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After Faddeev and Yakubovskii showed how to write connected few-body equations which are free from
discrete spurious solutions various authors have proposed different connected few-body scattering equations.
Federbush first pointed out that Weinberg's formulation admits the existence of discrete spurious solutions.
In this paper we investigate the possibility and consequence of the existence of spurious solutions in some of
the few-body formulations. Contrary to a proof by Hahn, Kouri, and Levin and by Bencze and Tandy the
channel coupling array scheme of Kouri, Levin, and Tobocman which is also the starting point of a
formulation by Hahn is shown to admit spurious solutions. We can show that the set of six coupled four-

body equations proposed independently by Mitra, Gillespie, Sugar, and Panchapakesan, by Rosenberg, by
Alessandrini, and by Takahashi and Mishirna and the seven coupled four-body equations proposed by Sloan

are related by matrix multipliers to basic sets which correspond uniquely to the Schrodinger equation. These

multipliers are likely to give spurious solutions to these equations. In all these cases spuriosities are shown to
have no hazardous consequence if one is interested in studying the scattering problem.

NUCLEAR REACTIONS Scattering theory, spurious solutions in three-and four-
body equations.

I; INTRODUCTION

After Faddeev' and Yakubovskii2 proposed n-body
equations with a two-body connected kernel, which
becomes n-body connected after a minimal num-
ber of iterations, various authors suggested dif-
ferent types of equations. The kernels of some of
the other formulations are two-body connected and
become fully connected after a certain number of
iterations, which may exceed the minimal number.
Also there are formulations3 with kernels of
higher connectivity. (We shall call in this paper a
kernel that becomes connected after a certain
number of iterations a CAI kernel. } But Faddeev's
and Yakubovskii's equations have rightfully become
very popular because of the elegance and sophistica-
tion of their formulations. Another important feature
of their formulations is that they are completely
equivalent to the underlying Schrodinger equation.

The existence of a discrete set of square-inte-
grable solutions at real or complex energies in
any formulation over and above the ones predicted
by the Schrodinger theory is called spuriosity. We
shall not have to be concerned with spuriosities
due to continuum states. This is because through-
out the paper we shall always encounter the follow-
ing situation. The scattering problem is given by
an equation or set of equations of the type

(1 —K)(=P,
which is in unique correspondence to the Schrod-
inger equation. The kernel is disconnected and
noncompact. Suppose we find a multiplier (1+M)
such that (1+M) (1 —K) = (1 —K,), where K, is a
CAI kernel and hence compact. Both M and K and

hence K, depend on the complex energy variable
z. Then multiplying Eq. (1.1) by (1+M) from the
left we get

(1 —K,)g=(1+M)Q. (1.2)

In general the multiplier (1+M) alone will annihi-
late states which belong to the continuous and dis-
crete spectrum of M. But since K, is assumed to
be compact, the continuum states will not show up
as spuriosities in Eq. (1.2). So throughout the
rest of the paper we shall be restricted to the con-
sideration of discrete spurious solutions defined
by

[1+M(s)]$(z)=0.
Weinberg3 proposed a connected kernel method

for the n-body problem by decomposing the full
resolvent operator into terms of increasing con-
nectivity.

'
This then leads to a single equation for

the full wave function, in contrast to a set of coup-
led equations for the Faddeev- Yakubovskii com-
ponents. Federbush' was the first to point out that
the homogeneous part of that equation allows dis-
crete spurious solutions. This problem was later
studied by Newton, ' who showed that these spur-
ious discrete solutions arise due to a factoriza-
tion of the steinberg kernel. So it may be hazard-
ous to use this equation in the calculation of bound
states. Since then, to the best of our knowledge,
consequences of these spurious solutions on scat-
tering states have not been studied. Also the Wein-
berg decomposition has not attracted too much at-
tention, though essentially the same formulation
has been recovered more recently". in a different
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guise under the name "cluster decomposition"
which is the basic tool in the derivation of the
Bencze-Redish (BR) equation' —a generalization of
the four-body Sloan equations to the n-body system.

In this paper we study the general question of
the applicability of the few-body equations with dis-
crete spurious solutions to the analysis of scatter-
ing. For simplicity we restrict ourselves to the
study of three- and four-body equations. But our
conclusions can be generalized to more than four
particles. To get some insight into the problem
we first study the three-body equations related to
theWeinberg3 kernel. The homogeneous equation
with the Weinberg kernel has discrete spurious
solutions on the first sheet of the complex energy
plane. If one is interested in scattering, one
should look into the consequences of these discrete
spurious states on transition amplitudes. It is
shown that the homogeneous coupled set of equa-
tions for the transition operators does not have any
spuriosity at the energies where the homogeneous
equation for the wave function has discrete spur-
ious solutions. We find that the wave function
spuriosity has disappeared in the coupled set of
equations for the transition amplitude which sur-
prisingly has developed a new spuriosity. These
three-body connected equations for the transition
operators are easily recognized to be the once
iterated Alt-Grassberger-Sandhas (AGS) equa-
tions. '2 Hence these equations for the transition
operators will have exactly the same solution as
the AGS equations because the two sets of equations
differ by a multiplier (1+M) =(1+K) which can be
canceled. Here E is the kernel of the AGS equa-
tions. Though the homogeneous part of the coupled
equations for the transition amplitudes have spur-
iosities where (1+K) has its discrete spectrum,
it will not show up in the physical scattering prob-
lem.

Next we study a different multichannel formula-
tion of the n-body problem due to Kouri, Levin,
and Tobocman (KLT).8 This has been shown'3 to
be equivalent to the fundamental equation of an in-
dependent formulation of Hahn. Contrary to a
"proof" by Hahn, Kouri, and Levin'4 and confir-
mation by Bencze and Tandy' we show that the
channel coupling array scheme of KLT leads to
discrete spurious solutions in the first sheet of the
complex energy plane. Again for simplicity we re-
strict ourselves to the three-channel three-body
problem. The equations satisfied by the KLT
transition amplitudes are related to the AGS equa-
tions' by a multiplier which is responsible for
spurious solutions. Nevertheless the spurious
multiplier cancels from both sides of the KLT
equations and the solutions for the KLT transition
operators are exactly equal to the solutions of the
AGS equations. Hence the equations can be used

in the study of the scattering problems.
Then we consider the six coupled four-body equa-

tions for the t matrix proposed independently by
Mitra, Gillespie, Sugar, and Panchapakesan, by
Rosenberg, by Alessandrini, and by Takahaski
and Mishima. These equations have a CAI kernel
and were needed because the simple Faddeev equa-
tions for the four-body t matrices have a discon-
nected or noncompact kernel. These equations of
Ref. 4 are shown to be related to the simple Fad-
deev equations by a spurious matrix multiplier
which is likely to give rise to spurious discrete
solutions. However, this will not show up in the
solution of the scattering problem.

Next we apply the same considerations to the
seven coupled four-body equations for the trans-
ition amplitudes proposed by Sloan. ' We again find
out that this is also likely to have discrete spur-
ious solutions which will not affect the scattering
problem. This is contrary to a proof by Bencze
and Tandy" who essentially followed and general-
ized the proof by Hahn, Kouri, and Levin' to a
wider class of equations. This proof by Bencze
and Tandy has the same defect as the one in Ref.
14. Also, their proof does not apply to Sloan equa-
tions, since Eq. (9) with choices (10) and (12) of
Ref. 15 is not the Sloan or the Bencze-Redish set
of equations as claimed in Ref. 15. In the case of
four particles, for instance, it still contains trans-
ition operators of the form T ~ ~ ~ where d refers
to a three-body fragmentation channel and e re-
fers to a two-body fragmentation channel. It is
only after the insertion of the explicit expressions
for these transition operators that the disconnected
pieces in the kernel can be shown to cancel. This
type of insertion is not an identical rewriting of the
equations and as we shall see in the text it may
give rise to additional spuriosities.

Due to the cancellations of the spurious multi-
pliers all these few-body equations with spurious
solutions can be safely used to study the scattering
problem. This was already known in some cir-
cles 6 in a different guise. Of course special nu-
merical precautions might be needed if this spur-
ious solution occurs at or very near the physical
scattering energy.

In Sec. II we discuss the three-body problem in

general. In Sec. IIA1 we consider the problem of
spuriosities in the scattering equations with the
Weinberg kernel. 3 In Sec. IIA2 the spuriosities in
the coupled set of equations with the Weinberg
kernel for the transition operator are considered.
In Sec. II 8 we show that the channel coupling ar-
ray scheme proposed in KLT (Ref. 8) allows for
the existence of spurious solutions. In Sec. III we

generalize our results to the case of four particles
and show that the scattering equations of Refs. 4

and 5 are also likely to have spurious solutions.
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Finally in Sec. IV we give a summary and some
concluding remarks.

II. THREE-BODY PROBI,KM

The three-body problem within the framework of
the Schrodinger equation has been given a unique
formulation by Faddeev. The set of three coupled
integral equations for the Faddeev amplitudes is
at the same time an immediate consequence of the
set of three basic Lippmann-Sehwinger equations"
which define the Schrodinger state vector for scat-
tering uniquely. However, the basic set of equa-
tions allows us to write another set of three coupl-
ed integral equations which is in unique corres-
pondence to the Schrodinger equation. This set
was first proposed' ' by one of the present auth-
ors (WG) and was later recovered'9 in the frame;
work of the channel-coupling array scheme as the
so-called Faddeev or the Faddeev-Lovelace
choice.

There are other formulations for solving the
three-body problem where the kernel or an iterate
of it is connected. We shall investigate spuriosi-
ties in one of the other interesting formulations by
Weinberg3 not only for the state vectors but also
for the transition operators. The set of three cou-
pled equations for transition operators especially
is of interest. We show that the spuriosities which
appear in the single equation for the state vector
disappear for the coupled set of equations for the
transition operators and new types of spuriosities
occur. Since the algebra for three particles is
simple and transparent we shall exhibit these math-
ematical structures in detail. This knowledge will
help us to understand the more complex situation
in the four-body case. We shall also consider the
channel-coupling array scheme of Ref. 8 and con-
trary to a proof in Refs. 14 and 15 we show that
this scheme is not in unique correspondence to -the

Schrodinger equation.

A. Weinberg-type equations

1. Scattering states:

Let us begin our discussion with the equations
which have three-body connected Weinberg- type
kernels. Instead of using a cluster decomposition"
of the full resolvent to derive these equations we
make use of various Lippmann-Schwinger equations
corresponding to different subsystem resolvent op-
erators. This is an equivalent and intimately re-
lated procedure and applicable in the same man-
ner for an arbitrary number of particle's.

Our notation is the usual one. The indices p, , v,
n, P, X will be used to denote a pair. GD, G„, and

G are the resolvent operators to the free Hamil-
tonian Hp, the channel Hamiltonian H~ =Hp+ V~,
p, =1,2, 3, and the full Hami. ltonian H=Hp+ V,
respectively, and satisfy G„=Gp+ GpV„G„and

G =Gp + GpVG where V is the total interaction
and V~ is a pair interaction. We shall use also
the channel interaction V„-=V- V„. In this paper
the energy dependence of the energy dependent op-
erators will not in general be explicitly shown.

The channel eigenstates are products of a two-
body bound state and a momentum eigenstate of
relative motion between the spectator particle and
the pair a and are denoted by Po. The scattering
state 0' which refer to the initial channel n is
defined by

4'=ieGQ (2. 1)

in the limit when e —0. Here G =(z —H)-' where
z —E+ie. The scattering states obey the Lipp-
mann Schwinger equations

0"-Gp Q V„%"=ieGOP (2 2)

4'~ —Gu Q I'v@a'=&«~An ~ (2. 3)

1 —Gp V G„V„=1+ GV„

x 1 —Gp ' (2. 5)

This was discovered by Newton'P who showed that
the first factor on the right in Eq. (2.5) was re-
sponsible for the discrete spurious solutions of
the homogeneous Weinberg equation found by Fed-
erbush. ~ We shall consider the spurious eigenval-
ue problem in detail. The spurious states which
are not eigenstates of the Schrodinger equation are
given by

1+ G.V„x=O. (2. 6)

This eigenvalue problem has a disconnected or
noneompact kernel. T.he simplest way to have a
calculational scheme for Eg. (2.6) is to decompose
it into Faddeev-type equations with a CAI kernel.
This is easily done by introducing the components

defined by

where Go —(z —H, ) 'and G„=(z -HG) 'withz =8+ i&.
Inserting (2.3} into (2.2} yields

4"—G~ g V„G„Q VG "=(1+g G„V„)ieGDG,

(2. 4)

which contains the three-body connected Weinberg
kernel. This derivation of Eg. (2. 4) immediately
reveals the spurious multiplier. If we compare the
right-hand sides of Eqs. (2.2) and (2. 4) we can
read off the factorization property
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or

or

or

or

X= Z~of»X=+X» )

X» = Gof» + X»

(1+Gof»)X» =- Gof» Q X.

G~Go 'X~ =- G~V~ Xv

X»=-Gol»Q X. .

(2. 7}

(2 6)

(2. 9)

Now let us consider the off-shell continuation of
Eq. (2.12) for arbitrary complex energy z in the
first sheet of the complex energy plane defined by

4, (z) —G,(|)g V„G„(z)Q Vp„(z) =(,.(2 18)

will have unphysical spurious poles in the first
sheet of the complex energy plane in contrast to
the solution 4" of Eq. (2.4). On the real energy
axis above the lowest scattering threshold, how-
ever, 4 =--O' '. We shall demonstrate these facts
for a slightly modified equation which results if
we insert Lippmann-Schwinger equations of type
(2.3) into each other. The new equation we get can
be written as

(2. iO)

These are the "spurious" Faddeev equations which
are to be contrasted with the physical ones'

q» =G,f» Q

e(:))~- (."„gv„c„g v, e".
veau }tAv

In the special case when V, =0 Eq. (2.9) reduces to

X3=o

x& =- GoVix2

X2=- GoV2xi ~

(2. 1.1)

Now putting the mass m, = we arrive at the "phy-
sical" situation for which Federbush has proved
the existence of discrete spurious energy eigen-
values.

We would like to add the remark that we see no
reason to exclude the possibility that the spurious
eigenvalues may also occur by accident for real
energies above the lowest scattering threshold.
The spurious eigenvalue problem does not appear
to be related to a flux conserving theory such as
the Schrodinger equation. Boundary conditions
such as absence of incoming waves rule out dis-
crete solutions at real energies above the lowest
scattering threshold in the Schrodinger theory.
These considerations do not possibly apply in the
spurious problem. Anyway they will show up only at
discrete real energies above the lowest scattering
threshold and can and should always be avoided in
calculating cross sections. In the rest of the paper
we shall exclude the accidental occurrence of dis-
crete spurious solutions at real energies in the
scattering region.

After this remark let us come back to Eq. (2.4).
Clearly the spurious pole of the inverse operator
to Eq. (2.5) will cancel in Eq. (2.4) due to the pres-
ence of the same spurious multiplier in the inho-
mogeneous term. In the limit e 0 the right-hand
side of Eq. (2.4) obviously simplifies to Q and we
have

= 1+ G~VvG„G~1 KGQ e

(2.i4)

By comparing Eq. (2.14) with Eq. (2.3) we can again
read off the following factorization property:

(&-G„v„G„Qv,)= (It+ g G„v„G„G.' )V Q Mv

vugg

x 1-G„V), . 215

Taking the limit ~ 0 in the right, -hand side of Eq.
(2.14) we get

+"-&, Q I'.G. Q ~) +'ri'= (6»e+&»»G»Gi)')4'a
vga. - )trav

(2.16}

where 6 =(1 —5» ). Now let us consider the off-
shell continuation of Eq. (2.16) for arbitrary com-
plex energy z in the first sheet of the complex en-
ergy plane defined by

e.(z) —G„(z)P V„C„(z)g V„~.(z)

= 5„~+K„~G„s Go &
)

(2.17}

The solution )I to Eq. (2.17}will have nonphysical
spurious states in the first sheet of the complex
energy plane defined by the eigenvalue prob'l. em

(2.12) 1+
VgQ

(2.iS)
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We use Eq. (2.15) to write the formal solution of
Eq. (2.17) as

-1

e.(z) =G I&i++ V„G„G„-'
Ol

4 (z) =(z —E)G(1 +G 'G~V), Go) '

x [1+G 'G) V~Go —Gn'G) V),Gold»
(2.28)

or

x(6» +'5» G„G,')P (2.19) 4»(z) =(z —E)GQ» —(z —E)G(1+G»iG„V),Go)
i

"G 'G) V)God' (2.29)
wf

e.(z) =Gl I++ V„G„[6„.(z-E)
v~u

+5» Go')P~. (2.20)

We now distinguish between p, =a and p. to. . For
p. =n we get

.0)=(*- ) ( +P

j+
XAe gg~ )

(2.21)

or
-1

0'„(z ) = (z —Z)(' Q„- (z -E )G (1 + Q )'„G„
Vge

(2.22}

-1
'k„(z)=G(1++ ( „G„GJQ

VgP

(2.23)

The second term contains the square integrable
function Q),» V),G~P and allows for the occurrence
of the spurious pole due to the inverse operator.
For real energies above the lowest scattering
threshold, however, s E+ie and the spurious
component of 4 (z) vanishes and the physical solu-
tion given by Eq. (2.1) survives. In the case p, ca,
Eq. (2.19) becomes

where X+ n and A. W p, . Again the inverse operator
in the parentheses acts on a square integrable
function at complex energy z allowing for the oc-
currence of spurious poles and again on the real
axis the physical solution survives.

In a case where the spurious pole at the energy
E„occurs very near to the three-body center-of-
mass energy the unwanted spurious admixture for

which has the factor (z —E)/(z —E,o) may re-
quire special caution in certain numerical treat-
ments.

2. Transition operators:

Let us now discuss coupled sets of equations for
transition operators. We use Eq. (2.16) to derive
the coupled set of equations for the transition op-
erators. We may therefore expect that the spur-
iosities introduced by the three multiplier L„of
Eq. (2.18) show up again. This is, however, not
the case. The spuriosities defined by Eq. (2.18)
will not appear in the equation for transition op-
erators but a different spuriosity will show up.

We define the three-body t matrices by

T„P =V„4,) . (2.30)

We operate by V„on Eq. (2.16) from the left and
derive the coupled set of equations for the t ma-
trices given by

T»Q —V»G» Q V„G„QT„Q

or

'4(z) =G(Go+GoV G +GoV)Gi) ~A

(2.24}

= V» (6» + 5» G»Go ) P

(2.31)

Using the resolvent identity

G =G() +GONG

Eq. (2.24) becomes

@ (z) =G(G +GoV)G)} '4»

which may be rewritten as

@»(z) =G(1+G»'GP')Go) 'G»'4» ~

(2.26)

(2.26)

(2.27)

It is easy to see that the "spurious" transition op-
erators

v' = V»X', (2.32)

(2.83)

corresponding to the three types of spurious states
of Eq. (2.18) do not fulfill the homogeneous set of
equations. corresponding to Eq. (2.31). The opera-
tors 7'~ will obviously fulfill the row p, but not the
rows v4 p. Now if we compare Eq. (2.31) with the
Faddeev equations'

It is easy to see that Eq. (2.27) can be rewritten as
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jt is obvious that Eq. (2.31) is identical with the
first iterate of Eq. (2.33). Thus in matrix notation
Eq. (2.33) and (2.31) can be written as

=5„G0 . Thus again spuriosity arises due to an
eigenvalue -1. of K«~, which occurs at the same
energies as those for the Faddeev kernel E~.

(1 —K )T =T (2.34)
B. Channel coupling array scheme

and

(1-Kp'}T=(1+K~)T', (2.35)

where Ez is the Faddeev kernel, T represents the
Faddeev components defined by Eq. (2.30), and To

is the inhomogeneous term on the right-hand side
of Eq. (2.33). Equation (2.35} allows us to read
off the spurious multiplier as (1+K+) and the spur-
ious eigenvalue problem is defined by

In this subsection we would like to discuss anoth-
er method to attack the n-body problem —the chan-
nel coupling array scheme. s It has been claimed
that this scheme is free of spuriosities. '4'~ We
shall show that this statement is wrong. Never-
theless as in the examples discussed above effects
of the spuriosities cancel in the solutions for scat-
tering problems.

The scattering states are defined uniquely by the
basic set of Lippmann-Schwinger equations

(1+K,)T„=0 . (2.36) 4'u'=KG„Q +G„QV„%'u', p, =1,2, 3
VIP

(2.41}

plug g V y(+) —g T (2.37}

is very similar. From Eq. (2.31) we get

Thus the spurious solution T„is just the eigen-
vector of the Faddeev kernel with eigenvalue -1.
These (repulsive) eigenvalues may occur only at
negative energies below the lowest threshold.
Hence the homogeneous system corresponding to
Eq. (2.31) will have spurious solutions on the real
axis below the lowest scattering threshold. Again
it is obvious from Eq. (2.35) that due to cancella-
tion no effect will show up in the solution of the full
equation (2.31).

The situation for the physical transition operators
U defined by '

where in the limit e 0 two of the three equations
are homogeneous and are necessary to specify the
boundary conditions. Still, Eq. (2.41) has a non-
compact kernel. One may replace this uncoupled
set of three equations by coupled sets of equations
with a CAI kernel. One choice appears to be very
natural from the following practical point of view.
The nuclear two-body interactions are dominant
in specific low angular momentum states. Hence
we may assume that V„acts only in angular mo-
mentum states l„~ l"„'*. Similarly for a given total
angular momentum I the orbital angular momen-
tum /„' of the third particle with respect, to the pair
v also assumes only a finite number of values.
Then the projection operator onto a subset of angu-
lar momentum states P„ is defined by

V"—g V„G„QV„G„U"
gAX r4u

)mRx

l

(2.42)

= Q V„(6,+ E„G„GD')

(2.38)

Equation (2.38) should have the same solution as
the AQS equations'2

The projection of V„and 4'" onto these states is
defined by V„=P„V+„and 4„'=P„4', respect-
ively. Then we are naturally led from the basic
set (2.41) to the following coupled set of equations
(we take o. =1 as an example):

Uxu gV G puu
gA,

(2.39)

(1+K„oa)(1 Kaoa)V:(1+KAos)fj (2.40)

where U is defined by Eq. (2.37), K„~ is the &GS
kernel, and U has components defined by U„"

Again a glance at Eq. (2.38) shows that is equal to
the once iterated AQS equation. In matrix notation
Eq. (2.38) is

&» =Pi 0 +P~ Gi(V24i+V3&3i}

(2t = P2 G2(V3$3, + V, g, g),
A A,

~31 P3GS(V141t + V2421)'

(2.43)

Equation (2.43) has been proposed' and studied'
by one of the present authors (WG). Now if we let
p'*- ~ and sum Eqs. (2.42) and (2.43) over all I
we obtain V„=V„. Retaining the redundant 0„& no-
tation we have from Eq. (2.43)
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G~Vs

+ G2 i o G2 p
'

i
A|

0 -
GSVg G3V2 0

(2.44)

Equation (2.44).has been recovered later under the
context of the channel array coupling scheme. Eq-
uation (2.44) has the property that the only solu-
tion to the set is p« ——g2, = |)1pi ——4; as has been
nicely demonstrated by Sandhas. "

There are, however, other possibilities for re-
writing the basic set of equations (2.41) into a
coupled set of equations with a CAI kernel. KI T
(Ref. 8) proposed a general coupling scheme for
transition amplitudes, which can be rewritten in

our language for a particular choice of coupling as

() (i
0 + 0 0

0 G3V3 0

0 GtV o) (0„)

&I, )
(2.45)

Clearly p, 1
——(2, ——pp, = @'|' is a solution to Eq.

(2.45). However, one may ask whether the homo-
geneous set of equations has discrete spurious
solutions in addition to the states predicted by the
Schrodinger equation. This question can be an-.

swered by noting that the matrix operators of Eqs.
(2.44) and (2.45) are related by

.-G,V3

-GiV -G, V,G,G,
-'

G, V,G,G,
-'

-G2V)GpG3G2ViGpGi 1

-GSV2GpGg G3V2GpG2
'

-G,V,

-G(V2 -G(V3

1 -G2V

-G,V, -G,V,

(2.46)

Thus if

G2V|Gp6| -G2V, GpGp
' (2.47)

0 0

gp
—— 0 G2 0

l0 0 Gm)

(2.48)

has nontrivial solutions, Eq. (2.45) will have spur-
ious solutions. It is easy to see that Eq. (2.45) is
produced by multiplying Eq. (2.44) from the left by
the spurious multiplier of Eq. (2.47). Therefore,
as before, the multiplier cancels in the solution
and in the physical scattering region the correct
solution of Eq. (2.44) survives.

Before we discuss the existence of nontrivial
spurious solutions of Eq. (2.47) let us relate Eq.
(2.45) to the corresponding equations for transition
operators and the channel components of the wave
function introduced in Ref. 13. Introducing the ma-
trices

('' ')
0 0

10 Oj

(2.50)

and the column vectors P with components P|f
and (pi and P with components P, 0, 0, Eq. (2.45)
can be written as

(=P+ gpVW(. (2.51)

Here we have made a particular choice of W for
simplicity. Other choices have been proposed in
the literature. s Our conclusions in this section
are independent of this particular choice.

Introducing the column vector U with components
U", U ', U3' the matrix equation for the transition
operator U becomes

U = VIV + VWgpU. (2.52)

V( 0 0

V= 0 V2 0

o o vJ
(2.49)

This is exactly Eq. (9) in Ref. 15 for the specific
Ki T choice (2.50).

The corresponding nonspurious set of AGS (Ref.
12) equations for the transition operators are
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U11 . 0 0

U~'
!
=' Go

' + V)Gq

U" G, ' VG,

V2G2 V)G3 U'

0 V G i

U21.

V G 0 U31

(2.58}

It is easy to see that Eq. (2.52} results from Eq. (2.53) by the application of a matrix multiplier from the
left and the following factorization property:

0

-V3G(

~ I ( —V3Gp VSGo

-V,G,—V2G3 — V)Go 1

1 —V2Gp V2Go

—V2G2 —V3G

-VSG3 (2.54)

Thus again

l
V(Go 1

-V2Go V2Go

—VGp VGo U"

-ViGo i U =0
Uai

(2.55)

Multiplying these equations by G& ', G2 ', and G ",
respectively, and summing the three equations we
get

(2.59}

or
defines the spurious solutions to Eq. (2.52}.

Finally the eigenvalue problem to the homogene-
ous part of Eq. (2.52} reads

VWgoU = U. (2.56)

The kernel of Eq. (2.56) has the same eigenvalues
as its transpose. This leads to the following re-
lated eigenvalue problem:

~o~'V'X =X {2.57)

G& V3x3 =x~

G2V~x~ =x2
(2.58}

and

where X is a column vector with components X&,

X2, and X3 and is called channel components' of
the wave functions in analogy with the Faddeev
components of the wave function. ~ Equation (2.57)
is the homogeneous part of Eq. (27} of Ref. 15
which is claimed to be equivalent to the Schrod-
inger equation.

For the sake of completeness we copy the "proof"
that each solution to Eq. (2.57} is related to the
Schrodinger equation. In explicit notation we have

(&-H)P}i„)=o. (2.60)

Thus Q„y„isa solution to the Schrodinger equation.
From this the authors in B,efs. 14 and 15 concluded
that Eq. (2.58) has no spurious solutions. But Eq.
(2.60) can also be fulfilled by components y„eo
and Z„y„=owhich correspond to discrete eigen-
values.

The reader may wonder if this is possibly also
true for the Faddeev components defined by Eq.
(2.10). In explicit notation Eq. (2.10) is

and

- Ho}A = Vi(A+ 6+ (,),
(E —Ho)(2 —

V2(p& + f2+ $3),

(E —Ho}$3—
V3(g& + f2 + g3}.

(2.61)

It is easy to see that the E~g„satisfies the Schrod-
inger equation (2.60) and Eq. (2.61) can not be ful-
filled by components g„4 0 and E„(„=0which cor-
respond to discrete eigenvalues.

Now it is easy to relate Eqs. (2.58) and (2.61) by
matrix multiplier because one has the factoriza-
tion property

-G2V, 1

-G3V2

-G2V2 1

GIV3 G3V3

GoVi

-G,V, -Gov,

1 GpV3 -GpV

I

Go V2 (2.62}
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The first matrix to the right is the Faddeev matrix
and the second is the spurious multiplier matrix.

Hence Eq. (2.58) will have the spurious solutions
corresponding to the following eigenvalue prob-
lem:

1 0 0

0 1 0 i g2g
——0.

-G,V,G,G, ' G,V,G,G, 1

(2.66)

-GoV3 1

GoV3 -Go V

Go Vg -Go V2

GOV2 X2
——0, (2.63}

Clearly there are only the trivial solutions P«
=$2, —(„=0. But as soon as one condenses ad-
ditional pairs in Eq. (2.44) spurious multipliers
arise. For example consider

over and above the solutions defined by the Schrod-
inger equation. Now we may compare the three
spuriosity conditions (2.47), (2.55), and (2.63).
Obviously the sets (2.47) and (2.55) are simply re-
lated by P» —G„U"'. Furthermore (2.63) and (2.55}
are just the transposed eigenvalue problems of
each other. The three spuriosity conditions are
equivalent so far as the spurious energies are con-
cerned. So we shall study just Eq. (2.63).

It is easy to see by adding the three equations in
the set of equations (2.63) that the X~'s will have
the property Z„X„=Owhich is just the second pos-
sibility mentioned after Eq. (2.60). We now relate
the existence of y„c0 to Eq. (2.11). If we take
V, —0 we have from Eq. (2.63)

0 G&V2 G, V3

+ 0 0 G,V,

0 GBV3 0 0

(2.67)

1 0

G2V(GoGi 1

G3V2GoG&
' G, V2GoG)

-G2V)GoG3

I

It is easy to read off the multiplier with respect
to Eq. (2.44} and the spurious eigenvalues to Eq.
(2.67) will arise from

x2 =- GoV2X3

X3 Go V(X2&

X1 GOV1X2 +GOV2X2 X2 X3~

(2.64) x g2,
—0, (2.68)

Thus Eqs. (2.64) will allow discrete spurious solu-
tions since it is identical with Eqs. (2.11}after a
change of sign of one pair interaction.

In conclusion, Eq. (27) of Ref. 15 is not uniquely
related to the Schrodinger equation. The same is
true for Eq. (2.45). The homogeneous system of
the channel coupling array scheme of KLT (Ref. 8)
allows for nonphysical spurious solutions.

If we start from the choice given by Eq. (2.44}
which is uniquely related to the Schrodinger equa-
tion, one may find the following coupling scheme
which is again free of spurious solutions:

0 G(V2 G(V3

421 G2 f G2 3 421

0 G3V3 0 0

(2.65}

This choice has been mentioned by Sandhas. ' It is
easy to read off the multiplier with respect to Eq.
(2.44) and the corresponding spurious eigenvalue
problem is

which allows again for discrete spurious solutions

pi~ =0 |j'2~ x0~ geix0

Again in the scattering region this spuriosity will
be harmless as the spurious multiplier cancels
from both sides. In the scattering region the solu-
tion of Eq. (2.52} for the KLT transition operators
wil) be exactly the same as the solution of Eq.
(2.53) for the AGS transition operators and this
clarifies the doubts raised in Ref. 20 about any
possible disagreement between the solutions of
Eqs. (2.52) and (2.53). The discussion in this sec-
tion also invalidates a proof by Bencze and Tandy'
about the nonexistence of spurious solutions to a
general class of n-body scattering equations as we
shall see in the next section.

III. FOUR-BODY PROBLEM

In the three-body problem one has three two-
body fragmentation channels as well as three pair
interactions. The'corresponding numbers are 7
and 6 in the four-body problem. However, the
number of two-body connected four-body equations
of Yakubovskii with a CAI kernel is 18. This cor-
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responds to the most detailed decomposition of
the state vector into all possible pair subclusters
of the seven two-body fragmentations. Neverthe-
less it is desirable to have a set of equations for
the seven transitiori operators, which connect the
two-body fragmentation channels. Such a set with
a three-body connected CAI kernel has been given
by Sloan' and later generalized by Bencze a.nd
Redishe to the case of an arbitrary number of par-
ticles. There is also a set of six coupled equa-
tions4 for the four-body t matrix. Both sets can be
derived by the method of cluster decomposition"
or by an intimately rela, ted method —insertion of
various Lippmann-Schwinger equations into each
other.

We use the following notation. In addition to the
pair indices p, v, X, o. , P corresponding to three-
body fragmentations we use indices o', p, & to de-
note two-body fragmentations. They are of the
type o = (abc), d, or c = (ab), (cd) where a, b, c,
and d represent particles. The interactions which
are internal or external to the channel o are de-
noted by V, or V', respectively. Thus V, =V,b

+ Vbc+ Vc or Ve ——Vob+ Vcd and V = V d + Vbd + Vcd

or V'= Vb, + V,,+ V,„+Vbd. Here ab denotes the
pair of particles a and b and will in general be
represented by one of the indices p. , v, ~, a, and

P in the following. We further have V,"=V, —V„
where the pair interaction V„ is contained in V,.

It is easily verified that

Qv„= ~~ V»,
v&g, fy~p

(3.1)

4,"-G„g V,'4,'=ieG, Q,
oDu

(3 2)

where o & p, denotes all the two-body fragmentation
channels for which V, includes the pair interaction
V„.

Now we have the following two types of Lipp-
mann-Schwinger equations for the scattering states
4,' belonging to an initial two-body channel &:

Equation (3.4) has a Weinberg-type three-body con-
nected kernel. Although the kernel is still noncom-
pact it, will allow us to derive the set of equations
with CAI kernels of Refs. 4 and 5, It is easy to
see that Eq. (3.4) results if we apply the spurious
multiplier

L~ = 1+ GcVo (3.5}

on Eq. (3.2), and we have the factorization proper-

I I - G»g V".G.V' = I(1+QG.V." I»» —
~

»»
~

x (& -G„pi,") (3.6)

Since Eq. (3.4) appears at an intermediate step to
derive the more interesting physical equations
with CAI kernels, we shall not study the discrete
spurious solutions of this equation in detail. How-
ever, the spurious eigenvalue problem correspond-
ing to Eq. (3.4) is

X~ =6~ E —H+ V,"G,Vc Xf =0. (3.7)

x f~G»y„ (3 8)

where &g& denotes all the pair interactions V~ that
are not included in the channel interaction V,. Eq-
uation (3.8) can be compared to the following set of
equations for Td»erive fdrom Eq. (3.2):

T»y, V,G, Qr„—y, =feV»G»y, (3.9)

Now we introduce the four-body t matrices T~
defined by T»Q, = V»4,'. Multiplying Eq. (3.4) by
V„we obtain a set of six coupled equations for 1'„
given by

T,y, V„G„QV,G, Q— T,4, V„(1+Q G,i='.")

(3.3)

where the channel state Q, satisfies (E —&0 —V,)p,
=0. The. seven equations of the second type [Eq.
(3.3}]which contain the resolvent operator G,
= (z' —&0 —V,) ' are obvious generalizations of the
three basic three-body Lippmann-Schwinger equa-
tions [Eq. (2.31)] to the ease of four particles.

If we insert Eq. (3.3) into Eq. (3.2) we get

(3 4)

Though Eq. (3.9) has anoncompactkernel, itis inun-
ique correspondence with the Schrodinger equation
as is.clear from the very construction. We shall
see later that the homogeneous part of Eq. (3.8)
may have spurious poles in the first sheet of the
complex energy plane. From discussions in Sec.
II and in Ref. 16 it is clear that on the real energy
axis above the lowest scattering threshold only the
physical solution survives. This spuriosity is a
kind of Federbush disease and it has been shown
by Amado'6 that it is not a fatal disease arid it will
cancel in the physical scattering region unless the
spurious poles occur at the physical seatt. ering
energy under consideration. Since both Eqs. (3.8)
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and (3.9) determine the same function T„Q, at the
physical scattering energies they must be related
by a matrix multiplier. It has been shown in Ap-
pendix A that it is indeed so and the multiplier B~„
is given by

8„„=5,.
~

1+v„g G.V."G)
g X ty

(3.14)

ious solutions („00.
Now we are prepared to deduce the set of seven

coupled equations for the transition operators
which relate the two-body fragmentation channels.
%e introduce the physical transition operators U"
defined by2'

+&~v V~G~~. v)(1 —
VIRGO) ~ (3.10)

If we sum (3.11) over p, f p we get the following
set of seven coupled equations:

&A.=5(V «)V~4.

tying.

)l Q

(3.11)

where 5(p c v) is 1 whenever V„ is included in V,
and is zero otherwise. Equation (3.11) can be com-
pared with the set of six coupled equations of Ref.
4. It is shown in Appendix 8 the two sets of equa-
tions have the same kernel. But they hpve differ-
ent inhomogeneous terms. The inhomogeneous
terms are different because the present definition
of T~ is slightly different from that in Ref. 4. %e
chose the present definition of T„because then the
Sloan equations for the transition operators follow
naturally from Eq. (3.8).

Now Eq. (3.11) defines T~(z) which will have
spurious poles at complex energies in the physical
sheet. The positions of the spurious poles are de-
termined by the matrix eigenvalue problem

&~.XV =o (3.12}

The solution to Eq. (3.11), however, coincides with
the physical operators at real energies above the
lowest scattering threshold. It is easy to- see that
the eigenvalue problem of Eq. (3.12} can be put in
the following form:

(~ + Q G„V„$„+ G, Q. V,"GOV„P =0, (3.13)
Vgp 0~ V~0

with y„=V„g~. By using the I.ippmann-Schwinger
equations (3.2) and (3.3) for the physical state
vector we failed to show that Eq. (3.13) is satisfied
by the physical state vector 4". But we could not
construct a definite proof showing that %N' does
not satisfy Eq. (3.13). We see no reasons to be-
lieve that Eq. (3.13) does not have nontrivial spur

Here G,~„,„~ is the resolvent operator for channel c
which includes both the pair interactions V~ and

V„. It is straightforward to verify that the ap-
plication of B~, onto Eq. (3.9) yields Eq. (3.8).

As in the three-body problem the spurious multi-
'

pliers L~ of Eq. (3.5) for the state vector have dis-
appeared and are replaced by the matrix multi-
plier B„„define dby Eq. (3.10). After we take the
limit e-0 in Eq. (3.8) we get

U»'- Q V~ G „QV,"G,U' = 5 ~,(E-H0 —Vp,).
Aft: P CgP

(3 15)

Equation (3.15) is the Sloan equation. ~ (See Ap-
pendix B for detail). The interaction V„ in Eq.
(3.15) is the sum of all pair interactions common
to channels p and ~.

I et us consider now the properties of the solu-
tions of Eq. (3.15). As in the case of the set of
six co.upled equations we would like to have a basic
set which uniquely corresponds to the underlying
Schrodinger equation and to which Eq. (3.15) can
be related by a matrix multiplier. This is easily
achieved. First Eq. (3.14) is summed over o& p,

to give

(3.16)

For a particular p the right-hand side of Eq. (3.16)
can be evaluated, and Eq. (3.16) becomes

U'~(f), =2 Q V),4 . (3.17)

Multiplying Eq. (3.2) by V„, summing over p, g p
and using Eqs. (3.14) and (3.17}we get

aG~ U 'Q, = $i- ieG„Q, .
PD

(3.19)

Then multiplying Eq. (3.18) by ~G~ and summing
over p& ~ we obtain

—~G), Q ieV~G„Q~

(3.20)

U"p, —2 Q V„G~ Q U"p, = ieV~G„Q,
V (f P fygP V P

(3.18)

Though Eq. (3.18}has a noncompact kernel, keep-
ing e+ 0 it defines uniquely the physical transition
operators. To demonstrate this explicitly we de-
fine
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or

—~zGz V» g» =ieG&Q,
PP V P

(3.21) (3.27)

4~- Q GOV» 4 =i«04. . (3.22}

Thus g, is independent of X and fulfills

If we operate now by (1-GOV&) on both sides of .Eq.
(3.21) we get

(3.28}

where K and iJ are the kernel and the homogeneous
terms of Eq. (3.18}, respectively, and Kz and p
are the kernel and the inhomogeneous terms of the
Sloan equation —Eq. (3.15). Equation (3,26) has the
unique physical solution

U=(1 —EC) 'U,

(—GDV( =ieGOQ, ,

which has the unique physical solution

(3.23) which also fulfills Eq. (3.27) on the real energy
axis above the lowest scattering threshold. Hence
we have

P =ieGQ (3.24)
0

(1-Es)(1 —Z) 'U = U = CU. (3.29)

Now with the help of Eq. (3.19}, Eq. (3.18) becomes Comparing Eqs. (3.27) and (3.29) we have the fac-
torization property

U"y, = g V, (e", -i~G, y,)+ g i«.G.Q,

(3.25)

(1 —Z, ) =C(1 —Z). (3.30)

or

4T, V»+T
P

.0
U —KU=U (3.26)

which are the physical transition operators.
The only solutions possible to Eq. (3.18}are the

physical scattering amplitudes defined by Eq.
(3.14). So Eq. (3.18) uniquely corresponds to the
underlying Schrodinger equation and does not have
any spurious solutions. But this equation has a
noncompaet kernel and has disconnected pieces in
the kernel after any number of iterations whereas
the Sloan equation' —Eq. (3.15}—has a CAI kernel
and is connected after one iteration. Equations
(3.15) and (3.18) should be compared with Eqs.
(3.11)and (3.9). Equation (3.9) has no spurious
solutions but has a noneompact kernel whereas Eq.
(3.11)has aCAI kernel but may have spurious solu-
tions.

Now from discussions in Secs. II and III it is
clear that Eq. (3.15) may have spurious solutions
but the effect of these spuriosities will not show
up in the scattering region. The physical trans-
ition operators fulfill the Sloan equation' as is
obvious by the very construction of Eq. (3.15) where
we inserted two Lippmann-Schwinger equations in-
to each other. Hence in the physical scattering re-
gion (real energy axis above the lowest scattering
threshold) both Eqs. (3.15) and (3.18) are satisfied
by the physical transition operators defined by
Eq. (3.14} and hence they must be related by a
multiplier. Thus we are led to compare Eqs.
(3.18) and (3.15) which in schematic notation are
written as

Unfortunately we could not find a closed expres-
sion for C, but perturbation expansion definitely
rules out C =1. There is no reason to exclude
nontrivial solutions of CIJ=0 which will give rise
to spurious solutions. However, as in the case of
the set of six coupled equations these spuriosities
will not show up in the solution of the Sloan set of
equations at real energies above the lowest scat-
tering threshold. Hence the Sloan set' or the BR
set6 ean be safely used to ealeulate the transition
probabilities unless these spurious energies occur
at the scattering energies. However, special pre-
cautions may be needed numerically to avoid ad-
mixture of these spurious states into the solution
of the problem if one of these spurious energies
comes very close to the physical scattering ener-
gies.

IV. SUMMARY AND CONCLUSION

We studied spuriosities in few-body scattering
equations with two- and three-body connected ker-
nels. The cluster decomposition, "usua1ly applied
in deriving equations with three-body connected
kernels, first introduced by Weinberg, 3 can ob-
viously be replaced by an intimately connected
procedure —insertion of various Lippmann-Sch-
winger equations, corresponding to different sub-
system resolvent operators, into each other. The
later procedure reveals also the spurious multi-
pliers by which the Lippmann-Schwinger equations
with Gp or G„have to be multiplied to arrive at
equations with kerne1s of connectivity higher than
two. Only when the inhomogeneous term is sim-
plified by taking the limit e- 0 will the solutions
have spurious poles in the physical sheet corres-
ponding to the discrete eigenvalues of the multi-
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pliers. However, these spurious admixtures van-
ish exactly for real scattering energies and the
solutions to the Weinberg-type equations are ex-
actly the physical ones. This has been explicitly
demonstrated in Sec. IIA for the three-body scat-
tering state.

In the four-body case the corresponding study
could have been carried through for the four-body
connected Weinberg-kernel. Instead we set up
equations for the scattering states with a three-
body connected kernel, which are spurious too,
and served as an intermediate step for the deriva-
tion of sets of coupled equations for t matrices and
tr ansition operators.

Next we derive the equations for transition oper-
ators and t matrices from these equations for the
state vectors. The new set of equations does not
have the old spuriosities of the state vectors, but
surprisingly enough it has developed spuriosities
at a new set of energies. In the three-body case
we exhibited this for the transition operators and
t-matrices in Sec. II B. In both cases the coupled
sets of equations with three-body connected ker-
nels turned out to be just the once iterated Fad-
deev or AGS equations. Thus the spurious matrix
multipliers are (I+K) where K is either the Fad-
deev or the AGS (Ref. 12) kernel. Since it is an
overall factor it cancels in the solution, which will
be exactly the physical one.

We applied the same considerations to the sys-
tem of four particles and we found that the spur-
ious multipliers related to the state vectors do not
show up in the equations for t matrices and trans-
ition amplitudes. We study the set of six coupled
equations of Ref. 4 and the Sloan equations' and
show that they contain spurious multipliers. These
multipliers relate these equations to two basic sets
of equations which correspond uniquely to the
Schrodinger equation. In case of the equation of
Ref. 4 we give an explicit form of the spurious
multiplier. We found no reason to assume that
this multiplier does not have nontrivial discrete
spurious solutions. The Sloan equation also has
the same structure and the same conclusions fol-
low. However, the spurious multiplier again can-
cels in the physical scattering region.

It has been shown in Ref. 22 that the BR set of
equations can be derived from a general channel
coupling class of connected kernel equations. Ben-
cze and Tandy' showed that the general channel
coupling class of connected kernel equations is
free from spuriosities and hence concluded that the
BR set of equations is also free from spurious
solutions. However to get the BR set of equations
from the general ch'annel coupling class of con-
nected kernel equations one has to insert explicit
expressions for transition operators connecting
three-body fragmentation channels in Eq. (9) of
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APPENMX A

In this Appendix we derive an expression for the
spurious multiplier related to Eq. (3.8). To do
that we rewrite the right-hand side of Eq. (3.8),

R„=ie V~G~ Q, + V„Q G,V,"isG „Q,

with the help of Eq. (3.1) as

(Al)

Ref. 15. This is not an identical rewriting of the
equation but equivalent to inserting two types of
Lippmann-Schwinger equations into each other.
Such a step, as we have seen, introduces spurios-
ity. Hence the proof by Bencze and Tandy does not
apply to the BR equations. Moreover, the proof
by itself is wrong as we have demonstrated in Sec.
II for the case of three particles. There we stud-
ied the channel array coupling scheme for three
particles. Contrary to proofs given by Hahn,
Kouri, and Levin, ' and by Bencze and Tandy' the
KLT channel array coupling scheme which is also
the starting point of an independent formulation by
Hahn is shown to admit spurious solutions.

In conclusion we would like to say that we found
spuriosities in all the few-body formulations ex-
cept the ones by Faddeev and Yakubovskii and by
one of the present authors (WG). In contrary to a
proof by Hahn, Kouri, and Levin' and by Bencze
and Tandy ~ the KLT channel array coupling
scheme also admits spuriosities. It may be haz-
ardous to use these equations in bound-state prob-
lems. Nevertheless the spuriosities will have no
effect in the scattering region. It may be worth-
while to explore the typical distribution of spur-
ious poles in the physical sheet for these equations
and to study whether special caution is needed to
safely exclude any admixture of spurious states
into the numerical solution if a spurious pole
comes very close to real scattering energies. Such
studies are underway.
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R„=ieV„G~Q,

+ V, G, Q V„(G, ~G„V,GD)ie
vCe

R„=itV„G„Q,+ V„QG, Q V„G~ieV„GO@,
~ID' Vt"O

ply

Q G V,Gaiety, .
OQV V

Now we use the obvious identities.

V~G„=(1+V„G„)V„GO

and

(1 —V„G0)(1+V„G„}=1
to rewrite (A3) as

(A2)

(A3)

(A4)

(A5)

APPENDIX 8

In this Appendix we show that Eqs. (3.11) and
(3.15) correspond to the scattering equations pro-
posed in Refs. 4 and 5. In this Appendix we follow
the definition of the three-body t matriz of Ref. 5.
The three-body t matrices M» which are intimate-
ly related to the kernels of Eqs. (3.11) and (3.15)
are defined by

~~.) = V~&~) + VwG. Vx.

Equation (B1}is the same as Eq. (2.8) in Ref. 5.
We can rewrite Eq. (81}as

iaaf~~=Vu5u~+ Vu(G~+G~V."G.)V~

or

M „)„—V„5„„+5„~V„G~V„+'5„„V~Q„V),

+ V„G„V,G,V),.
R„=ieV~G~Q, + V„G, V,G„(1—V„GO)

V 0
V/if

xieV~G„(f&~

+ V„g G, Q (1 —V,GO)ieV„G„Q,

-=QB,„ieV„G„P,.
V

(A8)

Now the connected part of M» is defined by

M'„)t —5„)tV„G~V)t+ Vf G~V", G,V

Summing Eq. (B3) over all A. c o we get

or

X', =V,G, V."G,G,-'.

(S3)

Comparing the right-hand sides of Eqs. (3.9) and
(A8} which is equivalent to Eq. (3.8) we can read
off the desired multiplier I3„„.

Here M'„-GD is the kernel of the set of equations in
Ref. 4 and this has been nicely demonstrated in
Ref. 5.
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