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Level densities for the 'He system are calculated within a 4fieo model space by utilizing a realistic nucleon-

nucleon interaction. The fluctuations are smoothed with a least squares fitting procedure and exponential fits

of the form A exp(E/T} are calculated for the density and total number of levels. The total number of
levels is also compared wi)h the predictions of the equidistant model. Systematics of level densities for even-

even nuclei for 4 & A & 66 and for nuclei in general for 4 & A & 240 are discussed.

~NUCLEAR STRUCTURE 4He, calculated J'=0", 0, 1', 1, 2', 2, 2', 2, 4',
4, 5', 5, and 6'levels up to 85 MeV excitation energy. Level density para-

meters are obtained for constant temperature and equidistant models.

I. INTRODUCTION

Nuclear level density data are available for many
nuclei, but most calculations are performed at
neutron separation energies for nuclei with A ) 20. '
At the present time, most calculations utilize re-
alistic single particle levels, hence shell effects
are incorporated into these calculations. The only
residual interaction is an approximate pairing
force, and the calculations lead to approximate
nuclear densities. 'The calculations usually con-
sider excitation energies E, & 15 MeV and level
densities greater than 10-10' levels/MeV. These
approaches or other approximate calculations
have not been extended to light nuclei. Such an
extension is important because light nuclei, such
as He, represent an endpoint for density measure-
ments, because the A =4 system is the lightest
system which has known continuum energy levels'.

A second motivation for this paper is that the ex-
perimental determination of continuum levels in
the 'He system for E„)20 MeV is difficult, and to
date only ten levels are known. ' 'Two other possi-
ble levels have been suggested, but they are spec-
ulative at best. "4 In view of the experimental diffi-
culties, a calculational technique, even if it is
approximate, may serve as a guide to the 'He con-
tinuum, until experimental studies confirm or re-
fute the existence of the predicted levels.

II. CALCULATIONS IN A MODEL SPACE

The concept of a level density is not normally
applied to 'He, because there exist only a few res-
onances below 30 MeV. There i;s also very little
known about continuum levels above this energy,
but calculations suggest the levels become more
dense as the energy increases. ' The levels are
also more narrow than expected. 'The calculations,

predicting the levels, must be performed in a
model space which adequately describes the energy
region of interest. Since 4@~ represents a prac-
tical calculational limit, . we will only investigate
the energy region below which 5@~ or higher ex-
citation become s important. P reliminary calcula-
tions of 5 and 6@co states suggest that they do not
become a consideration until 80 MeV excitation.

here may, of course, be isolated interloping
states below 80 MeV, but these will not signifi-
cantly affect the calculation. Our estimates sug-
gest that a 4@~ model space, including states of
J'=0', 0, 1', 1, 2', 2, 3', 3, 4', 4, 5', 5, 'nd 6',
is adequate to accurately determine the number
of levels below 80 MeV excitation in the 'He sys-
tem.

Our discussion of the calculated properties of
the 'He system is based on the level scheme pre-
sented in 'Table I. 'The levels presented in Table I
are more complicated than conventional shell
model states because they include continuum
effects of the P + 'H, n+ 'He, and d+ 'H channels.

Before proceeding, it is important to discuss
the spurious state problem. This problem is im-
portant because there are not an enormous number
of states in Table I, and as such the spurious state
problem can not be neglected. In most model
spaces, there exist spurious states associated
with center-of-mass. motion. ' If all particles are
put in the lowest orbits allowed by the Pauli prin-
eible, the center of mass of the system is in a Os

state. But once particles are excited from the low-
est allowed configurations, there may occur states
in which the internal structure is identical to the
internal structure of another state in the space,
but the center of mass is in a different state. If
these states are not eliminated from the space,
the effects of the allowed states will be introduced
more than once. 'This problem can be treated ex-

2050 1979 The American Physical Society



N UCLEAR LEVEL DEN SIT Y IN THE 4 He S Y STEM 2051

TABLE I, Tabulation of energy levels for He.

Bgnge of
excitation

energy (MeV) ~ 0+ 0 4

0-1
22-23
27-28
29-30
30-31
31 32
33-34
36-37
38-39.
40-41
41-42
42-43
43 44
45-46
46-47
47-48
48-49
49-50
50-51
51-52
52-53
53-54
54-55
55-56
56-57
57-58
58-59
59-60
60-61
62-63
63-64
64-65
65-66
66-67
67-68
68-69
69-70
70-71
71-72
72-73
73-74
74-75
75-76
76-77
77-78
78-79
79-80
80-81
81-82 '

82-83
83-84
84-85
85-86

0
0
2
0
0
0
0
1
0
0
1
1
0
0
0
0
0
0

0

0
0
0
0
1
1
1
1
0
1
2
0
2
0
2
1
1
1

0
0
0
0
0 '

0
0
0
0
0
0
1
0
0

0
0
1
1
0
0
0
0
0
1
0
2
0
1

0
0
1
1
0
0
0
0
1

0 1
0 0

0
0
0
0
0
0
0
0
1
0
0
0
0
0
1

1
1
1
2
0

1
2
1
0

1
0
1
1
3
2
1
1
0
0
1
2

0
0
1
1
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
1
0
0
0
0
1
1
1
0
1
2

1
2
1
1
2

1
2

0
4
1
1
2

1
2

2
2

0
1

0
1

0
0
0
0
0
0
0
0
0
0
0
1
0
0
1
1
0
1
1
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
2
1
1
0
0
0
3
2
3
2
3
3

3
4
6
3
3

0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
2
1
1
0
0
1
0
1

1
1
1
0
2

0
1
1
1

1
1
0
2
0
1
0
0
0

0 0
1 0
0 0

0
0
0
0
0
0
1
0
0
1

0
1
1
0

3
0

2

1
1
3
1
2

0
0
0

0
0

0
0
0
0
0
0

0
0
0
0
0
0
0
0

0
0
0
0
0
0
0
0
0
0
1
0
0
0
0

0
1
0
1
1
1

0

1
0
0

0
0
0
0
0
0
0
0
1
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0

0
0
0
0
0
0
0
0
0
0
0
0
0
0

0
0
0
0
0
0
0
0

0
0
0
0
0
0
0
0
0
0
0

0
0
1
0
0
0

0
0
0

1
0
0

0

The values of the range of excitation energies represent the 1 MeV bin end points.
Omitted values, such as 1-2, 4-5, and 23-24, indicate that the bin is empty.
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actly in the case when the eigenstates of the har-
monic oscillator are used as a single partical
basis, and in that case only if all possible con-
figurations up to a given Waco excitation are used.
The method of extraction involves performing a
projection from the original oscillator basis to a
smaller space in which there are no spurious
states. 'The Hamiltonian is calculated and diagon-
alized in this truncated space and then, when nec-
essary, the eigenvectors can be transformed back
to the original basis. This complicated procedure
becomes very difficult to perform as iV increases.
It is partly because of the spurious state problem
that more than Nv excitations are not included in
shell model spaces. Suppose for example, 4hco ex-
citations, such as (Os)(0p)'(Od) or (Os)'(Od)', were
included in the calculation, then one would also
have to include configurations such as (Os)'(2s) or
(Os)'(Op)(lp) if one wanted to eliminate the spurious
state problem. 'This leads to a calculation beyond
the scope of many existing shell model codes. As
discussed previously, the spurious state problem
can not be neglected and a more practical method
of eliminating the center-of-mass motion must be
found in order to make our calculations meaning-
ful.

As an alternative approach, we perform a com-
plete 4k~ calculation by choosing internal coordin-
ates to describe the 'He system and avoid the cen-
ter-of-mass problem entirely. The internal co-
ordinates carry the full 4@or and the center-of-
mass coordinate is forced into an acceptable OS~
of oscillator excitation. The internal coordinates
and basis states are discussed in detail in Ref. 6.
Once the center-of-mass problem is eliminated
and a suitable potential is determined, level den-
sity estimates can be obtained.

The calculated level densities, obtained from our
effective Sussex interaction", exhibit considerable
fluctuations. Some of these fluctuations are real,
and some result from the approximate nature of
our effective interaction. 'The calculated density
can be obtained from the partition function Z, (B),
which is defined in terms of the calculated levels

Z, (B)= g exp(-BE,).

The level density p(E) is related to Z, by

p(E) =2- . Z, (B) exp(BE)dE
00

This integral can be used to smooth the level den-
sity by employing standard saddle point methods. '
As an alternative, the smoothing process may be
performed by a least squares fit of the calculated
levels. The remainder of this paper will consider
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FIG. l. Energy level density for 4He using the con-
stant temperature model. The "&&" represents the state
density for a 1 MeV bin. The solid curve is a least
squares fit to the form A exp', 'BE) with A = 3.492 &&10 5

and 1/T = 0.5554.

fits to various models. Particular attention will
be paid to models which can provide insight to
heavier nuclei. as well as aid in the understanding
of the 'He system.

III. CONS ~ ANT TEMPERATURE FORMULA

Experimental data involving level densities are
often analyzed with the constant temperature for-
mula'

p(E) =A exp(E/T),

where p(E) is the total number of levels per MeV,
and.4 and T are constants which are determined
from a least squares fit to the levels of Table I. It
should be emphasized that these simple level den-
sity approximations may not reproduce very well
the level density of a nucleus which has marked
structure in its single particle levels. As such,
the investigation of level density parameters as a
function of mass leads to a better understanding
of level density systematics as well as individual
differences between nuclei.

Within the constant temperature model the funct-
ional form for the level density is expected to be
a simple exponential from experimental measure-
ments on A = 36-66 even-even nuclei. ' 'The infor-
mation of Table I can be fitted to the form of Eq.
(3). The values A =3.492 X10 ' and 1/&=0. 5554
are obtained from the fit shown in Fig. 1. As ex-
pected there is considerable fluctuation, and this
can be removed by considering the total number of
levels X(E).

The total number of levels R(E) can be deduced
from analysis of emergent particle spectra from
(p, p') or (p, o.') reactions. The data conform to an
exponential distribution of spacings. 'The mass



NUCLEAR LEVEL DENSITY IN THE 4 He SYSTEM 205$

00
I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I

4J

R

~ 200
lU

LLI

O

100

OI-

0 —X

'x

I

I
X

X

I I I I I I I I I I I I I I I I

20 40 60 eo
EXCITATION ENERGY (MeV)

2.0

I.O

0
FIG. 2. Number of energy levels as a function of en-

ergy for the 4He system using the constant temperature
model. The "&"represents the total number of levels
N(E) up to an energy E. The solid curve is a least
squares fit to the form A exp(SE) with A = 5.520 &&10

and B= 0.3579. The parameter d = 1/8 = 2.79.

36-66 levels were fitted to the functional form'
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FIG. 3. Energy level systematics for 4 «A «66 using
the constant temperature model. The "x" represents
the experimental values of Ref. 9 and the value for 4'He

calculated herein. The parameter d is fitted to the func-
tional form mA +b with m = 2.822 &&10 and b = 2.831.

&(&)= c exp(E/d), (4)

where the values of the parameter d obtained by
Huizenga' increase as A decreases.

When the levels N(E) of Table I are fitted to the
functional form of Eq. (4), the curve shown in
Fig. 2 is obtained. The parameters e =5.520X10
and d = 2.79 are obtained.

The calculated value for d in the 4He system
represents an end-point value and may be com-
pared with the values of Huizenga, ' summarized
in 'Table II. %hen the values of Ref. 9 are fitted
to a linear equation

d =nest+ b,

the values m = -2.421 & 10"' and b = 2.622 are ob-
tained. If the value of d, calculated by our 'He
model. , is to carry any credibility, it should be

at least in qualitative agreement with the results
of Ref. 9. Figure 3 illustrates a plot of d(A) which
includes the values of Huizenga and those of our
model. 'The inclusion of the A =4 value leads to
linear parameters of m=-2. 822x10 and 5=2.831
which are representative of the expected values
established by Huizenga's data.

IV. THE EQUIDISTANT MODEL

In the equidistant model, "the single particle
levels are equidistant and nondegenerate. The
total state density for a system composed of neu-

I I I I I I I I I I I I I I I I I

Nucleus
d

(Me~

4He
"Ar
38Ar
4oca
"cr
52Cr
'4cr
~Fe
56 pe
"Fe
"Zn

2.79
1.87
1.47
1.73
1.29
1.43
1.22
1.40
1.40
1.31
0.90

' This work; all others Beference 9.

TABLE II. Parameters for even-even nuclei.
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FIG. 4. Number of energy levels as a function of en-
ergy for the 4He system using the equidistant model.
The "&&" represents the total number of levels N(E) up
to an energy E. The solid curve is a least squares fit
to the form of Eq. (6) and- leads to a level density para-
meter cr = 0.50.
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FIG. 5. Number of energy levels as a function of en-
ergy up to 100 MeV excitation in the He system using the
equidistant model. The 'x" represents the total number of
levels N(E) up to an energy E. The solid curve is a
least squares fit to the form of Eq. (6) and leads to a
level density parameter a = 0.49.

FIG. 6. Number of energy levels as a function of en-
ergy up to 120 MeV excitation in the He system using
the equidistant model. The "x" represents the total num-
ber of levels N(E) up &o an energy E. The solid curve
is a least squares fit to the form of Eq. (6) and leads to
a level density parameter a = 0.44.

trons and protons is given by

~m exp(2v'aE )
E5/4 al/4

(6)

where a is a level density parameter which has
been determined" to have the value A/6 and A is
the atomic mass. 'The formula is sometimes de-
scribed as a Fermi gas level density expression
but actually only represents the zeroth order ap-
proximation to the level density of a Fermi gas.
We consider the expression because the level den-
sity parameter has been tabulated for 20 & A & 240.
'These tabulated values suggest that a value of 0.5

for a is the appropriate end-point value for He,
'The levels of 'Table I have been fitted to the func-

tional form of Eq. (6). A least squares fit to the
calculated levels is shown in Fig. 4. 'The fit is
obtained for the value a = 0.50 which is in agree-
ment with the anticipated result.

It is important to note that the constant density
formula given in Eq. (6) is an approximation which
is valid only for energies which are low compared
to the energy of the deepest hole that can be made
in the nucleus. Thus, as stated in the introduction,
most investigations consider excitation energies
of less than 15-20 MeV. That is, Eq. (6) is an
asymptotic expression which is valid for an in-
finite number of occupied levels —i.e. infinite
atomic mass A. For finite 4, there is a limit
to how deep the single-hole energy can be. For
the 'He system, this limit should occur at an
energy of about 4@co, since four holes can be cre-
ated. Once the four hole energy is exceeded, the
level density should begin to level off as the excit-
ation energy reaches 45~ and not continue to climb

a,s rapidly as suggested by Fig. 1. In order to il-
lustrate this point, the level calculations are ex-
tended to 100 and 120 MeV excitation. Figures 5
and 6 illustrate this leveling-off at higher energies.
Part of the leveling is attributed to the hole effect
with the remainder coming from the neglect of
levels with 5he or more oscillator excitation.

V. CONCLUSIONS

The 4@~ calculations predict a series of levels
which are adequate to represent the He system
up to 80 MeV excitation energy. The level scheme
is fitted equally well by both constant temperature
and equidistant models. Comparison of the calcu-
lated results is consistent with mass 36-66 even-
even nuclei calculations if the constant temper-
ature model is utilized. 'The equidistant model,
which has been utilized from mass 20-240, pre-
dicts a level density parameter which is consis-
tent with our calculated values. The agreement
of our model with both the constant temperature
and equidistant models suggests that the 'He sys-
tem is reasonably well described by both models
up to 80 MeV excitation. The results of this cal-
culation also provides an end point for level den-
sity parameters of 'the constant temperature and
equidistant models.

This work is based on studies initiated at the
Florida State University and is related to the
author. 's Ph.D. dissertation. The author is in-
debted to Professor R. J. Phillpott for his inter-
est and numerous helpful discussions during the
initial phase of this work.
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