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Isotopic mass dispersion discontinuity in various fission processes and its interpretation as a
neutron shell effect

R. K. Tokay and M. Talat-Erben

(Received 24 July 1978)

The isotopic dispersions have been calculated for fission processes listed in the Introduction below by using
recommended fission yield data. Those dispersions in which the neutron numbers of isotopes lying in the
vicinity of the most probable mass fit a strong shell have been found to be pronouncedly discontinuous; the
discontinuity is proved to occur exactly at the most probable mass. The influence of neutron shells on mass
dispersion with special reference to discontinuity is discussed on the basis of shell correction vs deformation
and neutron number reported by Wilkins, Steinberg, and Chasman. In discontinuous dispersions on the
narrower branch lie the isotopes fitting the strong spherical and deformed neutron shells. Apart from
recommended data, the relative isotopic fragment yields predicted by the Wilkins-Steinberg model for the
complementary pairs z = 50-42, 51-41, 54-38, and 56-36, in thermal-neutron fission of 'U have also been
used to calculate the corresponding dispersions. These have been found to be in good agreement with those
calculated from recommended data, and discontinuities were observed, in general, wherever expected.

LEAg 'BKACTIONS, FISSION Th 3 U, U U, 2 ~Pu ~ Cf; calculated
isotopic mass dispersions from recommended yields and Wilkins-Steinberg

model. Discontinuity as neutron-shell effect.

I. INTRODUCTION II. CALCULATIONS

In low-energy fission (excitation energy ( 14
MeV) the mass dispersion, i.e. , the formation
probability of isotopic products as a function of
mass number A can be represented adequately by
a normalized Gaussian Pz(A) =(zc) ' 'exp
[ (A -A~)'/c], where Pz(A) is the independent
isotopic fractional product yield, A~ is the most
probable. mass, and c is the width parameter.
However, it was shown' that in thermal-neutron- '

induced fission of "'U the isotopic mass disper-
sion curves for many isotopes a.re discontinuous
at A» the two bra, nches consisting of two different
Gaussi. ans. This observation and the large amount
of fission yield data accumulated heretofore and
compiled recently""' for various fission process-
es stimulated us to calculate the mass dispersion
and investigate the discontinuity in all fission
processes for which selected data were available;
namely, spontaneous, "'Cf; thermal-neutron-in-
duced, '"U, '"U, and '"Pu fissiop-spectrum-
neutron-induced, '"Th, "'U, and '"U; 14 MeV-
neutron-induced, '"U and '"U.

Some of the calculated width parameters and the
neutron contents of the corresponding products
clearly indicate that the neutron shells a,re re-
sponsible for the discontinuity.

A. Isotopic mass dispersion parameters

In order to obtain the isotopic mass dispersion
it is necessary to calculate Pz(A) for each Z.
These calculations are based on the recommended
fission yields compiled by Meek and Rider' and by
Wolfsberg'. The recommended independent yields
y(Z, A) reported by Meek and Rider were used to
calculate the mass dispersions for the above-men-
tioned fission processes, except for spontaneous
fission of "'Cf in which case enough recommended
data are not reported, and Erten's' data were
used. The Pz(A) values are obtained by dividing
each y(Z, A), by y(Z) =Q„y(Z, A),

For comparison, Wolfsberg's independent iso-
baric fractional yields P„(Z) were also used to
calculate the mass dispersions for the same proc-
esses, except the thermal-neutron-induced fission
of "Pu and spontaneous fission of "Cf. Using
these P„(Z) values along with the cumulative iso-
baric chain yields y(A) of Meek and Rider, a
Weierstrass transform' was performed to obtain
the isotopic chain yields y(Z) =5~~(A)P~(Z). The
sought Pz(A) values were finally obtained by nor-
malization: Pz(A) =y (Z, A)/y (Z).

The Pz(A) values thus obtained were treated by
two different techniques to calculate the Gaussian
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FIG. 1. (a) Isotopic mass dispersion for the comple-
mentary pairs Z =44 and 50 in thermal fission of 23~Pu,

calculated from Meek-Hider data (Hef. 2). As seen,
two different Gaussian curves apply on either side of
the most probable mass A&. Note the mirror-image
relationship of the corresponding branches. (b) Log-
arithmic diagram indicating that the two branches are
Gauss ian.

parameters A~ and c.
Presuming that for a given Z two different Qaus-

sians are operative for mass numbers smaller and
greater than the most probable mass, respective-
ly, a smooth dispersion curve was constructed be-
forehand to read off an approximate A~ value,

(1) Calculation based on the "minimum system-
atic variance'": The Gaussian distribution can be
expressed explicitly with respect to A~. This ex-
pression allows calculation of various A~ values
by inserting arbitrary c values. If A~ is the arith-
metic mean of the A~ values calculated for each
arbitrary c, then the sum of squared systematic
errors, v =QIA~ -A (c)]', committed by inserting
arbitrary values for c will be a minimum, v,„,
for the correct value of c corresponding to the
best fit. The method has been applied to data lying
on either side of (A~)„„,„, separately. On the av-
erage six data were available for each branch.

To check the Gauss ian nature of the dispers ion,
lnPz(A) was plotted against (A -A~)', where A~
is the A~ value corresponding to v,„. This plot
must be linear if the dispersion is truly Gaussian.

Two distinct intersecting straight lines are ob-
tained wherever the dispersion is significantly dis-
continuous and Gaussian on both sides of A~ (Fig.
1).

(2) A/ternative calculation based on smoothing
by truncated Fouxiex collocation': The Fourier
analysis makes it possible to treat the isotopic
mass dispersion without postulating in advance its
Gaussian character. On the contrary, the Gaus-
sian feature is deduced as a property of the Four-
ier collocation. "' Three collocation expressions
have been evaluated in each case. First, the fact
that, due to discontinuity, the data on either side
of A& do not lie on a single curve is omitted, and
a "hybrid" collocation expression is calculated.
A second collocation sum is evaluated by using the
data for mass numbers smaller than A~, and a
third one from the data for mass numbers greater
thanA~. In continuous cases the respective nu-
merical coefficients of the three collocations are
found to be very nearly the same (99% correlation
or over), as required by the well-known theorem
which asserts that a function can be expanded in a
Fourier 'series in a unique way. On the other
hand, if discontinuity is present, the three collo-
cation expressions differ considerably. In both
cases the Gaussian character of the branches can
be checked by plotting again InP~(A) vs (A -A~)'.
Excellent agreement has been found between the
results calculated by the two techniques.

III. RESULTS AND DISCUSSION

The calculated Gaussian parameters c and A~
lead to the following conclusions:

(1) In the above-mentioned fission processes,
except for spontaneous fission of "'Cf, most of
the isotopic mass dispersion curves were found to
be discontinuous at the most probable mass, where
the dispersion is Gaussian on either side except
in some rare cases in which one branch is non-
Gaussian. In discontinuous dispersions the dif-
ference between the width parameters is larger
than 0.8 (Figs. 1, 2, and 3).

(2) Discontinuity in isotopic mass dispersion in
spontaneous fission of "'Cf was observed only for
the complementary isotopic products S =50 and

48, where the two branches of the dispersion are
Gaussian. The common absence of discontinuity
in this process is rather' unexpected and in con-
tradiction with the universal character of neutron-
shell effects which will be shown shortly to be the
cause of the discontinuity. This behavior could
possibly be accounted for by some oversmoothing
inherent to Erten's4 data.

(3) Even in cases in which distinctly different
width parameters were found, almost the same
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A~ values (99% correlation or over) were obtained
separately from the two branches of the disper-
sion, a fact indicating that the discontinuity occurs
exactly at A~.

(4) Either side of a discontinuous dispersion is
one half of a sharper or a broader Gaussian, the
other half of which is to be found as its mirror
image in the dispersion corresponding to the com-
p ementary charge. In other words, roughly the
same c value characterizes the opposite (or sym-
metric) branches of dispersion curves with com-
plementary charge numbers [Figs. 1(a) and 2].

(5) With a very few exceptions the discontinuous
dispersions are found in the following regions: 49
~ Z ~ 54, and at Z = 59 and 60 for the heavy groavy group,
and 41 + Z & 43, and at Z = 33 for the light group.
Outside these regions, the discontinuity, if any,
is negligible (4c &0.8) so that the dispersion can

adequately be represented by a single Gaussian
Fig. 3 .

is interesting to compare the widths of the~6~ t '

Gaussian halves of discontinuous dispersions with
the corresponding most probable neutron numb

(Table I, II, and III). The sharper
ers,

half ~a f (a, smaller c) corresponds to higher yields for
products in the vicinity of N . A close inc ose inspection
of Table I, and a consideration of the average neu-
tron numbers emitted by the fragments v show
th at in all discontinuous dispersions the products
lying near the maximum of the sharper branch
are formed from fragments containingas many neu-
trons as required by the strong neutron shell at N
= 82.

In column Z=50, where v=0 55 'N ' f
.5 to 81.5, 2nd the products born in the strong

neutron-shell region are found to lie on the right
half N &N of the dispersions, giving rise to
s arp Gaussian branches, as expected. For all
non-Gaussian branches the Pz(A) values in the vi-
cinity of A~ are considerably smaller than the cor-
responding values on the opposite branches.

In column Z =51, where v=0.80, N~ has higher
values than those of column Z =50, approachin N

p for spectrum-neutron fission of
roac ing

"'Th and "'U, N~ &82 and the right halves of the
dispersions are sharper than the branches to the
left of N .e o &. In spectrum-neutron fission of "'Th,
N =81.5 for Z ==51, and the dispersion is repre-
sentable practically by a single sharp Gaussian
c =35 c=. , c, = 3.8~. This can be interpreted by tak-

ing into account both the neutron emission prob-



R. K. TOKAY A WD M. TAI, AT-ERBEX 19

TABLE I. A comparison of the Gaussian widths c& and c2 for the left and right halves of the isotopic mass disper-
siong, respectively, with the most probable neutron numbers, N&=A&-Z, in the'strong spherical neutron-shell region
at N- 82, Based on the Meek-Rider report (Ref. 2).

Fissionirg system Cg

Z= 50
C2

Z= 51
jVp C2

Z= 52
Np C2 Cg

Z= 53
Np C2

232Th

233U'

235U

235U

235U

238U

238U

239pu

(spectr. -
neutron)
(thermal)
(thermal)
(spectr. —

neutron)
(14 MeV)
(spectr. -
neutron)
(14 MeV)
(thermal)

4,9 81

n.G.
4.5

78.5
81.5

6.8
7.0

80
79.5

7.0 79
5.3 80.5

n.G. 80

3.1
2.9
3.0

3.7
3.1

3.3
3.3

5.4
4.1
5.2

n.G.
2,9

n.G.
5.6

81.5 3.8

80
81
81

3.6
3.0
3.6

81 3.4
80.5 3.4

79,5 3.9
82 3.8

3.2 82

5.0 81
3.4 82
3.1 82

4.5 80.5
3.0 83

3.1 82
3.3 81

4.9
4.7

4.5 3.3
4.9

81.5 5.7

5.0
4.2 3.2 82.5 5.0

. 4.5
4.6 3.4 83
4.3 3.5 83

'n, Q, : non-Gaussian.

ability and the closeness of Ã~ to 82. Hence, the
fragments formed in the strong neutron-shell re-
gion would be expected to raise also the formation
probability of products to the right of N~. This
effect comes out more pronouncedly in the case of
spectrum-neutron fission of '"U', where N~ = 82
for Z = 51, showing a very sharp Gaussian half to
the left of N~, the right half being also consider-
ably sha, rp (c, = 2.9;c,= 3.8).

The same reasoning applies to columns Z =52
and Z = 53 where for the majority of the disper-
sions N~=82 and @=1.0, For dispersions where
N~=83, the Gaussian branches representing iso-
topes with N &N~ are always sharper than the op-
posite branches, again, as would be expected.

Here, it should be noted that Strutirisky's meth-

od, ' which recently has been proved to be success-
ful in describing various phenomena associated
with nuclear deformation predicts deformed shells
at different nucleon numbers in addition to the
spherical one at N =82. These shells are, in fact,
rehtively broad regions defined by the so-called
magic numbers of nucleons and the related defor-
mations.

Table II covers the discontinuous dispersions,
where N~ ranges from 89.5 to 93.5. According to
the above-mentioned argument, the sharp Gaussian
branches for products with N &N~ indicate the
presence of a strong neutron shell near 89. Then,
it appears that the shell effects operate at rela-
tively broad regions around N=82 and N=89 (Figs.
2 and 3).

TABLE II. A comparison of the Gaussian widths c& and c2 for the left and right halves of
the isotopic mass dispersions, respectively, with the most probable neutron numbers,
%~=A& —Z, in the strong deformed neutron-shell region at N = 88.

Fissioning system Ref.
Z=59

Np C2 Cg

Z= 60
Np C2

232Th

235U

235U

238'

239pu

(spectr. —
neutron)
(thermal)

(thermal)

(14 MeV)

(spectr, —
neutron)
(14 MeV)

M-R
wb

M-R
W

M-R
W

M-R

M-R
W

M-R
W

4.1
4.2
3.8
3.8
3.5
3.3
3.5
3.6
4.0
3.9

90.5

89.5

90

89.5

92.5

91

5.0

5.0
4.9
4.6
4.5
6.6
5.8
5,0
5.0
5.9
5.7

4.0
3.9
4.0
3.9
3.9

93.5 5.9
5.7
5.8
5.5
5.4
5.2

M-R: Based on the Meek-Rider report (Ref. 2).
"W: Based on Wolfsberg's data (Ref. 3).
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TABLE HI. A comparison of the Gaussian widths e& and c2 for the left and right halves of
the isotopic mass dispersions, respectively, with the most probable neutron numbers,
N&=A&-Z, for the complementary products for Z= 50 and 51.

Fissioning system Ref.
Z= 41

Cg

Z= 42
Np C2

233U'

235U

235'

235U

238U

238'

239pu

(spectr. -
neutron)
(thermal)

(thermal)

(spectr. —
neutron)
(14 MeV)

(spectr. —
neutron)

(14 MeV)

(thermal)

M-R
vr'

M-R
W

M-R

M-R
W

M-R

M-R
Vf

M-R
W

4.3

4.3
4.3
5.9
5.1

M-R" 4 4 60.5

61

61

5.6
5.3
6.8
n. G

n.G.
n.G.
4.1
4,1

(3 2
3.5
3.6
3,8
3 y7

4.0
3.9
3.9
4,1
3.6
3.9
4.5
4.5
(2.7
(3.7

(Z=40)
59

61

61.5

62

63
(Z= 44)

64

6.8)
- 6.2
6.2
4.8
5.1
n,G.
n.G.
n.G.
n.G.
5.1
5.6
8.3
8.3
6.5)
5.3)

~n.G. : non-Gaussian.
"M-R: Based on the Meek-Rider report (Ref. 2).
'%: Based on glolfsberg's data (Ref. 3).

The results concerning the complementary pro-
ducts for Z =50 and 51 are given in Table III,
where @=3. Here, the N~ values cover a broad
region ra, nging from 59 to 64. If both the large
number of evaporated neutrons and the comple-
mentarity to the fragments born in th@ strong
spherica. l neutron-shell region centered at N =82
be considered, a good agreement with statement
(4) above can be noticed.

(7) In all fission processes investigated, A, vs Z
gives two almost parallel straight lines, one for
the light group, another for the heavy group of
fission products. The linearity of these functions
and the fact that the most probable charge. Z~
changes also nearly linearly with A, producing two
almost parallel straight lines supports the bivari-
ate normal distribution approach" to low-energy
fission. A.~ vs Z and Z~ vs A. are the regression
lines of the bivariate distribution and intersect at
the projections (A„Z,) and (A„,Z„) of the two max-
ima of the two-humped surface y(A, Z) on the A, Z
plane.

IV. CONFRONTATION WITH THE
WILKINS-STEINBERG MODEI.

e found the ilkins-Steinberg model'"" suc-
cessful in interpreting and reproducing the essen-
tial features of isotopic mass dispersion even
where discontinuity is present. These authors
have shown that the formation probabilities of
fragment pairs a,re strongly influenced by sizable

deformed-shell corrections for neutrons. Hence,
it would be of interest to calculate mass disper-
sions by using the model" for comparison, and to
discuss the influence of neutron shell effect on the
mass dispersion discontinuity on the basis of the
neutron-shell correction vs the deformation and
neutron number map of the model.

The mass dispersions in terms of product mass
number for Z=34, 36, 41, 42, 50, 51, 54, and 56
in thermal-neutron-induced fission of '"U have
been calculated by using the relative independent
fragment yields Y„(Z,A') for mass numbers A',
kindly communica, ted by ilkins and Steinberg. "

A product of mass number A =A'-n is formed
by evaporation of n neutrons from the fragment.
The actual neutron evaporation probabilities
P„(v) are estimated by assuming a Gaussian" dis
tribution around the most probable evaporated
neutron number v(Z, A') defined by

v(Z Aq) def + fnt

where E„,~ is the deformation energy, E„, is the
intrinsic energy, E~ is the average neutron kinetic
energy, and F., is the neutron binding energy. The
values of E„,and E«, have been determined from
the model. " A plot of Ed,~ vs deformation param-
eter was used to determine the former from the
average deformation. The average deformations
were calculated from the most probable deforma-
tions (P, and P„) listed for the light and heavy
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TABLE IV„The isotopic mass dispersion parameters for thermal-neutron fission of U, calculated by using the
Wilkins-Steinberg model (Refs. 12 and 13) and the recomm. ended data (Refs. 2 and 3). A& is the most probable mass,
c& and c2 are the width parameters for the left and right branches of the dispersion.

Parameters from fission yield data
Based on the Meek-Rider report (Ref. 2) Based on Wolfsberg's data (Ref. 3)

Z c( c2 Ap Cg c2 Ap

Parameters from the
Wilkins-Steinberg model

Cg c2 Ap

36
38
41
42
50
51
54
56

4.6
4,5
4.8
3.8
6.3
4,1
4.5
4.7

4' I
5.1
4.6
4.8
2.9
3.0
4.6
3.7

90.227
94.745

101.898
103.696
130.488
132.250
138.522
143.285

4.1
4.5
4.5
3.7
n.G.'
5.0

4,4

4.4
5,2
4 5
5,1
2.9
3.2

3.9

90.150
94.788

101.974
103.674
130.650
132.244
138.600
143.246

3.8
4.5
4.2
n.G.
n.G.
7.3
3.2
4 4

3.4
2.7
6.9

13.9
3.0
4.4
3.9
4.2

91.247
94.890

100.466
103.019
129.971
131.202
137.798
141.327

~n.G. : non-Gaussian.

fragments, respecti vely, by examining how the
potential surfaces for neutron- and proton-shell
corrections look at different deformations. For
simplicity, a constant value of 3 MeV may be
used for E„,. Similarly, the values of 3 and 6

Me7 mere used for E~ and E~, respectively.
The relative yield y„„(Z,A) of a product formed

from a parent of mass number A' is y„„(Z,A)
= Y„(Z,A')P„(v) Hence, . the total independent rel-
ative yield of a product formed by all contributions
will be y„(Z,A) =5~„y,„(Z,A). Now, normalization
Pz(A) =y„(Z,A)/Z„y„(Z, A) yields the Pz(A) values
which then mere treated by the "minimum system-
atic variance" technique as explained above.

Table Ig shows that the dispersions caIeulated
by the Wilkins-Steinberg model reproduce quite
well both their Gaussian and discontinuous fea-
tures. It should be noted that the nature of a dis-
persion (continuous or discontinuous) depends
primarily on the difference 4c between the width
parameters of the Gaussian branches rather than
their absolute values. Inspection of Table IV
along with the mentioned argument shows that the
dispersions calculated by using the Wijkins-Stein-

berg model are in reasonable agreement with
those obtained from recommended data (especially
for the heavy group). Disagreement was observed
only for Z=SS and Z=41, where the model pre-
dicts discontinuous dispersions, whereas the rec-
ommended- data predict continuous ones. 'The in-
adequacy of our knowledge about the estimation of
neutron-emission probability might be responsible
for these discrepancies. However, the dispersion
parameters for Z =41, calculated from the model
fit better the complementarity requirement [state-
ment (4)].

Finally, the model's predictions" of strong neu-
tron-shell regions at N =82 (spherical) and N=88
(deformed, P =0.65), and of higher formation
probabilities for fragments born in these regions
are in good agreement with the resu1ts arrived at
in statement (6) above (Figs. 2 and 3).

The authors are grateful to Dr. E. P. Steinberg
and his associates for kindly communicating to
them the manuscript of their paper (Ref. 12) prior
to publication.
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