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Resonance phenomena observed in single and mutual 2~+ inelastic scattering and in 3, inelastic scattering in

the "C-' C system are investigated using a band crossing model. It is shown that characteristic features of
the observed resonances can be well understood and well reproduc(, d by the model. The coupling between

wide resonances is also discussed. Another important prediction of the model, i.e., transfer. of the dominant

components of resoriances from single and mutual 2~+ excitations to the 3, excitation with increasing

scattering energy appears to be realized. These facts support the validity of the band crossing model in this

system. We conclude that the prominent correlated resonances observed in high. energy inelastic "C-"C
scattering can be considered as a strong evidence for the existence of nuclear molecular, phenomena in this

energy range.

NUCLEAR REACTIONS C(~~C C*(~+)) C"(2(+) 2C( C, C) C*(2)+),
~ C( C, C) C+(3&), 10~ E, ~ «40 MeV; calculated o(E). resonance mecha-

nism for heavy ion reactions.

I; INTRODUCTION

Since the first observation of three correlated
resonances in the sub-Coulomb "C-"C reaction, '
it has been recognized that resonant phenomena in

heavy ion reactions provide an interesting problem
involving both the interaction between composite
nuclei and the nuclear structure of the composite
system in highly excited states.

To investigate this problem, many studies have
been reported, both experimental and theoretical. ~

Several moderately successful attempts" for un-
derstanding the resonant phenomena have been pro-
posed, but unfortunately no reliable prediction of
their occurrences have been available, i.e., we
could not predict at what energies, with what spin
values and with what nuclear structure resonances
would appear in heavy ion reactions. From the
viewpoint of the nuclear molecule, the present au-
thors have extended the Nogami-Imanishi model
and have proposed a band crossing model (BCM)
to describe the mechanism involved in these reso-
nances. ' ' This model makes predictions as to
whether certain molecular configuration will be ob-
served as prominent resonances or not. It has al-
ready been demonstrated in the first paper' of this
series that the model is very successful in repro-
ducing and predicting the doubletlike resonances
which have been observed in both elastic and in-

elastic scattering' "of the "C-"0 system.
Recently, intermediate width resonances, "

i.e., narrower than potential resonances and
broader than resonancelike structure in these
cross sections arising from purely statistical
fluctuations, have been observed in the integrated
cross sections for "C-"C single and mutual 2,' in-
elastic scattering at energies well above the Cou-
lomb barrier [see panels (a) and (b) of Fig. 3].
Similar structure can be observed in the data of
Wieland ef aE.' One of the important features of
these resonances is that they have large yield and
reach 17% of the unitarity limit. " This suggests
that there exists strong coupling between the elas-
tic and 2~+ inelastic channels. A partial width anal-
ysis of Cormier eP al.' also showed the importance
of the inelastic channels. Previously, several
studies" "which included coupling of elastic with
inelastic channels have been reported for the high-
er energy ' C-' C scattering but there exists, as
yet, no clear understanding of the mechanisms un-
derlying the observed resonances.

The purpose of this paper is to- investigate these
resonant phenomena in the '2C-' C scattering using
the BGM in an attempt to clarify an occurrence
mechanism of resonances in heavy ion reactions.
It will be shown that characteristic features of
these resonances can be well understood and well
reproduced by the BCM. (A short note has already
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been reported in Ref. 16.)
In Sec. II of the paper, a recapitulation of the

BCM is given and the model is applied to the "C-
"C system; only a st:hematic discussion —which
can be performed without solving the coupled chan-
nel eqqation —is given in this section. Formulation
of the BCM using a coupled channel approach in
which single and mutual 2~+ inelastic channels and

the 3, inelastic channel are included is introduced
at the beginning of Sec. III; results and discussion
are also given in Sec. III. A summary and con-.

cluding discussion comprise Sec. IV.

II. SCHEMATIC APPLICATION-OF THE BCM TO THE.
- »-C+»C SySTEM

In this section we review the BCM and its appli-
cation to the iaC- C system. Initially we shall as-
sume the existence of a series of bound or quasi-
bound states in the elastic channel; these can eas-
ily be obtained with any reasonable choice of the
interaction potential between the two interacting
nuclei as has been demonstrated in a number of
microscopic studies of interactions between com-
posite particles. " The energies of these states
are simply approximated by the rotational expres-
sion,

E&,'& =, L(L+1)+Eg&,/=I —

2@ 0

easily be equating Eqs. (1) and (2). Together with
the elastic molecular rotational band in the ' C-"C
system, we show the aligned rotational bands in

Fig. 1 for inelastic channels which correspond to
the lowest three excited states of "C (2;; e, =4.44
MeV, 0~', e, =7.66 MeV, and 3, ; e, =9.64 MeV).
Here, the band head energy Eo ' has been adjusted
to yield a 12' potential resonance in the elastic
channel at E,,~. =20 MeV, since resonances ob-
served in many reaction channels suggest an active
12' partial wave at this energy. ""

As is clearly shown in this figure, the 2, and 3,
inelastic aligned bands cross the elastic molecular
one in the regions of J=-10 and -14, respectively.
On the other hand, the Oa+ inelastic band (which of
course is unique because the intrinsic spin of this
channel is zero) does not cross the elastic molecu-
lar band at all. An aligned rotational band in the
mutual 2; excitation channel (e, =8.88 MeV) is also
inc.luded in Fig. 1. This mutual excitation aligned
band in which the channel spin I, is 4h also crosses
the elastic one at about J=10 in spite of its high
excitation energy.

Crossing of these aligned rotational bands with
the elastic one implies strong coupling between
elastic potential resonances and quasibound states
in the inelastic channels. In consequence, we ex-
pect that the quasibound states and the potential

where 8, I., and Eo"-are the moment of inertia,
relative angular momentum, and band head energy,
respectively. Since the "C-"C incident channel is
composed of two identical spinless particles, only
partial waves with even value of total angular mo-
mentum and postive pairity can contribute to this
system.

In Eeroth order approximation, the energies of
the corresponding resonances in an inelastic chan-
nel c are given by Eq. (2).

(2)
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where I, is the channel spin and q, is the excitation
of the state reached via the inelastic scattering in
the target and/or projectile nuclei. Total spine J
=

~ L, —I,~, . . . , L, +I, are then possible as a con-
sequence of angular momentum couphng. States
having the same L, in this simple model are all
degenerate in a resonance energy and they form
quasirotational bands, respectively. One of these
bands in which the total spin J is the sum I,+I.,
and which has therefore been designated as the
"aligned" rotational band plays a particularly im-
portant role, because it crosses the elastic mole-
cular-rotational band. The energy and spin cor-
responding to the crossing region can be obtained
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FIG. 1. Schematic band crossing diagram for the
C — C system. Efastic rotational band and aligned

rotational bands for low lying three inelastic (g+, 0~+, 3& )
and mutual Q+ inelastic channels are shown. It is clear-
ly seen that aligned rotational bands in the single and
mutual g+ inelastic channels cross the elastic one at
about JR=10+. The 3~ aligned band crosses the elastic
one at about J =14+. Qn the other hand, the band for
the excited 0& inelastic channel does not cross the elas-
tic one at all.
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resonances will share partial widths of the elastic
and the inelastic channels as a reflection of the
strong mixing of the corresponding wave functions
and that they will be observed as peaks at the band
crossing region. Depending of course upon the
width of the resonance to be coupled these may-
or maynot —be a discernible peak in the cross
section. Where narrow resonances are coupling
we would expect to observe them as a cluster of
resonances in the relevant channels in the region
of the band crossing energy. One of the examples
j.s the C- 0 system in which dpubletljke reso-
nances were observed. In the case of coupling be-
tween wide resonances, we as yet have no physical
examples and in general it might be expected that
the broad composite structure might be very diffi-
cult to identify unambiguously. We discuss this
further in Sec. III of this paper. It must be empha-
sized that, experimentally, both the single and mu-
tual 2,' inelastic cross sections show prominent
resonances at the energy region where the corres-
ponding aligned rotational bands approach and

cross the elastic one.
An important prediction' of the BCM is the sys-

tematic change in the dominant inelastic excitation
component of the resonances as the energy hence
angular momentum increases. This prediction is
illustrated in Fig. 1. In the "C-"C system, the
dominant component of the resonances is expected
to move systematically from single and mutual 2y

excitations to the 3, single excitation at angular
momenta in the 10-14' range. In this range, co-
existence of the components of the three channels
can be expected. This prediction will be examined
further in Sec. III by comparing our model calcula-
tions, which includes single, mutual 2, and 3, in-
elastic channels, with the experimental data.

III. FORMULATION, RESULTS, AND DISCUSSION

As discussed in Sec. II, the single and mutual 2,'
inelastic channels and the 3, inelastic channel are
expected to play important roles in "C-"C scatter-
ing at this energy region. We have carried out a
detailed numerical calculation including these three'
inelastic channels. We shall only briefly summar-
ize the formalism before presenting our new calcu-
lational results and discussion of them.

A. Formalism

The model space of the present calculation in-
cludes the elastic channel, both single and mutual

2, inelastic channels and the 3, inelastic channel.
In obtaining the intrinsic wave function )iz, „,(8,.) of
the ith carbon nucleus, we assume a rotational
model for the 2, excitation and a phonon model for
the 3, excitation; thus we shall use

I2I +llxI2'
~ )I D~a,.(&,), forI;=2,

Xy( M ( ( 9
g )

~0), for I(=3,
(3)

where D~o is a usual rotation matrix element and
b~ is a usual phonon operator. Our coupling poten-
tial is obtained in the same fashion as in Ref. 20.
The effect of the intrinsic motion of the carbon nu-
clei is introduced via the range parameter R of the
attractive potential as follows,

R =R,
~
2+ pl'„(0, )+Q [b,„+( 1)"b~t-„]Y,„(r)

+or„(A,)+p [b,„+(-I)"I~.„jl;„(-~)),

(4)

E, is the energy of relative motion in a channel c,
E,=E —e„V„,(r) is the coupling potential (and is
given in Appendix A), u, (r) is the radial wave func-
tion in channel c, and U,~ (rt) is the optical potential
in channel c. We have adopted a Woods-Saxon
shape for both the repulsive core and the attractive
part of the optical model potential; this results in
the following parametrization:

U~'&&.(r) = V„,F(R„„,a„„,r) —V, F(R, a, r)
—i WF(J„dJ, J)F(R, a, r) + Vc,„& (r), (&)

where

R) t-1
F(R, a, r) = 1+ exp a

and the Coulomb potential Vc,„,(r) is

ZiZ28 for y ~R,
V,.„,(r) =

[3 —(r/R)'] for r &R .~ Z,Z,e'

where Ro is the mean radius of the carbon nucleus,
and P and y are the coupling parameters to the 2,
and 3, excitations, respectively. The angle 0,. re-
fers to the body fixed system in the ith carbon nu-
cleus. As the coupling potential, we take the first
order expansion in y and up to the second order
expansion in P. The second order term in P explic-
itly indicates the direct coupling between the elas-
tic channel and the mutual 2, inelastic channel. As
a result we obtain the following coupled channel
equation:

g [(g, —E,) b„, +V„,( r)]u. (r)=0,
C

where
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TABLE I. Potential parameters. Adopted parameters of the interaction potential are given.
The part indicated "core" represents a short range repulsive core reflecting effects of the
Pauli principle. Depths of the attractive potential are given by V~, V2, V3, and V4 for elastic,
single 2&, mutual 2& and single 3~ inelastic channels, respectively. The range and the dif-
fuseness of the attractive Woods-Saxon potential are given by R and a, respectively. Accord-
ing to the Eq. (7) and (10), parameters W, P, Q, and&J define the imaginary part. P andy
stand for coupling parameters to the 2& and 3& excitations, respectively.

, Core Attractive

V core +core + core Vg V2 V3 V4 A a
100 MeV 2.4 fm 0.3 fm 17.0 MeV 16.0 MeV 15.0 MeV 17.0 MeV 5.72 fm 0.35 fm

Imaginary Coupling

W

7 MeV
R

5.72 fm
Q

-12.0 MeV 1.0
p

-0.3
7

0.15

The first term in Eq. (7) represents a short range
repulsive core reflecting effects of the Pauli prin-
ciple, "the second term is the usual attractive part
of the optical potential, and the third term is the
explicitly angular momentum dependent imaginary
potential term.

Following Chatwin et g). ,
' the critical angular

momentum J, is defined as follows:

(10)

Then the angular momentum dependence of the
imaginary potential is determined by parameters
aJ, R, and Q. To avoid obtaining much too large
a width for the predicted resonances, it is essenti-
al that we use only a weak absorption potential for
the resonant partial wave. On the other hand, the
magnitude of the experimental fusion cross section
data" seem to require a strong absorption potenti-
al. This is the reason why we adopt an explicitly
angular momentum dependent imaginary potential.
With such a potential, we can keep the predicted
resonance widths reasonable while still reproduc-
ing the magnitude of the fusion cross section; it is
important to recognize that the fusion cross section
probably comes from complete fusion of partial
waves with angular momentum lower than the
grazing one of greatest importance to the surface
based molecular resonance phenomena. "

Our coupled channel equation (5) is solved via a
variational method which has been described in the
first paper7 of this series. Adopted parameters of
the interaction potential are given in Table I. Be-
fore solving the coupled channel equation, in Fig.
2 we show a.band crossing diagram in which the
resonance energies have been calculated using the
above potential. It must be emphasized that in ob-
taining the location of these resonances we have

used only the real part of the potential and specifi-
cally have not yet included either coupling to in-
elastic excitations or effects of the absorption

40

Resona

0 width
25-

Heights

Nucl

QJ 20

(o+o+)

(~„-o+)

(a+o+)
(2),2)+)

Barrier Height
(elastic channel)

l5

IO

024 6 8 IO l2

J
l4 l6 I8

FIG. 2. Energies and widths of the calculated reso-
nances and the height of the effective barrier in the
~2C-~2C system. For elastic, aligned single Q+, aligned
mutual Q+, and aligned single 3& channels, calculated
resonance energies are shown. In obtaining the location
of these resonances w~ have used only the real part of
the potential and specifically have not yet included either
coupling to inelastic excitations or effects of the absorp-
tion represented by the imaginary potential. Features
of the schematic band crossing diagram, Fig. 1, can be
reproduced. The calculated widths of resonances and
the heights of the effective barrier for the elastic chan-
nel are also included. It is clear that in the band cross-
ing region in the C+ C system the energies of reso-
nances in the elastic channel become higher than the
effective barrier and the widths of the resonances be-
come wide.
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represented by the imaginary potential. We use the
same repulsive core for all channels, i.e. , Vcore

=100 MeV, R„„=2.4 fm, and g„„=0.3 fm. To re-
duce the predicted resonance widths to conform

t

more nearly with the experimental observations,
we have found it necessary to adopt a shorter range
g than would be usual in a standard optical poten-
tial, i.e., A =5.72 fm and @=0.35 fm. The depth
of this attractive potential (V, =17 MeV) was ad-
justed to reproduce the desired 12' e&astic reso-
nance at about E„„=20MeV. This same reasoning
established the choice of E,' ' as discussed in Sec.
II. It is obvious that the potential predicts a rota-
tional band in the elastic channel. This was first
noted by Arima ef, p)."and independently by Fink
et al. shortly after publication of the potential de-
termined by Reilly et a$.'4 as necessary to repro-
duce the early Yale elastic scattering data for the
"C + "C system. It is interesting to note that the
potential also requires a 2' resonance with one
radial node at about E, ,

= 6.3 MeV. This is con-
sistent with a, fragmentation analysis' of the sub-
Coulomb ' C-' C resonances. The analysis sug-
gested an existence of 2+ resonance in the elastic
channel. For the inelastic channels, somewhat
shallower or the same attractive potential was
adopted in order to reproduce observed resonance
energies (V, = 16 MeV, V, = 15 MeV, and V, = 17
MeV). The coupling parameters P and y were ad-
justed to reproduce the yields of the relevant in-
elastic scattering. The values of the parameters
used, P =-0.30 and y =0.15, are physically reason-
able.

In Fig. 2, the calculated widths of resonances and

the heights of the effective barrier for the elastic
channel are included. Here the barrier height is
somewhat arbitrarily defined as the maximum val-
ue attained in the outer potential maximum in the
potential of Eq. (7). The slope of the elastic rota-
tional band locus is steeper than that of the barrier
height, because the dominant part of the resonant
wave function is located at radii inside the outer
potential barrier. In going to higher beam energ-
ies, hence angular momenta, the predicted reso-
nance energies move above the barrier and the
predicted widths of the resonances increase sub-
stantially to reflect greater barrier penetrability.
In the energy region where prominent intermediate
width resonances were observed, the predicted
elastic potential resonances are rather wide. As
illustrated in the upper parts of each panel in Fig.
3, the widths of resonances in the aligned rotation-
al bands also become wide in this energy region.
Consequently, in the lowest band crossing region
in the "C+'2C system the situation is one of cou-
pling between broad resonances —an example of the
second situation noted in Sec. II and one where we
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FIG. 3. Inelastic cross sections in the ~ C- C
system. Single g+, mutual 2&+, and single 3t inelastic
cross sections are shown in parts (a), (b), and (c),
respectively. The solid lines show the results of our
model calculation. Adopted potential parameters are
those of Table I. The dotted lines show experimental
data (H,efs. 11, 12, 27). For single and mutual 2&+

inelastic scattering, angle integrated cross sections
are given. For single 3& inelastic scattering, the dif-
ferential cross section at an angle ghb =25' is shown .
In the upper part of each panel, the predicted energies
and widths of zeroth order resonances in each aligned
rotational channel, which are calculated without coupling
and absorption effect are shown with their spins and
parities.

would not anticipate that a cluster of sharp reso-
nance fragments would be involved.

B. Inelastic cross sections

Our calculated inelastic cross sections are shown
in Fig. 3 and are compared with the available ex-
perimental data. For single and mutual 2; inelastic
scattering, angle integrated cross sections are
given in panels 3(a) and 3(b), respectively. For 3,
inelastic scattering, an excitation function at g„b
=25' is shown in panel 3(c). The data are taken
from papers of Cormier eI, g/. ""for single and

mutual 2, inelastic scattering and from one of
Reilly et al."for the 3, inelastic scattering.

It is clear from this figure that the model calcu-
lation can produce resonance structure for all
three inelastic channels, as is expected from the
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FIG. 4. Coupling between two resonances with various
widths. Integrated inelastic cross sections for a partial
wave J~ =14+ are shown for the coupling between two
resonances in the elastic and single g+ inelastic chan-
nels. The three panels correspond to the cases,
V& = V2 ——21 MeV, 19 MeV, and 17 MeV, respectively.
For the model space and other parameters see the text.
In the upper part of each panel the energy and width of
the zeroth order resonances in the elastic and single
2&+ inelastic channels are shown. Comparison among
the three panels shows a gradual change from doublet
peaks to a single wide peak.

discussion in Sec. II. Each peak of the cross sec-
tion is brought about by one partial wave, i.e. , the
peaks at about 20, 25, and 30 MeV are brought
about by partial waves 12', 14', and 16', respec-
tively. It must be emphasized that the calculated
cross sections can reasonably reproduce resonance
energies, widths, and yields of the observed reso-
nances for all three inelastic scattering channels.
The fact that the predicted mutual 2' inelastic ex-
citation envelope is smaller than the experimental
data probably reflects the fact that our second or-
der expansion in the quadrupole deformation—
which explicitly couples this mutual excitation
channel to the entrance channel —underestimates
the mutual excitation cross sections. Additional
mechanisms to reflect enhanced probability of such
mutual excitations through rather mechanical
meshing of the nuclear surfaces during grazing
collisions with subsequent gear-wheel-like inter-
actions may be necessary for any formalism which
seeks a quantitative reproduction of the data. Here
we have focussed instead on a relatively simple
mechanism and on the more qualitative reproduc-
tion of the data as a measure of thb validity of the
BCM.

In the upper parts of each panel in Fig. 3 the
predicted energies and widths of zeroth order
resonances in each inelastic channel are shown.

t

The calculated resonance peaks roughly corres-
pond to the original potential resonances in each
channel. Doublet resonances do not clearly appear
in this calculation except for cases with spin lower

than 12k. This is also true for the experimental
data. In this the situation is strikingly different
from that of the "C-"0 system, where clear doub-
letlike resonances were observed most strikingly
in the 3 channel 8-xo

In the previous short note" we have already em-
phasized this contrast between the "C+"C and the
"C+"0 systems and have conjectured that the ab-
sence of doublet structure in the former reflected
the fact that the coupling involved was between wide
resonances. To examine this question further we
have carried out a simple model calculation in
which the widths of two resonances to be coupled
are changed systematically. In this calculation,
our model space is truncated to include only elas-
tic and single 2, inelastic channels so that only the
coupling of two resonances is involved. All the
potential parameters assumed are identical to
those of Table I except for the depths of the at-
tractive potentials, i.e., V, and P, . To examine
the coupling between resonances with various
widths, we have considered three cases, i.e. , V,
= V, = 21 MeV, 19 MeV, and 1V MeV, respectively.
The calculated inelastic cross sections for J"=14'
are shown in Fig. 4. In the upper part of each pan-
el the energy and width of the zeroth order reso-
nance in the elastic and inelastic channels are
shown. Comparison among the three panels of Fig.
4 shows a gradual change from doublet peaks to a
single wider peak —depending of course upon the
widths of resonances to be coupled. As is ex-
pected, the coupling between narrow resonances
produces doublet peaks. In the limit of coupling
between wide resonances, a single peak appears.
This- is very probably the explanation for the "in-
complete" doublet structure, which is one of the
features of the experimental data, and, is a new
aspect of the BCM in regions where rather broad
individual resonance widths are expected.

C. Change of the dominant components of resonances with

scattering energy

A further prediction of the BCM is the systematic
change from one inelastic excitation to another ex-
citation strongly coupled to the elastic channel as
the dominant component of the molecular reso-
nances as the scattering energy is increased. As
discussed in Sec. II, the dominant components of
molecular resonances in the "C-"C system can be
expected to change from single and mutual 2, ex-
citations to 3, excitation at F., =15-25 MeV and
angular momentum J=10-14. The calculated cross
sections clearly show this tendency, i.e. , the single
and mutual 2, inelastic cross sections are dominant
at lower energy and the 3, inelastic one is domin-
ant at higher energy. In the energy region between
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them the three inelastic cross sections are of equal
importance. It must be recognized that this ten-
dency is consistent with the available experimental
data shown in Fig. 3.

Unfortunately the 3, inelastic cross sections have,
as yet, only been measured at one angle. Precise
measurement of angle integrated 3, inelastic cross
sections would be extremely valuable. Recently
Erb et a/."have found that at even higher ener-
gies, E, &35 MeV, the inelastic excitation to the
4' member of the "C ground state rotational band

(e, =14.08 MeV) and mutual inelastic (4;, 2;) exci-
tation (e, =18.52 MeV) are strongly enhanced in the

C- 2C scattering. The BCM reproduces this ob-
servation in natural fashion in that it predicts that
the aligned bands corresponding to these excitations
cross the elastic molecular one in this energy re-
gion characterized by J' =16'.

IV. SUMMARY AND CONCLUSIONS

We have shown that the band crossing model can
reproduce characteristic features, i.e., energies,
widths, and yields, of the correlated resonances
with intermediate widths which were observed in
the single and mutual 2, and 3, inelastic scattering
in the "C-"C system. An angular momentum de-
pendent imaginary potential in which the grazing
partial wave feels weak absorption and lower par-
tial waves feel strong absorption plays an import-
ant role in reproducing both the widths of the reso-
nances and the magnitude of the fusion cross sec-
tion. Incomplete doublet features of the observed
resonances are probably attributed to the coupling
between wide resonances. A further important
prediction of the band crossing model, i.e. , sys-
tematic change of the dominant inelastic compon-
ents of molecular resonances from single and mu-
tual 2, excitations to 3, excitation with increasing
scattering energy appears to be supported by the
experimental data. From the fact that the observed
energies and widths of the experimentally observed
resonances are rather close to those of the original
potential resonances in each channel, we conclude
that the prominent correlated resonances observed
in high energy inelastic "C-"C scattering can be
considered as a strong evidence for the existence
of molecular resonances in the "C+"C interaction
at higher energies and for the validity 'of the band
crossing model in this system.

One of the additional predictions of the band
crossing model, ' i.e., a magnetic substate popula-
.tion is currently being developed in the hope
of stimulating the experimental studies necessary
for its testing.

APPENDIX A

The coupling potential V„(r) is given as follows:

+ +V(&& (r)ff(4& (A1)

Radial parts, V(,'„&p&(r ), V,",„',(r), and V(,„&p&(r) are
given by Kqs. (A2), (A3), and (A4), respectively.

dr (A2)

(A3)

V,".„'„(r)=- ' —F(R, a, r}.dr (A4)

We use a notation for channels; c =((I,', I,')I„L,).
Then angular momentum dependent terms, K,',9,
K(2&, , Z(3&, and K(4& are given by Eqs. (A5), (A7),
(AB), and (A9), respectively.

(A5)

where
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/
K',,', (N) =

l „l )
IcI,,L,L, ,(L,L, ,00~HO)W(I, L,I,iL, ~; JÃ)

+ bIeIe)(l + 61c'Ie'
1 2 1 2

[If (NII 00 ~If0) W(I2 I& I N; I If) 6IcIe'+II (NI f 00 ~I20) W(I2 I& I N' I I2 )6Ipc'

+If (NI2 OO~IIO) W(II I2 IcN; Ic I;)6IcIc'+I2 (NI2 00 ~I20) W(II Is IcN; Ic I2)6IcIc' j .
Symbols, I, (abcd~ef) and W (abed;ef) stand for a factor (2I+1)'~', Clebsch-Gordan coefficients, and
Hacah coefficients, respectively.

4:even

K,",', = Q (2200 ~NO)'K,",', (N),
4n ~, N

(A6)

(A7)

4;even 1/2
K'„' = Q —, „l, ,)) III; I2I2 I I,,L, L, , (2200~NO)(L, L, ,00~NO)W(I, Lg, I., ; JN)

~=0 2" &1+ ~r'r'~~i1+ ~r' r'
1 2 1 2

N Ic I Ic

Ic Ic Jc Ic

2 I,' I,' (Ifl,' 00)-2 0)(I,'I; 00(20)+ 2 j2 I,' (I,'I,' 00~20)(I,'If 00~20)

N I, I,
(A8)

where „",& stands for 9-J symbols.
ghk

1 1/

+cc'= L L LcL oo 30')5'IcL ' c' 3 1 —5r r (A 9)
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