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Role of second-order optical potential in pion-oxygen scattering
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We analyze m-' 0 elastic scattering at pion energies between 40 and 340 MeV. An excellent fit to the data
follows from the inclusion of a second-order optical potential. The parameters specifying the second-order
potential are found to exhibit marked resonance behavior. The magnitude and the energy dependence of the
parameters of the second-order potential obtained for pion-oxygen scattering are, in the main, very similar to
that determined for pion-carbon scattering. This result indicates that a universal parametrization of the
second-order pion-nucleus optical potential may be possible.

'.NUCLEAR REACTIONS Pion-oxygen scattering at40, 49.7, 50, 79.3, 114.3, 162.6,
240.2, and 342.6 MeV. Parameters of second-order optical potential.

I. INTRODUCTION

In recent years extensive calculations have
been made of the first-order pion-nucleus optical
potential. It has been found that a careful treat-
ment of the binding and Fermi motion of the target
nucleons is needed to obtain a good representation
of the data. ' [lt is worth noting that our treatment
of Fermi motion is quite different from the so-
called "Fermi averaging" introduced in the, con-
text of the fixed-scatterer approximation (FSA).']
To some extent, however, the results of a com-
plete treatment of Fermi motion and binding can
be simulated by introducing a phenomenological
enerrgy shift parameter in the m-N T matrix in an
FSA calculation. ' We do not require such an en-
ergy shift in our work since we do not make use
of the FSA.

We believe that our parameter-free calculation
of the first-order optical potential is quite accur-
ate. We are therefore in a position to study the
second-order optical potential and to introduce
phenomenological parameters only in the specifi-
cation of that potential. In an earlier work, we
have studied the second-order potential in the
case of pion-carbon scattering. 4 In this work we
extend the analysis to the study of pion™oxygen
scattering. As we will see, the second-order po-
tential determined for pion-oxygen scattering is
similar to that found for pion-carbon scatter-
ing over a large energy range. (Reference
4 also contains a similar analysis for w-4He scat-
tering, however, the parameters of the second-
order potential obtained from the analysis of m-

'He are different than those obtained for m-"C

and m-"O scattering. We believe this is due to
the fact that 4He has very few particles and, while

the form used for the second-order potential [Eq.

(2.1)] may allow for a universal parametrization
for ' C, '0, and possibly heavier nuclei, its use
in the case of very light nuclei such as 4He seems
to require a modified parametrization. For these
reasons, we do not discuss the 4He parametriza-
tion in this work. j

G &)r -)r')=-&2r)' fe"r ""' p'&r)dr, (2 .2)

where p(r) is the nuclear matter density.
In the literature, a coordinate-space phenomeno-

logical second-order potential of the form

(r']V&'&~ r)
-&(r'- r)[&(&~ )p'(r)+C(~s)& p'(r)'7] (2 3)

is widely employed to represent absorption effects
in the study of m-nucleus scattering and m-mesic
atoms. This is a local potential and is a reason-
able form if the range of interaction can be con-
sidered small in comparison to the size of nu-
cleus. The Fourier transform of Eq. (2.3) is giv-

II. DISCUSSION AND RESULTS

Our optical potential may be written as

(2[V&'&(vs )iT)+(k'i V&'&(Ws)i%).

The first-order potential, V&", has been discuss-
ed extensively in earlier publications. ' The sec-
ond-order potential, introduced previously, '4
may be written

(&'Iv"&(Ws)lk&=ft'~(k )(2M )G(k -k')A(A -1)
x[B(Ws)+C(vs )kd k]B'~'(k), (2.1)

where && s = (% '+M ')' '+ (k '+M ')' '. Here k, is
the momentum of the pion in the c.m. frame of the
pion-nucleus system and 8'"(k) is a kinematical
factor defined in Ref. 4. Further,
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en by

(P~U"'~%)- [B( s )+C(Ws)F %]G(R —%'). (2.4)

Except for a kinematical factor R'k(k')R'k(R),
Eq. (2.4) is identical to V"' defined in Eq. (2.1).
In the calculation of the first-order potential, the
factors R'~'(k) and R '~'(k') arose when making the
reduction from the four-dimensional formalism to
the (covariant) three-dimensional formalism.
Such factors would also arise in reducing the co-
variant second-order potential to the form approp-
riate for the three-dimensional formalism. How-
ever, at this stage of development one may just as
well interpret V"' of Eq. (2.1) as the potential U"'
of Eqs. (2.3) and (2.4) supplemented by a product
of "form factors, "R'~(k)R' 2(%. ). (Form factors
have also been introduced by Landau and Thomas'
in the specification of a momentum-space optical
potential which describes pion absorption. The
form for this potential chosen by these authors is
essentially the same as the form we have used. )

In Eq. (2.1), B(vs ) and C(vs ) are complex num-
bers. Therefore, we have four real parameters
at each energy. We present the results of calcula-
tions for pion-oxygen scattering from 40 MeV to
340 MeV (Refs. 6, 'I) in Figs. 1-3. The dashed
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FIG. 2. The differential cross sections for 7r'-~6O

scattering at 79.5, 114.3, and 162.6 MeV. The data are
taken from Ref. 6. Calculations of x —'60 scattering at
114.3 and 162.6 MeV yield fits of similar quality. The
parameters of V'2~ are given in Table I.
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FIG. 1. The differential cross sections for ~'-'60
scattering at 40 and 49.7 MeV. The data are from Ref.
5. The dashed line shows the result of using V only
while the inclusion of V yields the solid line. (See
Table I.)

curves represent the result for V'" only, i.e.,
g = g = Q. The solid curves are obtained with the
values of B and C listed in Table I. The values of
(B+k,'C) are also given in Table I. (The errors
in the parameters listed in this table are repre-
sentative of the range of variation of the parame-
ters that does not lead to an appreciable increase
of the y' value. )

In Fig. 4 we present Im(B+k,'C) and in Fig. 5
we present Re(B+ko'C) In Figs. 4 a. nd 5 we also
show the values of

~
Im(B+k, 'C)~ and Re(B+ko'C)

obtained in our previous analysis of pion-carbon
scattering. 4 In the resonance region the parame-
ter B is small compared to ko'C and the general
agreement for the parameters for carbon and
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FIG. 3. The differential cross section for m'- 0
scattering at 240 and 342.6 MeV. The data are taken
from Ref. 6 (See Table I.)

oxygen seen in Figs. 4 and 5 reflects the simi-
larity of the values of k,'C for the two targets.
This indicates that it may be possible to obtain a
universal parametrization of the part of the
second-order potential proportional to C(vs ).
(The values for B and k,'C obtained from the analy-
sis of m-"C scattering may be found in Ref. 4.)

A systematic comparison of the values of ReB,
ImB, Re(k,'C), and Im(ko'C) for ~C and "0 shows
generally good agreement in the values of Re(ko'C)
and I'm(ko'C}. The worst case seems to be for
Im(ko2C) for m scattering at 150, 163, and 180
MeV. Here the lack of agreement between the "C
and "O parameters is of the order of twenty per-
cent. Otherwise the agreement is good, consider-
ing the large range of variation of Re(ko'C) and
Im(k, 'C). Except for a point at 28 MeV (for '2C),
the values of ImB are very small for both "0 and
~C and little modification of the fit to the data
will follow if these parameters are put equal to

f„(0)=P (2l + 1)e2"t(q,e'"& -I)/2lko. (2 .5}

As may be seen from Table III, the inclusion of
the second-order potential leads to significant
changes in both 8:„(0)and f„(0). At the lower en-
ergies there are important modifications in both
the real and imaginary parts of these amplitudes.
At the higher energies the main modification upon
the inclusion of V'" appears in ReF„(0) calculated
with and without V"'. [The amplitudes F„(0)cal-
culated in thy absence of the Coulomb potential
are of interest in the study of pion-nucleus scat-
tering via dispersion relations. ]

It is worth noting that the m-N T matrices used
to construct V'" were taken from Ref. 8 (LMM).
Since the LMM model specifies a single separable
form in each m-N channel, the low-energy P»
phase shifts have the wrong sign in this model.
We have modified the LMM model to reproduce
the correct on-shell values of the m-N T matrix
in the P» channel. However, the subthreshold be-

zero.
The situation in the case of ReB is less satisfac-

tory since these parameters exhibit rather scat-
tered values in the energy region 100-170 MeV.
However, we do not have measurements for "0
and "C at the same energies in this region. It is
possible that further measurements and addition-
al phenomenological fits will clarify the behavior
of the parameter Re9.

In Table II we present values of the phase shifts
and inelasticity parameters obtained using F"~
alone [columns (a)] and also those values obtained
with V'"+V'" [columns (b)]. The contributions to
the reaction cross sections for each partial wave
are also given in the table. [Note that o„,= 4m

x (2l + 1)(l-q,2)/4k, '.] It may be seen from this
table that the inclusion of the second-order poten-
tial leads to a large increase in the reaction cross
section at the lower energies, while the reaction
cross sections at 240 MeV exhibit only small
changes. It may also be seen that in many cases
the values of q, are quite small, yielding reaction
cross sections close to the unitary limit. For ex-
ample, at 240 MeV, the imaginary part of V'" is
very large, leading to small values of g, . There-
fore, the inclusion of V" leads to only small
changes in the reaction cross sections at 240 MeV.

In Table III we present the values of two forward
scattering amplitudes, F„(0) and f„(0). The form
er is calculated w'ithout the Coulomb interaction.
Again, column (a} denotes the result for V"& only
and column (b) contains the result for V'"+V"'.
The amplitude f„represents the difference be-
tween the total amplitude and the Coulomb ampli-
tude and for 8=0, is given by
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TABLE I. Parameters of the second-order optical potential for pion-oxygen scattering.

y lab

(Me~
B(v s)

(1O-4 fm)
ko2C(&s)

(10 fm)
J3(Ws) + kp C(Ws)

(1O fm)

40 (vr')

49.7 {r )

(1.08
+i(—O. OV8

(0.97
+i(—0.038
+i(-O.0145

~ 0.10)
~ 0.10)
+0.05)
+ 0.001)
+ 0.0014)

(-o.sv
+i(-0.72

(-0.96
+i(-1.11
+i(-1.07

+ 0.28)
+0.06)
~ 0.01)
+ 0.04)
+0.04)

(0.2
+i(-0.8

(0.01
+i(-1.15
+i(-1.08

~0.4)
+ 0.2)
+ 0.1)
+ 0.04)
+ 0.04)

v9.3 (~'} (0.337 + 0.043)
+i(-0.050 + 0.070)

(-0.595 + 0.050)
+i(-3.64 +0.57)

(-0.258 + 0.093)
+i(-3.69 ~O.64)

114.3 {~')

162.6 (7T+)

24O.2 (~')

(2.94 + 0.14)
+i(-0.245 + 0.012)

(-2.75 + 0.45)
+i(-0.359 + 0.170)

(o.329 + o.oo4)
+i(-0.607 + 0.300}

(-6.58
+i(-11.3

(7.33
+i(-13.5

(21.9
+i(-1.85

~ 0.33)
~0.40)

+ 0.35)
~o.6o)

+ 2.0)
+ 0.09)

(-3.64 +O.4V)
+i(-11.5 ~ 0.40)

(4.58 +o.so)
+i(-13.8 + 0.70)

(22.2 +2.0)
+i{-2.45 +O.39)

342.6 {~') (3.9V

+i(-1.99
+ 0.30)
+ o.o5)

{3.73 + 0.30)
+i(-0.0147 + 0.0020)

(7.70 + 0.60)
+i(-2.00 +0.05)

114.3 {7[ )

162.6 (K )

(3.21 ~ O.16)
+i(-0.0014 + 0.0014)

(-2.V5 ~ 0.12)
+i(—0.0012 + 0.0012)

(-7.34
+i(—13.3

(5.5v
+i(-18.3

+ 0.36)
+ 0.40)

+ 0.22)
~0.80)

(-4.13 +0.52)
+i(—13.3 + 0.40)

(2.82 ~ O.34)
+i(-18.3 ~ 0.80}

havior of the m NT matrix-(in all channels) is not
given correctly in that model. For example, the
s and u channel nucleon poles of the physical w-N

T matrix are absent in the LMM model. Because
of these deficiencies, we feel that additional cal-
culations at low energy (40-80 Me V) using an im-
proved model' of the off-shell m-N 7 matrix are
necessary. Galculation of low-energy pion nu-
cleus scattering using such an improved m-N T
matrix and including a detailed treatment of Pauli
principle corrections are underway. It is quite
possible that at low energies, the first-order po-
tential, V'", resulting from such calculations
may be quite different from the potential used in

this work. Therefore we believe that the parame-
ters B(vs) and ko'C(vs ) given in Table I for T, =40

- and 49.7 MeV will be modified when we attempt to
fit the data using our improved calculation of V'".
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FIG. 4. The values of Im(B+ko C) determined from
the study of x — C and x —~ 0 elastic scattering.

FIG. 5. The values of Be(B+kp C) determined from
the study of x — C and 7r- 0 elastic scattering.
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TABLE G. Phase shifts, inelasticity parameters, and reaction cross sections for pion-
oxygen scattering calculated: (a) without and (b) with the second-order potential.

Tr+
(MeV)

(degree)
(a) (b) (a) (b) (a)

(mb)
(b)

40

79.3

114.3

162.6

240.2

0
1
2
3
0
1
2
3
4
5
0
1
2
3

5
6
7
0

. 1
2
3

5
6
7
8
0
1
2

5
6
7
8
9

10

-5.8
9.6
3.6
0 44

37.3
24.1
20.1
6.2
1.1
0.15

82.1
42.8
35.5
18.5
5.4
1.1
0.20
0.03

97.4
104.4
67.4
24.4
10.9
4.7
1.45
0.36
0.08

-62.8
-56.3
-48.2
-37.1
-22.9
-10.1

2 ~ 7
-0.26

0.16
0.12
0.05

-15.4
10.8
4.2
0.5

11.0
14.5
14.6
5.6
1.1
0.15

—48.7
-13.2
-3.5

6.4
4.6
1.2
0.21
0.03

-60.8
40 ~ 5

-31.5
11Q2

1.5
3.02
1.26
0.34
0.08

-78.3
-66.0
-56.3
-41.0
-25.1
-11.9
-3.8
-0.63

0.09
0.11
0.06

0.96
0.98
0.996
1.0
0.52
0.81
0.86
0.96
0.995
0.999
0.45
0.44
0.54
0.72
0.93
0.99
0.998
1.00
0.31
0.14
0.07
0.15
0.49
0.82
0.96
0.99
0.999
0.19
0.24
0.26
0.31
0.38
0.52
0.71
0.87
0.95
0.99
0.996

0.94
0.85
0.96
0.997
0.34
0.40
0.57
0.89
0.99
0.999
0.35
0.17
0.17
0.45
0.84
0.98
0.998
1.00
0.12
0.09
0.12
0.24
0.50
0.80
0.95
0.99
0.999
0.30
0.33
0.38
0.44
0.50
0.60
0.74
0.88
0.95
0.99
0.996

8.6
12.1
4 4
0.44

32.0
46.4
57.1
22.1
3.8
0.45

22.3
68.2
98.7
93.8
34.4
7.1
1,1
0.16

16.0
52.1
88.1

121.3
121.7
63.3
18.7
4.23
0.84
9.S

29.1
48.0
65.4
79.2
82.5
66.0
37.5
16.0
5.V

1.8

11.1
83.3
37.5
3.6

39.0
111
150
64.8
9.6
0.89

24.5
81.9

136
157
75.7
13.9
1.7
0.18

17.4
52.6
87.0

116.6
120.0
21.2
4.64
0.83
0.12
9.4

27.6
44.1
58.1
69.6
72.6
59.8
35.6
15.7
5.6
1.8

TABLE IH. Values of the real and imaginary parts of forward scattering amplitudes.
F& (0) is calculated in the absence of the Coulomb interaction and f~(0) is defined as, fz (0)
=+& (2l +1) exp (2io'&) (q& exp (2Q&) 1)/2ik~-

T (Me V) k'o(fm ') (a)
r„(0) (fm)

(a)
f& (0) (fm)

40 (m' )
49.7 (r+)
79.3 (F+)

114.3 (~')
162.6 {~+)
240,2 (x+)
342.6 (r+)
114.3 (~ )
162.6 (~-)

0.5659
0.6421
0.8435
1.058
1.332
1.V45
2.267
1.058
1.332

1.35+i
2.03+ i
4.30 +i
4.55 W
1.96 +i

-2.67 +i
-6.00 +i
4.55+i
1.96 +i

0.37
0.62-
2.74
6.00
9.31

10.50
8.94
6.00
9.31

1.16+i
1.66+i
2.05+i
0.84 +i
0.14 +i

-3.74 +i
-6.45 +i

0.61 +i
-0.15 +i

1.15
1.64
3.91
6.72
8.42

10.41
9.64
6.75
8.63

1.30+i 0.51
1.92 + i 0.83
3.88 +i 3.10
3.66 +i 6.44
0.47+i 9.27

-4.33+i 9.42
-7.13+i 7.02

5.39+i 5.37
3.49+i 9.04

1.07
1.48
1.65
0.0089

-1.08
-5.32

7 ~ 71
1.50
1.20

+i 1.21
+ i 1.71
+i 3.97
+i 6.58
+i 8.12
+i 9.14
+i 7.61
+i 6.76
+i 8.75
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III. CONCLUSIONS
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FIG. 6. Values of the real and imaginary parts of the
nuclear scattering amplitude Fz(0) calculated in the ab-
sence of the Coulomb interaction. The amplitudes shown
are those calculated with V ' only and those calculated
with V ' +V 2 . (See Table III.)

As we have seen, the inclusion of a second-order
optical potential leads to excellerit fits to the data
for pion-nucleus scattering. There is a significant
effect on the differential cross sections at all en-
ergies, however, the modifications in the cross
sections are largest at low energies, where the
first-order potential is quite small. (As we have
noted in Sec. II, the calculation of the low-energy
first-order optical potential requires some im-'

provement. )
We believe that our careful calculation of the

first-order potential has enabled us to provide a
meaningful parametrization of the second-order
potential. The fact that the parameters for w-' C
and m-"0 scattering are similar is encouraging,
however, further tests of our optical model are
called for. The use of the pion optical wave func-
tions calculated using our potential in the descrip-
tion of various inelastic processes would be of
value.
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