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Off-shell generalization of the Gordon's method for a nonlocal potential*
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Gordon's method for constructing wave functions for a nonlocal potential is generalized to obtain solutions
of the van Leeuwen-Reiner equation. Exact analytical expression for off-shell Jost solutions and Jost
functions are derived for the Mongan case IV potential.
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The importance of nonlocal potentials in studying
nuclear scattering reactions has been emphasized
by a number of investigators. ' Recently, two of
us' have derived expressions for half-off-shell
and fully off-shell T and K matrices for a number
of realistic separable nucleon-nucleon inter-
actions by using a wave function approach. In
this approach T and K matrices are obtained from
an inhomogeneous form of the Schrodinger equa-
tion' (hereafter referred to as the van Leeuwen-
Reiner equation). There appear two momenta
0 and q, where k is an on-shell momentum re-
lated to the energy E by E =k'+i&, E «1, and

q is an off-shell momentum. When q'=k, the equa-
tion reduces to the conventional Schrodinger equa-
tion. For a nonlocal potent;ial, the van Leeuwen-
Beiner equation is an integrodifferential equa-
tion. The determination of the off-shell wave func-
tion is accomplished by converting this into an in-
tegral equation using the standard Green's func-
tion technique. In close analogy with the oh-shell
case, 4 the integral equation for the off-shell wave
function is solved in terms of Fredholm deter-
minants and the form factors of the potential.

Gordon' has proposed a method for constructing
on-shell wave functions for nonlocal potentials,
which treats the Schrodinger equation for sep-
arable interactions as an inhomogeneous dif-
ferential equation. The fact that the solution (un-
known) appears in the constant factor multiplying
the inhomogeneity term does not present diffi-
culties in constructing the. solutions. It will be
useful to have in the literature an off-energy-
shell generalization of the Gordon's method. We
attempt to do this by dealing with an N-,term sep-
arable potential and solving for the off-shell wave
function associated with the Jost boundary con-
dition. A merit of the present treatment is that
it does not involve the evaluation of typical con-
tour integrals associated with the Tabakin's'
procedure. Further, the method can be easily

extended to potentials of arbitrary rank. Once
the Jost solutions are known, the physical, ' reg-
ular, ' and principal value' wave functions can be
expressed in terms of them. The T and K matrix
calculations then follow in a natural way. Here
we consider only the s-wave scattering and omit,
for brevity, the subscript l =0. All results pres-
ented can easily be extended to higher partial
waves. We work in units in which is'/2m is unity.

We consider the scattering of a particle by a
nonlocal potential V(r, s). The van Leeuwen-
Reiner equation for the Jost solution f(k, q, r) is
given by

Here

—(ks qs) e«r (1)

+1

V(r, s) = 2ttrs d(cos8) V( r, s) .
1

For a rank N separable potential
g

V(r, s) = g X.tv t"(r) v "(s),

(2)

The solution of Eq. (2) has the asymptotic nor-
malization

f(k, tI, v.) ~ e"". (4)

When tI =+0, the function f(k, tI, s') goes over into
the two irregular solutions of the Schrodinger
equation, which enter into the theory of ordinary

Eq. (1) reduces to

(di„, +k')rf , ~)kkd~'
E

OO

= (ks tIs) et«+ gh, .v't'(s ) v"'(s)f (k, tI, s) ds.
0
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Jost function, "i.e.,
f(+k, r) =f(k, +k, r). (5)

From Eqs. (9) and (13},

(14)
The general solution of Eq. (3) can be obtained by
adding a solution of the differential equation

d2
k q r —k2 q2 p~'I"

to a particular integral determined by

+k', k, q, r
N

(8)

In the on-energy-shell limit, Eq. (8) yields the
solution for a free particle Schrodinger equation
satisfying Jost boundary condition, which enters
in Eq. (2.V) of Ref. 5.

Following Gordon, ' we first solve the equation

= Pks~' )s)f s~')s)f)kds)ds. ,)S)
0

A solution of Eq. (6) is given by

f,(k, q, r) =e"".

Substituting Eq. (14) in Eq. (11) and specializing
to rank 2 case, we get

Q (6,~ —a,))C~(k, q) = — ' . , i =1,2, (15)

where

(16)
(e, +n, )(n, '+k') '

The set of simultaneous equations given by (15)
can easily be solved to get the values of C, (k, q)
and C,(k, q). When these values are substituted
in Eq. (10), we get the off-shell Jost solution in
the form

f(k, q, r) =e""+ [I (k, q)e ')"
det a(k)

+I,(k, q) e ~2"],

(9)

f(k, q, r) =e""d. gg, (k, r}C,(k, q} . (io)

(
d2

2
+k2 g] k, r =e(~) rdr2

and then construct the general solution by using
the ansatz

where

deta(k) = 1— X2

2a, (n, '+k') 2n, (n, '+k')

X,X,(n, —n, )'
4e,n, (n, + n, )'(n, '+k')(n, '+k') '

(18)

From Eqs. (3), (9), and (10) it can be shown that
C;(k, q) satisfies the matrix equation

P k„-k, s"'(s)ds(k, s)ds)C, (k, d)

f(k, q) =f(k, q, 0) . (12)

=X, v'"(s) e"'ds. (11)
0

Equations (10)and (11) taken together completely
define the off-shell Jost solution for a rank N
separable potential. For the s-wave case, the
Jost function i.s given by

X,(n, +iq)
(n, '+k')(, '+q')

A. ,A.,(n, + iq)
2n, (n, '+k')(a, '+k')(n, '+ q')

A, ,X,(a, +iq)
+ (a, + n, )(n, '+ k') (n, '+k')(n, '+q') '

(19)

X,(n, ~iq)
2( s (a 2 k2)(e 2 q2)

In order to illustrate the usefulness of the gen-
eral results presented above, we consider the
problem of nucleon-nucleon scattering. For rea-
sons of physical interest we focus our attention
on the Mongan case IV potential. " Mongan has
introduced this potential to fit the '$0 N -N yhase
shifts. In configuration space the Mongan potential
can be written in the form

V(r, s) = g X,v"'(r) v"'(s)

X,X,(e, +iq)
2a, (e,'+k')(e, '+k') (n, '+ q')

XP,(u, +iq)
+ (e, +e,)(n, '+k~')(~e, '+k')(n, '+q')

The Jost function is given by

f (k, q) = 1+ [I,(k, q) +I,(k, q)] .j.

(20)

(21)

+~ 1(g+ dk) + y +~2(f'+'g)
1 2

One can perform a couple of checks on the fairly
complicated expressions for the off-shell Jost
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solution and Jost function derived above.
(i) In the limit q-k, Eqs. (17) and (21) yield

the corresponding on-shell results given by Mulli-
gan et al."

(ii) From Eq. (13) we see that in the special
case X, =X and X,- =0, the Mongan potential goes
over to the Yamaguchi potential. Substituting these
values in Eq. (21) we get

)
2Xn

+
(n i-q)[2n(n'+k') Z]

' (22)

The result in Eq. (22) is in agreement with the
result for the off-shell Jost function for the Yam-
aguchi potential obtained by using a generalized
form of the Jost-Pais theo. rem. '
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