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High-energy heavy-ion reaction data on pion production near 8„„=0' and 180' are analyzed. The result

strongly suggests that the forward (backward) pions are due to materialization of the kinetic energy of the
"effective projectiles" ("eAective targets") in peripheral nucleus-nucleus collisions. A statistical interpretation
for the observed energy distributions is discussed.

NUCLEAR REACTIONS Proton and HI projectiles on various targets (H to Pb) at
E='1.05-7.52 GeV/nucl. ; analyzed single-pion inclusive. spectra at forward and
backward directions (0&~= 0 and 180 ); discussed cumulative effect and statisti-

cal interpretation in BI reactions.

Recent experiments' ' on pion production in
relativistic heavy-ion reaction in the fragmenta-
tion regions have received much attention. One
of the main reasons for this interest is the
fascinating fact that some of these pions observed
in the forward directions (at tl „„=0 and 2.5')
carry kinetic energies higher than the kinetic
energy per nucleon of the projectile. " Further-
more, similar effects have also been seen in the
reactions P+A - v +X and d+A-- m +X for vari-
ous target nuclei A where the pions are detected
at 0

g b 180' .' These observations gave rise in
particular to the question' '. Are the pions
"cumulatively produced?" That is, are they
produced in processes in which several nucleons
inside the projectile (target) nucleus participate
in a cooperative fashion?

In the present paper, an attempt is made to
understand the production mechanism of .these
pions by analyzing the above-mentioned data. ' '
This analysis is based on the simple physical
picture for multiparticle .production on nuclei
discussed in the previous papers. ' '

The main features of this picture' ' are
(a) The time needed for the formation of multi-

body final states in hadron-hadron collisions a,t
high energies is so long that in a high-energy
hadron- nucleus multiparticle production process,
the nucleons in the path of the incident hadron in-
side the target nucleus can be viewed as acting
collectively, and in first-order approximation be
considered as a single object —an "effective tar-
get."

(b) The hadron-effective target process can be
described by the same physical picture as that
used to describe the collision between two had.—

rons. In particular, such a process is either an

F tyPe (fr-agmentation)' or a V tyPe (vio-lent
collision)' process. That is to say, hadron-effec-
tive target collisions can also be classified ac-
cording to the amount of energy and momentum
transfer in each event into two different types
[small in F-type (gentle) but large in V-type
(violent) collisions] . In the picture of such a
hadron-"hadron" collision, the projectile and
the target are spatially extended objects. Either
(in the former case) they go through each other,
become excited, and fragment separately; or
(in the latter case) they hit each other so hard
that they arrest each other and form a conglomer-
ate which expands and then decays when a critical
volume is reached. Furthermore, in terms of the
usual semiclassical picture, it means that also in
collisions between these objects the average im-
pact parameter in fragmentation processes is
larger than that in the corresponding violent colli-
sions.

(c) The mass of the effective target is propor-
tional to the "thickness" vET of the target nucleus.
(To be more precise, vaT is the average number
of nucleons in the target nucleus along the path of
the incident hadron. "The average mass number
of the effective target" may be a more suitable
name. ) That is,

(I)
where MET and AI are the average mass of the
effective target and the mass of the nucleon, re-
spectively.

(d) A high-energy nucleus-nucleus collision can
be considered' as the simultaneous collision be-
tzveen all possibLe pairs of effective targets and
"effective Proj ectzles. " (The latter are defined
analogous to the former. The average mass of an
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effective projectile ME~ is equal to vE~M, where

&Ep is the counterpart of vET. We recall that the
average binding energy per nucleon in nuclei in
collision processes at these energies is negligible.
Hence the dimension of such effective targets and
effective projectiles in the directions perpendicu-
lar to the incident axis is that of a nucleon. ) The
collision between an effective target and hn effec-
tive projectile can also be described by the same
picture as that used to describe the collision be-
tween two hadrons which means, in particular, it
is either an F-type or a V-type process. [For
the implication of this statement, cf. (b).]

(e) A high-energy nucleus-nucleus collision is
in general a mixture of both types of effective
projectile-effective target processes. A nucleus-
nucleus reaction is said to be a violent collision
Process if all or almost all the possible pairs of
effective projectile-effective target processes are
violent. The notion, "nucleus-nucleus fragmenta-
tion processes" will be used in a similar way.

(f) Since the average impact parameter in an F-
type effective projectile-effective target process
is larger than that in a corresponding V-type pro-
cess [ see (b) and (c)] it is clear that a nucleus-
nucleus fragmentation will most likely take place
in a peripheraL collision of the two nuclei.

Experimental evidences for the present picture
in the case of hadron-nucleus processes and in
the case of violent nucleus-nucleus collisions have
already been given in Refs. 4, 5, and 6. The pro-
duction of pions' ' and to some extent also of
nuclide'" in nucleus-nucleus f ragmentation pro-
cesses will be discussed in this paper.

We consider a nucleus-nucleus collision where
A, and A, are the mass numbers of the two col-
liding nuclei, and & is the relative incident kinetic
energy per nucleon. In the laboratory system,
before the collision, the nucleus A~ is at rest,
every nucleon in the nucleus A, has the kinetic
energy &»„=p, and all the effective projectiles in
A y move with the velocity

where M is the nucleon mass.
According to the above-mentioned picture, frag-

mentation of the projectile nucleus occurs when a
peripheral- collision between this and the target
nucleus takes place in such a way that all or al-
most all of the processes between the possible
effective projectile-effective target pairs are of
the E type.

We now focus our attention on the effective pro-
jectile in such an F-type process. Before the col-
lision it moves in the laboratory system with the
average kinetic energy

llab) le t

where v, is the "average mass number" of the
effective projectile. [The average mass is v, M.
See Eq. (I) and the discussion in (d).] In order to
study the origin of the energetic pions observed in
the for%'ard directions it is useful to ask: What
happens to the amount of kinetic energy E,"',",„
carried by the effective projectile after the col-
lision? To answer this question, we recall:
Firstly, in F-type (that is, gentle) processes,
the energy transfer (from the effective projectile
to the effective target) is very small compared to
E,',",b. Secondly, because of baryon-number con-
servation, it is not possible to convert the masses
of the nucleons in the effective projectile into
kinetic energy. Thirdly, since the average bind-
ing energy of nucleons in nuc'lei is very small
compared to E",',~, the effect of binding energies
is negligible. These arguments, taken together
with the laws of energy and momentum conserva-
tion, lead us to the following answer: After the
collision, the above mentione-d amount of kinetic
energy of the effective Projectile can be usedin
retaining its high velocity and/or in Particle
emission in accordance Mlith Ne conservation
laces (baryon-number, energy, longitudinal mo-

, mentum, etc.) The limiting cases are (ij The
excited effective projectile retains its velocity
(which is approximately equal to that before the

' collision) until it fragments (isotropically in'its
rest frame into nucleons, o. particles etc.)." (ii)
A maximum amount of its kinetic energy is used up
in emitting energetic low-mass particles in the
forward dii ection (0„„=0)while the velocity of the
excited effective projectile is reduced to a mini-
mum. " As we shall see in the comparison with
experiments, there are strong evidences for the
existence of both limiting cases. The frequency
of occurrence of (i) is, however, much higher
than that of (ii).

We note that in respect of pion emission, the
above-mentioned mechanism is similar to the
bremsstrahlung model of Heisenberg" and the
two-fire-ball model of Tagaki' and Cocconi" pro-
posed for hadron-hadron collisions; and in respect
of the collective behavior of nucleons in nuclei,
this mechanism is closely related to the cumulative
production model proposed by Baldin et al.' and to
a number of other models" for hadron-nucleus and
nucleus-nucleus collision discussed in the litera-
ture. As far as nucleus-nucleus collision is con-
cerned, the fundamental difference between the
models proposed by other authors"" and the pres-
ent model is that the latter is based on a specific
physical picture, ' the characteristics of which
are explicitly given in (a)-(f) above.
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According to this picture, the source of the
energetic pions observed in the forward angles
is the effective Projectile which undergoes a gentle
(that is, F type)-collision. Since the effective
Projectile behaves like a single hadron upwith aver-
age mass v, M and average kinetic energy v, q

[ see (d) and Eq. (8)], in studying the energy dis-
tribution of the emitted pions, it is very natural to
ask: Knowing the total kinetic energy of the effec-
tive projectile, how large is the probability for an
emitted pion to carry a given fraction of the total
kinetic energy of the emitting system (i.e. , of the
effective projectile)? This means, in order to
compare the energy distributions of the observed
fast pions near 0„„=0produced in processes
using different Projectiles and/or at different
incident energies, the more relevant variable to
use is-not e«„", the kinetic energy of the observed
pion in lab frame, but

{E",',",„)~Ma, e . {9)

IV. Equations (5), (6), (9) and the discussion
in connection with Eq. (4) lead us to the conclusion:
For fast pions observed at a given angle H„„near
0', the quantity

a, =2m(R, —b,II, /2)b, II, ,

where b,R, is the depth of the ring. [See Figs.
1(a)-1(c).]

III. From Eq. {8)and the fact that the average
mass number of the effective projectile v, is
ProPortional to the average thickness (we recall
that v, is an invariant),

t, =-; [(21l, —t Il, )~II,]'", (8)

of the ring-shape object [see Fig. 1(d)], we see
that the average kinetic energy of the effective
projectile is proportional to the square root of the
area a, given in Eq. (/). That is,

usa»=- ei~/(vie} ~ G»: = [a.(A.»2 i~(A.) l '(«/d'p}i. » (10)

Here the functions F, and F, describe the effective
projectile and the effective target respectively.

II. Since the F-type processes between the ef-
fective projectiles and effective targets are as-
sociated with peripheral nucleus-nucleus colli-
sions [see the discussions in (d), (e), and (f)
above] the function F»,„is proportional to the
area a, of the ring on the peripheral of the nu

cleus A, [cf. Fig. 1(c)],

Fl 13$ 1 (6)

If the projectile nucleus A, in its rest system is
considered as a sphere of radius R, it is, in the
laboratory system, a thin slab perpendicular to
the beam direction. The area of this ring on the
slab is

the ratio of e",~ to the total average kinetic energy
of the emitting system. "

We now focus our attention on the single-par-
ticle inclusive cross-section data at Oy b 0."
If the proposed picture is correct, we should not
only be able to see that it is indeed Possible"'
to observe near 0„„=0particles Mlhich carry
kinetic energy higher than the kinetic energy per
nucleon of the Projectile, but also be able to ob

serve the following characteristic of such produc
tion Process:

I. Since the pions observed at 8„„=0are emitted
by the effective projectile in a gentle collision with

the effective target, the inclusive cross section
(do/d'p)„» can be factorized as follows:

depends only on the variable

u„„e,",'»/(~a, ~) .

for all A„A„and E.
We now compare the proposed production mech-

anism with experiments. First of all, we see that
the empirical" existence of nucleus-nucleus frag-
mentation events (i.e. , the pure projectile-, the
pure target-, and the hybrid-fragmentation events
of Ref. 18), violet collision events (i.e. , the central
collision events of Ref. 18},and mixed events (i.e. ,
those hybrid collision events of Ref. 18which have
the characteristic features of fragmentation as well
as those of central collision events) is in good agree-
ment with the proposed picture [cf. the general
features, especially (d) and (e) given at the be-
ginning of this paper] . Second, we see that the
factorization property given by Eq. (5) is in good
agreement with experiment. " Third, the & de-
pendence of dc/d'P given by Eqs. (10) and (11)
can be tested by plotting ( do/' dp~}from the
p+C-, 7| +X data of Papp et al.' at 0„„=2.5 and
& =1.05, 1.73, 2.10, 2.66, 3.50, 4.20, and 4.80
GeV/nucleon. The result, as shown in Fig. 2 is
satisfactory (cf. also Figs. 8 and 4 for other reac-
tions at different incident energies).

In order to compare the A, dependence of (da'/

d'P)„„given in Eqs. (10) and (11) a more specific
model is necessary. Consistent with the conven-
tional picture for nuclear size and with the pro-
posed production mechanism (the general features
which immediately follow from this mechanism
have already been tested), we consider a model
in which the projectile nucleus (mass number A, )
in its rest system is taken to be a sphere of
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FIG. 1. A peripheral nucleus-nucleus collision is viewed from the laboratory and from the projectile system. The
relations between'&, 4R&, az, and tz [cf. Eqs. (6), (7), and (8)] are shown.

radius

R, =A ' 'x (x, =l.2 fm) (12)

aR, = g(A, )~, , (13)

'gl 'Tt'go ~l2

s, =(2A, ' ' —$)g, ('la)

where the function g(A, ) has yet to be specified.
From Egs. (I), (8), (12), and (13) we obtain

(8a)

To determine $(A, ), we note that it has to satisfy
the following conditions: Firstly, it should be
smaller than a certain value (&1, say). This is
because the processes between the effective pro-
jectile and effective target pairs are of the I type
and such processes are most probable in peri-
pheral collision between the projectile and target
nuclei. Secondly, it should be a decreasing func-
tion of A, This means, nucleus-nucleus frag-
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FIG. 3. s~ (do/dP)&s, is plotted against e&~/~s&e)
for the reactions p+C-m +X, d+C-m +X, and
n+C —x +X at 0&~=2.5' and e=l.05 and 2.10 GeV/
nucleon. The data are taken from Ref. 2.

FIG. 2. (do/4 p)&~ is plotted against
&,,'& «or the reac-

tion p+ C —g +X at 8,~= 2.5 and ~ = 1.05, 1.73, 2.10,
2.66, 3.50, 4.20, and 4.80 geV/nucleon. The data are
taken from Ref. 2.

s, -A -~~e(~ ~~e 1) (15)

and thus, from Eqs. (Va) and (8a), we obtain the
corresponding expressions for a, and t, .

Using the results obtained above, we plot in Fig.

mentation processes of heavier nuclei should be
more peripheral. The reason is, E-type pro-
cesses (in this case, between effective projectile
and effective targets) are associated with large
(relative to corresponding violent collision pro-
cesses) impact parameters. Now [cf.Eqs. (8) and

(8a)] the average thickness f, of the effective pro-
jectile increases with the radius R, =A, ' 'x, of the
projectile nucleus and hence the average impact
parameter would decrease unless the depth of the
ring hR, = $(A, )r, decreases with increasing R„
that is with increasing A, . As an illustrative
example, we use the simple ansatz

~(a) =a-'« (14)

to obtain an explicit expression for

1 do'

pe 0 +2lab 11ab ~

1ab

against the variable

e"„'", /(Ws, e) ~u„, ,

(1Oa)

(1la)

for the data' of the reactions P+ C - m +I, d+ C- w +X, and n+ C - & +X at 0~ b -2.5 and E

=1.05 and 2.1 GeV per nucleon. It is very in-
teresting to see that the data points for different
reactions and at different incident energies indeed
fall approximately on one curve. [We note that
since the same target nucleus C is used in all
three reactions, E»,„(A,) is a common factor. ]

We now turn out attention to the pion production
datp, at 6)&,b =180,' and consider again a nucleus-
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nucleus collision where A, is the mass 6umber of
the projectile nucleus which moves with the kinetic
energy E„b=& per nucleon, and A, is that of the
target nucleus which is originally at rest in the
laboratory system.

If the proposed physical picture for the produc-
tion of fast pions in the forward direction is cor-
rect, trivial kinematics dictates that pions 'ob-

served at Oy b=180 in such a collision are due
to the materialization of the kinetic energy of
the effective target in the projectile system. This
is because, viewed from the reference system in
which the projectile nucleus Ay is at rest, all the
effective targets in A, move with the velocity P, „„
=[a(&+2M)]' '/(&+M) towards the projectile, the
average kinetic energy (E",';,. ) is v, e, where v,
is the'average mass number of the effective tar-
get [cf. Eq. (3)] . Very fast pions emitted by the
effective target at 0„,j =0 (forward direction
viewed from the projectile at rest) will be ob-
served at 0,~ =180'. In fact, all the statements
made in connection with the forward pions should

also be valid for the backward pions provided that
the role of projectile and target is interchanged
(which means formally, laboratory system is re-
ply. ced by projectile system, effective projectile
is replaced by effective target, A, is replaced by
A„etc). In particular, the dependence of single-
pion distribution on the incident energy (per nu-
cleon, e) and on the mass number of the target
(A,) should be such that

40'
= ~+o +l ym] G2 yroj~2 ~ pro)

is a universal function of the scaling variable

(16)

alone, where

s, =A. -' '(2A ' ' —1) (18)

and E. ,&(A, ) should have the same form as

In Figs. 4 and 5 we plot the data of Baldin et al.'
for the reactions P+A, -~ +X for A, =d, C, Al,
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FIG. 4. s2 (do/d p)~„& is plotted against e~&/(~s2e) for the reactions p+A2 m +X where A2 denotes d, C, Al, Cu,
and Pb, at incident proton momentum P&=8.4 and 6,0 GeeV/c, angleofobservationg&b=180'. ThedataaretakenfromHef. 3.
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FIG. 5. s2 (d&/d p)pzoj is plotted against e~~~& /{vs~&) for the reactions d+A2 —
7t +X for A.~

——d, Li, Li, C, A1, Cu,
4 Sm, and Pb at deuteron incident momentum I'&=8.4 GeV/c and ~&~=&80'. The data are taken from Ref. 3.

Cu, and Pb at incident proton momentum P~=8.4
GeV/c, the same reactions for A, =Al and Cu at
P~=6.0 GeV/c as well as 4+A, -7t +X for A, =d,
6Li, 'Li, C, Al, Cu, '~~Sm, and Pb at deuteron in-
cident momentum P„=8.4 GeV/c. In all these cases
the pions are observed at 0„~=180 . Here we see
that all the data points of the reactions p+A,- w +X for different A, and different E fall on one
curve, and all the data points of the reactions d
+A, -w +X for different A, (only data at P~=8.4
GeV/c are available) fall on one curve. Further-
more, we also see that the curves in Figs. 4 and
5 have approximately the same shape (in first ap-
proximation, straight lines with the same slope).
This means, the scaling functions s, '(da/d'P),
for the processes P+A, —~ +X and I+A, .-r +X
in terms of the variable given in Ecl. (17) differ
from each other only by a factor which depends on
the mass number of the projectile nucleus A, This

shows that the factorization property of (do/d'p)„„.
[the counterpart of Eq. (5), cf . also Eq. (16)j is
also valid for the reactions mentioned above.

Several remarks should be made in connection
with the observed energy distribution of the for-.
ward and the backward pions' ' discussed in this
paper.

1. The results obtained in Figs. 2-5 show that
the proposed production mechanism, in particular
the specific "scaling behavior" given in Eqs. (10a)
and (16) is in agreement with the forward (near
e„~=0 ) and the backward (near 0„~=180 ) pion-
production- data' ' for a rather large energy range
(e 1.05 to 7.52 GeV/nucleon) and for light as well
as for heavy nuclei (P, d, . . . , Pb). These results
can, in particular, be considered as a strong in-
dication that such pions are cumulatively pro-
duced. '

2. The steep exponential decrease of the foward
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kT, "Ms, e . (20)

Similarly, we obtain from Eqs. (10a), (11a), and
(15) and Figs. 2 and 3,

pion distribution (do/d P)„„with increasing ki-
netic energy (e,","„), taken together with the fact
that the multiplicity in fragmentation processes
are relatively low, lead us to the following con-
clusion: There is not much probability that an
effective projectile will lose most of its kinetic
energy through the creation and subsequent emis-
sion of low-mass particles and thus reduce its
velocity to a minimum before it decays [cf. the
extreme case (ii) discussed in connection with
Eq. (3)]. This and the close relationship between
fragmentation processes and peripheralness [cf.
(d), (e), and (f) discussed at the beginning of this
paper] explain, in the present framework, why
most of the nuclear isotopes observed'" riear the
forward direction have nearly the beam velocity. ~

3. The results obtained from this analysis sug-
gest a statistical interpretation. Eqs. (16), (17),
and (18) and Figs. 4 and 5 show that the function

G„,. can approximately be written as

G„„,= const[(F„„,. (A, )] ' exp[-e,"',"„/(kT,)],
for e,„,~-0', (19)

where k is the Boltzmann constant, T, is the
temperature. of the pion gas, at the time of emis-
sion. The relation between T, and the average
kinetic energy of the effective target (viewed from
the projectile system) is

~»~ = const[F», b(Aa)]
' exp[-e„'„'/(kT, )],

for 8;,„=0' (21)

kT, "vs, c . (22)

This, means, viewed from the laboratory system,
that the fast pions observed in the forward direc-
tion may in a first-order approximation be con-
sidered as being emitted from a system of free
pion gas, the maximum total energy of which is
equal to the maximum total kinetic energy of the
effective projectile. The average total kinetic
energy of this system can be approximated by v, z
where E is the kinetic energy per nucleon and v,
is the average mass number of the effective pro-
jectile. (Note that the total momentum of the
system of gas in lab is not zero, and hence no
isotropic distribution is expected. )

4. In connection with the A., dependence in Eq s .
(10a) and (11a) and the A, dependence in Eqs. (16)
and (17), it should be emphasized that not the .

ansatz given in Eg. (14) but ratkex the relationship
between the normalization factor s, (s,) in E'l.
(10a) [E'l. (16)] and the average mass number of
the effective projectile vs, (effective target vs, )
in the variable u„„(u„„)is a characteristic fea-
ture of the proposed picture. This point may be
of some importance when we compare this picture
with future experimerits.
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