
PH YSICAL REVIEW C VOLUME 18, NUMBER 2

Imynise ayyroximation in the yeriyheral region

AUGUST 1978

R. D. Amado, ~ F. Lenz, and K. Yazakit
Swiss Institute for Nuclear Research, CH-5234 Villigen, Switzerland

(Received 16 February 1978)

We show that the peripheral part of the elastic scattering impulse approximation can be expressed entirely
in terms of on-shell information. The impulse approximation is given in terms of an integral over the on-
shell elementary amplitude. We find the range of energies required in that amplitude for the peripheral part
and discuss the closure approximation to this integral.

NUCLEAR REACTIONS Scattering theory, low density limit of the impulse
approximation. Application to m-nucleus scattering and K-mesonic atoms.

I. INTRODUCTION

The impulse approximation is the keystone of
most treatments of meson-nucleus and nucleon-
nucleus scattering. It is the basic building block
of all multiple scattering formalisms either di-
rectly or through some optical model generated
from it. Its use ranges from giving a basis for
approximations suitable to very high energy scat-
tering to giving the hadronic part of the mesonic-
atom potential. In spite of this wide and often
remarkably successful application, the impulse
approximation retains many questions and am-
biguities. In this paper we show that the peripheral
part of the elastic scattering impulse approxima-
tion is entirely free from these ambiguities.

The basic difficulty of the impulse approximation
applied to elastic hadron-nucl. eus scattering is
that of the relation between free particle scatter-
ing, presumed known, and the scattering from
bound particles. This transition introduces kine-
matic and dynamic ambiguities related to such
problems as choice of off-she11 scattering energy,
binding and Fermi motion corrections, choice of
relative coordinate, and of other problems of
frame transformation. There is a very extensive
literature dealing with these issues, much of which
is phenomenological rather than being devoted to
clarifying fundamental ambiguities. (Most of these
general problems of the impulse approximation
have been discussed within the context of m-nucleus
physics, cf. Ref. 1.} We show here that the perip-
heral contributions to elastic scattering in the
impulse approximation can be expressed entirely
in terms of on-shell quantities. This removes all
the "cl.assical" problems of the impulse approxi-
mation. We show that for the leading long range
contribution, the scattering energy in that on-
shell. ampl. itude is determined and hence we have
an explicit and unambiguous expression for the
"binding correction. " %'e show how that energy

varies as we go to somewhat shorter ranges and
determine the region of energies that makes this
variation important. At still shorter ranges the
effects of model dependent binding corrections
(density dependent effects) and explicit off-shell
effects in the elementary scattering ampl. itude be-
come important, although the later corrections
decrease in importance with increasing energy.
These model dependent corrections set in at about
the same range as contributions to the elastic scat-
tering from other more. complex processes that are
far more difficult to describe. Fortunately, in
many phenomenological applications the small
impact parameters are characterized by nearly
"black disk" scattering and therefore our dynamical
ignorance is effectively obscured.

Wg take a pedagogic approach to our result, in
view of the wide interest in the impulse approxi-
mation and the wide recognition of its problems.
We derive them twice, once in r space, the usual.
framework-for discussions of the impulse approxi-
mation, and once in k space, where the standard
methods of singularity analysis (cf. Ref. 2) can be
used. Our results are intended primarily to pro-
vide insight into the nature of the impulse approxi-
mation and the range of its validity. Since they
form a set of rigorous statements about the perip-
heral part of hadron-nucleus scattering, they can
be used as a constraint on any approximation scheme
used for that scattering. Furthermore, since our
results divide the parameter space into a perip-
heral part where we know the amplitude exactly
(in terms of on-shell quantities without making the
weak binding approximation) and a closer in part,
they provide a starting point for phase shift analy-
sis, just as the one pion exchange amplitude pro-
vides such a basis in nucleon-nucleon scattering
by fixing the high partial waves. This unambiguous
knowledge of the high partial. waves in the hadron-
nucleus problem coupled with the fact that the low
waves are nearly totally absorbed may well pro-
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vide a particularly strong base for phenomenology.
In evaluating the hadronic correction in mesonic
atoms, unambiguous knowledge of the high partial
waves is again useful, Final. ly, our division of
the impul. se approximation into an unambiguous

/
long range part and a short range part where the
model dependence mixes with other dynamical
complications provides insight into the limitations
of the impulse description.

In Sec. II we use k-space methods to show that
the longest range part of the impul. se approxima-
tion can be expressed in terms of on-shell in-
formation and to derive the interval of pair scat-
tering energies that contribute to this longest range
part. We discuss the range of model dependent
corrections, but the derivations of these based on
singularity analysis is given in Appendix A. In
Sec. III we use r-space methods and a partial
wave decomposition to show that the leading con-
tribution to the highest partial wave comes from
purely on-shell quantities and we derive the pair
scattering energy that makes the leading contribu-
tion in the closure approximation. Corrections to
this energy (still for on-shell quantities) are
discussed, but their deriviation is given in Ap-
pendix B. Each of Secs. II and III is selfcontained.
Readers are invited to enter the argument through
the route more familiar to them, but we believe
that the two sections taken together give somewhat
complementary insight to the issues. Finally, in
Sec. IV we give a brief review of our results and
conclusions and discuss the application of these
results to particular hadron-nucleus systems.

II. k SPACE AND THE PERIPHERAL PART

In this section we use the methods of analytic
function theory to show that the longer range part
of the impulse approximation for elastic scattering
from a complex target can be expressed entirely

-P -P'

FIG. 1. Graph for the elastic scattering impulse ap-
proximation for particle a from a(bc) bound state.

2m, 2(m~+m )
(2.1)

where P' is the binding energy of the b-c system.
The contribution from the graph of Fig. 1 can be
written

in terms of on-shell quantities and we discuss the
domain of validity (in momentum transfer) of that
on-shell expression. We express the impulse
approximation as an energy integral over the on-
shell elementary amplitude and we obtain an ex-
plicit expression for the energy interval that con-
tributes to the longest range part in that integral.

The fact that the peripheral part of the impulse
approximation is expressible in terms of on-shell
information is generally believed, particularly
in relativistic S-matrix theory. In nonrelativistic
treatments it has been demonstrated explicitly
for nucleon-deuteron scattering by Fuda, ' but we
know of no general treatment. Our approach in
this section will follow closely the spirit of Fuda.

Consider a general impulse graph (Fig. 1) for
the scattering of particle a from a bound state
of & and e. We work in the.center of mass where
the incident momentum is p and the scattered mo-
mentum p' (ipi= ip'i). The total energy E is
given by (k=1}

e(k ')(k ' it(e) ik")v(k")d'q
[E—P'/2m, —(p +q)'/2m, —q'/2m, ][E P"/2m, (p' +q)'/2m—~

—q'/2m, —]
(2.2)

where we have assumed that the b-e bound state
is an s wave and that the a-b scattering proceeds
purely in s waves. (Higher waves will be con-
sidered later. ) The k, are the appropriate invari-
ant momenta (essentially relative velocities) for
the vertices labeled 1, 1', 2, and 2' on the graph.
Rather than express I in terms of the bound state
wave function, we have used the equivalent repre-
sentation in terms of a vertex function v and an
energy denominator. The only assumption involved
in doing this is that the bound state wave function

has an exponential tail in r space. The energy
argument & of the totall. y off-shell t matrix in
(2.2) is the energy available to the a-b pair in
their center of mass and is given by

mc ma+my
(2.3}

Using simple kinematics and energy conservation
(2.1}, and the definition of e (2.3), the first energy
denominator in (2.2) can be rewritten in two equi-
valent forms
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p' (p+q)' q', m gn, p+q q
2m, 2m, 2m, 2(m, +m, ) m~ m,

}l2 k 2

q 1 1 m, m& p+g p
2 'm, m, +m, 2(m, +m, ) m,

= e —k,'.

(2.4a)

(2.4b)

There are corresponding expressions for the
second denominator with P-P', and k„k,-k'„
k', . The longest range part of J comes from the

. vanishing of the two denominators in (2.2). More
precisely, I has a branch cut in the momentum
transfer t defined by

(2.5)

The discontinuity across the part of this cut
closest to the physical region of t, and hence con-
tributing to the most peripheral part of I, comes
from the vanishing of the denominator in (2.2).
In this section we display the branch cut and show

that its discontinuity is given entirely in terms of
on-shell quantities. In Appendix A we show that
the remaining momentum transfer singularities
of I coming from the numerator of (2.2) corres-
pond to shorter ranges. It is clear that higher
order terms in the multiple scattering series do
as well.

To find the contribution to I due to singularities
associated with the denominator in (2.2) only, we
can evaluate the numerator at the value of kq and

k& corresponding to the zero of the denominator.
This is straightforward using the kinematic re-
lations of (2.4), and we obtain

d'q~'( P')&& lt(-e) l~)

fE -p'/2m, — (p +q)'/2m, —q'/2m, }[E —p'/2m, —(p'+q)'/2m, —q'/2m, ] ' (2.8)

where the L on I is to remind us that we now have
only the 1.ongest range part of I. By virtue of the
kinematics in (2.4), we have now expressed I&

entirely in terms of on-shell quantities. The v's
are evaluated at the binding energy where they
are just the asymptotic normalization constant or
coupling constants of the bound state, while the
elementary scattering operator t has been put

completely on shell. There is still an integral
over q which via (2.3) Corresponds to variation of where

2

;~ p ~f & ««~li~, ~~,&,', r,
q

(2.7)

I

In fact, E can become negative, but we shall
see that the left-hand cuts of t are never reached.

We now display the momentum transfer cut of
Iz, and calculate the values of q (and therefore e}
that give the nearest part of that cut.

We write

p d~q
p'q' [E —rp'(1/m, + 1/m, ) —~ q'(1/m, + 1/m, ) —p ' q /m, ]

1

[E—kP'(1/m, + 1/m, }—-,'q'(1/m, + 1/m, ) —.p' q/m~]

(2.8a)

dQq
p'q' (~-p q)(~-J" q)

(2.8b)

Here k is a unit vector k = k/lk I, we have used
Ipl = Ip'l~ and defined

[E -p~'(1/m, +1/m, ) —2q'(1/m, +1/m, )]m,
p 'Q

(2.9)

It is easy to showthat
I XI 1 and, therefore, the

denominators of (2.8b) never vanish in the physical
region. I' can be evaluated explicitly to yield

4g 1 (1+P)'i' —1)
(p p'-1) (1+ted)'I' (1+}3)'"+1)

(2.10)

where P = —4(A.' —l)P'/t in terms of the A. of (2.9)
and the momentum transfer t (2.5). From (2, 10)
we see that I' has a branch cut from P = —1 to
P =0, corresponding to- a cut in t from 4(A.' —l)P'
to . The physical region for t runs from t=0



18 IMPULSE APPROXIMATION IN THE PERIPHERAL RECION 921

(forward scattering) to t = —4P'. Hence, the
cl.osest point of the t cut of I' corresponds to the
minimum value (with respect to q) of 4(A,' —l)p'.
This is t=(Sm, /m, )(m~+m, )P'. There is a cor-
responding val. ue of & at the nearest point given
by

p' (m, +m, +m, )m, , (m, +m~+m, )m,
2 (m, +m~}(m, +m, )' (m, +m~)(m~+m, )

(2.11)

Alternatively, one can express I' as a dispersion
integral in t. One obtains, after some algebra,

tp

I' = 8'
where

y =4p'(Z' —1) .

(2.12)

(2.13)

I

I

I

0)

I

I
I

2
g

This demonstrates explicitly the existence of the
branch cut in t and the fact that the nearest point
corresponds to the minimum value of y. From
(2.9) and (2.13) we see that y varies with q, as
shown schematically in Fig. 2. In general, there
are contributions to the t cut from higher order
processes, off-sehll effects, vertex forms, etc. ,
that correspond to shorter range. They begin at
some t = t,. To be consistent, we should only take
the contribution from I' corresponding to that
part of the t cut running from the minimum value
of y, y;„= (Sm~/m, )(m~+m, )P' to that t, This.
corresponds to limiting the values of q to lie be-
tween a, and a, as shown in Fig. 2. Vfe then obtain
for the purely long range part of Il. , called II.I. ,

poles in the two body t matrix, but these are in-
tegrable in the usual way.

Let us now consider the problem of higher
partial waves in the two body t matrix. We begin
with P waves. The off-shell t matrix appearing
in I must now be

(k, t(e)lk,')=k, k,'f(0, ', 0", , e). (2.16)

The principle question is what to do with the
factor of k, k,'. On-shell, this factor is & cos6).
Hence we write

FIG. 2. Schematic representation of the dependence of
y[Eq. (2.13)] vs q.

to dt
(tl t}[tt(tt )]1/2

(2.14)

From Fig. 2 we see that the variation of y with q
is stationary at y;„. Coupling this with the fact
that y;„gives the longest range part suggests that
we can expect the contributions near y;„ to domi-
nate, particularl. y if the elementary t matrix is
slowly varying, The corresponding elementary
scattering energy e is given in (2.11). Evaluating
the t matrix at this energy corresponds to a
"closure" approximation and the value of e in
(2.11) corresponds to a specific prescription for
the binding correction. If the t matrix is rapidly
varying, we must carry out the integral in (2.14},
and we see that it is energies c below those of
(2.11) that will contribute. Clearly, the a, and a,
are to be chosen in (2.14) so that the integral does
not take & into the left-hand cut of the amplitude.
It is, of course, possible to encounter bound state

(2.16)

When we go to the residue at the pole of the de-
nominators in I to find the longest range part, we
put k,' and k," equal to c rn f, but leave the
factor k, k, /e. This is purely a polynomial in

q, p, and p', and will not affect the momentum
transfer cut structure, while e f (e, e, e) is the
invariant on-shell p-wave t matrix.

Our prescription for cos 8 may appear -to be yet
another arbitrary way of dealing with the angles
in this problem, but the reader may verify that it
is the only prescription that preserves the analy-
tic structure and reduces to the correct form on-
shell. For us, on-shell means k, '=k,"=c, and
thus we can write

where the last form expresses cos8 in terms of
the momentum transfer t and an appropriate re-
duced mass p. , thus demonstrating explicitly the
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equivalence of the Kisslinger and Laplacian form
in our treatment. (Note our form for cos8 per-
mits cos8&1.) For the general case, one expands
the off-shell t matrix in I in partial waves and

replaces cos8 by k, -k,'/e in the expansion. For
the largest range part, all other k,' and k," terms
in the t matrix should be put on-shell. Since
cos8=k, k,'/e is no longer the cosine of an angle,
it can be bigger than one, and hence lead to a
kinematic enhancement. The method is easily
generalized to bound state wave function with
L40as we show in Sec. III. The presence of spin
causes only algebraic complications, Finally, if
one of the particles is relativistic (as in x-nucleus
scattering), the on-shell prescriptions given here
again go through and serve to remove ambiguities
associated with variable choice for the m-X ampli-
tude since all such choices must agree on-shell.

There remains only the question of further mo-
mentum transfer singularities associated with the
vertex dependence or off-shell dependence of the
numerator in (2.2). These quantities have left-
hand cuts in k»' and k»'. Further momentum trans-
fer cuts arise from pinches between these left-
hand cuts and the denominator singularities of
(2.2). Since locating the new singularities is
technical, , we relegate it to Appendix A and only
give the results here. If the nearest point of the

cut due to the bound state vertex comes at
k, '= —p. ', the corresponding momentum transfer
cut begins at (2m, /m, )(m~+m, )(p, +P)'. In most
problems, p, » I3, and hence this cut is at con-
siderably shorter range than the propagator cut.
The expression for the nearest point of the propa-
gator cut associated with off-shell behavior of t
is more complex and is given in Appendix A. It
moves away from the physical region with in-
creasing energy, so that at high energy, off-shell
corrections become relatively less important.
The location of these next cuts should be taken to
fix t, in (2.14).

III. r SPACE AND THE PERIPHERAL PART

In this section we use the r-space representation
and a partial wave decomposition of the elastic
scattering impulse approximation for hadron-nu-
cleus scattering to show that for large l the im-
pulse amplitude is determined entirely in terms
of on-shell information and to evaluate the ef-
fective scattering energy that makes the leading
long range contribution. We consider the special
ease of an infinately heavy target nucleus. (The
general mass case is dealt with in Sec. II.) The
impulse approximation for elastic scattering from
momentum p to p' can then be written (we start
in k space and pass to r space later)

F(p', p) = g d3 "Kds "K'f*(K,', . . . , K '„)
»=j.

x 5)i" ' (K', K)

x(x', K', +p'(r, (Z) g, K, . +p)'

x tt(K„. . . , K„), (3.1)

where g is the nuclear ground state wave function
and 6»

' is the product of 6 functions in all but
the tth coordinate. +x'i are the initial (final) pro-
jectile nucleon ret. ative momenta, which in terms
of the lab momenta p, K of the projectile
(mass m) and nucleon (mass M), respectively,
are given by

(' ) (' )
(q Mp —ng K

K m+M (3.ka)

where E is the kinetic energy of the projectile

Z =p'/2m . (3.2b)

(For convenience, we have not included here the
binding energy in the definition of E as is done in
Sec. II) r, is the o.perator describing the scat-
tering on the bound nucleon i. ~» satisfies the
following Lippmann-Schwinger equation

1
r, (z) —v, + v, ,(z), (3.3)

with the projectile nucleon potential v», the nu-

clearr

Hamiltonian
A

Hg = Q T) + 2 Q V(l, k)

=H„"', +T, + g V(t, k), (3.4)

and the projectile kinetic energy operator T~.
For peripheral scattering, only the low-density

region of the nucleus is important and therefore
the interaction of the struck nucleon with the other
target nucleons [Q~„&Y(i,k) in Eq. (3.4)] contri-
butes to higher order in the density and can be
neglected. With this approximation, T» the bound
t matrix can be related in a simple way to the free
projectile nucleon t matrix, which is defined by

t(e) = v+ v t(e),1
6 —T„ (3.5)

where T, is the kinetic energy operator for the
projectile struck nucleon c.m. motion, we have

r, (Z) = t(Z -H„",—T,) (3.'t)

In order to simplify the calculation, we assume

(T„being the kinetic energy operator for the rela-
tive motion).

With

(3.6)
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the projectile nucleon interaction to be described
by an s-wave separable t matrix

(~d t]( ) (
~) V(K )V(K )

D(~)
(3.8) X e-i(it 4'

P )R$ (K) (3.13}

and assume for the nucleus a shell model descrip-
tion with single particle wave functions )t)q and
binding energies c&, which are related to the damp-
ing factors P; of g, in the asymptotic region as

xe 'p'
p~p (3.13)

p
2

2M
(3.9}

&A(R) =Pg'A(R), (3.14a)

For the asymptotic region of the bound state wave
function we have

From now on, i numbers the shell model orbits,
ahd not the nucleons. With these assumptions,
Eq. (3.1) reads

and, therefore, in the peripheral region, Qq(R)
can be written as

Z(p', p} = g d'a'd'ff y~(R') v(K")

x (K '+ p'~(D '(E —e, —' T,}~
K+ p)

+ ~ *(p +Vp)) Pi(R)g-'4o), =4

2
~2P, E —e&+

x y)(K)v(K') . (3.10) (3.14b)

Transforming to coordinate space, Eq. (3.10) can
be written as

F(p', p} = Q d RddRR Qf(kd)pg(%)

R' D E —E']+ R

(3.11)

with the wave function Qq(%) for the c.m. motion

where we have used the reduced mass

Mm
"=M+m '

We note that the same (energy) dependence appears
in both the vertex functions and the D function in
(3.10), which means that in the peripheral limit
we are considering, the projectile nucleus ampli-
tude is determined by the on-she11 projectile-
nucleon amplitude.

From (3.11) and (3.14) we obtain the partial
wave amplitudes

Pr(P)= fd)) d)) Y, (P')Y; ~(P)P(p', p) (3.iS)

= (4w) P d'Rd R ' 7(R 4) R D E —Ei + (() PP(R)
)my 3(M +m)

with

xy, (R)j,(pR) r, „(R).
Having established the result that peripheral scat-

tering is determined by the on-shell amplitude,
we go further to find the effective scattering ener-
gy which makes the leading contribution in the
peripheral region. This will. bring our calculation

in contact with the usual closure or weak binding
approximation with an explicit form for the binding
corrections. We will also establish a criterion
for the validity of this type of closure approxima-
tion. It should be noted that this approximation is
in no way necessary for our treatment of the
peripheral. partial waves in terms of on-shell in-
formation only.

In the following, we focus our discussion on the
energy dependence of the elementary amplitude
[D(e)] and neglect the induced energy dependence
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via the vertex functions in (3.15), which is par-
ticularly justified for projectile-nucleus scatter-
ing in the region of a resonance or close to thres-
hold. The method is easily generalized to include
the induced energy variations in the vertex func-
tions as well.

The basic idea for evaluating the integral is very
simple. The states I Q( & describing the projectile-
nucleon c.m. motion, are not eigenstates of the
c.m. kinetic energy operator. However, for a not
too rapid energy dependence of D ', we can ap-
proximate the corresponding matrix elements for
nucleons in a given shell i =n», L», M» as follows:

=Q (4( Ie("&(D '(~()
N»

+
2 sE2 Ig(((T,'&- &T,&'), (3.18a)

with

and

E( = E —e( —(T,)( (3.18b)

Including the lowest order fluctuations, we have

Q (0 ( IL) '(E —e( —T.) I 4( &

, D'E —e» —T, (3.18c)

= Q(A("I»t(")D '(E e( ——(T.)(} (3 16)
hf.

The expectation value of the c.m. kinetic energy
operator is determined so that the deviations in
(3.16) are of the order of (T, —T,))' or

(3.17)

This approximation is a kind of doorway-state
expansion where the correction terms to the first-
order approximation (3, 16) are determined by the
fluctuations of the kinetic energy operator T, in
the doorway-state l»t)( &.

In this approximation, the following expression
for the partial wave scattering amplitude [cf.
Eqs. (3.15} and (3.18)] is obtained

& (~}=Et(E e-(T.)-)(4 I4 )

")+
2 ~ 2' ((7'.')i —(&.)/))»)»)1 L)-1(E })r

f

We now sketch briefly how to evaluate the ex-
pectation values of the T, and T,' [(3.17) and

(3.18)] in the CM states I»)))(& corresponding to
peripheral scattering. We write (in the r repre-
sentation)

(T )
p' P(' p„,f, dr»I)((r)1'i*, ,„,(r}j ((pr)r, (r)[Vq((r}r~»e((r}] [~. (p )~ (-)]~

2(M+m) 2(M+m) g„(J, d7Ig((r)1'1'. („((r}j((pr}1'( (r}I2(m+M)
(3.20)

y, (r) = q, (r) r, ,„,(r). (3.21)

It is easily seen that for a closed shell nucleus
only the radial derivatives in the integral in
(3.20) contribute, and, using the asymptotic form
of the radial wave function

8»r
q((r) -c (3.22)

y'

Eq. (3.20) can be rewritten in the following way

T &

O' P('-
2(M +m) (I}f+m }

f,"r'drj, (pr)e 6("/rj, (pr}(e '"/r)'
f,"r'drj, '(Pr)e ' '"/r'

or after integration by parts

( )
P'+P(' 1

2(M +m) M +m

fo dr (p(/r+1/2rp')e 2 ("j,2(py)

f."d ""i '(p )

where we have used the asymptotic relation (3.14a}
for the nucleon wave functions

t

For large l,

f» (1+J3 2/p2)(/2 (3.24)

l
(

2
p 2)1/2 (3.aS)

and, therefore, the integral term in (3.23) con-
tributes only to higher order in the peripheral
expansion (1/l). The final result is

»~ )
) p. ~

* 2(i(P'+(/)'~
)2(M+m) ' l

(3.26)
and, therefore, the effective scattering energy,
i.e. , the energy available for the relative pro-
jectile-struck nucleon motion, is [cf. Eq. (3.18)]

the integrals in (3.23} can be evaluated analytical-
ly. (l» L( has been assumed already in us-
ing the exponential wave function in Eq. (3.23}
instead of the Hankel function. ) The details of
this calculation are given in Appendix B. The
dominant contributions to the integrals comes from
the region
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Z( = E - e( —
& r, )(

p
2 p2+p 2

= -2' -2M ')""'"
2 M+m) (3.27)

Q»p~
imply

l» L&

since

L(SPpR.

(3.28b)

(3.28c)

In this situation, the fluctuations to lowest order
in (1/P do not depend on the nucleon angular mo-
mentum. The result is

)( - ( (:)» —
2(M + ) f(P2+J3 2)(l' (3.29)

For low energy scattering, relevant for the im-
pulse approximation for mesonic atoms calcula-
tions, a finite angular momentum of the struck
nucleon can influence appreciably both the closure
energy and the fluctuations. For zero incident
momentum (P =0), the result is

and

( )
P(' (2l+1)'

2(M+m) 2[i.' —(L, + —') ]

P,2 '
(2 i+1)'( .&r-( .&i -((( ) ((. (i ).)

l(2l —1) + L((L(+1)
2[(l- 1)' —(L(+ 2)']

(2l+ 1)'
4[(' —(l., +-,')'1) '

(3.30)

(3.31)

The interpretation of this result is simple. In
the weak binding limit, the only remaining term
is P'/2(M+m), and, therefore, E( is the c.m.
energy corresponding to the lab energy E for the
initial nucleon at rest. For a finite binding energy
&~, the c.m. energy is further decreased on the
one hand by the separation energy and on the other
hand by the increase of the radial c.m. momentum
from P to iP+iP(i because of the zero point mo-
tiori of the bound nucleon. This equation agrees
with Eq. (2.11) in the appropriate mass limit.

In order to discuss the validity of the closure
approximation to the impulse approximation (Eq.
3.15) with the optimal choice (3.27) for the closure
energy, we give the results for the fluctuation
terms. The details of the calculation are presented
in Appendix B and follow the general ideas out-
lined above. '

Two cases are considered corresponding to
different physical situations. For high- energy
scattering, the conditions for peripheral scatter-
ing (R—nucleus radial, p2, —Fermi momentum)

$»pg (3.28a)
and

IV, DISCUSSION

We have shown that the peripheral part of the
elastic scattering impulse approximation can be
expressed entirely in terms of on-shell informa-
tion. %e have demonstrated this result both in
k space by using analyticity arguments and in r
space using Schrodinger dynamics and formal
scattering theory. In the k-space treatment we
show that the momentum transfer dependence of
the elastic scattering impulse approximation is
associated with a branch cut in the momentum
transfer. The discontinuity across the part of that
cut closest to the physical region, and, therefore,
determining the peripheral part of the impulse
amplitude, is given entirely in terms of the ele-
mentary scattering amplitude on-shell although
possibly for unphysical values of the scattering
energy. The range of momentum transfers de-
termined by purely on-shell information is also
established. The r-space derivation uses the
fact that the peripheral region is a low density
one in which the interaction of the struck nucleon
with the target can be neglected and the corres-
ponding bound state wave function taken in its
asymptotic form. It should be noted that this is
not a weak binding approximation. Many of the
classical ambiguities of the impulse approxima-
tion arise because it involves an integral over an
off-shell elementary scattering amplitude. Our
results show that the peripheral contribution can
be reformulated in such a way as to completely
avoid this problem. This eliminates, for example,
the uncertainties associated with the so-called
angle or frame transformations in m-nucleus scat-
tering, problems arising from the I.orentz non-
invariance of the t matrix and other related prob-
lems, all of kinematic origin and all disappearing
for the on-shell amplitude.

The other classic difficulty of the impulse ap-
proximation involves the choice of elementary
scattering energy. Our treatment gives an un-
ambiguous prescription for the range of energies
that contribute (in the on-shell amplitude) to the
peripheral part of the elastic scattering impulse
approximation amplitude. The closure approxi-
mation to the integral over this range of energies
corresponds to evaluating the elementary ampli-
tude at a fixed energy value. In our formalism
a natural choice for this value emerges. In the
k-space language the closest point on the momen-
tum transfer branch cut corresponds to a par-
ticular choice of elementary scattering energy,
namely, the maximum in the integral range, and
it is natural to choose this stationary value as
fixed energy to be used in the elementary amplitude
in the closure approximation. In r space we, make
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an operator expansion valid in the peripheral
region to obtain the stationary energy, which

agrees with the energy obtained in the k-space
treatment. The elementary scattering energy that
emerges in this way (2.11) and (3.27) corresponds
to a definite "binding correction" that has a
particularly simple physical interpretation [see
the discussion after, eg. (3.27)]. If the elemen-
tary amplitude has a rapid variation with energy,
the closure approximation will, of course, be
invalid. (Our on-shell treatment of the impulse
approximation in no way requires the closure
approximation. ) Our derivation of the stationary
energy value allows a quantitative study of the
energy shifts involved and of the validity of the
stationary energy approximation.

The binding corrections are obviously most
serious if the (on-shell) elementary amplitude is
varying rapidly with energy. This is the case
close to threshold or in the vicinity of a bound

state or resonance. We stress that the binding
corrections to the impulse approximation are not
necessarily negligible at high energy (E» Es)
as is often argued. Rather, the relevant quantity
for the weak binding limit is

E,—«(f{E)(.Bg

As we see from Eq. (3.27), the effective scat-
tering energy is always shifted towards lower
energies by the amount

5E = - E~
2M +m
m+m

from the lab energy (in the infinite target mass
case). In fact, if the energy integral is explicitly
evaluated, we see from (2.14) that the actual
energies shifts are even larger, but always in this
sense.

For nucleon-nucleus scattering at high energy,
the nucleon-nucleon t matrix may indeed be suf-
ficiently slowly varying to permit the closure
approximation, but for lower energies it certainly
is not.

For example, in P-d scattering there is a pole
in the n-P triplet amplitude just bel. ow threshold
(the deuteron) and a near pole in the singlet ampli-
tude that must be dealt with explicitly. For the
cases of m-nucleus scattering at resonance and

K -mesonic atoms, this energy shift is comparable
or even larger than the width of either the 6 or
the Y*. For the case of the K -nucleus interaction
the effective energy is close to the resonance be-
cause of the energy shift. However, as the evalua-
tion of the fluctuation term below indicates, the
expansion of the integral is not valid in this case.

In order to illustrate the physical meaning of
the fluctuation term, we assume a linear from
for D(e) (Breit-Wigner)

D(e)~ & —R+ iT/2,
and rewrite Eq. (3.19) in the following way (con-
sidering nucleons of one shell only).

1 1F'' ' ' -( )+-' — '( - — -( )
-' )*' *' ''')

l.

E —R —e, - (T,), + ',i I' —((T,'), —(T,),—')/(E —R —&, —(T,), + —,'iI")

At resonance (E-R —&i —(T,), =0), the additionaL
term induces a width due to fluctuation of the
kinetic energy operator, i.e. , due to the zero-
point motion of the nucleons. This is the "Fermi-
averaging" of the elementary amplitude. For the
peripheral partial waves in n-nucleus scattering
at resonance, the induced width is [cf. Eq. (3.29)]

T' — T '
—.'1~"= '), ') =(I/f)50 (Mev)

—,'r
for T, =210 MeV and q,.=15 MeV. In other words,
for peripheral waves (I & 5), the range of energies
involved in the integral is appreciably smaller
than the half-width (55 MeV) of the m Namplitude. -
In the peripheral partial waves, the fluctuation ex-
pansion seems to converge for this case. In K -nu-
cleus scattering at threshold, on the other hand,
the induced width is larger than the elementary
width of the I= 0 subthreshold amplitude (—,'I") = (15

I

MeV). In this case, the closure expansion can
only give an idea of the range of energies involved.

Using Eqs. (3.30) and (3.31), we obtain as typical
values for the average energy shift and fluctuation
of the kinetic energy operator in the kaonic 5g
level for nuclei in the s-d shell (L, = 2, c& = 8.5

MeV),

E= —25.5 MeV

and

((T,') —(T,)')') ' = 31.7 MeV,

i.e. , we find that the average scattering energy
shifted down just close to the Y* resonance; how-
ever, as the vat. ue for the fluctuation energy in-
dicates, there is a very wide range of energies
actually contributing in the energy integral. As a
consequence, the effect of the Y* resonance will.



18 IMPULSE APPROXIMATION IN THE PERIPHERAL REGION 927

be smeared out. For an accurate evaluation of
the impulse approximation, the integral (3.11)
has to be calculated numerically.

The form (3.10) of the impulse approximation,
which we have shown to be rigorous in the peri-
pheral limit, has been used both in the probiem
of kaonic atoms' and n'-nucleus scattering' for
the construction of an optical potential. Although
the impulse approximation in this form guarantees
the correct description for peripheral scattering,
it is not eviderit that in the calculation of the energy
shifts and widths of the lower levels in the kaonic
atoms or in the description of m-. nucleus elastic
scattering the low-density limit is realized. In
Ref. 5 it was found to be necessary to vary the
binding energy in order to fit m-nucleus scatter-
ing, which indicates the presence of higher order
modifications. Intuitively, it is obvious that part
of the downward shift [cf. Eq. (3.27)] will be can-
celed by binding effects of the Y* or b resonance.
In the form (3;10) it is assumed implicitly that the
projectile nucleon resonance does not interact
with the residual nucleus. This is a reasonable
approximation only in the low-density or peripheral
limit. Attempts to include those higher order
binding correcting have been made for both the
E-nucleus' and the m-nucleus problem. '

These remarks show how our results can be
made to shed light on the validity of various ap-
proximation schemes normal. ly used in conjunction
with the impulse approximation. They also serve
as a rigorous boundary for any impulse-approxi-
mation-based treatment.

Our division of the problem into a peripheral
part and a shorter range part quantified either in
terms of the next singularities or of density cor-
rections, also helps to separate the relatively
simple peripheral waves from the complex dy-
namical. regime of the low partial waves. This
same separation can be used as aphenomenological
tool as the basis for a phase shift analysis where
the peripheral partial waves are calculated from
on-shell information and the inner waves are left
free. Using the peripheral waves to construct an
optica1. potential may be a convenient first step
in such an analysis, but it is not essential. Only
if the fluctuation corrections to the impulse ap-
proximation are not important will the correspond-
ing optical potential be local.

Our work here has been limited to the elastic
scattering impulse approximation. It is clear,
however, that the peripheral parts of inelastic
processes will also be given in terms of.on-shell
information, and that a similar analysis can be
made there. Even in the elastic scattering treat-
ment, since the elementary amplitudes are not
purely real, the peripheral partial waves will

reflect inelastic processes. That is, the total
partial wave cross sections will contain inelastic
processes (nucleus breakup).

Since, for m-nucleus scattering the low partial
waves are dominated by pion absorption leading
to a black disk amplitude, most of the reaction
cross section in which the pion survives must
come from peripheral waves. The experimental
observation of an upward shift in the resonance
energy in this type of reaction (cf. w+ "C-m
+ "C+n)" is then certainly consistent with our
picture.
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APPENDIX A: CORRECTIONS TO THE ON-SHELL

PART k SPACE

In this Appendix we obtain the position of the
branch cuts in momentum transfer due to the'finite
range of the bound state wave function and due to
off-shell effects in the elementary t matrix. We
again follow closely the spirit of Fuda. ' The wave
function vertex v(k) appearing in the numerator
of (2.2) in general has a left-hand cut. We write

(Al)3' „2 k'+ k,'
V

so that k' = —p.„' is the closest point of that cut to
the physical region of v (k'&0). For the elemen-
tary f matrix we write theiV/D

(A2)

N also has only left-hand cuts and we write

where the closest point of the Ã cut is called
If we substitute (AI) and (A3) into the ex-

pression for I, (2.2), we obtain an expression with
six denominator factors, three of which contain
the primed momenta and three the unprimed. Us-
ing the kinematic relations (2.4), each triplet of
denominators can be decomposed by partial frac-
tions into a sum of three terms, each containing
one denominator of interest. I then becomes a
sum of nine terms, each with a primed denomina-
tor and an unprimed one. One term will involve
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the original two denominators of (2.2). In that
term the spectral integrals are easily done to
give the on-shell form of the numerators as in'

Eq. (2.6). The remaining terms are either mixed
terms having one energy denominator from (2.2)
and one spectral denominator from (Al) or (AS),
or terms with two spectral. denominators. It is
easy to see that the mixed terms have the next
longest range and we now calculate the closest
point of their momentum transfer branch cut. In
the partial fraction decomposition some of the

coefficients of the denominators will depend on the
loop momentum q and the energy E, as does the
on-shell t matrix in II.. However, since these
factors do not involve the external momenta, they
mill not lead to any momentum transfer depen-
dence. The t-cut structure can thus be obtained
directly from the denominator'factors. (This
method is equivalent to finding the singularities
of reduced graphs. )

A typical mixed term coming from a wave func-
tion factor (Al) and an energy denominator is

v 2
d

~

~

~
~

p x

~

~

I2
a

~

~ ~

~

~
~

2
~

~
~ 2

c

~

2

~

i
P 2 ~

IXI 3

[E—P~/2m, —(p+ q)'/2m~ —q'/2m, ](z'+k,") ' (A4)

The largest range part of this integral comes
from the lower limit of the x' integration, and
hence we consider

d'q
[&-P'/2m, —(p+ q)'/2m, - q'/2m, ](p,„'+k,")

(A5}

which, using (2.4) can be written

I

and studying

d q
(k" + p ')(k '+P') ' (A9)

This can be transformed into an integral of the
form (AV) by the substitution

K) ) g m$ K
m

m.m, '
mb(m, +m, )

'

d q
(k 2 +Pa)(k n + ~ 2) ~

or in terms of the explicit form for k, and k, '
(2.4),

d'Q
[(g+K)'+g, '][(Q+K'}'+A „'] '

where

2(m, +m~), A, 2(m, + mt}
mc'mb m~'my

)
K= p, K=p

m~
'

ma
'

(A6)

(AV}

(AS)

(AIO)

2 —2p
m +m

m, (m, + .)

This then leads to a branch cut at

(
mg )mg™Q

+mg mg

(A11)

This is now not a branch cut in t alone but also
in the energy. If we write

and where we have changed variables q(1/m,
+1/m~) =Q. In transforming (A6) into (AV), we
have dropped overall factors that are irrelevant
to the l.ocation of the branch point. Using the
standard methods for finding the location of singu-
larities of a Feynman graph, we find that (AV)
has a branch cut in (K —R')' from —(As+A „)' to
—, or, in terms of the momentum transfer,
from t = (2m~/m, )(mm, +m, )(p+ p, „)2 to ~.

Exactly the same analysis could be applied to
(2.6) by simply putting p„=P in (A6) to show that
the branch point due to the propagators of (2.2)
alone comes at t = (6m, /m, )(m, +m, )p'. Since, in
general, p & p and often p, »p, the cut in (2.6)
is closer than that from (A6) as we expect.

The nearest branch point in momentum transfer
coming from a propagator and the lt function (A3)
can be found by using the lower limit from (A3)

' p2 p)2 +2+ I g2 g. 2 Ig

(K E=O by energy conservation),

(A12)

we obtain from (All) that the branch point in t
is at

8m, (p, „/~a + ~y p)'+ 4p'(y —1/a)'
(y + 1/a }2 —(y —1/a)' (A13)

where we have written y =m, /m, +m, and a
=mJm, +m~. Thus the t cut due to off-shell ef-
fects moves out with increasing incident kinetic
energy (p'). Hence the leading wave function cuts
are more important than off-shell effects in the
impulse approximation at high energies. It should
be noted, however, that branch cuts coming from
higher order terms in the multipl, e scattering will
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be in comparable locations to those we have dis-
cussed here.

APPENDIX B

This Appendix gives the details of the calcula-
tions in coordinate representation, the results of
which have been discussed in Sec. III. As in the
text, the target is assumed to be sufficiently heavy
and to be an I-S closed shell nucleus. The rele-
vant quantities are of the form

I, (0) —= g drjr(Pr)Yr* (r)g„~(r)Y&"„(r)
nLg

x Ojr (Pr) Yr (r) g„l, (r)Y~„(r), (Bl)

Yl, „(r)Yr„(v)= g (LMEm(LV+m)(LOEO(30))

and the sum rules

P (LOEO(3).0)' = 1,

(2E+M)(2I, +M) '~'

(23 +1)4g Yr rd+m(~3

(as)

Q (LOE 0 ( 3)0)'3) (3). + 1) = E (E + 1) + L(L + 1),

P (LOEO(3).0) [3).(3).+1)]'=[i(I+1)+L(L+1)]'
+ E(E +1)L(L+1).

The expression (Bl) can thus be reduced to a
simpler form:

(B4)

where j &
represents the spherical wave of the

projectile with momentum P, (j„~(x)Y»(r) is the
wave function for an occupied orbit (n, L, M} in
the target nucleus, and the operator 0 is either
the unit operator 1 or the Lapl. acian 4 or the
Laplacian squared 4'. The average and the fluctua-
tion of the kinetic energy of the projectile-nucleon
c.m. motion are then given by

I, (~)
2(M+m) I, (1) '

i, (~') Ir(x) '
4(M+m} I, (1) I, (1)

(B2)

The angular part of the integral and the summation
over the magnetic quantum number M can be per-
formed using the well known identity

and 6' are, respectively,

1: OL, ) =&,

GT' 2 6'
OL i — 2+

~ dy y dy

E(E+1)+L(L+1)
y2

d' 1 d l(1+1)+L(L+1))
L, l dy2 +y gy y

E(E+1)L(L+1)
+ ' 4y

Since we are interested in the peripheral partial
waves where the impact parameter E/p is much
larger than the range of the potential for the
orbitals (j)„z, , the following asymptotic form can be
used for (j)„i, in Eq. (B5).

where P„L, is the damping factor of the tail of the
wave function (j)„~, related to the separation energy
c„L of the orbit by

(Sni.
' = 2Menl. (88)

and g„i, is the asymptotic normalization (or coup-
ling constant). The quantity I, (0) for the peripheral
waves is approximated by

I, (0) =Z g„~' «r'jr(~) [i '
P I.h'~ (i P„~r)]

nL 0

»s„, rj r (Pr )[i'"P.i h'i' (EP„x&)1

I~(n, rS) -=[jr(P~}]'e ' "r""d~,
0

(B10)

(B9}

This expression makes sense only if the integral
converges, i.e. , l &I + i. The following two cases
are interesting for the application to actual prob-
lems, i.e. , (a) p & rS„~,E» L which corresponds to
the scattering problems at not too low energy and

(b) p«p „~,E &L which corresponds to the scatterin'g
problems at very low energy and the cases of me-
sic atoms. I et us discuss these two cases separ-
ately.

(a) With partial integration and using the differ-
ential equation for j,, one can reduce all the nec-
essary integrals to the form

I, (0)= P dr r 'j
r (Pr}rir„~(x)OI,

~ rj r (Pr)g„z, (r},
(B5)

with n«/. For n= 0, this integral can be ex-
pressed by the I,egendre function of second kind,
l.e. )

where the operators OL & corresponding to 1, 4, (Bl1)
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&~&=- —,','- [~,(0,p)j,

& '& -
& &'= 4,'. [~,(0, p)J.

(812)

The average and the. fluctuation of x are given by I,(/') = g-g„,'[(P'+ g„,')(P'+ 5g„,')I, ( 1,-g„,)
nL .4P..(P"3P„.')I,(-2, g„,)

4p-„'l(l+ 1)I,(-3,p„,)J,

The asymptotic form of Ql for large l gives

inI, (o, g)
- -(2l+ 1) in[P+ (P'+ g')'/'j

with the modified

2L(L+1)(P'+ g„.')"'
g (21+1)"

lh [p(p2 ~ g2)l/2]+ 0

from which one obtains

l+ —' P'+ 2P'
(p2 g2)l/2 4p( 2 g2)

(l+-.)P
2[(p2+ g2)1/2j3

(814)

The least bound orbit becomes dominant for very
large l, in which case one obtains simple expres-
sions for the average and the fluctuation of the kin-
etic energy:

l(M )
~ ' r (

' ((')'")'
(819)

The result for I,(n, g) is

r (rh rr) r(0, l) (&~)="+""l (&r') —&r)'(&r)" ') (rr(l)

to the next to the lowest order in 1/l.
In order to calculate the integrals appearing in

Eq. (89) to the first order in 1/l, one can use the
following approximation for the spherical Hankel
function, i.e., (P2') '

(2l 1)!! ' (819)

1 1 28.
c &1 & c&( 4(M )2 (P g( } l (

2
g 2)1/2

where, g, is g„L for the dominant orbit.
(b) since p «g„i, j,(p2) in E&1. (89) can be ap-

proximated by

'"2p/ (&1p)22) = 1+ (816)
All the necessary integrals are now reduced to

Since the second term gives a common factor for
I,(1), I,(&), and I)(42), one gets ( p)=-(- )' [,"'(lp )J' ""

0

I, (1)=Q g.i'I)( 1,g„,)-
nL

I, (/2. ) = —g,r„,'[(p'+ p„,')I,(-1,g„,)

1
g2n+ 3

h

2' '[n! ]2r(n+L+ 23)1"(n I +~2)—
(2n+ 1)!

(82o)

+ 2P„ I, ( 2, g„,)], - (817) I,(0) is given by

2f
lt(1)=

((H~ ))ir), Qg„'(H„r)'Hr(r+1, (~),

2i
I,(~) = [, „Qg„,'(P„,)'[(P' -P„,')H, (l+1 P.z) +l(2l+ l}H,(l, P„,)],

+2l[(2l+ 1)(p'-p„') 2lp 2]H (l g )

2l
I,(n') =. ..Q g„i'(P„i)'f(P' —P„i')Hi(l+1, g„l)+21[(2l+1)(P2—P„i2) —2lg„i2]Hi(llg„i)[ 2l+1!!j'

+ 2l(l —1)[2l(2l -1} L(L+1)jH, (l 1,p, )] (821)
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If one considers only the dominant orbit (L,.), the
average and the fluctuation of the kinetic energy
become 1, , (2l+ 1)'

2(~ )
' 2[i' (I. -')']

gg (2l+ 1)
4(M+m)' [1' (I, + —')']

l(2l —1)+ L, ,(L,+ 1)
241 —1)' - (L,+ 2)']

(2l + 1)'
4fl —(L;+-,') j) (B22)
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