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A study is made of the characteristics of magic nuclei displayed in a Hartree-Fock calcula-
tion. It is seen that the known doubly-closed-shell nuclei are clearly distinguished by the be-
havior of the energy as a function of neutron and proton number. The existence of these char-
acteristics for the superheavy nucleus with Z =120 and N =178 indicates that this may also be
a magic nucleus. Single-particle-model calculations have indicated Z =114 as the magic nu-
cleus. Possible reasons for this difference are discussed.

I. EXISTENCE OF SUPERHEAVY NUCLEI

The possibility of accelerating heavy ions (e.g. ,
Ar4') has resulted in much experimental and theo-
retical research on an island of stability with Z
&100. Recent experimental progress has been re-
viewed by Flerov. ' Though nuclei with Z & 105 have
not as yet been formed in these experiments, the
existence of such stable nuclei might be determined
when it becomes possible to accelerate the heavier
lons.

Theoretical calculations have been performed' 4

which indicated that an island of stability might ex-
ist in the region of Z= 114, N= 184. In general,
the theoretical techniques applied consist of single-
particle calculations of the Nilsson type' combined
with certain features of the liquid-drop model.
Though such calculations may well provide a de-
vice for extrapolating from the known nuclei to
heavier nuclei, because of their uncertainties it
would also be desirable to investigate less phenom-
enological methods for calculating properties of

superheavy nuclei.
A step in this direction has been made in the ap-

proach taken by Meldner, ' where a degree of self-
consistency has been added to the single-particle-
Hamiltonian method. The technique is, essentially,
to solve the single-particle equation

(
2 822- cp 9p„r = d'r'K, r, r'qp„r', 1

where K, rather than being a single-particle poten-
tial directly derived from a two-body interaction,
is assumed to be a nonlocal potential with a specif-
ic density dependence of the form

p (x) 2gs
Ir, (,r')=u((r —i'() ( — "

Ip( )
pg

Here

N

p=l

and the nonlocality is contained in the factor v
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which is taken to be a Yukawa potential with short
range. After inclusion of a spin-orbit term and a
term which approximates the Coulomb interaction,
the equation contains five parameters. Single-par-
ticle wave functions are assumed, a density calcu-
lated, and Eq. (1) is solved. The process is re-
peated with the resulting wave functions until self-
consistency is obtained. The resulting fit to ex-
perimental binding energies and radii of spherical
nuclei near closed shells is quite good. The meth-
od was applied by Meldner to superheavy nuclei,
and it was shown that BE/BZ changes considerably
at Z= 114, indicating a magic number. A signifi-
cant shell effect was also found for N= 186.

In view of these results it is interesting to inves-
tigate the results of bona fide Hartree-Fock calcu-
lations to determine how the known magic numbers
are distinguished in such a calculation and then to
explore the superheavy elements for such effects.

nuclei it is first necessary to determine how the ex-
istence of magic numbers manifests itself for the
known closed shells. This could have been accomp-
lished by using an existing computer program" in
which single-particle wave functions were expanded
in harmonic-oscillator levels belonging to the first
six major shells and the 12y3g2 level. Here both
radial and angular variations were allowed so that
deformed, as well as spherical, nuclei could be
treated. Such a space is not, however, sufficiently
large to study superheavy nuclei, since it can treat
no more than 126 neutrons. It was thus necessary
to construct an even larger space, and this neces-
sitated the limitation to radial variations only.
Non-closed-shell nuclei can still be approximately
treated by the device of a filling parameter. "

As is well known, the self-consistent procedure"
consists of diagonalizing. the matrix

&n la I p&
= &o'ltl p&+& &o~ Iv„l p~&,

II. HARTREE-FOCK CALCULATIONS

The first question to be faced is the choice of the
nuclear force. Restricting consideration to Hamil-
tonians which contain only the kinetic energy and
two-body interactions consistent with two-body
scattering information does not unambiguously de-
termine the Hamiltonian. Even the restriction that
the two-body matrix elements of the interaction be
finite leaves ambiguity, since a number of "soft"
potentials have been proposed which are reason-
ably consistent with scattering data."

The interaction chosen for these calculations is
that of Tabakin. ' This force is "semirealistic" in
the sense that the fit to two-body data is quantita-
tively rather poor, and that in the long-range lirn-

I

it it does not have the character of a one-pion-ex-
change interaction. It is entirely nonlocal and acts
only in relative S, P, and D states. Because of
this latter property the calculation of matrix ele-
ments of the interaction is simplified and this en-
ables one to perform rather large calculations
without using a prohibitively large amount of com-
puter time. Though the matrix elements of the
Tabakin potential are quite similar to those of
other realistic potentials, and to matrix elements
extracted directly from scattering data, ' the re-
sults obtained should be viewed as tentative unless
it can be shown that the same results are obtained
with more realistic forces. It should be pointed
out, however, that some of the results previously
obtained with the Tabakin interaction"' "are quite
reasonable, so that it is not necessary to consider
the present calculation as only a demonstration of
the feasibility of such a program.

In order to use the Hartree-Fock procedure to
determine where shell effects appear in superheavy

where t is the kinetic-energy operator, V„ the anti-
symmetrized two-body interaction, ln) and IP) are
states in an arbitrary representation (taken here
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FIG. 1. Comparison of the binding energies obtained
using a filling-parameter approximation and a deformed
calculation. The largest errors occur for the nuclei
with the largest deformation.
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Here the C's are the expansion coefficients and the
states n, p, i, j, and X are characterized only by
n, l, and j rather than by n, l, j, m, and T„and
the matrix element is now coupled to good total iso-
spin T and angular momentum J. As mentioned
above, the treatment can be modified for non-
closed-shell nuclei by modifying the factor
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FIG. 2. Comparison of the binding energies obtained
with and without the filling-parameter approximation
for nuclei near a closed shell.

where 8(X), the filling parameter, is the actual
number of particles in a particular X level instead
of the maximum number, 2j~+1.

Before going on to the consideration of shell ef-
fects, it is necessary to determine the accuracy of
the filling-parameter approximation. A compari-
son of the results thus obtained with those of a cal-
culation in a space containing the same number of
shells but allowing for deformations is given in
Fig. 1. These calculations were carried out using
as a basis the harmonic-oscillator eigenfunctions

to be harmonic oscillators), and IX) are the occu-
pied states which are determined self-consistently.
Under the assumption of spherical symmetry,
sums over Clebsch-Gordan coefficients can be per-
formed, so that the matrix equation becomes

(o.I@II&„=&~lfIP),+Z Z Z 2.ij J1' ~n

x(ereT~IT, z+vI&'&nzI~~IP2)zrC; C,.
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FIG. 3. The harmonic-oscillator bases used in various
calculations, where n is the principal quantum number.

FIG. 4. The calculated energies of the A= 16 nuclei
as a function of neutron number.
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of the first six major shells plus the ii, 3/2 It is
to be noted that the largest deviations naturally oc-
cur for those nuclei which are most strongly de-
formed. Since the regions of primary interest are
those near the spherical region, it is more rele-
vant to consider the results for nuclei near 9" and
Ca" This comparison is made in Fig. 2. The con-
clusion is that in the neighborhood of the spherical
nuclei, where deformations are expected to be
small, the filling-parameter approximation is
valid.

Calculations were then carried out in a much
larger space which would allow radial variations
even for the high j levels being filled in super-
heavy nuclei. The size of the basis utilized is
shown in Fig. 3, where it is labeled 57, corre-
sponding to the number of n, l, j levels it contains.
The 22 and 10 spaces, used previously to study
truncation effects, "are shown for comparison.

III. SHELL EFFECTS IN OXYGEN,
CALCIUM, AND LEAD
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FIG. 6. The calculated energies of the A. = 208 nuclei
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FIG. 7. The calculated difference in energy between iso-
topes and the appropriate magic nucleus.
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example, that O" is less bound than 0". This ef-
fect is not a result of the 0 approximation, as can
be deduced from Fig. 2. In fact, second-order cal-
culations of the energy do tend to correct this dis-
crepancy, ""leaving the shell effect. This exag-
geration is actually useful, since it magnifies the
effect which will be searched for in the superheavy
region.

In Fig. 8 are shown the N= 8, 20, and 126 iso-
tones as a function of proton number, where Z, is
the appropriate magic number of protons. Here
again the characteristic behavior of the binding en-
ergy in the neighborhood of doubly-closed-shell nu-
clei is evident and again exaggerated by the calcu-
lation.

The above calculations were carried out in the
"57" space consisting of nearly 11 major shells
(see Fig. 3), and the Coulomb force was used in ad-
dition to the Tabakin interaction. Though the space
employed was so large that little dependence on the
oscillator parameter y was expected, all calcula-
tions were carried out using the optimum y for
each nucleus. This will be discussed further in
the next section.

IV. APPLICATION TO SUPERHEAVY NUCLEI

The results given in the previous section indicate
that the Hartree-Pock procedure can indeed be
used to try to locate magic numbers in superheavy
nuclei. It first must be ascertain|, d whether or not
the space (in which the single-particle levels are
being expanded) is large enough for large numbers
of particles. One method of determining the de-
gree to which the space may be considered com--
plete is to examine the dependence of the results
on y. If there is a dependence, then variations
with respect to this parameter must be carried
out, and only results at the optimum y are mean-
ingful. Figure 9 shows the variation of the calcu-
lated binding energy of Pb' with y in the "22" and
"57" spaces of Fig. 3. These calculations were
done without the Coulomb force. The independence
of the energy in the "57" space leads to the conclu-
sion that the space is essentially complete for at
least 126 particles (either protons or neutrons),
and the same calculation for a superheavy nucleus,
Z= 114, N=184, showed a similar independence of
the energy to variation in y.

This independence is to a small extent destroyed
when the Coulomb force is included in the calcula-
tions. The variation of the energies of Pb' and
the Z= 114, %= 184 nucleus with y when the Cou-
lomb force is included self-consistently is shown
in Fig. 10. It should be pointed out that for a wide
range of y's in the neighborhood of the optimum
value the energy is quite independent of y, indi-

200

lOP

)
O

LLI
I

4J

pb 208

N = led

I I

4.5 5.0 5.5 6.0 6.5 7.0
J'(fm ~)

FIG. 10. The variation in the calculated binding ener-
gies of Pb and the &=114, N =184 nucleus in the 57
space with y when the Coulomb is force included.
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FIG. 11. The calculated energies of the A= 298 nuclei as
a function of proton number.

cating that the space is sufficiently large. Howev-
er, as will be shown later, erroneous conclusions
can be drawn from c~J.culations employing a y far
from the optimum value, because of the depen-
dence introduced by addition of the Coulomb force.

The results of Meldner' lead to consideration of
the nuclei with mass number 298. The calculated
binding energies of these nuclei as a function of
proton number is given in Fig. 11. The results
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were obtained using the optimum y for these nu-
clei. Clearly the indication of these calculations
is that the most likely candidate for designation as
a, ma, gic number is Z= 120. This is strongly rein-
forced by the results shown in Fig. 12, a graph of
the binding energy as a function of Z for fixed ¹

For both values of N shown there is no evidence
for a shell closure a.t Z= 114, while a,t Z = 120 the
sharp change in BE/BZ, characteristic of the
known magic proton numbers (see Fig. 8), is again
striking. The designation of a neutron number as
magic is less clear. The variation of the binding
energy for fixed Z as a function of N is shown in
Fig. 13. Apparently both N= 178 and N= 184 a,re
candidates for the designation.

The existence and location of sharp changes in
binding energy as a. function of neutron or proton
number depends strongly on the corresponding
single-particle energies. For example, in the
single-pa, rticle model of Nilsson' it is the large
spin-orbit splitting of the 2f orbit in the proton

270 i

N= 178

spectrum that leads to a large change in BE/BZ at
Z=11,4, where the 2f», is filled and the 2f», is
empty. This splitting results from a particular
set of parameters in the single-pa, rticle Hamilton-
ian, which were fitted to observed quantities for
lighter nuclei and extrapolated to the superheavy
region. A similar extrapolation procedure was al-
so employed in the calculation of Meldner. ' In the
Nilsson (or Rost") spectrum for Pb'0' there is a
spin-orbit splitting of about 4 Me& for the 2f lev-
els. Using extrapolated parameters for the A = 290
region (Z= 114), this splitting was only slightly re-
duced and a large single-particle gap remained.

The question of single-particle energies is rath-
er different in the Hartree-Foek framework. Giv-
en the two-body interaction, there are no adjust-
able parameters and the single-particle energies
are the eigenvalues of the self-consistent Hamil-
tonian, which of course depends on the number of
particles in the system. There is, therefore, no
externa, l extrapolation procedure involved. Fur-
thermore, the significance of the Hartree-Fock
spectrum is quite different from that of a single-
particle model. The self-consistent single-pa, rti-
cle energies which emerge from a, Hartree-Fock
calculation can be compared with observed separa-
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FIG. 12. The calculated energies of the N= 178 and
N=184 isotones as a function of proton number.

FIG. 13. The calculated binding energies of the Z= 114
and Z = 120 isotopes as a function of neutron number.
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tion energies only after two corrections have been
effected. The orbital-rearrangement correction
involves the change in the Hartree-Pock potential,
and the subsequent change in the energy, when the
A-1-particle system, rather than the A-particle
system, is treated self-consistently. This correc-
tion is rather small, "even in light nuclei, and

should decrease in magnitude as A increases. The
difference between EH~(A) and EHF(A-1) still can-
not be compared with experimental separation en-
ergies, because each energy is only to be consid-
ered as the first term in a perturbation calculation.
The second-order terms in the perturbation expan-
sion take into account two-particle correlations,
which are different in the A and A-1 systems. Ap-
proximate calculations of these second-order
terms' have shown that the correlation corrections
are significantly different for the A- and A-1-par-
ticle systems and, furthermore, are dependent on

the particular state of the hole in the A-1 system.

In view of the above remarks, it is rather a co-
incidence that the Hartree-Fock spectrum for Pb"
exhibits a spin-orbit splitting of about 4 MeV in the
first unoccupied f levels, as in the Nilsson model.
In contrast to this there is a change in the self-con-
sistent Hamiltonian, resulting from the addition of
particles to the system, which leads to a reduction
in this splitting to about 1.5 MeV for the super-
heavy region.

The Hartree-Fock and Nilsson spectra for the
A = 290 region differ also in the position of the i/3/2

level relative to the f levels. While both spectra
show the j»» level losing binding relative to the f
levels as A increases from 208 to 290, this level
is still more bound than the 2f», in the Nilsson
picture at A = 290, and slightly less bound than the
second f„,level in the Hartree-Fock spectrum.
Thus in the Hartree-Fock picture, the second f»,
and f», orbits are filled when Z= 106. Since the

gap between the f„,and i»„ levels is small, there
is no shell effect there. Between Z= 106 and 120,
the i»» level becomes filled, so that sE/s Z is
smooth in this region. In the self-consistent sin-
gle-particle spectrum for Z= 120 there is a con-
siderable gap between the highest occupied state
(first i»„) and the lowest unoccupied state (third

p», ). The resulting discontinuity in sE/s Z is
shown in Fig. 12. It was found that even if the i,3/2

level were filled before the second f levels, the ab-
sence of a gap between the f„,and f», levels and

the existence of a gap between the third p, /, and the.
occupied levels leads to the discontinuity in BE/s Z
at Z = 120 rather than at Z = 114.

All of the above conclusions follow from calcula-
tions in which the optimum y (6.7 fm') was em-
ployed for this range of A. As can be deduced from
Fig. 10 (and was verified by calculation), the same
results obtain for a range of values for y in the
neighborhood of the optimum value. Preliminary
calculations" were made with a value far from the
optimum (3.7 fm'), and the results obtained for the
energy as a function of Z are shown in Fig. 14.
The discontinuity in SE/8 Z at Z = 114 with this in-
appropriate y stems from a single-particle spec-
trum quite similar to Nilsson's' which, as was
pointed out, changes rather dramatically when the
correct value is utilized. The possibility of ob-
taining misleading results when an inappropriate

y is used has been previously pointed out. "

I

I06 I08 I IO I I 2
I

II4
I

II8 I 20
V. CONCLUSION

FIG. 14. The calculated binding energies of the N= 184
isotones as a function of proton number when the value
of the oscillator parameter is far from the optimum value.

It has been shown that the magic numbers 8, 20,
82, and 126 can be identified by discontinuities in
BE/BZ or BE/BN and minima in E(N Z) for con--
stant A when the energy has been calculated in the
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Hartree-Pock approximation. Utilization of a very
large number of basis states has made possible an
extension of the calculations to the superheavy re-
gion where 120 appears as a magic proton number,
and either 178 or 184 as a magic neutron number.
Since the "realistic" force employed is known to

have certain deficiencies, it will be interesting to
repeat these calculations with other two-body inter-
actions to see if the discrepancy between predic-
tions based on self-consistent calculations and

those which rely on phenomenological single-parti-
cle Hamiltonians persists.
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