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It is shown that the Tabakin potential apparently predicts a deuteron quadrupole moment
which is smaller than that previously assumed by a factor of 3. This discrepancy arises
from the original use of an inaccurate formula relating the quadrupole moment of the deuteron
to the threshold slope of the S&- D& coup1ing parameter &&. The new value indicates a corre-
sponding Tabakin tensor force which is considerably weaker than is required. Also, the small
D-wave spin-orbit splitting given by the Tabakin potential at 142 MeV is found to be different
from the small experimental value.

Some time ago, Tabakin' devised a nonlocal
separable nucleon-nucleon potential for investiga-
ting saturation and convergence properties of this
type of model interaction in many-particle calcula-
tions. In line with these rather modest aims, Ta-
bakin did not try to obtain a precise fit to the nu-
cleon-nucleon data, but did try to reproduce the
main features of the phase shifts. Following the
publication of the Tabakin potential, it has been
used in a variety of nuclear calculations, ' since its
separable character has enabled users to write
down its matrix elements in closed form. It has
come to be referred to as a realistic nucleon-nu-
cleon interaction.

The criteria for judging whether a particular nu-
cleon-nucleon potential is to be considered as "re-
alistic" certainly depends upon the intended appli-
cation. Thus, for determining the model depend-
ence of nucleon-nucleon bremsstrahlung the Taba-
kin potential was found to be insufficiently precise. '
However, for nuclear-structure calculations one is
generally interested in more general and qualita-
tive questions such as those posed by Tabakin. For
these, it is generally believed' that the low-energy
nucleon-nucleon data should be fit rather well but
that the higher-energy data, in the region of the
change of sign of the S-wave phase shifts, need be
fit only qualitatively. In particular, it is well
known' that the quadrupole moment of the deuteron
implies that there must be a strong tensor force.
Kerman, Svenne, and Villars' stated succinctly the
uncertainty as to whether disturbing results of nu-
clear calculations might possibly be attributed to
the Tabakin potential's lack of fit to the two-body
data.

It has previously been noticed' that some results
of multiparticle calculations can be quite sensitive
to the central-to-tensor-potential ratio in the 'S, -

state, which ratio is intimately connected to
the quadrupole moment of the deuteron through the
'S, -'D, coupling parameter E'y. In fact, Tabakin ob-
tained his model prediction for the quadrupole mo-

ment through the use of an approximate formula
for the analytic continuation of e, from the low-

energy scattering region to the deuteron's negative
energy.

The analytic-continuation formula used by Taba-
kin was due to Biedenharn and Blatt, ' and is based
on the linearity of e, with energy at threshold:

dE~
&,(k')=, k', for small k.

AP = 0

Here k denotes the momentum of either nucleon in
the c.m. frame, and k'=ME~/2h'. One assumes
that this threshold form can be analytically contin-
ued to the deuteron position at an equivalent lab-
frame energy, which is the negative of twice the
binding energy of the deuteron. There, e, becomes
the negative of the deuteron asymptotic 'D, /'S,
wave function ratio, g:

dE)

=0

where k„=0.232F '. One now uses Biedenharn and
Blatt's' approximate formula for g.

q = (1 —k~x, )'~2Q~k~',

where Q„ is the quadrupole moment of the deuter-
on, and r, is the effective range for sc'attering in
the 'S, state. Tkis foymula goas intended to simu
late the actual q sehich zvould be Produced by Poten-
tials to within an accuracy of 10%. Comparing the
last two formulas listed above, one can solve for
Q„:

dElq„=, [(1-k„r,)'vY] -'.
=0

Tabakin adjusted his potential parameters in order
to produce a value of de, /dk' at threshold which,
when inserted into this formula, would yield the ex-
perimentally known value of Q„.

One can directly test the accuracy of the Bieden-
harn-Blatt formula for g by comparing to the ex-
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TABLE I. Values for g, the asymptotic D/S ratio in
the deuteron, calculated from approximations to poten-
tial scattering and from potential scattering directly.
The corresponding values of QD for the potentials of the
last three lines were all within 3% of the experimental
value of QD (see Table II) used for the g values of the
first two lines.

Ref. Year

Blatt-We is skopf 8
formula (approx. )

Biedenharn-Blatt 7

formula (approx. )
Yamagouchi- YaInagouchi

potential (exact)
Hamada- Johnston 11

potential (exact)
Nine Glendenning-Kramer 9

potentials (exact)

10

1952 0.021

1954 0.0075

1954 0.028

1961 0.027

1962 0.026-0.027

act results for published potentials, and this is
done in Table I. The first line lists the prediction
of Blatt and Weisskopf's' older and simpler formu-
la for g.'

It is interesting to note the very small range of

g displayed by the nine different Glendenning-
Kramer potentials, despite the fact that those po-
tentials produced a rather wide range of E'y and 'S,
values at higher energies. The Yamagouchi-Yama-
gouchi" potential is nonlocal and separable like the
Tabakin potential, while the Hamada-Johnston po-
tential" is a local one with a hard core. Also of
interest is Wong's" low-energy formula for e„
which does not involve Qd but does include one-
pion exchange and the 'S, scattering length and ef-
fective range. Wong found q = 0.029 in his approxi-
mation.

One deduces from the above discussion and from
Table I that the Biedenharn-Blatt formula is an ex-
ceedingly poor one. The effect of its use on Taba-
kin's potential is illustrated in Fig. 1, where one
sees that the threshold slope of e, for the Tabakin
potential appears to be too small by a factor of 3.
Furthermore, using Tabakin's threshold slope in
the Blatt-Weisskopf formula, one obtains an esti-
mate of Q~ for Tabakin's potential with greatly im-
proved accuracy. This value is quoted in the first
line of Table II. It would seem to indicate a much
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TABLE II. Experimental values of the S& scattering
length (see Ref. a) and effective range (see Ref. a) pa-
rameters, quadrupole moment of the deuteron (see Ref.
b), and D-wave spin-orbit splitting at 142 MeV (see Ref.
c) compared with those predicted by the Tabakin poten-
tial. The scattering length was computed by Tabakin for
his model, The value of Q& for the Tabakin potential is
our estimated one (see text). If anything, it should be
high, since the Tabakin e& curve for E~~ & 0 has the op-
posite curvature from the Hamada-Johnston and Wong
c& curves. Values predicted by the Hamada-Johnston po-
tential are shown for comparison. Note that the deuteron
binding energies produced by extrapolation at the Taba-
kin, Hamada-Johnston, and experimental values of a&

and r& are, respectively, 1.18, 2.29, and 2.28 MeV.
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FIG. 1. The Blatt-Biedenharn coupling parameter e&,
and its analytic continuation to negative energies by sev-
eral methods. The broken lines indicate curves calculat-
ed from the approximation formulas (see text). The
dotted line was calculated directly from the Wong formu-
la (see Ref. 12). The solid line was calculated by direct
solution of the Schrodinger equation at &D and for E»b &0.
The solid line between &z and E»b = 0 is an interpolation.
AD paraxneters used in computing the various lines were
those of the Hamada-Johnston potential. Values of &&

computed by us directly from the Tabakin potential for
&~,b &0 were in such close agreement with the dashed
Biedenharn-Blatt line that they could not be plotted as a
distinguishable line.

Tabakin pot.
Hamada- Johnston pot.
Experiment

7.08 1.95 0.104(est.)
5.38 1.?7 0.285
5.38 1.71 0.282

+0.03 +0.03 +0.001

2.9
1.2
0.8

+0.4
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weaker low-energy tensor force than that demand-
ed by experiment. One should note, however, that
the Tabakin e, at higher energies is larger than
from other models and experiment. Thus, in some
calculations the low-energy and higher-energy de-
fects may tend to cancel.

It has previously been noted" that the Tabakin
potential provides only a qualitatively good fit to
the proton-proton scattering data in the energy
range 0-330 MeV. In the 'S, state, adjustments of
up to 20/& in the model yarameters are required"
in order to substantially improve the fit. In addi-
tion, the small D-wave spin-orbit splitting given
by the Tabakin potential is rather different from
that given, for example, by the Hamada-Johnston
potential. Comparison of both to experiment is

shown in the last column of Table II. However, the
discrepancy noted above for the low-energy cen-
tral/tensor ratio in the 'S, 'D,-state should be re-
garded as much more serious.
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Note added in Proof: It has been brought to the
author's attention by Levinger that low-energy pa-
rameters for the Tabakin potential have been pub-
lished by Clement, Serduke, and Afan. "
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