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Proton inelastic scattering from 5 Ti, V, and Cr has been measured at 40 MeV. Angu-
lar distributions have been obtained from 10 to 80' for states up to 8 MeV of excitation in
' Ti and ~ Cr, and to 4.5 MeV in '"~V. The cross sections for exciting the low-lying states
that have relatively simple wave functions were analyzed in terms of a microscopic model,
using realistic nucleon-nucleon forces. Core polarization is shown to be important, and it
is seen that a strength obtained from the bound-state matrix elements of Kuo and Brown is
adequate to describe the observed scattering. A macroscopic collective-model analysis of
the data is also presented.

INTRODUCTION

Proton inelastic scattering rom 22T 28 23V28
and 24Cr28 has been measured at 40 MeV. In an
earlier experiment, Funsten, Roberson, and Rost'
studied these same nuclei, using the (P, P') reac-
tion at 17.5 MeV. As in their work, the present
data are analyzed within the framework of the dis-
torted-wave (DW) approximation. However, re-
cent theoretical developments make it possible to
push this analysis somewhat further than was pos-
sible at the time of the earlier work. The present
analysis is aided by the excellent optical-model

studies which have been performed at 40 MeV. '
Just as important, at this energy the angular dis-
tributions are more structured than at lower ener-
gies, and thus comparison of the results of theoret-
ical calculations with the data should lead to less
ambiguous conclusions.

Theoretical calculations based on three different
models are presented. One of these models is the
standard macroscopic collective model. Another
is the empirical microscopic model. ' In this mod-
el, it is assumed that the target nuclei can be de-
scribed by simple shell-model wave functions, and
the projectile-target interaction is fixed empiri-
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cally. In particular, it is assumed that the low-ly-
ing states of "Ti, "V, and "Cr are described by
the allowed couplings of n(=2, 3,4) protons in the

(f», )" configuration. Using this assumption, the
low-lying spectrum of these nuclei has been rea-
sonably well reproduced in shell-model calcula-
tions using empirical interactions. ' The data of
Ref. 1 were analyzed using these two models.

A third model is the microscopic model with re-
alistic forces. Recent work' ' has shown that in-
teractions which relate directly to the free two-nu-
cleon force can be used in nucleon-nucleus scatter-
ing calculations, provided the effects of long-range
correlations in the target nuclei are explicitly tak-
en into account. In this work, a pseudopotential
based on the impulse approximation, "and the
long-range part of the Kallio-Kolltveit interaction'
are used for the projectile-target interaction. Ex-
change effects" are treated approximately. ""

In "Ti, "V, and "Cr, long-range correlations
appear as core polarization. These are effects
due to the interaction of the valence nucleons with
the core. Love and Satchler" have prescribed a
method for including such effects which treats the
core using the macroscopic collective model. In
this procedure, one parameter characterizes the
core for each multipole and valence configuration.
This parameter can be determined directly from
the effective charge for a corresponding y transi-
tion "or from the bound-state matrix elements of
Kuo and Brown. '&' The latter method is used in
this work. Since the microscopic model with re-
alistic forces contains no parameter determined
from the present study, the comparison of the cal-
culations based on this model with experiment
should provide a direct test of the theoretical
ideas involved.

EXPERIMENT

published. ' The vessel containing the Dewar and
the crystal was mounted on a movable arm inside
a 36-in. scattering chamber. The detector sub-
tended a solid angle of 4.64& 10 ' sr, and its an-
gle relative to the beam could be determined to
within 0.25'. Data were taken from 10 to 80' in 5

steps.
Spectra of protons scattered from "Ti, "V, and

"Cr at a lab angle of 30' are shown in Fig. 1. The
abscissa has been calibrated in terms of excitation
energy above the ground state to be able to com-
pare relative positions of the observed states. The
energy resolution of the peaks is -40 keV full
width at half maximum. The major contributions
ta this energy spread arise from the beam energy
spread (-20 keV), the energy spread due to strag-
gling losses in the detector package window (-20
keV), and the kinematic broadening (-10 keV at
30') since the detector subtended an angle of 0.7 .
The broad hump seen in the spectra at excitation
energies above 10 MeV arises from the particular
slit geometry used in the Ge(Li) package. This
slit system was made up of a thick slit necessary
to stop the 40-MeV protons, and a thin slit with a
smaller aperture which removed the slit scatter-
ing from the thick slit by degrading the energy of
such events. The thickness of the degrader slit
was chosen such that protons passing through it
would fall in the spectrum at those excitation en-
ergies where the (P, d) reaction contributes as
background.

THEORY

The analysis presented here was done in the
framework of the DW theory. " All DW calcula-
tions were made using the FORTRAN-IV version of
the code JULIE. The differential cross section is
obtained from a transition amplitude, tz;, between
the initial and final states.

The data were obtained using 39.9-MeV protons
from the Michigan State University sector-focused
cyclotron. The beam was energy-analyzed using
two 45' bending magnets with entrance and exit
slits set to pass beam with an energy spread of
0.05%. The amount of beam on the target was mon-
itored both by using a Faraday cup with an Elcor
current integrator and a NaI(T1) scintillation count-
er placed at 37.5' with respect to the beam. The
targets were rolled, self-supporting foils of en-
riched "Ti and "Cr and natural "V. The subse-
quent uncertainty associated with the absolute
cross sections was taken to be 15%.

The scattered protons were detected using a
Ge(Li) solid-state detector in a surface-barrier
configuration. Information concerning the fabrica-
tion, packaging, and use of this device has been

'„', ~L(2J„+1)(2$,+I)] ' 2 i~,;I',
hfdf gy

mg mQ

where p,, and p~ are the reduced masses in the en-
trance and exit channels, respectively, k, and k,
are the wave numbers, ~& is the target spin, and
S, is the spin of the incident projectile. The trans-
ition amplitude, using a zero-range approximation,
is calculated from an integral of the form

tf ~ dr X& k»r „,. r y;+ k;, r,
where y; and y& are the elastic scattering wave
functions in the entrance and exit channels, re-
spectively The term. G„,(r) is referred to as the
radial form factor. It is calculated from the ma-
trix element (f(V(f), hewre V is the interaction re-
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s onsible for the inelastic scattering. It is this
factor that is subject to the model used o eto describe
the nuclear states and the interaction.

A. CoHective Model

The collective model of nuclear exeltatlons ls
based on the deviations of the average nuclear

These devlRtlonsf ld from spherical symmetry. esele
ttel-Rl e descrl e'b d b the theory of Bohr and Mott

of theson ' Because of the short-range nature o e
nuclear force ~sma c( 11 compared with nuclear radii),
th d

' f' s (deformations) modify the average

nuclear le on ai' ld "macroscopic" scale. ese
m Rcros coplc' " deviations are described in a "mi-

cros coplc m Rnn"manner by constructing the self-con-
sistent fields acting on the particles and holes par-
ticipating ln the excitation. This connection be-
tween the "macroscopic" and "microscopic" e-
scription is made, for examp le in the Hartree-
Fock calculations of finite nuclear matter. '8

lti ole defor-The Hamiltonian describing the mu ipo e e
U

—~ 8 the "macroscopic" picture ismRtlon L- L, 0 ln
given by'

ff~=D-)" l (&Lo~~~i, ~+Ci~~~~i, -~),
N
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where

pi=El ~.~l',

and BL, is the "mass transport" parameter and C~
is the "force constant" of the vibrator. These pa-
rameters are either calculated by more specific
models or are determined by experiment.

As an example, in the classical incompressible
irrotational hydrodynamical model, (Bz, )h&q is giv-
en by"

(2L+ 1) AM(r' ')
I )hyd

=
L 4 R ms. -4

0

where AM is the mass of the nucleus. The quan-
tity (v' ') is evaluated using a uniform transition
density with a radius determined by comparison
with the equivalent Fermi distribution. "'" The
excitation enexgy of such a vibrational state is giv-
en by

E~ =h(o~ =5(C~/B~)'" .

The reduced transition probability, B(EL;0- L),
is given' ~ in terms of the deformation parameter
51. by

Z 8( 2L+1 '( 2g 2)
5g

7T 0 0

We compare the results with the usual single-par-
ticle estimate (Weisskopf units)

B,p(EL;0-L) = [(2L+1)/4w]e (r

where (r )' is calculated using a uniform charge
distribution.

The value G, ~
of the ratio B(EL;0- L)/B, ~ (EL;

0-L) measures in some sense the "'collective
strength" of the state. Along the same vein, it is
of general interest to compare the reduced tran-
siti.on probabilities with two sum rules. The first
is the non-energy-weighted sum rule, NEWSR'
based on the shell model.

NZWSR =QB„(EL;0-L)= (O'Z/4s)(r"), (6)

The collective model for describing inelastic
scattering" assumes the nuclear potential, as
viewed by the projectile, undergoes a. shape oscil-
lation about a spherically symmetric potential. The
form factor of such an oscillation is given by (for
no spin transfer)

G~o~(r) = i~(2L+ 1)-"'p~RdV/ch,

where

g, = 2 (2L + 1)h/(C~B~)'~',

and the R are the real and imaginary radii for the
real and imaginary parts of Gl», respectively. U

is the empirically determined optical potential, ex-
cluding only the spin-orbit term. For quadrupole
and octupole transitions, a term in 1/r "was
added coherently to take into account Coulomb ex-
citation. 2'

The multipole fractional deformation, Pl„ is ex-
tracted from the normalization of the calculated in-
tegrated cross section to the data. From this val-
ue, the deformation for the real part of the inter-
action is 61.= PI.R,. Thus, knowing the excitation
energy EI. and the deformation parameter 51., the
"force constant" C~ and "mass transport" parame-
ter B~ are found by

where the sum is over all states with spin I.. The
second sum rule is an energy-weighted sum rule, "

EWSR =+(E„-E,)B{EI.; L -0)

(2L+1)'(r"")
8mAM

(6)

This sum rule is model independent inasmuch as
the nuclear Hamiltonian does not contain velocity-
dependent potentials.

B. Microscopic Model

This model for inelastic scattering attempts to
treat the nucleon-. nucleus interaction as a sum of
the basic nucleon-nucleon interactions. The for-
malism has been developed by Satchler. '

l. EmPirica/ Interactions

If the total interaction is assumed to be a sum of
scalar, single-particle operators which only act
over a few active nucleons outside of an inert core,
then the form factor, after summing over possible
isospin transfer and assuming no spin transfer,
can be written as

G„,= —W24~V;;-'~,f, (~);

C~ = 2 (2L + 1)(R02/6i )EI, ,

(B /a') = —,'(2L+1)(R,'/5 ')(1/E ).

(2)
where V2 = (2s, +1)"' and s, = 2 -—spin of the incident
proton; V~~=o is the strength of the "no spin-Qip"
interaction between the incident proton and protons
in the target nucleus [V~~= = V~(ao„+a»)] in the no-
tation of Ref. 3; M& is a matrix element determined
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TABLE I. Square of angular momentum matrix elements (Ml ).

Transition L=2 L=6

(1f7/2) p+ (1f7/2) J

(1f7/2) 7/2 ( f7/2) Jf

(1f7/2) 7/2 (1f7/2) p+(2P3/2)

(1f7/2)'P+ -(1f7/2)'J, V = 2

2+
4+

6

3/2
5/2
9/2

11/2
15/2

3/2

2+
4+
6+

0.0758
~ ~ ~

0.065
0.185
0.0313
0.0842

0.154

0.101

0.0372
~ ~ ~

0.117
0.009
0.0966
0.0293
0.0338

0.085

0.0495
~ ~ ~

0.0185

0.024
0.0184
0.039
0.0573

0.0248

by the spins and the assumed configurations of the
initial and final states of the nucleus and the trans-
ferred angular momentum (L); and &z, (r) is an in-
tegral over the radial parts of the single-particle
wave functions of the initial and final states, and
the radial dependence assumed for the nucleon-
nucleon interactions.

The angular momentum matrix elements have
been evaluated for excitations within a (1f»2),
(lf», )~, and a (1f», )~ configuration' and for excita-
tions from a (lf»~)~ to a (1f»,),+ (2p», ) configura-
tion. 24 ln this latter case, the state (lf», )'0+ is
considered to be the unique parent state. The val-
ues for the squares of the matrix elements are
listed in Table I.

The single-particle radial wave functions were
calculated both in an harmonic-oscillator well with
a size parameter (o. ) equal to 0.498 F ' and in a
Woods-Saxon well. The DW calculations using
these wave functions were not significantly differ-
ent, so only the calculations using the Woods-Sax-
on eigenfunctions are presented below. The pa-
rameters of the Woods-Saxon well were those used
for proton-pickup from "Ti, "V, and "Cr." They
are a radius of 1.20A' ' F, a diffuseness of 0.65 F,
a Coulomb interaction radius of 1.258.' F, and a
spin-orbit strength, in proton mass units, of 25 Vp.

The total well depth, V„was determined by re-
quiring that a 1fv, proton be bound by 8.06 MeV
(V, = 61.4 MeV), and that a 2P», proton be bound by
5.65 MeV (V0 =64.7 MeV). The choice of these en-
ergies is not critical. Angular distributions calcu-
lated using these 1f,&, single-particle wave func-
tions showed essentially no difference from those
using 1f», wave functions calculated for a binding
energy of 12.2 MeV. Using Eq. (7), the strength
Vpp is derived from the norm aliz ation of the cal-
culated cross sections to the experimentally ob-
served values. That is, it is extracted in much
the same way as one extracts deformation param-

eters in a collective model. For these calculations,
a Yukawa radial dependence with a range parame-
ter of 1 F ' was chosen. Johnson, Owen, and
Satchler ' have shown for 'oZr(P P' ) that this is an
acceptable value for the range. They also investi-
gated the effects of using a Gaussian radial depen-
dence, and found that it would not give the correct
relative multipole dependence for L transfers from
zero to eight.

2. Realistic Intexacti ons

In order to include the effects of core polariza-
tion in the wave functions for the bound states of
the target nuclei, terms containing excitations of
the core have been added to the simple shell-mod-
el configurations. These additional terms explicit-
ly introduce the fact that core nucleons participate
in the transition and lead to the observed enhance-
ments of transition rates over the single-particle
estimates. According to Love and Satchler, "these
effects can be included by modifying Eq. (7) such
that

G~o~ = —W24wMz(Vq'p= Iz(r) A~Ro dU-/dr],

where V is the usual optical potential which de-
scribes the elastic scattering from the target, Rp
is the nuclear radius (or interaction radius) in Fer-
mis, and A~ is the single parameter which charac-
terizes the effect of core polarization. In applying
this relation, it is being assumed that the core par-
ticipation is not introducing any appreciable con-
figuration mixing into the valence states.

Love and Satchler fix the value of A~ by consid-
ering the y transitions from each state. This
method is limited to those states for which such
measurements have been made. Petrovich and
McManus have determined A„A4, and A, for the
(lf», )' configuration in ' Ti from the G»» contri-
butions to the bound-state matrix elements of Kuo
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"vi
5iy
"Cr

Impulse approx.
V~=-22.8 MeV V

a ~= 1»19 F 32 F

Eff IA
Vi=a~=0, n~=1 F-1

V„(L=2)
(MeV)

v„g, =4)
(M V)

V~(L =6)
(MeV)

32»2
32»2
32»2

-35.6
-35.4
-35.6

-37.8
-37.9
-38.0

TABLE II. Interaction strengths (V&& ) ~

s=o 8
Vpp

= Vg +VI
Q g1" Q I'Y

The other interaction used, that due to Kallio
and Kolltveit, ' has a hard core and an exponential
tail. It fits the s-wave phase shifts up to 300 MeV.
The long-range part of this, obtained from the
Scott-Moskowski separation method, represents
the gross features of the Kuo-Brown reaction ma-
trix. " Since this interaction represents only the
direct term in the scattering, exchange effects
must be explicitly included. " This was not neces-
sary for the impulse approximation, since these
effects are implicitly included in the pseudopoten-
tial. The exchange terms were included using a
zero-range approximation of Petrovich et al. v This
approximation has been checked against exact cal-
culations of the exchange integrals, and has proven
to be quite valid for the reactions presented here. "

and Brown. " Since the bound-state matrix ele-
ments give a good fit to the spectrum, this method
effectively uses the spectrum to determine the A~.
The values they have obtained are A, =0.159, A4
=0.110, and A, =0.0775. Since these numbers can
be interpreted in terms of an effective charge for
an f -f transition, it is assumed in this work that
the same values of AL are valid for excitations
within the (1f»2)' and the (1f»2)» configurations.

Federman and Zamick 7 have recently calculated
state-dependent effective charges for other transi-
tions in this region. In particular, their calcula-
tions predict that the effective charge for transi-
tions from an f to a P orbital differs by a factor of
0.15/0. 21 from transitions within the f orbital.
Therefore, the values of A~ for an f -P transition
are taken to be just the f-f values modified by
this factor.

The impulse approximation is valid for high-en-
ergy inelastic nucleon-nucleus scattering', and it
has been shown to work at lower energies. " A

problem occurs, however, in using this interaction
in conjunction with the macroscopic vibrational
model employed in the core polarization. The in-
teraction is complex and its phase at the lower en-
ergies is incorrect, as is shown in calculations of
the optical potential. " In order to circumvent this
problem, D% calculations using a real, Yukawa
interaction with a 1-F range were normalized to
those calculations using the complete complex im-
pulse-approximation interaction. This normaliza-
tion determined a value for V~~= which could be
used in subsequent calculations. However, this
method of obtaining an effective impulse-approxi-
mation interaction (Eff IA) now makes V~~=' depen-
dent on the transferred angular momentum. '7he
values for V~~=' for each nucleus are presented in
Table II along with the complete complex 40-MeV
impulse-approximation interaction from which
they were derived.

ELASTIC SCATTERING

In order to obtain parameters for the distorted
waves required in the calculations, the elastic
scattering from each nucleus was analyzed. The
optical potential used for the calculations had the
form

U(r) = Vc —Vof (x) + V (o' 1)——f (x„)1 d

iW —-4Wo f (x')d'
where

Uc=Z„e'/r, r ~R,

= (Z„e'/2R, )(3 —r'/R, '), r ~R „
R =1»25A'/

E(x) =(1+e") ',

and

x = (r —rP"')/a.
The search code GIBELUMP was used to vary

the parameters in order to fit the observed elastic
data. The criterion for a fit was the minimization
of the quantity

v...(~;)- v,h(~;) '
a v„(8,)

where N is the number of data points, v,»(&;) is
the observed cross section at c.m. angle 8;, and

v,„(6;) is the calculated cross section at &;. The
relative uncertainty in the experimental cross sec-
tion, hv, „z(e;), was taken to be 5% for all data,

points.
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ELAST I C SCATTERING

Ep = 59.9 MeV

50T

calculations presented in this study.

EXPERIMENTAL ANALYSIS

A. "Ti
i

e
-/

5IV

The states observed in ' Ti are compared in Fig.
3 with the levels seen in (dP), 33 (PP'),"and in
(o. ,n')." For levels whose identification is unam-
biguous, the energies are taken as those of Barnes
et al. ' All other levels are labeled with the ener-
gies determined from this work The errors on

r,5—
—7,72

7,39

(3 )—7.60

r.o— 7, 10—7,00
6+9

6.74—6.63
6,55—6,42

(3 ) 6.98

E692 (3) 6,51
6459

I I I I I I I I I

0 20 40 60 80 IOO

8 (dg}

FIG. 2. Optical-model fits to elastic scattering data.
The parameters are listed in Table III.

5,o—
O

5,84

5,56—5,39—5,203

—4,94—4.81

—5.956—5.851
5,821—5.717

5.348
5.203

—4.898
4,808

—5)66
5.813—5,699
5/38—5.553—5.454
5.394
5,342

3 5,206

—4.827—4.738

—531

4'—4,76

The parameters describing the elastic scattering
from Tl~ Vq and Cl use the average geome-
tries (r, and a) and the average spin-orbit strength
(V„) found from elastic scattering and polarization
measurements for 40-MeV protons on ten nuclei
from ' Si to "'Pb.' The value of the imaginary
surface strength (WD) was taken to be the value
found for ~Fe. Using interpolated values as a
starting point, the real well depth (V) and theimag-
inary volume depth (W) were varied by a small
amount to obtain the fits to the elastic scattering
data. The elastic scattering data, in ratio to Ruth-
erford scattering, along with optical-model calcu-
lations are shown in Fig. 2. The parameters used
in the optical-model calculations are listed in
Table EIE. These parameters were used for all D%

TABLE ID. Optical parameters.

Z.'

g
I-

QJ

4,5—

4.0—

2,5—

2,0—

—4422—4+22
4,19

—4„576
4836—4,422
4.322
4.184
4.158

3—4421—4.322—4.182 —4, 18

3,879

—
1,555 I.555 2'—1.55 2+ 1.56

2,686 2.686 4—2.67 4+

I,O—

50T-

5iV

52cr

44.85
42.32
41.79

7.82
8.18
7.42

2.5
6.1
7.6

0.5—
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FIG. 3. Energy levels of Ti. The levels are from
Ref. 33 for (d,p), Ref. 34 for (p,p'), and Ref. 35 for
(e,o, ').
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FIG. 4. A comparison of the experimental angular dis-
tributions for the first 2+and 4'states in 5 Ti, with mi-
croscopic calculations for excitations within a (1fvy2)
configuration.

O.l =
W

these energies are approximately +20 keV.
In Fig. 4 the angular distributions obtained for

exciting the first 2+ and 4+ states are shown with
various microscopic calculations assuming excita-
tions within a (1f»,)' configuration. The 6+ state
at 3.208 MeV, which is also attributed to this con-
figuration, was not observed. These states ap-
pear to be good (1f»2) states from the reactions
(n,d)" and (d, 'He)." It is seen that without core
polarization, both the impulse approximation and
the Kallio-Kolltveit interaction plus exchange
(K.K. + Ex) yield cross sections that are an order
of magnitude too small. Also, although there is a
difference between the predictions of the two in-
teractions, it does not appear to be significant. In
order to show a possible extreme, the calculations
presented in Fig. 4 use harmonic-oscillator wave
functions for the K.K. +Ex calculation, and Woods-
Saxon wave functions for the Eff IA calculation.
When the core polarization is included in the calcu-
lation, it is seen that the added strength brings the
calculations into good agreement with the data,
and makes the difference between the predictions
of the two interactions even smaller. Because of
this, only the impulse approximation will be used
in the following calculations.

In Fig. 5, the microscopic calculations are com-
pared with the shapes predicted by the collective
model. The deformations obtained are also pre-
sented. The collective model does a good job in
describing the over-all shape of the data. How-

ever, for the I- =4 transition, both calculations

I I I I I I I I I . I

0 20 40 60 80 l00
e (deg )

FIG. 5. Comparison of microscopic calculations and
collective-model calculations with the experimental data.

miss the rise at small angles. It is interesting to
note that this discrepancy has also been observed
systematically in 40-MeV proton inelastic scatter-
ing from the Ni isotopes. " Although the collective
model fits the dat;a better, the microscopic-model
calculations, which contain no free parameters,
are still quite acceptable.

The data along with collective-model calcula-
tions are presented in Fig. 6 for the states which
have undisputed spins and parities. It is seen that
the data obtained here agree well with each assign-
ment.

The data for all of the other states observed to
be excited in "Ti are shown in Fig. 7. Again, col-
lective-model calculations are compared with the
measured distributions, and the extracted deform-
ations are presented. The state at 3.879 MeV ap-
pears to be fairly well described by L =2 transfer.
The 4.19- and the 4.81-MeV levels are shown with
the predictions for both an L =2 and an L =4 trans-
fer. The present data favor the I =2 assignment,
but for the (o. , n') reaction" the L = 4 description
was used. The 4.19-MeV level is probably a dou-
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be exciting the 2+ member more strongly than did
the (o., o. ') reaction. The same situation might also
exist for the 4.81-MeV level.

The states at 4.322 and at 4. 94 MeV are well de-
scribed by an L =2 transfer, while those at 5.39,
5.56, 5.84, 6.55, 6.63, 7.10, and 7.39 MeV are
best described by an L =3 transfer. The L =3
transfer for the 7.10-MeV level is in agreement
with the results of (n, n') ' and (f,P) ' reactions.
The level at 7.72 MeV is shown with an L = 3 calcu-
lation, allowing for the possibility that this level
and a possible 3 level observed in (n, n') at 7.60
MeV are the same levels. The experimental dis-
tributions obtained for the states at 6.42, 6.74,
6.89, and 7.00 MeV are also presented. For these
states, no L transfer was found to give even quali-
tative agreement.

The values of 6~ for "Ti are listed in Table IV.
These values of 6z, were used with Eq. (4) to find
the reduced transition probabilities for the ground-
state-to-excited-state transitions. In the approxi-
mation that the excitations are described in terms
of harmonic vibrations, Eqs. (2) and (3) were used
to calculate the "force constant, "

CL, , and "mass
transport" parameters, B~. The results of these
calculations, along with a comparison of the re-
duced transition probability in single-particle units
(6,&), is given in Table V. The reduced transition
probability to the first excited state is consistent
with the electromagnetic results of Stelson and
Grodzins, ' as are also the values of B~ and C~
with the tabulated results of Wong. " In Table VI

TABLE IV. Deformations extracted for 5 Ti.

O.OI— (Mev) (%%u)8

I I I I 1 I I I I I

0 20 40 60 80 IOO

ecm (deg)

FIG. 6. Angular distributions for transitions to states
of known spin and parity in 5 Ti. The curves are collec-
tive-model DW calculations.

blet made up of the levels seen at 4.184 and 4.158
MeV in the (d, p) reaction. ~ Because of the strong
L =1 character of the distributions, they concluded
that these levels were possibly made from the neu-
tron configuration (f,~,) '(P», ). In a (t,P) reac-
tion, "the 4.184-MeV state was seen with an L =2
transfer, and the 4.158-MeV state with an L = 4
transfer. Thus the (p, p') reaction here seems to

1.555
2.686
3.879
4.19

4.322
4.422
4.81

4.94
5.203
5.39
5.56
5.84
6.55
6.63
7.10
7.39
7.72

2+
4+

3

2
4
2
2

2
3
2

2
3

3
3
3
3
3
3
3

0.71
0.43
0.21
0.35
0.39
0.29
0.69
0.29
0.33
0.19
0.16
0.35
0.20
0.28
0.32
0.31
0.37
0.18
0.29

10
10
15
10
20
10
10
15
25
20
15
10
10
15
15
15
10
15
30

The uncertainties are relative values obtained from
the extreme credible fits of the DW calculations to the
data.
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FIG. 7. Angular distri-
butions for various states
seen in Ti(p, p'). The
curves are collective-
model DW calculations.
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we list the fraction of the sum rule [Eqs. (5) and

(6)] exhausted for each transition.

g Sl y

The energy levels of "V observed in this work
are presented in Fig. 8 along with a summary of
levels seen below 5 MeV of excitation in (P, P') and

(d, P) reactions. " Also shown are theoretical cal-
culations predicting the levels of "V. Assuming
an inert 'Ca core, Auerbach allows the three ad-
ditional protons to be shared between the lf, i2 and

the 2P», shells and Raj, Rustgi, and Singh ' extend
the basis to include the lf„, and 2$», shells. Us-
ing the coriolis coupling mode, Scholz and Malik

have also calculated the energy levels of "V as a
function of possible permanent deformations.
Their calculations, shown in Fig. 8, are those for
a deformation of -0.32.

For the levels having unambiguous assignments,
the excitation energies of Ref. 43 have been taken.
A possible exception could be the 2.702-MeV state,
since there is a close-lying state at 2.678 MeV.
The identification of this level has been taken to be
the ~2 state arising from the (lf», )s configuration,
rather than the ~ state which has a large amount
of 1d», hole strength. " This choice is supported
by the (n, n') study of Peterson, ' and it will also
be seen that it leads to a consistent picture in the
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tion is not considered here. The description of
this state is further supported by ('He, d) reaction
data ' which indicate that it contains only about
1.5% of the 2P», single-particle strength.

A point should be made concerning two different
models that have been used to describe the excita-
tion of the low-lying states of "V. A "weak-cou-
pling" model describes these states as resulting
from a single 1f», proton coupled to a "Ti(2+) col-
lective excitation. In this model, excitation of a
state by inelastic scattering would have all of the
characteristics of the excitation of the 'OTi(2+)
state. A shell-model picture requires that only
good parent states be taken into account, These
two models have been compared to inelastic-scat-
tering data, ' ' ' and the "weak-coupling" mod-
el has been found to be inadequate to explain the
data. This result is consistent with the work pre-
sented here.

TABLE V. Reduced transition probabilities, "mass-
transport" parameters and "force constants" for Ti.
(The entries in columns 3, 5, and 6 are given in the form
xy, where y is the power of 10 multiplying x.)

BI /h2 C~
G» (Me V) ~ (Me V)(Mev)

0.431 3
0.735 5
0.377 2

0.720 2
0.878 4
0.309 2
0.472 3
0.487 5
0.738 3
0.145 4
0.189 4
0.177 4
0.252 4
0.597 3
0.155 4

1.555
2.686 4
3.879 2
4.322 2
4 422 3
4.940 2
5.203 3
5.390 4
5.560 3
5.840 3
6.550 3
6.630 3
7.100 3
7.390 3
7.720 3

0.687 2
0.195 3
0.315 3
0.148 3
0.358 2

0.302 3
0.566 3
0.147 3
0.339 3
0.165 3
0.112 3
0.118 3
0.776 2
0.315 3
0.116 3

5.5
2.7
0.5
0.9
5.9
0.4
0.3
1.8
0.5
1.0
1.3
1.2
1.7
0.4
1.0

0.166 3
0.141 4
0.474 4
0.277 4
0.700 3
0.737 4
0.153 5
0.427 4
0.105 5
0.562 4
0.482 4
0.520 4
0.391 4
0.172 5
0.692 4 5,0 4.943 5/2

description of the angular distributions observed
in this work. The energies of the other levels in
Fig. 8 have uncertainties of approximately +20 keV.

The levels predicted by Auerbach include the +,
(0.86), ~2, ~2, and the ~2 states which are tak-

en here to be excited through the (lf», )' configura-
tion. The ~ (0.86) state, which could contain the
(1f»,)', „(2p»,) single-particle excitation, is calcu-
lated by Auerbach to contain only about 1'%%uz of that,
configuration and a 25% admixture of a (lf ~

)',
(2p», ) state Since. this latter configuration would
require a "two-step" process to excite it from the
(1f„,)'», , v =1 ground state, this mode of excita-

4.646
45I4.5—

4439

4.28
4.218
4. I 26 3/24.06

4,0—
3.9l

3.78
3.66
M3
3.43
3.32

5/23.747

5,5—
O

3,0—

3,5I9
3.454

3/2

3.2IS 3/2

3085 I5/2

(3
CL
QJ
Z 2.5—
LLI

9/2
2 793 I5/2
2.702
2.678
2.548
24I I

3/2

2702 l5/2
3/2'
I/2'

24II 3/2TABLE VI. Fraction of sum rules exhausted for 5 Ti. 9/2
7/2

II/2
z,'

O
t—
I-
C3

l,5—

(Mev) 2,0—
EWSR NEWSR

I.8I5 9/2 I.8I5
9/2 3/2

I.6II II/2. I.6II
II/2
9/21.555

2.686
3.879
4.322
4.422
4.940
5.203
5.390
5.560
5.840
6.550
6.630
7.100
7.390
7.720

0.045
0.016
0,010
0.021
0.086
0.010
0.005
0.021
0.009
0.019
0.027
0.026
0.040
0.010
0.027

2
4
2
2
3
2
3

3
3
3

3.
3
3

0.172
0.055
0.015
0.029
0.149
0.012
0.008
0.036
0.013
0.025
0.032
0.030
0.043
0.010
0.026

5/2

I,O—
Q93I 3/2 0.93I

3/2

0.5—
CQ20 5/2- og20

5/2

PRESENT
WORK

7/2

AND
(d, p)

7/2 7/2 7/2

AUER- RAJ SCHOLZ
BACH et al. AND

MALI K
p=-032

FIG. 8. Energy levels of 5~V. The levels for (p,p') and
(d,p) are from Ref. 43. The calculations are by Auer-
bach (see Ref. 44), Raj et al. (see Ref. 45), and by Scholz
and Malik (see Ref. 46).

Totals 0.086
0.249
0.037

0.228
0.336
0,091

PREEDOM, GRUHN, KU'0, AND MAGGIORE



40-MeV PROTON INELASTIC SCATTERING ON "Ti, "V,

Microscopic DW calculations are presented in
Fig. 9 for angular momentum transfers of two,
four, and six. The reduced cross sections (a'z, )
have been normalized according to the equation in
the figure. The angular momentum coupling coef-
ficients (M'I, ) were given in Table 1. The two inter-
actions assumed for the calculations are the im-
pulse approximation with the added core-polariza-
tion terms, and an interaction with a Yukawa radi-
al form with a range of 1 F and a strength (V~~ ')
which was determined from an average normaliza-
tion to the data. The core-polarization strength is
the same as was used for the (1f»,)' excitations in
"Ti since this strength can be taken to represent,

in some sense, the effective charge in a lf», - 1f„,
transition.

Combining the reduced cross sections for each
of the possible (lf„,)' states, one obtains the angu-
lar distributions shown in Fig. &0 along with the
data. It is seen that the fits to the data are quite
good, especially for the calculations employing the
impulse approximation plus core polarization.

5IV (p pl)
I I I I I—EFF.IA w. CORE POL.

---YUKANA, tF RANGE;

Vpp II5 MeV

&/2, E"=0320 MeY—
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IOO =
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2

f 2(7/2)+I L 2L+ I L
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S*O

YUKAWA 1 F RANGE Vpp I I 5 MeV

O,I—
c

3/2, E'=0.931

OI =

Mev

IO

IO-

30
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O, I

~ g I5/2, E =2.702 MeV
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FIG. 9. Reduced cross sections for various multipole
transitions. The calculations assume transitions within
a (1f&y2) configuration.

FIG. 10. Microscopic-model calculations compared
with the data for transitions to states of the (1f&/2)
figuration,
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Satchler' has indicated that a fair test of the micro-
scopic model for inelastic scattering would be its
ability to predict relative angular momentum trans-
fers correctly. Since the three L transfers come
into the above calculations in varying amounts for
each state (e.g. , L =4 dominates for the ~ state,
only L = 4 and L =6 enter for the ~ state), it ap-
pears that the microscopic model using the above
interactions is indeed predicting the correct rel-
ative angular momentum transfers for 40-MeV in-
elastic proton scattering. At a lower proton ener-
gy (17.45 MeV) and with a Gaussian radial form
for the interaction, Funsten, Roberson, and Rost'
found some difficulty with the relative predictions.
However, using the empirical shapes for the re-
duced cross sections derived fr om 17.5-Me V ' Cr-
(P,P') reactions to the 1.434-MeV (2+), 2.371-
MeV (4+) and 2.767-MeV (4+), And 3.114-MeV (6+)
states, Peterson ' was able to correctly describe
the magnitudes and general shapes of the observed
angular distributions. For inelastic e scattering,
Peterson found that, in order to obtain agreement
with the data, it was necessary to enhance the re-
duced cross section for an L =2 transfer by a fac-
tor of 4 while leaving unmodified the calculations
for L =4 and 6.

Another transition in "V to a state whose config-
uration is considered to be known is that to the 2

state at 2.411 MeV. This state contains a large
amount of the l =1 single-particle strength in the
' Ti('He, d) reaction, 7' 9 and has been calculated~4
to have a large (1f»~) o, (2p, &,) strength. The mi-
croscopic DW calculations assuming a (lf„,)'—
(lf»~)', +(2Ps&~) transition are shown in Fig. 11 with
the observed angular distribution. The core-polar-
ization strength is that for a lf-2p transition, as
discussed earlier. Again the calculation using the
impulse approximation plus core polarization re-
produces both the magnitude and the shape of the
experimental angular distribution rather well. It
should also be noted that the calculation with only
the Yukawa radial form fits the data, using the
same strength as determined above. However,
this might just be fortuitous, since the calculation
then takes no account of the change in the core po-
larization even though this has been shown to be an
important effect.

Auerbach predicts another 2 level at 3.21 MeV
that also has a large admixture of the (lf„,)'„(2P„,)
component. Such a state at 3.21 MeV has been ob-
served with an l = 1 distribution in the (3He, d) re-
action. ''" The states seen here at 3.32 and at

5IY (p p)—COLLECTIVE MODEL (L=2)——EFF IA w, CORE POLARIZATION
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FIG. 11. Microscopic-model calculations compared
with data for exciting the 2.411 MeV, & state.

FIG. 12. Angular distributions of various transitions
in 5~V
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MeV
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tt

3.43 MeV have distributions essentially the same
in magnitude and shape as the 2.411-MeV state,
and thus could be candidates for the predicted
state.

Auerbach also predicts a ~2 state at 1.86 MeV
which has remained unobserved. The calculations
show this state to be essentially a pure [(lf„,)'~,
x(2p~(2 )j ~pa (cT~ = 2q 4) conf lguratlon~ and thus 1t
would require a "two-step" process to excite it.

In Fig. 12, the data for eight levels are corn-
pared with I- = 2 collective-model D% calculations.
For the 2. . . ~2, and, states, the microscopic
calculations are also presented to show that these
data favor the shell-model description over the
"weak-coupling" model, as discussed earlier.

The data for the other analyzable states seen in
this work are presented in Fig. 13. For the ~2

state, both an I- = 4 collective-model DW calcula-
tion and a microscopic calculation are shown. It
is seen that the collective model does not describe
the experimental angular distribution very well.
The states at 3.78 and at 4.51 MeV are shown with
the predictions for an I- =3 transfer, and the state
at 3.91 MeV with an L, = 2 transfer. No collective-
model calculation was found to adequately describe

TABLE VII. Deformations extracted for ~~V.

(Mev)

0.320
0.931
1.611
1.815
2.411
2.702
3+32
3.43
3.53
3.78
3.91
4.51

5/2
3/2

ll/2
9/2-
3/2

15/2

0.36
0.22
0.39
0.30
0.19
0.21
0,22
0.22
0.20
0.34
0.22
0.22

10
10
10
15
15
15
20
20
20
15
20
10

~The uncertainties are relative values obtained from
the extreme credible fits of the 0% calculations to the
data.

the states at 4.06 and at 4.28 MeV.
In spite of the generally poor collective-model

fits to the data, we list for completeness the de-
formations 6~ in Table VII. These values of 5~
were used to calculate the reduced transition prob-
abilities. along with the "mass-transport" and
"force-constant" parameters. The results of these
calculations are given in Table VIII. A compari-
son of the reduced transition probabilities to the
first four excited states with other experiments is
made in Table IX. It is seen that our results agree
Iluite well with the results oi (n,n')" and with l'|.5
MeV (P, P'),"while there is disagreement with the
results of the Coulomb excitation" for the ~2 ex-
citation at 1.815 MeV. In Table X we present the
fraction of the sum rule exhausted for each transi-
tion. It is interesting to note that in the first five
transitions in "V we exhaust 3. 5%%uo of the 2+ sum
rule. This is to be compared with 4. 5%%uo for "Ti

05
O.OI—

C

3
U

O.I .— =4+8 MeV

TABLE VIII. Reduced transition probabilities, "mass-
transport" parameters, and "force constants" for 5~V.

(The entries in columns 3, 5, and 6 are given in the form
xy, where y is the power of 10 multiplying x.)
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O.l—

E*=X9I MeV

8 22F
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I'IG. 13. Angular distributions of various transitions
in ~~V.

0.320 2
0.931 2

1.611 2
1.815 2
2.411 2

2.702 4
3.320 2

3.430 2
3.530 2
3.780 3
3.910 2
4.510 3

0.123 3
0.459 2
0.144 3
0.853 2
0.342 2

0,199 5
0.459 2

0.459 2
0.379 2
0.239 4
0.459 2

0.100 4

1.5
0.6
1.8
1.1
0.4
0.7
0.6
0.6
0.5
1.5
0.6
0.6

0.132 4
0.121 4
0.223 3
0.334 3
0,627 3
0.825 3
0.340 3
0,329 3
0.387 3
0.175 3
0.288 3
0.350 3

0.135 3
o.lo5 4
0.578 3
0.110 4
0.365 4
0.602 4
0.374 4
0.387 4
0,482 4
0.250 4
0.441 4
0.712 4
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TABLE IX. Comparison of B(E2; 0 I) (in F ) for ~~V.

(m, n')b

(42 MeV)
Theoryd

(P = —0.18)
(p, p') '

{17.5 MeV)
Coul. '

Ex.
Eg

(MeV)
Present
results

3/2
5/2
9/2

11/2

45
75
80

160

53
125
101
160

0,931
0.320
1.815
1.611

Bef. 46.Bef. 24. Ref. 52.Bef. 48.

and 5.1% for '2Cr first 2+ states. In the weak-cou-
pling picture we would have expected these results
to be comparable.

9,0

3 —8,60
et5—

3—7,90—7.73

—7.47

3=7.10 3=7.IO
70 —7.03

6.76

3=660
3—6M6,5—

—QI07

—5.725—5~
—5@46

3=6.IB
60-

—%64—546—548—5,30—5.I2
—kl4l

5XH7 4 —5.07—4.9505,0— Bt

2t—4.743
4.706
4+3Q
4563

4 —473
3-—459 3=4,60 0'—4,5—

C5
K
LLI

QJ
4+—4 IO—4040

4l 64,0——4.03

5'—V*4—3772
O

C3

UJ

—3,772
5'—X6l9—3.472—3.4 I6

0'—
Bt

Q5 —3.472 2 —V*4

2'—6'—
2t

6'—V=2

St0 —2.965 2'—2965 4'—297

TABLE X. Fraction of sum rules exhausted for ~~V. 6'—4'—2 776
0'—285

—2.767 4'—2.767
0'—2.650

4 —V=2

4t
4t

4t—Vt42,5——237I 4 —2.37l 4'—2.37 4'—237

EKSB NE%SB
2tO

0.320
0.931
1.611
1.815
2.411
2.702
3.320
3.430
3.530
3.780
3.910
4.510

0.002
0.003
0.014
0.010
0.005
0.004
0.009
0.010
0.008
0.018
0.011
0.009

0.042
0.016
0.050
0.029
0.012
0.013
0.016
0.016
0.013
0.035
0.016
0.014

l,5——I 434 2'—l.434
2t2'—V*22'—L434 2t—I,43

l,0—

0,5—

0
PRESENT ( Pl P'}

WORK AND(p u}
M8Z AUERBACH KOMODA(a,a'} (e,e'}

FIG. 14. Energy levels of 5 Cr. The levels for (P,p')
and (p, e) are from Bef. 53, (e,o.') from Bef. 50, and
(e,e') from Bef. 44. The calculations are those of McCul-
len, Bayman, and Zamick (see Bef. 4), Auerbach (see
Bef. 44), and Komoda (see Ref. 55).

Totals 0.210
0.049
0.013

0.072
0.027
0.004

The energy levels of "Cr seen in this work are
compared in Fig. 14 with the level structure de-
termined by (P, P') and (P, n) reactions, "and by
(o.',o. '), '0 and by (e,e'),5' along with various theoret-
ical calculations. %here there is no ambiguity as
to the identification of the level, the energies de-
termined by Katsanos and Huizenga" are taken.
The excitation energies of the other levels were
determined in this work to be approximately +20
keV. The calculations are those of McCullen, Bay-
man, and Zamick' (MHZ), assuming a pure (1f»,)'
configuration, of Auerbach, "allowing the lf„, and

2P3&2 orbitals to mix, and those of Komoda, "which
distributes the four protons among the 1f»„2$», ,
lf»2, and 2P~&2 shells. The specific calculations
of Komoda shown here use a Serber exchange mix-
ture with a potential strength of 20 MeV and a
range parameter equal to 1 F.
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In the MBZ calculations, seniority (v) is a good
quantum number, since only effective three-body
and four-body forces can cause seniority mixing
in a pure configuration of identical particles. "
However, once configuration mixing is allowed,
then states of the same spin but different senior-
ities can mix. Thus the 2+ states at 1.434 and
2.965 MeV and the 4+ states at 2.371 and 2.767
MeV have seniority admixtures in the calculations
of Komoda and of Auerbach.

The angula1 dlst11butlons to these states are
shown in Fig. 15. Assuming a simple two-compo-
nent wave function for the two states having the
same spin, and also assuming that the interaction
responsible for the excitation is a single-particle
operator, then the ratio of the squares of the am-
plitudes is just given by the ratio of the experimen-
tal cross sections for exciting those states. Using
the unit normalization condition, one then deter-
mines empirical values for the amplitudes.

In Table XI the ratios obtained here are com-
pared with those calculated by Auerbach and by
Komoda, and with similar quantities obtained from
inelastic scattering, ' 'o '4 transfer reactions, '~ '9

and y-decay branching ratio. ' An immediate qual-

itative conclusion is that for the 2+ states, senior-

ity is a fairly good quantum number while for the
4+ states, there is almost an equal admixture of

e = 2 and v = 4 terms.
There is an interesting grouping of the values

for the ratio of the 4+ strengths apparent in Table
XI. For the inelastic-scattering reactions, the
first 4+ state (4+, ) is excited more strongly (i.e. ,
has more v = 2 strength) than the second 4+ state.
The transfer reactions and the y decay show just
the opposite. Also, the calculations of Auerbach
agree with the latter values, while those present-
ed for Komoda (with a range parameter equal to l
F) agree with the values measured here. (It should

be pointed out, however, that had another range pa-
rameter been taken in Komoda's calculation, the
mixture could be inverted. ) A possible explanation
for this apparent discrepancy is that the transfer
reactions may be sensitive to just the (lf», )', v =2
component of the wave function while the inelastic
scattering can excite, in a coherent manner, all of

the 6 =2 components in the wave function.
Since the interaction responsible for the excita-

tions is taken to be a sum of single-particle oper-
ators, it follows that the D% calculation for a giv-

TABLE XI. Ratio of strengths of excitation for 2+ and 4 states in Cr.

2,'(1.434)
2,'(2.965)

4l (2.371)
4, (2.767)

(P P')

(P P')

(e, e')

(3He, d)

present

50

a(J,) '
6 P2)

(II)) ) )'

exp(J~. 17 )
Oe„p (J2, 17')

a(aI-, J,)
a(EL, J2)

C2S p, )
esp', )

59

21

22 not seen

22 not seen

22 not seen

1.20

22 not seen 0.83

(p, o, )

fV2-P3/2
configuration

f3/2 P3/2 f5/2 and P$/2
configuration

aexp ~j.)
0'ex

p (J2)

branching ratio

fv/2 s v =2 ln efg
4 ~ 2

fP2 s V =2 lIl «l2

fv/2, v=2 in Jl4 ~ 2

fv/2 s V =2 ln «12
796

0.45
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IO .—

tA

Cl
E

3
b O,I;

OOI =

JTF 2+

eV

Jvr 4+

4+„E=2.37I MeV-

A 053

eV-

O. I

E

3D
b 4~,F =2.767 MeV-

~ B4=0.47

O. l =

cr (p, p')

IJ &=A Iv=2&+8 Iv=4&
I J J

I J2&=BJ Ivs2&-A Iv=4&J
2

ExP I ANP A +B
A fT (J )

EXP 2

(Me V) L
B(EL 0 ~L)

(p2L)
BL /A CL

G„(Mev) ' (MeV)

1.434 2
2.371 4
2.767 4
2.965 2

3.163 2
3.472 4
3.772 2

4.030 4
4.590 3
5.120 4
5.300 3
6.210 3
6.350 4
6.600 3
6.800 2
7.030 3
7.730 3

0.620 3
0.591 5
0.491 5
0.105 2
0.820 2
0.864 4
0.167 3
0,185 5
0.977 4
0.205 5
0.835 3
0.194 4
0.131 5
0.237 4
0.653 2
0.267 4
0.145 4

7.5
1.9
1.6
0.1
1.0
0.3
2.0
0.6
6.0
0.7
0.5
1.2
0.4
1.5
0.8
1.7
0.9

0.650 2
0.363 3
0.374 3
0.186 4
0.223 3
0.170 4
0.916 2

0.684 3
0,399 2
0.486 3
0.405 3
0.148 3
0.612 3
0.115 3
0.130 3
0.953 2
0.160 3

0.134 3
0.204 4
0.287 4
0.164 5
0.223 4
0.204 5
0.130 4
0.111 5
0.841 3
0.127 5
0.114 5
0.572 4
0.247 5
0.499 4
0.602 4
0.471 4
0.957 4

TABLE XIII. Reduced transition probabilities, "mass-
transport" parameters, and "force constants" for ~2Cr.

(The entries in columns 3, 5, and 6 are given in the form
xy, where y is the power of 10 multiplying x.)

I I I I I I I I I I

0 20 40 60 80 IOO

e (deg)

I I I I I I I I I I

0 20 40 60 80 IOO

9 (deg)

TABLE XII. Deformations extracted for 52Cr.

Eg
(MeV)

1.434
2.371
2.767
2.965
3.163
3.472
3+772
4.03
4.59
5.12
5.30
5.48
6.21
6.35
6.60
6.80
7.03
7.73

2'
4+
4+
2+
2+

4+

2'
4+

3
4+

3

3

3
3

2
4

2
2

2

3

3
4
3
4
3
2
3
3

0.77
0.34
0.31
0.10
0.28
0.13
0.40
0.19
0.65
0.20
0.19
0.35
0.29
0.16
0.32
0.25
0.34
0.25

10
10
10
20
10
15
10
10
15
15
15
10
10
10
10
10
15
15

The uncertainties are relative values obtained from
the extreme credible fits of the DW calculations to the
data.

FIG. 15. Angular distributions for the excitation of
states having a component of seniority (v) equal to two in
their wave function. The calculations assume excitations
within the (1f7g2) configuration.

TABLE XIV. Comparison of Cr(p, p') and Cr(e, e'),
B(EL; 0-L) (P'L)

Eg
(p, p')

Present
results

1.434
2.371
4.59

620 +120
59 100+12000

9770 +3000

742 +58
97 200 + 16 840

9320 +480

~See Ref. 54.

en L transfer predicts the total strength for an ex-
citation involving 4v =2 [i.e. , o»(L)uI (J,v = 2

~
V~

0+, v =0)I']. Assuming that v =2 excitations in the
(f»~)~ configuration polarize the core in a manner
similar to that of the (f», )' configuration in 'OTi,

one can then use the core-polarization strengths
calculated for the ' Ti excitations. Using the im-
pulse approximation to obtain the interaction
strengths, microscopic calculations similar to
those presented earlier can be made for ' Cr.
These calculations, assuming just excitations with-
in the (f„,) configuration, . are compared with the
data in Fig. 15. In order to determine the fraction
of the total v =2 strength that each state should re-
ceive, one just multiplies the calculated strength
by the amount of v =2 component in the wave func-
tion. It should be noted again that this coefficient
is determined empirically, since it results from
the ratio of the experimentally observed cross sec-
tions. Thus the first 2+ state receives 98% of the
calculated L =2, v =2 strength while the second 2+
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FIG. 16. Angular distri-
butions for transitions to
states of known splxl and
parity in 2Cr. The curves
are collective-Inodel DW
calculations.
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receives only 2%. Similarly, the first 4+ state re
ceives 53% of the calculated f. = 4, v =2 strength
and the second 4+ gets 47%. ft is seen from the ex-
cellent agreement in magnitude that the microscop-
ic D% calculations are predicting the correct v =2
strengths for ' Cr. As in previous sections, the
shapes of the angular distributions are also well
reproduced.

The data for various states of known spin and

parity in "Cr are shown in Pig. 16 along with col-
lective-model D%' calculations and the extracted
deformations. It is seen that these data are con-
sistent with previous spin assignments.

In Fig. 17, data are presented for excitations
leading to unidentified levels in '2Cr. Collective-
model calculations and extracted deformations are

shown for the I- values that best fit the angular dis-
tributions. For the 7.47-MeV state, no satisfacto-
ry calculation was found.

The values of 5~ for "Cr are presented in Table
XII. The reduced transition probabilities along
with the B„"mass-transport, " and C„"force-
constant, "vibrational-model parameters are given
in Table XIII. The values of B~ and C~ are approx-
imately twice the values listed in the tables of
%'ong. ~' A portion of this discrepancy is accounted
for by the fact that our reduced transition proba-
bility is low compared to the value used by Kong.

In Table XIV we compare the reduced transition
probabilities for the lowest L =2, 3, and 4 transi-
tions with the results obtained in the (e, e') reac-
tion. ' %e find reasonable agreement for all three



184 PRE EDOM, GRUHN, KUO, AND MAGGIORE

52Cr (p, p')

L=2
L=3
L=4

r'
0.1—

E = 5.30 MeV

8~= 0.19 F

transitions.
In Table XV we list the fraction. of the sum rules

exhausted for each transition. Comparing these
results with those of (a, n)" using the EWSR, it
is found that both reactions exhaust 5/p of the
EWSR in the first 2+ state, and totals of 13 and
10%, respectively, of the EWSR for all observed
2+ states.

For the lowest 3 state, we obtain 8.3% of the
sum rule versus the (n, a') result of 3%. And for

(MeV) EWSR NEWSR

1.434
2.371
2.767
2.965
3.163
3.472
3.772
4.030
4.590
5.120
5.300
6.210
6.350
6.600
6.800
7.030
7.730

4
4
2
2
4
2
4
3

3
3
4
3

3

0.051
0.009
0.009
0,002
0.015
0.002
0.036
0,005
0.083
0.007
0,008
0.022
0.005
0.029
0.025
0.035
0.021

0.215
0.037
0.030
0.004
0.028
0.005
0.058
0.011
0.141
0.013
0.012
0.028
0.008
0.034
0.023
0.039
0.021

TABLE XV. Fraction of sum rules exhausted for Cr.

0.01

Totals 0.129
0.198
0.037

0.328
0.285
0.104

O.l

3
b

E = 5.48 Mev

84= 0.35F'0
~ all of the observed 3 transitions, we obtain 20%

versus the result of 8% obtained in (a, a"). In the

(P,P') reaction for the first 4+ state, we exhaust
1% versus 1.3% of EWSR obtained in (a, n').

SUMMARY AND CONCLUSIONS

E= 6.35 IVleV

8, =0.16F

O. l

E =6.80 MeV

8~= 0.25 F

O. I

E =?4?MeV

t
t

I I I I I I I I I I

0 20 40 60 80 IOO

8 (deg)

FIG. 17. Angular distributions to various states excit-
ed in 52Cr(p, p'). The curves are collective-model DW
calculations.

From the analysis of the data presented here, it
appears that the present form of the microscopic
model of proton inelastic scattering gives an ade-
quate description of the data. The angular distri-
butions admittedly do not fit the data as well as
those of a collective model, but on the other hand

they do contain more specific information about
the nuclear structure involved. This and the fact
that the predicted magnitudes are not exactly cor-
rect indicate that there is still quite a bit of room
for improvement. However, it is encouraging that
one can make successful calculations using aver-
age optical potentials, a realistic nucleon-nucleon
interaction, and realistic nuclear wave functions
without any of the parameters being determined
from the experiment under study.
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The low-lying states of the calcium isotopes 4 Ca through 5 Ca are discussed within the
framework of the conventional shell model. An inert 4 Ca core is assumed. Calculations are
made in several basis-vector spaces involving active Qf&(2, 1P3(2, Ofs(2, 1P~(2, and Qge(2 neu-
tron orbits. In one set of calculations, we use a "realistic" effective interaction derived for
this mass region by Kuo and Brown. The shell-model results suggest that, in this effective
interaction, the interactions of f~(2 neutrons with p3/2y pf(2 and f5(2 neutrons are too strong.
In other calculations, with a modified Kuo-Brown interaction, we find the calculated spectra
for the low-lying states of the calcium isotopes are in agreement with observed spectra,
with several significant exceptions. The exceptions are that the second 0+ and 2+ states ob-
served in Ca, Ca, and 8Ca are not accounted for in the calculation. Calculated spectro-
scopic factors for fv(2 transfers are in good agreement with experimental spectroscopic fac-
tors, and the observed centroids of the p3(2 single-particle strengths are reasonably well re-
produced. Our results also indicate that "core-excitation" effects are significant above
about 2.5 MeV in Ca through 48Ca.

I. INTRODUCTION

The low-lying levels of the calcium isotopes
have long been of interest to both experimental
and theoretical physicists. Thirteen isotopes of
calcium are known, six of which are stable. Us-
ing these six stable isotopes as targets, it is pos-
sible to study the level structure of all i3 isotopes
with one- and two-nucleon pickup and stripping re-
actions. Thus it has been possible to accumulate
a large amount of experimental information about
these nuclei. The calcium isotopes comprise a
convenient set of nuclei from a theoretical stand-
point too. With the exception of the lightest two
isotopes, "Ca and "Ca, it is useful to make the
approximation that each calcium isotope has a
doubly-magic A =40 core. In this approximation,
all the active particles outside the A =40 core are
neutrons. Then with some further simplifications
(which we shall discuss), detailed shell-model
treatments of the Ca isotopes become quite feasi-
ble. These further simplifications are suggested
by the spectrum of single-particle states that
seems to be appropriate for the calcium isotopes.
The single-particle spectrum will be discussed in

more detail in Sec. II.
Many calculations of the level structures of the

calcium isotopes have been reported previously.
It is useful to describe briefly several such calcu-
lations, as a background to the investigation re-
ported here. In the earliest systematic calcula-
tions of the calcium isotopes, ' ' only pure f„,-
neutron configurations were included. The struc-
ture of the single-particle spectrum, as discussed
below, suggests that this pure-f», model is a rea. —

sonable first-order approximation. In this approx-
imation the effective Hamiltonian is completely
specified by five parameters: the binding energy
of the f,~, neutron to the Ca core, and the four
two-body matrix elements (f», 'J ~ V~ f»,'&) with
~=0, 2, 4, and 6. (Here, and throughout this pa-
per, V represents the two-body part of the effec-
tive Hamiltonian. ) ln the calculations of Refs. l-
3, these five parameters were taken directly from
the experimentally observed spectra of "Ca and
"Ca. These calculations satisfactorily reproduced
the observed energies and spins of many of the
low-lying states of the calcium isotopes. The
levels which are accounted for by this pure-f»,
model will be referred to as f», states.


