakening of the f», p», attraction)-
1eads to significant improvement in the agreement
of theory and experiment for the spectra of the
heavier isotopes, "Ca-~Ca. However, because n
is sma11 for the 1ighter calcium isotopes, and be-
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FIG. 9. Calculated and observed excitation spectra for
Ca. The column labels are explained in Sec. III. The

experimental information is taken from Ref. 23. In the
experimental spectrum, all known possibly even-parity
states below 5.0 MeV are shown.

cause most of the low-lying states in "Ca to 'Ca
are dominated by f„,configurations, we find that
a shift of 250 keV in C„,», has little effect on
the calculated structure of the low-lying states
in "Ca-4'Ca.

It is possible also to make plausible arguments
justifying the use of different single-particle en-
ergies for the light and heavy Ca isotopes. The
single-particle energies are commonly viewed as
representing the interaction of the active particles
with the inert Ca core which we assume. We
know that the calcium isotopes do not really have
an inert 'Ca core; i.e., there is significant ex-
citation of particles out of the core and into the
f-P shell. There are seven more particles in "Ca
than in "Ca. Because of these extra seven par-
ticles, the distribution of the original "core" par-
ticles is altered from what it is in "Ca; and so
it seems reasonable that the effective interaction
of an active particle with the 40 core particles

should be different in 'Ca and Ca. An A-de-
pendent single-particle energy is, of course, a
special kind of many-body operator. Indeed, if
in the calculation of the effective interaction all
possible renormalization diagrams up to second
order were included exactly, then such A-depen-
dent effects would be taken into account properly,
to second order (T.hus the second-order "block-
ing" effects would be taken into account. ) But Kuo
and Brown neglected some second-order renor-
malization terms; e.g., they neglected the three-
body contribution. Furthermore, they ignored re-
normalization corrections higher than second
order. Hence it seems plausible that some of the
shortcomings in the calculation of the Kuo-Brown
interaction could be approximately compensated
for by A-dependent changes in the single-particle
energies.

On the other hand, it is not unreasonable to sus-
pect that an improved calculation of the f», -P„,
two-body matrix elements might differ from the
Kuo-Brown matrix elements by 200 or 300 kV.
We do not find any distinctive feature of the shell-
model results which definitively favors either one
of the two means of improvement we have men-
tioned.

In summary, the energy-level spectra calcula-
ted from the Kuo-Brown effective Hamiltonian
are in reasonable agreement with experiment for
the f„, levels in "Ca to "Ca, and for the low-ly-
ing 2 states in 'Ca and 'Ca. The agreement is
not good for 'Ca to "Ca. However, much better
agreement can be achieved with relatively sim-
ple changes of the effective Hamiltonian-as we
shall show in the next section, by presenting re-
sults from a specific modification of the Kuo-
Brown Hamiltonian.

IV. RESULTS OF CALCULATIONS WITH A MODIFIED
VERSION OF THE KUO-BROWN INTERACTION

In this section we discuss in detail the results
of calculations with a modified version of the Kuo-
Brown Hamiltonian. This modified version which
we shall call KB', was obtained by changing some
of the two-body matrix elements to which the cal-
culated energy spectra are most sensitive. The
changes were suggested by the results presented
in the last section. When we use the modified Ham-
iltonian KB' in the four-shell f-P vector space, we
get shell-model results which are in good agree-
ment with the experimentally observed excitation
energies and strength distributions of the f7„
states, and with the experimentally observed cen-
troids of the strong P,» single-particle strengths.
The results from this calculation also suggest that
at excitation energies 2.5 MeV, core excitation



SHELL-MODEL STRUCTURE OF Ca 197

is important at least in all the isotopes of calcium
with A =42 to 48. The evidence for this importance
is: (I) That above 2.5-MeV excitation in the odd cal-
cium isotopes, the calculated density of states is
significantly less than the observed density; and
(2) that in 42Ca, Ca, and 48Ca the second 0+ and
second 2' states apparently cannot be accounted
for in the vector spaces we have used.

The rest of this section will be organized as
follows. First, we describe the way in which we
obtained the modified Hamiltonian KB . Second,
we explain our reasons for choosing this way of
modifying the Kuo-Brown interaction, and we
mention some alternative ways. Third, we dis-
cuss in detail the energy spectra and single-nu-
cleon spectroscopic factors calculated for ' "Ca
from KB'. Finally, we briefly compare the KB'
interaction, and its shell-model results, with
some interactions and results of (a) previous
studies by other workers, and (b) a further ex-
ploratory study of our own.

The shell-model vector space used in the cal-
culations described in this section is identical to
the space we have been calling f P: Its ac-tive nu-
cleons are restricted to the four single-particle
orbits of the f Pshell, a-nd its configurations
comprise those with a total of no more than two
particles in the P„, and f», orbits. To specify
the model Hamiltonian KB', we use all the matrix
elements of the Kuo-Brown effective interaction,
with these eight exceptions: the four matrix ele-
ments (f7,22 J[V I f»2' J) with J =0, 2, 4, and 6; and
the four matrix elements (f„,p„,J~V~ f», p„,J)
with J'=2, 3, 4, and 5. The four pure-f», matrix
elements were treated as adjustable parameters
in a least-squares search to find the best fit to a
selected set of experimentally observed levels. "
At first we searched with all eight of the afore-
mentioned parameters as adjustable parameters.
But convergence was poor. Apparently, the four

f», -P„, matrix elements could not all be accurate-
ly determined by the set of observed levels in-
cluded in the search. (This set is described be-
low. ) The general trend of this eight-parameter
search was to raise the center of gravity C7/2 3/2

by about 0.3 MeV. We finally decided to fix
three of the four f,i;p,i, matrix elements at val-
ues obtained at an intermediate (i.e., uncon-
verged) stage of this eight-parameter search. We
fixed the values of the three matrix elements

(f„,P», J~V
~ f„,P„,J) with J=2, 3, and 4; but

we allowed the J=5 matrix element to remain a
free parameter. We then searched up to conver-
gence with five free parameters: the J=5 matrix
element, and the four pure-f7„matrix elements.
The set of 25 observed levels fitted included all
the known "f„,levels", the second 2 levels in

"Ca and "Ca, the first 2 level in "Ca, and the
ground-state energies of "Ca and ' Ca with re-
spect to "Ca. The search was made for ground-
state binding energies (relative to 4'Ca) and ex-
citation energies. The single-particle energies
were held fixed at the Kuo-Brown values. The
converged solution of this five-parameter search
constitutes the modified interaction which we call
KB'. In Table II we list those matrix elements
of the modified interaction which involve the f„,
and P», orbits. This list includes all the matrix
elements which are different from those in the
Kuo-Brown interaction. Table II also lists the
corresponding matrix elements calculated by
Kuo and Brown, 7 and those obtained by Engeland
and Osnes' in their least-squares search for an
effective interaction, and those obtained by Feder-
man and Talmi' in their least-squares search.

We next comment on our reasons for choosing
the general kind of modifications we have made
to the Kuo-Brown interaction. (Our comments
here are a continuation of the discussion in the
last three paragraphs of Sec. II.) In the models
we have used, most of the low-lying states in the
calcium isotopes are dominated by pure-f», con-
figurations. Thus the pure-f„, matrix elements
are the most important in determining the prop-
erties of the low-lying states, and it is reason-
able to try to adjust these first. The aim is to
make up for faults in the derivation of the Kuo-
Brown interaction, and also to make up for the
fact that we use the Kuo-Brown interaction in a
limited version of the shell-model space for which
it was designed. In particular, we hope to make
up for the neglect of active g», particles in our
explicit shell-model basis states. The adjust-
ment of these f», matrix elements was determined
by requiring a least-squares fit to observed ener-
gy levels. That seems a reasonable criterion.
The next-most-important configurations, after
the pure-f», " configurations, are the f»," 'p»,
configurations. Thus the next- most-important
two-body matrix elements to alter would be

(f7(~p q J ( V ( f~)~ p~(~ J& an« f»,'J I V If».p». J& ~

Of these, only the matrix elements (f», p», J
~

V
~ f», p», J) affect the centroid energy off„," 'p„,

states. (The matrix elements &f,z' Jl V lf, q2P»2 J&

enter into the width of the f»," 'P», centroid. ) Our
results from the f pcalculation, as -described in
the preceding section, pointed to the necessity of
raising the position of the p3» single-particle
strength in 47Ca. As discussed previously, this
needed change can be effected in at least two sim-
ple ways —by changing the two-body matrix ele-
ments (f»,P», J~ V~f», P», J&, or by changing the
single-particle energies as a function of A. We
have chosen to investigate the first- mentioned
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TABLE II. Matrix elements (j~j2J)V)j~j~J) which involve only f&&2 and/orP&~2 orbits. The units are MeV. The first
two columns of matrix elements are taken from the indicated references. Entries in the column headed KB are matrix
elements calculated by Kuo and Brown (see Ref. 7). Entries in the column headed KB' are those in the modified Kuo-
Brown interaction described in our text.

2J" i 2j2 2j3 2J 4

Engeland and Osnes'
(MeV)

Federman and Talmi
(Me V& KB'

3o12
-0.89
-0.17
+0.17

-0.94
-0.56

-2.04
0.28

-0.50
-1.69

-2.64
-0.83
-0.20
+0.28

-0.74
-0.35

-1.98
+1.98
-0.93
+0.59

-1.64
-1.20

+0.60

-1.40
0

-1.81
-0.78
-0.09
+0.23

—0.50
-0.31

-0.86
-0.03
-0.05
+0.15

-0.78
-0.27

-0.32

1.21
-0.38

—2.11
-1.11
-0.10
+0.23

-0.50
—0.31

-0.56
+0.25
+0.28
+0.49

-0.78
-0.27

-0.32

-1.21
-0.38

'See Ref. 5.
See Ref. 6.

way: changing the two-body matrix elements.
As an alternative to adjusting the Kuo-Brown

interaction "empirically" via a least-squares
search to observed levels, we could instead ad-
just it analytically via the Kuo-Brown renormali-
zation procedure. In this kind of analytic adjust-
ment (unlike the least-squares adjustment),
there would be no thought of compensating for
"errors" in the Kuo-Brown calculation, or of
compensating for our restriction to a total of two
or fewer f„,and P», neutrons. Instead, the idea
would be simply to make up for our neglect of
active g», particles in the shell-model basis
states. One procedure would be to redo the re-
normalization part of the Kuo-Brown calculation
so as to include perturbations of the two-body
f-p-shell matrix elements by g», ' excitations as
well as by other 2' corrections. In fact, we
have carried out this procedure. We compared
the resulting f-P-shell matrix elements with the
corresponding Kuo-Brown matrix elements, and
found the two sets extremely similar. Further-
more, when we calculated the spectra of the cal-
cium isotopes with the new matrix elements in
the f-P space, we found that the calculated spec-
tra were essentially identical with results ob-
tained from the Kuo-Brown interaction. As we
showed in Sec. III, when the g„, orbit is allowed
to be active in the shell-model space, it has an
important effect on the calculated spectra. But
now we see that when g», contributions are in-

eluded only implictly, via second-order renor-
malizations of the two-body matrix elements,
they have no significant effect on the calculated
spectra. Obviously, these second-order renor-
malizations are insufficient. The reason is that
they entail the use of "bare" (j,j,J) V )g», ' J)
matrix elements —and these are quite different
from renormalized (j,j, ~V~g», a J) matrix ele-
ments. What we need are the higher-order ef-
fects that would be introduced by using renor-
malized ( j,j, ~

V (g», ' J) matrix elements to per-
turb the f-P-shell matrix elements. We shall ex-
plain this more fully in the next paragraph.

In the Kuo-Brown matrix element (f»,'J=O~
V~ g„,'J = 0), the contribution from the bare ma-
trix element is 0.6 MeV, and the contribution from
the renormalization correction is 2.0 MeV. Qf the
20 matrix elements ( j,j,J~ V~ g„,'J') in the Kuo-
Brown interaction, there are nine for which the re-
normalization contribution exceeds the contribu-
tion of the bare matrix element. Thus, when g»,
orbit is treated as active in the shell-model cal-
culation, a considerable part of its effect on low-
lying structure comes about from large .core-po-
larization contributions in the effective interaction
of active g», nucleons with other active nucleons.
But when the g», orbit is not treated as active,
and when its effects are introduced as second-or-
der perturbations calculated with bare matrix ele-
ments, then the large core-polarization effects on
the g», orbit are not included at all.
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One remedy is to renormalize in a different
way-by starting with the set of matrix elements
derived by Kuo and Brown for use in shell-model
calculations employing the full five-shell space,
and then using second-order perturbation theory
within this set so as to adjust for omission of g,
particles from the shell-model basis. To be

specific: Letj, stand for any of the four f-P or-
bits; let ( ( V ~) ~ be the new renorrnalized two-
body matrix element to be used in the four-orbit
shell-model calculation, and let ( ~V) &, be the
matrix element for the five-shell space as calcu-
lated by Kuo-Brown. Then

For the case of the diagonal matrix elements, 6
is uniquely defined as E(g@,'}-E(j,j,), where
E(jj ) is the sum of single-particle energies for
orbits j and j . For the off-diagonal matrix ele-
ments, some arbitrary assumption for this de-
nominator must be made; e.g., one can use the
average of single-particle energies in the initial
and final states. But there is a more serious
problem. For those cases in which one or more
of the states j„j„j„j,is P», or f»„ the energy

, denominator becomes quite small, so that the
total correction term becomes large. This is be-
cause in the set of single-particle energies we
assume, the g„, orbit is between, and close to,
the P„, and f„,orbits. An additional problem is
that some of the perturbing matrix elements in
the numerator are quite large (as discussed
above}, and this also leads to very large renor-
malization terms. These large terms make this
second-order perturbation approach questionable.
We did use this scheme to renormalize the f-P-
shell matrix elements of the Kuo-Brown interac-
tion, and then we used the resulting renormalized
interaction in a four-shell calculation of the spec-
trum of 4'Ca. The results of this calculation
were not in good agreement with the results of
the five.-shell calculation with the Kuo-Brown in-
teraction, presumably for the reasons we have
indicated above. This perturbation method was
not pursued any further. "

We return now to our discussion of the Hamil-
tonian KB'. As Table II shows, the modified
Hamiltonian KB' was obtained by changing the
Kuo-Brown Hamiltonian KB in these ways. The
matrix elements (f»22 J~ Vp»22 J) for J'=0 and
J=2 were made more attractive by =0.3 MeV,
and all the (f„,p», J~V ~f»,p», J& matrix ele-
ments were made more repulsive by =0.3 MeV.
This latter change raises the center of gravity
of the (f„,P„,J ~V~ f»,P», J) interaction from
-0.1 MeV to +0.2 MeV.

The spectra of ~Ca to "Ca as calculated with
this modified interaction KB' in the vector space
f-P are shown in Figs. 10-18. These calculated
results are labeled f-P'. For comparison we in-
clude in these figures the spectra calculated with

I

the f-pmodel described in Secs. II and III. The
results for the f-p model are now labeled f-p
(KB), to emphasize that the Kuo-Brown interac-
tion is used in this case, while a mod~fied ver-
sion of the Kuo-Brown interaction is used to ob-
tain the results labeled f-P'. The general rule fol-
lowed in Figs. 10-18 is to show all theoretical
levels up to =5 MeV, and a11 observed levels up
to the point where the level density becomes re1-
atively high, after which only states having parity
(-}'t" 4'~with reasonable certainty are shown. (De-
tails are given in the captions and in later dis-
cussion. ) In all the figures except for "Ca, the

position of the lowest-lying observed state with

parity (-) " 40~+' is indicated by a dashed line,
and the spin and parity of that state are given on

the left side of the spectrum. These states must
be predominately core-excited, and therefore they
cannot be described by the model used here. In
Tables III-XI we present calculated and observed

4~2

2
( 2,4)

CD

0
}-
I—
O
X
Llj

2

(2I
6

f-p (KB) EXPT

C

f pl

FIG. 10. Calculated and observed excitation spectra
in 42Ca. The column labels are explained in Sec. IV. The
experimental spectrum is explained in the caption to
Fig. l.
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1,11,13
9—5
ff

5
7

5
15
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i'-p (KB) EXPT

4'co
f-p

0
f-p (KB) EXPT

45co

7
pl

FIG. ll. Calculated and observed excitation spectra in
3Ca. The column labels are explained in Sec. IV. The

experimental spectrum is explained in the caption to
Fig. 2.

FIG. 13. Calculated and observed excitation spectra in
Ca. The column labels are explained in Sec. IV. The

experimental spectrum is explained in the caption to
Fig. 4.

energies, and strengths for single-neutron trans-
fer reaction. For most of the experimentally de-
termined strengths, the orbital angular momen-
tum transfer 6/ is known, but not the total angu-
lar momentum transfer 6j. To facilitate com-

parison with experiment, we list the shell-model
strengths in terms of hl rather than hj; i.e., for
hi=1 we 1ist the sum S(p) =S(p„,)+S(p„,), and
for bi=3 we list the sum S(f) =S(f»,)+S(f»,).

Re proceed now to a nucleus-by-nucleus dis-

CO
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C3

3

0
0 2,5

3
4

2
6

2
2

(5,6)
(0)

3 ---- ---(6)(2)

4

0
0
2

3
2

(4)

6,7
5
0
6
3 2
3,5
4

2,4
0,52' 3
3
3 2
0
6 42
4 0

0
5
0,2

3
34

0
EXPT
44c

pt
0—

f-p(KB) EXPT
46Ca

FIG. 12. Calculated and observed excitation spectra
in 44Ca. The column labels are explained in Sec. IU. The
experimental spectrum is explained in the caption to
Fig. 3.

FIG. 14. Calculated and observed excitation spectra in
6Ca. The column labels are explained in Sec. IV. The

experimental spectrum is explained in the caption to
Fig. 5.
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IJJ 3,5
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5

(5,7)
(5,7)

(5,7)

f-p (KB) EXPT
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FIG. 15. Calculated and observed excitation spectra in
47Ca. The column labels are explained in Sec. IV. The
experimental spectrum is explained in the caption to
Fig. 6.

cussion of the f-p' results.

4~ Ca

The calculated and observed positions of levels
in ~Ca are shown in Fig. 10. The experimental
spectrum" shows all observed levels below 5 MeV

(),2,4)
(2)

f-p(KB) EXPT
49C

f pi

FIG. 17. Calculated and observed excitation spectra in
Ca. The column labels are explained in Sec. IV. The

experimental spectrum is explained in the caption to
Fig. 8.

which are not known definitely to be negative-par-
ity levels. There is little difference between the
f-p (KB)and f-p'spectra. The major discrepancies
with experiment are that the 0' state observed at
1.84MeV, and the 2' state observed at 2.42MeV,
are not accounted for by either f-p(KB) or f-p':spec-
tra. This same result has been obtained in all the

(0)

4)
X 4

Z
O
I—

I-
O
X
IJJ

2,4

4
0

-- 2

X
Z0
I-

OX
IJJ

(2,3 )

(0)

(2)

0
f-p (KB)

0
EXPT

4BCa

0f-p f-p(KB) EXPT

50Ca
f pl

FIG. 16. Calculated and observed excitation spectra in
Ca. The column labels are explained in Sec. IV. The

experimental spectrum is explained in the caption to
Fig. 7.

FIG. 18. Calculated and observed excitation spectra in
' Ca. The column labels are explained in Sec. IV. The
experimental spectrum is explained in the caption to
Fig. 9.
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TABLE III. Calculated and observed levels in Ca, and spectroscopic factors for Ca(d, t) Ca. The table includes
all theoretical levels shown in Fig. 10, plus all observed levels with known spins.

(Mev)

Expt'

(Mev} J ~E S g, t)

0 0
155 2 f
2.36 4 f
273 6 f
3.81 2 f+p
4 50 4 f+p
467 3 p
4.85 5 f+p
5.35 0

0.75
0.37
0.68
0.99

0.02+ 0.01
0.01+0.02

0.01
0.01+0.01

&0.01

0 0 f
154 2 f
264 4 f
302 6 f
4 34 2 f+p
5.06 4 f+p
623 3 p
548 5 f
5.62 0

0.76
0.38
0.69
1.01

0.01+0.01
0.01+0.02

0.02
0.02

&0.01

0 0 f
152 2 f
1.84 0- f
2.42 2 f
276 4 f
3.19 6 f
3.39 2
3.65 2
4.45 (2, 4)
4.75 2
486 2
6.01 4
5.86 0

0.50
0.16
0.05
0.11
0.47
1.00

Energies and spin assignments from Ref. 21, spectroscopic factors from Ref. 22.

f-P-shell calculations which were discussed in
the introduction to this paper. (Federman and
Talmi' successfully fit these 'Ca levels with cm"e-
exeiied configurations. ) The observed density of
2Ca states above 3 MeV is much greater than the

calculated density. Again, the extra observed
states are presumably manifestations of the im-

portance, above 3 MeV, of core-excited configur-
ations not included in our model vector space, In
both the f-P (KB) and f-P' spectra. , there is a
theoretical 0' state rvhich roughly matches the
energy of the observed 0' state at 5.85 MeV.

Yntema2' has studied the reaction ~'Ca(d, t) Ca,
and has determined strengths for transfers to

TABLE IV. Calculated and observed energy levels and strengths for states in Ca. Here {2J+1)S~ is the strength
for Ca(d, p) Ca (see Ref. 24), and S~ is the strength for 44Ca(d, t) 3Ca (see Ref. 22). An asterisk indicates a spin as-
signment based on the j dependence of the observed angular distribution. A dotted entry indicates S - 0.01.

f-p (KB) f-p' Expt'

(Mev) 2J &E (2J+ 1)S~ S
& (MeV) 2J &l (2J+ 1)S) S ) (Mev) ~E 2J (2J+1)S

&
S

&

0
0.46
0.88
1.52
1.69
1.79
2.48
3.02
3.06
3.08
3.10
3+11
3.36
3.61
4.10
4.16
4.19
4.20
4.30
4.64
4.80
4.82
4.91

7 f
5 f
3 p
3 p

16

1 p
3 p
6 f
7 f
7 f
5 f

11

1 p

17
5 f
3 p

0.54
0.12

1.34

0.06
'0.08

3.60
0.02
0.01
0.15

0.04
0.01

0.03

0.02

0 7 f
0.30 5 f
1.07 3 p
1.69 11
2.00 9
216 3 p
2.82 15
3.41 1 p
3.58 3 p
3.69 6 f
383 7 f
3.92 9
422 7 f
430 5 f
446 1 p
6.00 11
5.01 6 f
6,06 13
508 3 p
5.09 11

1.00
0.08

0.08

3.70
0.02

0.02

0.02

0 f
0.37 f
0.59 p
2.04 p
2.10 p
2.61 p
2.62 {f)
2.87 p
2.94 p
3.29 p
331 p
3.57 p
3.81 (f)
3.86 p
4.20 p
4.24 p

p
4.90 p
5.03 p

3 0.21
3 3.00

0.06
1* 0.29

0.14
1* 0.20
3+ 0.24
3* 0.21

0.05
3* 0.24

0.16
1* 0.06

(1)+ 0.88
0.12
0.36
0.22
0.21

4.0
~0.15

0.18
0.20

~Energies and spina from Ref. 24; (2J+1)S values from Ref. 24, and S values from Ref. 22.
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TABLE V. Calculated and observed levels in Ca, and strengths (2Jf+1)S/(2J;+1) for Cap, p)' Ca. A dotted entry
indicates strength -0.01.

f-P (KB)
E (2J~+ 1)

(MeV) J &l {2J;+ 1)
S

pl
E {2J~+1)

(MeV) J &1 (2J; + 1)
S

(Me V)

Expt'
(2J~+ 1)
{2J;+1)

0 0
1.43 2
2.24 4
2.54 4
2.79 6
2.94 2
3.21 2
3.35 5
3.85 4
3.90 3
4.20 0
4.24 5
4.25 2
4.27 0
4.49 4
4.58 3
4.92 3
5.01 6

0.45
0.71
0.63
0.78
2.18
0.02
0.44

0.88
0.71

1.26
0.06

0
1.46
2.36
2.68
3.03
3.29
3.65
4.28
4.97
5.00
5.27
5 44
5.47
5.60

f
f
f
f
f

0
2
4
4
6
2
5
2 p

p
3 p
2
5 p
0
0

0.46
0.79
0.22
1.25
2.18
0.01

0.46
0.85
0.71
0.03
1.26
0.01

0
1.16
1.90
2.29
2.66
3.04
3.30
3.35
3.59
3.66
3.93
4.10
4.21
4.49
4.66
4.91
4.99
5.02

0
2
0

2
4

(6)
(2)
(0)

(5, 6)

f
f
f
f
f
f
f

{f)

{p)

p
p

0.36
0.36
0.07
0.22
0.45
1.46
2.45

0.04
0.09
0.02
0.04
0.28
0.12
0.05
0.25

'From Ref, 26.

TABLE VI. Calculated and observed energies in Ca; strengths (2J+1)S~ for 4Ca(d, p) 5Ca; and strengths S ~ for
Ca(p, d) 5Ca. An asterisk indicates a j assignment based on the j dependence of angular distribution in (d, p) reaction.

A dotted entry indicates (2J+1)S & 0.01.

f-p (KB)

(MeV) 2J &l (2J+1)S~ S ~

f-p'

(MeV) 2J &l (2J+1)S~ S ~ (Me V) 2J

Expt

(2J+1)s t s
&

0
0.41
0.86
1.21
1.47
1.61
1.79
1.93
2.22
2.25
2.56
2.58
2.65
2.80
2.98
3.14
3.87

7 f
5 f
3 p
3 p

11

1 p
5 f
3 p
7 f
9
7 f

15
5 f
7 f
1 p
1 p

4.04

3.32
0.12

0.14

0.24
0.16

0.48
1.10

5.22
0.02
0.26
0.04

0.02
0.09

0.05

0.01
0.03

0
0.30
1.37
1.59
1.87
2.08
2.85
2.65
3.18
3.37
3.58
3.88
3.97
4.00
4.08

7 f
5 f
3 p

11

3 p
1 p

15
5 f
3 p
7 f
9
1 p
7 f
5 f

4.00

3.38
0.68

0.24
0.08

1.00

5.57
0.02
0.01

0.07
0.01

0.01
0.04

0.02
0.01

0
0.18
1.43
1.56
1.58
1.90
1.97
2.25
2.36
2.60
2.68
2.77
2.85
2.95
2.97
3.25
3.44
3.79
3.85
3.99
4.46
4.62
5.00

7
5
3

3

3+

]

3Q

p

p

p
(p)

p
p
p
p

3.36

0.47

2 ~ 56

0.36

0.46

0.12
0.79
0.16
0.26
0.65
0.09
0.45
0.50

6.0

Energies, spins, and @,p) strengths (2J+1)S from Ref. 30; (p, d) strengths S from Ref. 22.
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TABLE VG. Calculated and observed levels in 8Ca.

f-p (KB)

(MeV)

pl

(MeV) J

Expt~

(Me V) J
0
1.39
2.45
2.51
2.83
2.92
3.03
3.55
3.60
3.89
3.86
4.05
4.68
4.90
5.03

0
2
4
2
6
0
4
2
0
2

6
0
6

0
1.44
2.63
3.06
4.12
4.74
5.13
5.12
5.49

0
1.35
2.43
2.57
2.98
3.02
3.64
3.78
3.86
4.28
4.43
4.74
4.98
4.32
5.60
5.63

(4)
(2)
0
0
0

From Ref. 23.

some of the low-lying states in "Ca. The shell-
model and empirical S factors for this reaction
are shown in Table III. The calculated strength
for the ground-state transition, 0.75, is not in
good agreement with the experimental value, 0.50.
However, this S factor should be the same as the
S factor determined from the ground-state to
ground-state transition in ~'Ca(d, P)4'Ca; and the
S factor empirically determined from the (d, p)
data is 0.75, in good agreement with the calculat-
ed values shown in Table III. In the "Ca(d, t)4'Ca

experiment there is significant strength to both
low-lying 2' states. Suppose we sum these two
observed strengths to the 2 ' states, and consid-
er this sum as the empirically determined result
to be compared with shell-model results. Then
we find that the relative values of shell-model
strengths for the lowest 0 ', 2 ', and 4 ' states are
in excellent agreement with the corresponding
relative values from experiment. Thus, the first
J= 0 ', 2 ', 4 ', and 6 ' states of the model can be
correlated with experimental levels. For excita-
tions above these levels, the model space is too
restricted to account for the observed level den-
sity.

4' ea

The calculated and observed' spectra of 'Ca
are shown in Fig. 11. The experimental spectrum
in Fig. 11 includes all known levels below 2.0 MeV
which are not assigned definite positive parity.
Between 2.0 and 5.0 MeV, there are 66 observed
levels which are possible negative-parity states.
But above 2 MeV in the. experimental spectrum of
Fig. 11, we show only those levels which are defi-
nitely observed to be populated with l = 1 or l = 3
transitions in the reaction "Ca(d, P)"Ca. Thus be-
tween 2 and 5 MeV the number of observed levels
is about four times the number shown in column
EXPT of Fig. 11. There is again little difference
between the two calculated spectra, except for the
slight expansion of the f-P' spacings over the f/-
(KB) spacings. Information about S factors is giv-
en both in Table IV and in Fig. 10. In Table IV the

TABLE VIII. Calculated and observed energy levels of Ca, and calculated and observed strengths for (d,p) and
(p, d) reactions to levels in Ca. A dotted entry indicates (2J+1)S&

& 0.01 or S ~
& 0.01. An entry n.c. means the value

was not calculated.

f-p (KB)
E

(MeV) 2J &l (2J+1)S~ S J

f-p'

(MeV) 2J ~l (2J+1)S ~ S
&

Empt
E

(MeV) 2J ~r (2J+1)S
&

0 7 f
015 3 p
100 1 p
120 3 p
138 7 f
158 5 f
188 5 f
192 7 f
2.18 5 f
233 7 f
2.76 1 p
279 3 p
288 5 f
3.25 3 p
338 1 p
406 1 p

2.16
3.08
0.10
0.44
0.16

0.01
0.08

0.90

0.01

0.64

6.38
0.51

0.15
0.14
n.c.
n.c ~

0.30
n.c ~

0.07
0.04

n.c.

0.02

0 7 f
194 3 p
245 1 p
3.24 3 p
3.36 5 f
3.37 7 f
364 1 p
377 5 f
404 3 p
434 7 f
4.50 5
482 5 f
485 7 f
485 7 f

2.08
3.20
0.94
0.48
0.08

0.80
0.01
0.12

0.26
0.14
0.08
0.08

7.50
0.03
0.01
0.03
n.c ~

0.02
0.02
n.c.
0.01
0.05
n.c.
n.c.

7 f
3 p

p
(1) p

0
2.01
2.86
2.88
3.30
3.43 p
3.57
4.01 (3) p
4.05 (1) p
4.40 p
4.59 p
4.78 p
4.80 p

2.20
3.30
0.08
0.49

0.52
0.99
0.05

0.79
0.26

6.5
0.03-0.05

0.05

0.04-0.08
0.02-0.08

0.50-0.10
0.04-0.08

0.09

'The (d,p) strengths are from Ref. 31; the (p, d) strengths from Ref. 32.
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f~p

(MeV) (Me V) J (MeV)

0
1.57
1.87
2.35
2.52
3.02
3.24
3.48
3.91
3.93
4.35
5.09

0
4.49
4.61
4.68
4.99
5.64
6.69
6.83
6.92
6.97

0
3.83
4.28
4.60
5.30
5.46
6.11
6.35
6.65
6.80

0
(2)

(1-,2, 4)
4
2

TABLE IX. Calculated and observed energy levels
of Ca.

two states.
There is a proposed ~ state observed at 4.2

MeV with a strength (2 J+ 1)S = 0.88. This is close
to the calculated 2 state at 4.46 MeV, which has
the same strength. However, if the assumed —,

'
states in the experimental spectrum are correct,
then the observed & states below 4.0 MeV do not
have enough strength to match the strength to the
theoretical state at 3.41 MeV.

The total observed l =1 strength for p„, and p»,
transitions to states below 5.03 MeV is 5.98, com-
pared to the theoretical maximum of 6, from the
shell-model sum rule. The calculated total
strength below 5.08 MeV is 5.76. If we again
assume the spin assignments inferred from j de-
pendence, then the center of gravity of the P,. „
strength, defined as

~Prom Hefs. 21 and 23. Q(2 J+ I) SE, /Q( 2J+ 1)S, ,

calculated and observed energies of "Ca are tabu-
lated, together with calculated and experimentally
determined strengths for the Ca(d, P) 'Ca reac-
tion and the Ca(d, f) Ca reaction. ' In Fig. 11,
levels for which (27&+I)S~0.20 are indicated by
long lines. The calculated strengths for the ground-
state transitions are consistent with experiment.
Thd position of the first calculated ~ state is
somewhat too high. Table IV shows that the (d, P)
strength to this state is too small compared with
experiment. The experimental data indicate more
mixing of (d, P) strength between the first two 2

states than is given by calculations. The calcula-
tions put most of the P„, strength in the state near
2.0 MeV.

Above 2.0 MeV in 4'Ca, there are nine observed
states with (2 J+ 1)S ~ 0.20. In each of the calcu-
lated spectra, there are only two states calculated
to have (2 J+ 1)S ~ 0.20, and both these states
have J' = 2 . There is no clear-cut correlation
between the various theoretical and experimental
states above 2.0 MeV. There is evidence of a
j dependence in the angular distribution of the
emitted protons in the (d, P) reaction here. The
j-dependent effects are not well understood theo-
retically, and spin assignments made solely on
the basis of j dependence must still be considered
uncertain. In Table IV, the spins implied by j
dependence alone are indicated by asterisks. If
these assignments are correct, a significant part
of the P», strength (~20%) is observed between
2.9 and 3.6 MeV; but in the shell models almost
all the P», strength is in the single state at =2.0
MeV. In the observed spectrum, the P„, strength
appears to be spread over a number of states;
but in each of the calculated spectra, almost the
entire P„, strength (=1.9 out of the total 2.0) is in

is 2.2 MeV from experimental states, compared
to 2.3 MeV calculated from the f-P' model. For
the P», strength, the center of gravity is 4.0
from experiment versus 8.9 from the f-P' model.
The observed and calculated l =3 strengths around
5.0 MeV are too small to allow us to draw any
meaningful conclusions.

It would obviously be very useful to have more
definite spin assignments for the 2 and 2 states
in the odd calcium isotopes. Such assignments
may become available as the stripping experi-
ments are repeated with polarized deuterons. '
Since there are so many uncertainties in the analy-
sis of experimental data on P», strengths, it does
not seem worthwhile now to attempt to alter the
shell model (i.e., by shifting the p„, s.p.e. or
changing the f», -P„, matrix elements) to obtain
better agreement with these empirical strengths.
As was pointed out above, the calculations we
have made are expected to be more accurate for
the states dominated by f», -P», configurations
than for states in which there is significant oc-
cupation of P„,or f„,orbits. In particular, the
calculated positions of the p, , or f,&, strengths
relative to the f», -P,I, states, a,re not expected to
be too accurate.

The calculated and observed spectra of "Ca are
shown in Fig. 12. In the experimental spectrum,
all known positive-parity levels up to 3.0 MeV
are shown. Above 3 MeV, all levels are shown
which either have tentative spin assignments
based on the "Ca(t,p)"Ca reaction, "or which
are known to be populated with l = 1 or l = 3
strength in the 'Ca(d, P) ~Ca reaction. 26 Levels
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populated with strengths [(2Jz+ I)/(2 J; +1)]S~0.2
are drawn with longer lines. There are 28 levels
known in 44Ca, below 5 MeV which are not definitely
negative-paxity states. I these, 16 are seen in
the (f,p) experiment.

A comparison of the two calculated spectra
shows that the f P-(KB) and f P' -results for the
low-lying f„,states are similar. For states
above 3.0 MeV, the f p' -spectrum is expanded and
generally higher than the f P(K-B) spectrum. For
states shown in the observed spectrum up to 3.5
MeV, the agreement between theoxy and experi-
D1ent is quite good, with two notable exceptions.
Neither of the calculated spectra shows a rea-
sonable analog to the observed 0' state at 1.90
MeV; and also, there seems to be an extra 2'
state in the experimential spectrum. We have
made a number of other calcium calculations27
(which we shall not discuss in detail here); in
these we used a variety of different phenomeno-
logical intexactions, all adjusted to fit selected
sets of observed levels. The interactions included
a modified surface delta interaction, "a, potential
paraDletrlzed 1Q terD18 of radial 1ntegral- pRX'Rme-

tel s, RQd iQterRctlons for which we used soD16
of the Kuo-Brown interaction matrix elements,
while treating other matxix elements as adjust-
able parameters. In none of these calculations
did a second 0' state in O'Ca a.ppear close to the
observed 1.90-MeV state. It appears to us that,
in order to account for the position of this sec-
ond 0' state, it is necessary to include in the
basis-vector space some core-excited configura-
tions,

Table V lists calculated Rnd observed energies
for 'Ca, and calculated and observed strengths
for the reaction "Ca(d, P)"Ca. There is a signifi-
cant difference between the f-P (KB) and f-P'
strengths. The difference is in the distribution of
I =3 stleDgth between the f1rst two 4 sta, tes in
~~Ca. The calculated energies of these states are
not very different in the two models. However, in
the f-P (KB) calculation, the strength is almost
equally distributed between the two 4' states,
while in the f-p' calculation, the second state
has six times the strength of "the first state. The
strengths calculated with the f-P' model are in
excellent agreement with the strengths extracted
from experiment. ln both models there is a
strong transition to the first 2+ state, and no ap-
preciable strength to the second 2' state. The
calculated strength to the first 2' state (0.71 in
the f-P (KB) model and 0.79 in the f-P' model) is
very close to the sum of experimentally deter-
mined strengths to the first kvo observed 2'
states. A plausible interpretation here is that the
experimental spectrum includes an extra 2' state

(having a structure similar to the 0 state ob-
served at 1.90 MeV), and that this extra 2' state
mixes with the f-P-shell state. In going from the
f-P (KB}model to the f-P ' model, the first two
excited 0' states move up together by more than
an MeV, and in the f-P' model they occur at about
the same energy as the observed 0' state at 5.86
MeV. In all the calculations we have made, these
two 0' states remain fairly close togethex; they
never appear at a large enough separation so that
they would account for the pair of observed states
at 3.59 MeV and at 5.86 MeV. In the f-P' calcula-
tion there a.re four Ca states with a total l = 1
strength of 3.28. Three of these I =1 states lie be-
low 5.0 MeV. As we see from Table V, below
5.02 MeV the total observed E =1 strength is 0.80.
Between 5.1 and 6.2 MeV, the (d, P) experiment
shows definite I =1 transitions to 11 states, with
a total strength of 3.28. Thus in 4'Ca the f-P' cal-
culation seems to put the E =1 strength too low by
about 1 MeV.

In general, both models account for most of the
Ca levels up to 3.5 MeV. We reiterate that

there are a number of possible even-parity levels
observed above 3.5 MeV which are not shown
either ln Flgo 11 or ln TRble Vy so that herey Rs
in all the isotopes we have treated, the density of
obsex ved states is much greater than the calcu-
lated density at energies above the position of the
higher f», states.

The calculated and observed spectra for "Ca
are shown in Fig. 13 and tabulated in Table VI.
Table VI also shows the calculated and observed
strengths for the reaction '4Ca(d, P)4'Ca, "and the
reaction Ca(d~ f) Ca.

The experimental spectrum in Fig. 13 shows
all possibly negative-parity states below 3.0 MeV,
and all states between 3.0 and 5.0 MeV which are
populated with / =1 or l =3 transitions. Thex'e are
20 possibly negative-parity states omitted in the
experimental spectrum between 3.0 and 5.0 MeV.
The difference between the f -P (KB}and f-P' re-
sults is more striking here than for the lighter
isotopes, and here the f p' results a-re signifi-
cantly better than the f P(KB) r-esults. For lev-
els in the first 2.0 MeV, the agreement between.
the f-p' spectrum and the obserVed spectrum is
good. There is an observed transition to the
first 2 state, at 1.43 MeV; the strength (27~+1)S
is 0.47. In the f P(KB) mode-l, most of the total
strength is to the first 2 state, at 0.86 MeV. In
the f-P' model, most of the P„, strength is to the
second 2 state; this result is in significantly
better agreement with experiment. In Table VI



SHELL- MODEL STRUCTURE OF ' Ca 207

we have again used an asterisk to indicate tenta-
tive spin assignments based on the j dependence
of the angular distribution in the (d, P) experiment.
As in "Ca, there is no clear-cut correlation be-
tween calculation and experiment for & states
and higher 2 states. However, for the states
shown in Table VI, the f-P' model yields a cen-
troid for the P„, strength at 2.2 MeV, in good
agreement with the observed centroid at 2.1 MeV.
The P„, centroid of strength calculated from the
f-P' model is at 3.5 MeV, while the experimentally
observed centroid is at 3.9 MeV. Here again,
firm spin assignments for the observed states
between 2.0 and 5.0 MeV would be very helpful.
We note that, as for the lighter isotopes, our
shell models give only about half the observed
density of states between 2 and 5 MeV.

46 g+

The calculated and observed spectra of "Ca are
shown in Fig. 14, and tabulated in Table VII. The
observed levels were determined from experi-
ments involving the ~ Ca(t, P) 6Ca reaction. 2' Fig-
ure 14 shows all of the levels observed below 5.0
MeV, and also the three 0' states observed bet-
ween 5.0 and 6.0 MeV. Recall that in the case of
~4Ca, where data on both the 4'Ca(d, P)~'Ca and
4'Ca(t, P)44Ca reactions were available, there were
roughly twice as many levels observed below 5
MeV with the (d, p) reaction as with the (t,p) re-
action. This suggests that in 4'Ca, where only

(t, P) results are available, the density of levels
below 5 MeV may be at least twice as high as
shown in Fig. 13. There is a striking difference
in "Ca between the f-P (KB) calculation and the
f-P' calculation. In particular, between 3 and 5

MeV the f-P (KB) model gives a much higher den-
sity of levels than is given by the f-P ' model. The

f„,states are well accounted for by both models.
The f-P (KB) model gives an excited 0" state not
too far above the observed 0' state at 2.42 MeV.
However, the calculated position of this second
0' state is very sensitive to the relative position
of the P», center of gravity C»»„, this is evi-
denced by the behavior of the excited 0' states
when the f», -P„, interaction is altered to give the

f P' model. In the f P' mo-del, the -two excited 0'
states are close in energy to the set of three 0+

states observed between 5.0 and 6.0 MeV.

4~Ca

The observed and calculated spectra of 4'Ca are
shown in Fig. 15. The energy levels ate tabulated
in Table VIII, together with the observed and cal-
culated strengths for the reaction 4'Ca(d, P)~~Ca, "

and the reaction "Ca(p, d)'7Ca. ." Figure 14 and
Table VIII show a significant difference between
the f-p(KB) and f-p' results for "Ca.There is little
resemblance between the spectrum calculated with
the f p(KB-) model and the observed spectrum; but
there is a significant improvement in the f-p cal-
culation, which yields a P,l, strength raised by al-
most 2 MeV compared to that of the f P(KB-) cal-
culation. The observed strengths to the lowest
two excited states imply that these states are rel-
atively pure single-particle states, and this pat-
tern is reproduced by the f-P' calculation. Again,
there is little experimental information on the
spins of the remaining states in 'Ca. If the ten-
tative 2 assignments to the observed states at
2.88 and 4.05 MeV are correct, then the total ob-
served strength to these two states, 1.48, com-
pares reasonably well with the summed strength
1.70 that the f-P' model yields for its —,

' states at
2.45 and 3.64 MeV. However, the centroid of this
calculated strength is 0.7 MeV below the centroid
of the observed strength.

There is a 4'Ca state at 4.78 MeV which is ob-
served to be populated by an L = 3 transition in the
(d, P) reaction, with a strength (2 J'+ 1)S =0.78.
In the f-P' model, there is a -', state at 4.50 and
another one at 4.82 MeV. The total calculated l =3
(d, P) strength to these two states is 0.40. If one
correlates these two calculated states with the ob-
served state, then the energies of the states are
in good agreement, but the calculated strength is
too small by a factor of 2. We shall discuss the
sensitivity of the 2 and —,

' states to the interac-
tion at the end of this section.

48C

The calculated and observed energy levels of
~'Ca are shown in Fig. 16, and they are tabulated
in Table IX. The observed spectrum has been
determined from experimental studies of the
"Ca(t, P)4'Ca reaction" and 4'Ca(o. , a')"Ca reac-
tion." The experimental levels at 4.61, 5.30,
and 6.11 MeV were not observed in the (t, P) re-
action. Since most of the observed levels lie
above 5.0 MeV, we have extended the energy
scale to 7.0 MeV for this isotope.

There is obviously a discrepancy between the
f-p (KB)-model spectrum and the observed spec-
trum. In particular, in the f-P (KB) spectrum
the excited states all appear to be too low by
about 2.5 MeV. This discrepancy is significantly
reduced in the f-P '-model calculation, for the
300-keV change in the f„,-j», interaction raises
the excited states in the calculated spectrum by
more than 2 MeV. The first two excited states
in Ca apparently can be accounted for by this
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f-P' model. Most of the remaining states shown
are insensitive to the matrix elements involving
any P„, or f„,particles. Of the levels in Fig. 16,
only the second, third, and fourth 4' states in
the f P' m-odel are dominated by configurations
with particles in the P», or f„,orbits. The third
2" state has about 50% of its wave function in the

f», P„, sp-ace; and in all the rest of the states
shown, components in the f», -P„, space comprise
65% or more of the wave function. Thus, the rel-
ative spacings of most of the higher levels in Fig.
16 will be sensitive to matrix elements involving
the f„, and P„, orbits. With the exception of the
third f-P ' 0 ' state, all the f P' mod-el levels have
possible observed analogs within about 500 keV.
A comparison of the f-P' model and experiment
thus suggests the existence of a 0' state in the ob-
served spectrum between 4.0 and 6.0 MeV which
contains large admixtures of configurations out-
side the f-P shell. Considering the known short-
comings of the model, this "prediction" is highly
speculative. However, it is consistent with an
analysis of the 46Ca(t, P)4'Ca reaction by Kollt-
veit. "

4'Ca

The calculated and experimental spectra for "Ca
are shown in Fig. 17. All observed states below
5.0 MeV which are not assigned positive parity
are shown in the figure. For this nucleus, only
states with J'=2, —,', and 2 were calculated.
The analogous calculations for the other J values
are prohibitively large. Table X shows the cal-
culated and observed energies, and the calculated
and empirical strengths for the 4'Ca(d, P) Ca
reaction. " In this case neither the f-P or the f-P'

calculations are in agreement with experiment.
In the simplest picture, the spectrum ef "Ca
would consist of one 2 state, one &, and one 2

state, each made up of a single particle outside
an inert "Ca core. Thus, in our nine-particle
model, the spectrum is extremely sensitive to
the position of the single-particle strengths for
orbits P»2, P»„and f„2 I.n our f P' -model of
"Ca, the 2 and 2 strengths are too low by about
2 MeV. In this f-p' model the —,

'
ground state of

'Ca is essentially a single-particle state, in
agreement with experiment.

"Ca

The calculated and observed' spectra for "Ca
are shown in Fig. 18, and the energies are listed
in Table XI. All calculated and observed levels
below 5.0 MeV are illustrated and tabulated.
There is not a very large difference between the
two calculated spectra. Recall that in the lighter
isotopes there were low-lying states with essential-
ly no P,z,-particle admixtures, and there were
other levels dominated by configurations with one

P,g, particle. A change in the f»;P», interaction
would alter the relative position of these two clas-
ses of states. In ' Ca there is no such distinction
between the various low-lying states. There are
no pure-f», states, and most of the states contain
significant admixtures of configurations with at
least two P,~, particles in them. Thus the low-ly-
ing spectrum in "Ca is sensitive to parts of the
interaction to which the low-lying spectra of the
lighter isotopes are insensitive. Small errors in
the one- and two-body interaction matrix elements
can lead to large discrepancies in the ten-particle
spectrum of ' Ca. Furthermore, the neglect of

TABLE X. Calculated and observed energy levels of Ca, and strengths for the reaction Ca(d, p) Ca reaction.
A dotted entry indicates S ~

- 0.01.

(MeV) 2J &l (2J+ 1)S ~

E
(MeV) 2J (2J+1)S~ (MeV) 2J &l (2J+1)S ~

0
1.29
1.60
2.27
2.29
2.46
2.94
3.32
3.70
3.79
3.85
5.06

3
3
5
3
5
1
3
1
5
5
1
1

p

f
f
p

3.04
0.08

1.50

0.10

0.06

0
0.14
2.05
3.67
3.89
4.29
4.38
4.69
4.92

3
1
5
5
3
3
5
3
5

3.72
1.76
5.16

0.04
0.06

0
2.03
3.60
4.01
4.08
4.28

(5)
5

(5)

p

f
f
f

4.12
2.66
0.66
4.32
0.36

~From Ref. 34.
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TABLE XI. Calculated and observed (see Ref. 23)
energy levels of Ca.

f-p

(Mev)

f p/

g
(MeV) (MeV)

0
1.30
2.11
2.33
2.86
3.31
3.82
4.04
4.60
5.62

0
1.60
2.45
2.49
3.47
4.01
4.68
6.19
4.80
6.05

0
1.03
3.00
3.52
3.99
4.47
4.62
4.83
4.88
5.04

(2)
(0)

(2+, 3 )
(0)

From Ref. 23.

many-body terms in the effective Hamiltonian
could be important when ten active nucleons are
present. Thus it is not too surprising that there
is only qualitative agreement between calculation
and observation for ' Ca.

The above discussion for ~'Ca-BoCa shows that
with relatively small changes of the Kuo-Brown in-
teraction, the observed energy levels and strength
distributions of the f», states and of the dominant

P3/2 single-partic le strengths in Ca to Ca can
be quite well reproduced. Most of the observed
levels with firm spin identification are f„,states.
Thus by searching to find an optimim set of val™
ues for the f7„' matrix elements, a large measure
of agreement with experiment is assured. How-

ever, there are enough observed features besides
the f„,states to indicate that in the heavier Ca
isotopes, the position of the p„, single-particle
strength as calculated from the Kuo-Brown in-
teraction must be raised in some manner —e.g.,
by raising the p»2 s.p.e. a,s the mass increases,
or by raising the center of gravity of the f»,-p„,
two-body interaction by about 300 keV. When the
Kuo-Brown interaction is altered in the latter
way, the centroid of single-particle P„2 strength
is put at roughly the right excitation in all the
calcium isotopes from "Ca to "Ca. With this
modified interaction, the'comparisons of calcu-
lation with experiment suggest that the first ex-
cited 0' states in ~2 ~4'~'Ca cannot be accounted
for by f-P-shell configurations. This conclusion
is consistent with those from all the calculations
of the calcium isotopes discussed in the Introduc-
tion, with the exception of the conclusion of Feder-
man and Talmi. ' Federman and Talmi concluded
that the first-excited 0' state in Ca could be
adequately described in terms of configurations
having active f„,and P„,particles only. They
varied 13 two-body matrix elements to get a least-

squares fit to 30 levels in "Ca to "Ca. Of these
30 levels, only 10 are not reasonably well de-
scribed by a pure-f»2 calculation. Thus, 20 of
the levels were essentially accounted for by the
4 pure-f», two-body matrix elements. This left
9 matrix elements free to fit the remaining 10
levels, including the excited 0' state in ~ Ca.

It is interesting to compare the various inter-
actions which have been used in calculations of
the calcium isotopes. In Table II, matrix ele-
ments involving the f„,and P,„orbits are given
for the Engeland-Osnes interaction, the Feder-
man- Talmi interaction, the Kuo-Brown interac-
tion, and the modified Kuo-Brown interaction used
in our f-P' calculation. The pure-f», matrix ele-
ments are quite similar in all four interactions.
The largest difference for these four matrix ele-
ments is for the J =0 matrix elements. We see
that as the model space is increased in size, this
matrix element decreases in size. Aside from
the pure-f„, matrix elements, there is little simi-
larity among the interactions. In general, the
Federman- Talmi interaction is stronger than the
Kuo-Brown interaction. In making any compari-
son of these interactions, one should remember
that each interaction was meant to be used in a
different model space.

For the Z'=
& and —', states, the results of our fp-

(KB)and f-p' calculations are not conclusive. The

inadequacy of our basis-vector spaces for these
states discourages any extensive investigation of

the interaction needed to reproduce experimental
data on these states. However, we did make one cal-
culation in which the Hamiltonian used in the f-P'
calculations was further modified, in an attempt
to raise the centroid of strength for states formed
via P», and f«, transfer. The modification was
that we added +250 keV to all the diagonal matrix
elements of the form (f„,p„,J(V ) f», p», Z) and

(f„,f„,Z~ V( f„,f», Z). The effect of this change
is to raise the centers of gravity of the interac-
tion of P», and f», particles with f„,particles.
Let us use the abbreviation f-P" in referring to
calculations with this further-modified Hamilton-
ian. The results of the f-P" calculation may be
summarized as follows:
(l.) For the low-lying spectra of 4'Ca to 4'Ca,
there are no significant differences between the
f-P' and f-P" results.
(2.) For "Ca, the f-p" calculation moves the first

state 400 keV above its position in the fP'-
calculation, and it moves the second 2 state 900
keV higher. Both these changes improve the
agreement of the model spectrum with the ob-
served spectrum.
(3.) For Ca, the J"-P" calculation moves the sec-
ond 0' and 2' states 300 keV above their analogs
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in the f-P' spectrum .It is not clear whether
these changes improve the agreement of the mod-
el spectrum with the observed spectrum. The
positions of the other low-lying levels are un-
changed.
(4.) For "Ca, the first 2 state in the f-P" model
is at 1.84 MeV; this is within 200 keV of the ob-
served & state at 2.03 MeV. Also, the first two

states in the f-P" model are degenerate at
3.74 MeV. This latter result is consistent with
experimental data, for there are three experi-
mentally observed states between 3.6 and 4.1
MeV which are populated with / =3 transfers in
the "Ca(d, P)"Ca reaction. '
(5.) In "Ca, the second 0' state is very sensitive
to the 250-keV changes in the centers of gravity
of the f„,-P,~, and f„,-f„, interactions which were
made in converting the f-P' interaction to the f-P"
interaction. This second 0' state moves from
2.5 MeV in the f-P' spectrum to 4.5 MeV in the
f-P" spectrum. These values are, respectively,
1.0 MeV below and 1.0 above the observed 0' lev-
el at 3.52 MeV.

These results all suggest that in the effective
Hamiltonian of Kuo and Brown, the interactions of

f», particles with P», and f„,particles are too
strong. Note that if we had included in our calcu-
lation all second-order perturbations of the P,~,
and f„,single-particle strengths due to f-P-shell
configurations, then the posztzons of these P»,
and f„, strengths would have been even lower
than in the f-P (KB) model.

V. GROUND-STATE BINDING ENERGIES AND %PAVE

GROUND-STATE FUNCTIONS

In the preceding sections we have discussed ex-
citation energies within each isotope. In this sec-
tion we discuss ground-state binding energies
with respect to "Ca. In our calculations the bind-
ing energy of each f„,neutron to the "Ca core is
set equal to the observed ground-state binding en-

ergy of 'Ca-i. e., we set the single-particle en-
ergy of the f„,neutron at -8.36 MeV. '~ The rel-
ative positions of the other single-particle ener-
gies are the same as those listed in Table I. In
Table XII we show calculated and experimentally
determined' ground-state binding energies rel-
ative to O'Ca. Table XII includes results from all
the models of Figs. 10-18 except the f„,-expt
model. (We will discuss the column headed Talmi
later ).The binding energy for ~'Ca in the f-P @-
model is omitted because the calculation of the

states in "Ca in that space is too large for
our present capabi1. ities.

From Table XII we see that for the models in
which the published KB numbers were used, each
ground-state binding energy increases as orbits
are added (as must obviously happen). For " "Ca,
the experimentally determined numbers are in-
termediate between the numbers calculated from
the f Pmodel -and the f P gmod-el -Thi.s pattern
is analogous to the pattern found for excitation
energies. The inclusion of the g», orbit in the
shell-model calculation leads to too much binding
energy. Thus, a weakening of the effect of this
orbit would give better agreement with experi-
ment. If we use the f-P' model, we see that the
agreement between calculation and experiment is
significantly improved.

It is not clear how to assess the quality of agree-
ment between theory and experiment here. For
the f-P' model, the rms deviation of theory from
experiment is 0.16 MeV for ~ 4'Ca. This might
seem quite satisfactory agreement, since the
total binding encl gy with respect to Ca varies
from 19,83 MeV in Ca to 73.94 MeV in Ca.
However, a large part of this binding energy
comes from the one-body part of the interaction.
If we assume the ground states of ' 4'Ca are
pure-f, q,

" states, then the one-body contribution
is 16.72 MeV zn 'Ca, and 66.88 MeV in 'Ca,
Thus in terms of the Goo-body part of the effective
interaction, the agreement is not as spectacular as

TABLE XII. Ground-state binding energies vrith respect to Ca. The units are MeV. The binding energies under
Talmi are results of the one-shell approximation of Talmi (see Ref. 35}.

42(

4'Ca
'4Ca
"Ca
48ca
"Ca
"Ca
"Ca
50(a

Expt'

19.83
27.76
38.90
46.32
56.72
64.00
73.94
79.08
85.43

18.53
26.58
36.45
44.20
53.76
61.20
70.46

7 3
2 2

18.65
26.72
36.70
44.47
54.12
61.55
70.84
77.86
86.19

19.32
27.36
37.96
45.58
55.73
62.82
72.50
79.50
88.31

20.00
28.13
39.38
47.18
57.96

75.69
82.69
91.37

19,60
27.68
38.56
46.27
56.70
63.96
73.90
78.69
85.87

Talmi

19.86
27.78
38.80
46.26
56.82
63.82
73.92

From Ref. 14.
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it first appears. A simple calculation of these
binding energies, by Talmi, "bears on the signifi-
cance of these results. He has shown that if one
assumes pure-f„, " states for the ground states of' 4'Ca, and if one uses an effective Hamiltonian of
the usual one-body plus two-body form, then the
total binding energy can be written as

(2)

where

n &n for n even,
2 &(n —1) for n odd.

TABLE XIII. Percentage of ground-state wave function
made up of pure-(fv/q)" configuration in 'Ca to Ca.

f pl

"ca
4'ca
4'ca
4'Ca
4'Ca
4'Ca
"ca
48Ca

"ca

92
91
82
81
72
72
57

~fv/2 sP3/2~
61 &fu 2'.P 3/2'&

92
92
87
88
84
87
86
84 &fv/2 ~P3/2~
46 &fv/2'~P 3/2'~

Here A. is the one-body interaction energy of an

f», particle with the 4'Ca core, while & and C are
simple linear combinations of the matrix elements
of the two-body part of the effective Hamiltonian.
In (2), the second term is proportional to the
number of two-body interactions in the n-particle
system, and the third term introduces pairing ef-
fects. Talmi treated &, &, and C as parameters:
He varied them so as to minimize the rms devia-
tion between theory and experiment for the ground-
state binding energies of ' "Ca. The resulting
theoretical binding energies are shown in Table
XII under the heading Talmi. Their rms deviation
for" "Ca is 0.09 MeV. Thus we see that the
binding energies can be calculated to a quite high
degree of accuracy with a rather simple model.

In Table XIG, we show what percentage of each
ground state is made up of the lowest-energy
shell-model configuration; i.e., we show how
much of each ground state for" 4'Ca is pure f»,",
how much of ~~Ca is f»28p»2, and how much of ~Ca
is f,~,'p», '. In the f-p model this dominant con-
figuration decreases in intensity as the mass in-
creases. In the f p' model this intens-ity remains
much more constant —at about 90%, up through

Ca. Within the accuracy of the spectroscopic
factors deduced from experiment, this kind of con-

stant behavior is consistent with the empirically
determined results on strengths for ground-state-
to-ground-state transitions. (See Tables III-XI.)

VI. SUMMARY OF RESULTS

We have presented here the results of a series
of calculations of the calcium isotopes from A =42
to A=50 in terms of the conventional shell model.
We have assumed an inert "Ca core and allowed
active f„„p»„p»„andf», neutrons, and some-
times active g9/, neutrons. We believe that we
have included all those configurations involving an
inert 'Ca core that are important in the struc-
ture of low-lying states of the calcium isotopes.
In our first series of calculations, we used the
shell-model interaction derived for the f-P-shell
region from the Hamada-Johnston potential by
Kuo and Brown. ' To specify the one-body part of
the Hamiltonian, we used the same single-particle
energies as were used by Kuo and Brown. When

this Hamiltonian is used in our shell-model vector
spaces that exclude two-particle excitations to
the g„, orbit, the calculated spectra are too com-
pressed with respect to the observed spectra. But
when such g9/2 excitations are included, the cal-
culated spectra become too expanded compared to
experiment; i.e., when these g, /,

' excitations are
explicitly included in the shell-model calculations,
their effects are too strong. The results of these
calculations suggest that: (1) In the Kuo-Brown
interaction, the interaction of the f»2 particles
with particles in the p»„p»„and f„,orbits are
too strong; and/or (2) because of imperfections
in the Kuo-Brown effective interaction, it is ad-
visable to modify it with an A-dependent term
which will lead to an increase in the energy separ-
ation of the f», orbit from the other active orbits
as the mass increases.

We next discussed a series of shell-model calcu-
lations in which no g», nucleons were allowed,
and in which we used a modified version of the
Kuo-Brown interaction. With this modified inter-
action, the observed energy levels of the f„,
states and of the strong p», single-particle states
in Ca-~'Ca are quite well reproduced, as are
measured binding energies of the ground states
with respect to ~'Ca. The calculated spectroscopic
factors for f»,-neutron transfers between the
various calcium isotopes are in good agreement
with experiment. The observed centroids for the

P 3/2 singl e -partiel e strengths are also repro-
duced reasonably well. It was difficult to reach
any firm conclusions with regard to the P,/, and

f», strengths, for two reasons: (1) There is very
little firm experimental information on such
strengths; and (2) our basis-vector space for
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states with significant P,~, and f,» strength is less
complete than for states with strong f„,and p, ,
strengths. Within the basis-vector spaces we
have used, and with the Hamiltonians we have used,
there are no calculated levels that correspond
with the observed second 0' and 2' states in 4'Ca,' Ca, and 'Ca. This result suggests that these
observed second 0' and 2' states contain large
components based on configurations not included

in these calculations. In particular, we think that
these second 0' and 2+ states are predominantly
core -excited.
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