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Elastic scattering and total reaction cross sections: Refractive scattering or strong absorption
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The trend of empirical interaction barriers and related parameters is explored for various heavy ion
reaction systems for-100 (Z& Z2 & 1600. The empirical radius parameters from reaction cross sections
differ significantly from those from elastic scattering quarter points for Zl Z2 & 1000, but seem to approach
one another for ZlZ&) 1000. This behavior is shown to be consistent with predominantly refractive scat-
tering for low Z&Z2 and dominance for surface absorption for Z& Z2 &1000.

NUCLEAR REACTIONS Semiclassical analysis of elastic scattering and reaction
cross sections of heavy ions; predominantly refraction for ZiZ2& 500 and strong

absorption for 8'fZ2 &1000.

I. INTRODUCTION

A puzzle of long standing in heavy ion reactions
is related to the fact that very different nuclear
potentials predict very similar patterns for elastic
scattering and total reaction cross sections. '
Some workers have favored a dominant role for
the real nuclear potential and have used strong
refraction (and small absorption) models to inter-
pret data from elastic scattering. " Others have
favored the dominance of the complex (or absorp-
tive) potential and have interpreted the same kinds
of data in terms of models with strong surface
absorption. ' Current understanding is that optical
model fits to elastic scattering are primarily
sensitive to the real potential over a very narrow
radial region. ""' There is some sensitivity to
the imaginary potential also, but it is often diffi-
cult to exploit due to large demands for energy
resolution in the experimental measurements.
Nevertheless, optical potentials from elastic
scattering (or even one parameter characteriza-
tions such as the Blair radii have provided rea-
sonable estimates of reaction cross sections at
energies well above the barrier. However if we
look at reaction cross section data at low energies
we find that they are often inconsistent with poten-
tial parameters taken from elastic scattering.
These reaction cross sections near the barrier put
quite a different burden on the mix of real vs
imaginary potential. ' In the preceding paper' we
examined these separate demands for the system
"0+ ' 'Pb. Few if any systems have been studied
experimentally as completely as this. '0 Therefore,

in the present paper we resort to the trends of the
cross section data on reactions" and scattering'""
to search for trends concerning the stiength of
surface absorption.

In the preceding paper' we explored the relation-
ship between measurable quantities calculated via
an optical model and those calculated via certain
classical or semiclassical approximations. In
particular, for "Q+" Pb we calculated reaction
cross sections versus incident energy for the
limiting situations of weak and strong surface
absorption. We then analyzed these calculated
reaction cross sections in the simple classical
way as if they represented experimental data.
This analysis gave back an "empirical effective
barrier", E, close to the real potential maximum
for the case of weak surface absorption. For the
case of strong absorption the empirical effective
barrier was close to the real potential at the
strong absorption distance (see Table ll in Ref. 9).
Similarly the quarter-point angle for elastic scat-
tering was calculated from an optical potential with
weak surface absorption and by a semiclassical
3pproximation. For energies where semiclassical
approximations are applicable (energies comfort-
ably above the barrier) these values of 8,~, were
very close even though the more detailed shapes
of the elastic scattering clearly depend on the
different methods of treatment for absorp-
tion.

These comparisons suggest to us that an exam-
ination of the systematic trends of empirical
"barrier parameters" (obtained by approximate
semiclassical equations) may reveal trends in the
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underlying complex potential. In particular we
have previously noted curious features in the
empirical dependence of some of these parameters
on the charge product Z,Z, .""In this paper e
draw inferences from these trends concerning the
strength of the surface absorption.

The starting point for our analysis is an empiri-
cal study of the body of data on total reaction cross
sections. " The two most important parameters in

'this study are the height of the empirical interac-
tion barrier E, and the radius R, of this barrier.
These parameters were determined from many
experimental results by fits to the Wong formula. "
This equation uses Hill-Wheeler transmission co-
efficients with effective barrier height and radius
independent of l and energy. ""The intent of the
study in Ref. 11 was to provide an empirical data
base for estimating total reaction cross sections
in situations where no measurements were avail-
able. The resulting empirical pa, rameters (E„R,)
would reflect the maximum height of the real s-
wave potential barrier only if the absorptive po-
tential were small for distances outside this bar-
rier. 'This is also a sufficient condition for appli-
cation of a simple rainbow scattering model to
elastic scattering of heavy ions. On the contrary,
if the absorptive potential is large in the nuclear
surface then the empirical values of Eo and Ro
would not reflect the real potential maximum but
rather an effective barrier near the mean absorp-
tion distance. ' In the limit of complete control by
such absorption, E, will approach the Coulomb
potential at R, End the distance parameter Dy/g
from Blair's quarter-point recipe will also
approach the empirical value of R,."

If nature were kind enough to provide reaction
systems in either of these limiting regions, then
the information content of elastic scattering and
total reaction cross sections would be focused on
either the real or the imagina. ry potential. If both
real and imaginary potentials always play com-
parable roles, then the problems of many needed
parameters and their redundancy will be with us
for years to come. ' The purpose of this paper is
to examine the overall trends of the data from
elastic scattering quarter points and total reaction
cross sections. We search for indications that
signal the relative dominance of the real or the
imaginary potential. We use rainbow model
formulas" "and effective potentials from the
empirical study of total reaction cross sections. "
The magnitudes of the empirical interaction bar-
riers and the values of l„and l, &, (rainbow l and
/ for & absorption, respectively) obtained in this
study clearly signal a transition from refractive
scattering to strong surface absorption near Z,Z,
= 1000.

II. EMPIRICAL BARRIER PARAMETERS

A. Equations used to fix various empirical radius parameters

T, (E) =(1+exp[2'/h&u, )(E, -E)]] ', (2)

where the l dependent barrier height E, is given in
terms of the effective s-wave barrier E', (or x,),

E El + ($ + 1 )2@2/(2 pgI2) (3)

It is convenient to define two radius parameters
r, ands, as follows:

and

Ro=x (A
' ' A ' ') (4}

r =ZZ e'/E, (A «'+g ~~~)

(R, and E, are the values of empirically deter-
mined parameters, primes denote variables
in the equations. ) The extent of the penetration
probability is controlled by the magnitude of h,
in Eq. (2). Wong's final equation is"

R12
g (E)= ' ' in(1+ exp [2m(E — 'E)/8&, ]] .

(6)

This equation approaches Eq. (1) rather rapidly as
E exceeds E,' and analyses by either can give
effective radius and barrier parameters for re-
action cross sections (either complete fusion,
total reaction, or all reactions except inelastic
scattering). The essential approximation for both
Eqs. (1) and (6) is embodied in the assumption that

Ro is independent of l, not in the parabolic barrier
from which Eq. (6) arises The Hil. l-Wheeler
formula is simply a convenient way to parametrize
the penetrabilit, ies which are only important for
E gE~

t ommonly used nuclear plus Coulomb plus cen-
trifugal potentials exhibit maxima that shrink in
radial extent with increasing l. Thus, if one con-
siders complete fusion as a classical friction free
passage over the real potential maximum then one

1. Clussical und semiclassica/ parumetrixution

of reaction cross sections

The classical cross section for all touching col-
lisions between hard bla, ck spheres can be written

o, (E) =vR„.„'[1—(E,„,/E)]. ,
where R„„,is the sum of the two radii and E„,is
the potential energy (nuclear plus Coulomb) at con-
tact. Cross sections for complete fusion (or for
all reactions) have often been parametrized by
plotting 0 vs E ' and identifying the intercept with

E,„, and the slope with —mR„„,'E,„,." Wong ex-
tended this approach" by deriving an analytic
equation which includes penetrability via the Hill-
Wheeler formula, "
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should write

o,q(E) =v[R„(E)]'(1—[E,„(E)/E]), (7)

where R and E, correspond to maxima in the l
dependent real barrier. Alternatively, one could
calculate transmission coefficients from Eq. (2}
with R, E, , and 8& each being a function of /

for the assumed potential. Then the reaction
cross section for complete fusion follows from
the well known relationship

(6)

This latter approximation has been shown' to give
results very close to those from an optical model
with only interior absorption for E ~E, . (E~~
is the energy above which the effective rea, l poten-
tial loses its pocket. )

2. Blair quarter-point parametrization ofelastic scattering

Many years ago Blair' formulated the sharp cut-
off approximation as a simple model for correlat-
ing elastic scattering cross sections. (More re-
cently Frahn' has developed the same general
theme with a smooth cutoff. ) In this model all
partial waves with l &l are completely absorbed;
one distance parameter &Q~ appears that can be
written in terms of the classical distance of clos-
est approach for a Coulomb trajectory leading to
the angle 8,«(that angle where the elastic scat-
tering cross section is —,' of the Rutherford value),

l = rl cot(—'8,(,),
~,s(A, '~'+A, '~') = (Z,Z,~'/2E)[1+ csc(-,'8,q,)],

(10)

and

This distance parameter xp~ is often called the
strong absorption radius.

B. Systematics of the empirical radius parameters

It is clear from Eqs. (1) and/or (6) that measure-
ments of reaction cross sections at high energy
(E» Eo) can fix values of Ro rather unambiguously.
In Ref. 11 we showed that these values, as taken
from experimental data, vary only slowly with

Z,Z, and an average value of 1.416 fm was adopted
for the parameter rp. Similarly many studies have
shown that the values of Eo (or r, ) are very sensi-
tive to the cross sections near the barrier, and
that these effective barrier parameters can be ex-
tracted rather well for a number of cases. In con-
trast to the very slow Z,Z, dependence of ro, we

find a rapid dependence of r, on Z,Z, [the effective
barrier parameter from Eq. (6)],'3

t', =1.951 0.164 log, (Z,Z,), for Z,Z &1700.

The values of r, and ~Q seem to be converging for
ZxZ2= 2 00. In Befs. 12 and 13 compilations are
given for the Blair radii rpg The values of rpg
vary only slowly for Z,Z, &1000 and seem to
approach a value of =1.38 fm. They increase
rather decidedly for lower Z,Z, and almost track
Eq. (12) for r, . [Recent data from the Oak Ridge
group and from Scobel et al." strengthen- this
correlation for 300 &Z,.Z, &1000 whereas older
data" indicated many va, lues of ~» lower than
those given by Eq. (12).]

%hat can the trends of these empirical param-
eters tell us about the trends of the complex po-
tential'P If the surface absorption is so strong as
to mask completely t;he Coulomb rainbow, then
the real nuclear potential can be neglected with
respect to the Coulomb potential. For this limit-
ing situation one expects very simple connections
between the various parameters that describe re-
action cross sections and the angle 8,« for elastic
scattering. For the angle 8,&4 one can use the
Coulomb trajectory. equations [Eqs. (9) and (10)] to
identify both /~ and the distance of closest
approach R,s= r,3 (A, '~'+—A, '~'). Also the inter-
action barrier would be very nearly equal to the
Coulomb potential V evaluated at R». Thus the
total reaction cross section o~ could be approxi-
mated by the classical relation, o~(E)
=wR,s'[I —V,(R,s)/E] The fu. sion barrier would,
in turn, be larger than the interaction barrier as
it would occur where the nuclear attractive force
is equal to the Coulomb repulsive force.""Em-
pirical correlations have shown that these simple
connections are not obeyed for reaction systems
with Z,Z, & 1000.'"'"~ Thus the nuclear potential
must be significant at R» for these cases. How-
ever, as shown in Refs. 11-13 the empirical
values of x», r„and xp do all seem to converge
as Z,Z, approaches 1000, and thus we seem to
realize the limit of strong surface absorption for
high ZiZ2

At the other extreme, if the surface absorption
is very weak then rainbow scattering will occur
and the relmtionships above shouM not apply '" '
Simple relationships that replace them have not
been worked out. Instead we have many param-
eter sets from. optica, l model analyses for partic-
ular cases. Global sets of these parameters are
also available but they are often poor predictors
of 0„ for near barrier energies. For the case
' 0+ Pb we have explored this problem via
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"computer experiments'" and have shown that
simple semiclassical equations and approxima-
tions can be used to correlate several quantities:
(1}the values of o,&

with the height of the real
potential barrier, (2) the values of oz with the
real potential at the mean absorption distance, and
(3) the values of 8«, with the real potential at the
rainbow dis tance.

This suggests a simple means of testing the
applicability of (or approach to) the limiting case
of weak surface absorption. We use simple semi-
classical equations to obtain from 8,&4 and 0„ the .

parameters that describe the effective real bar-
riers and radii. (For the strong absorption limit
we expect Coulomb trajectory equations to relate
these parameters. ) For weak surface absorptions
we search for consistency in the empirical bar-
rier parameters that result from fits to o'„and
8,&4. In the next section are given the semiclassi-
cal approximations that we use to fit a„near 8,&4
and thus to extract rainbow distances (and barrier
heights) for a potential with weak surface absorp-
tion.

III. FORMULAS FOR RAINBOW SCATTERING

1 —(5/D)2 —V(D)/E = 0,
with b the impact parameter corresponding to 1,
E the incident energy in the center of mass frame,
and 6, the JWKB phase shift. The argument of the
Airy function Ai is given by

&={~(-.')[2~ -2~ —(f, -f,)8] lj'" (17}

Only two branches of 8(l) have been included as it
is expected that other contributions are strongly
reduced by large values of the transmission co-
efficient T,(E) and/or slope ~d8(l)/dl .

For angles greater than the rainbow angle we
have used the form given by Da Silveira, "

a{8)=o (8) yo„(8)+2[o (8)o„{8)]'~',coso. ,

where the phase a is

o. =25, —25, +(l +l„)8 —x/4.

'The classical cross section for the negative branch
o-(8) is very small in comparison to o'„(8}as given
by the Airy approximation,

o„(8)= 2m%. '(l„+—,' )(sin 8,'~ ') 'Ai'[(8 —8„)/q'~ ']

(2o)

In the simplest rainbow scattering model one
attributes total control of elastic scattering and
reaction probability to the real potential. "" 'This
is the effect of the equations given above for the
real barrier and the transmission coefficients.
The rainbow scattering that results was first for-
mulated by Ford and Wheeler" and developed by
Berry and Mount, '""Broglia and Winther, " and
others 19' 24' 25

In the uniform approximation" the elastic scat-
tering cross section o(8), for angles less than the
rainbow 8„, is given by

cr(8) = w ((o,(8) + (r,(8) + 2[v, (8)o',(8)]'~'j$'~'Ai'(- $).{.,(8)",(8) —2[,(8),(8)]"'jV"'~ "(-&)).

(i3)

The classical cross sections o,(8) and o', (8) a,re
obtained from branches 1 and 2 of the deflection
function 8 (f ), and

o;(l) =K'(l y —,')[sin8 ~d8(l)/dl ~] '[1 —T, (&)],

(i4)

where

8(l) =2d5, /dl)

-g 2 y g2 1 y x 2 yg E-~~2'.
D

The turning point D is the solution of the equation

v(r) =v, (r)+v (r)

= V (r)+ V (R,)exp[-(r —R,)/d], forr -R, .

Continuity of V(r) at R0 requires that d be given as

d = R,V~(R, )/Vc(R-0) . (24)

For transmission coefficients we use Eqs. (2) and
(3). The parameters 8'a&, and r, were fixed at
4 MeV and 1.42 fm, respectively. values of +p
were initially taken from Eqs. (5) and (12) and then
varied slightly as required to achieve a fit to the
elastic scattering.

Absorption is included by multiplying each clas-
sical cross section by a penetrability factor
[1 —T,(E)] from Eqs. (2) and (3). There are many
more sophisticated ways of including absorption
in a rainbow model, '~ "but we wish to restrict
the analysis to one free parameter &, and then

q =(-,') ~d'8/df'~, . (21)

The quantity q is actually calculated from the equa-
tion that results from differentiating Eq. (15) twice.

For the real s-wave potential (Coulomb plus nu-
clear) we use the following representation:

V(r) =&, —[(@&o)'/(2@''/u)](r -R,)', for r -R,
(22)
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look at the trends. Now it becomes evident that
even though the equations we use are from the
rainbow model, the transmission coefficients can
dictate results from a nuclear potential that is
strongly absorptive in the surface region. If the
empirical nuclear potential V„(Ro) becomes very
small then the rainbow trajectory will approach the
Coulomb trajectory and we again approach the Blair
analysis. ' Thus we know from the convergence of
ro, x„and so~ at Z,Z, 1000 that the rainbow be-
comes masked. Our search then is for the self-
consistency of the rainbow model analysis of a„
and 8,/, for Z,Z, &1000.

IV. DISCUSSION

In this section is described the use of the semi-
classical equations from Sec. III. From the em-
pirical trends of x, and r, [Eq. (12) and Ref. 11],
empirical real potentials were built by Eqs.
(22)-(24). Then elastic scattering cross sections
were calculated and a fit to experiment was sought
in the region of angles near 8, /4. The sensitivity
of these fits to values of r, and x, is explored.
Modifications in the empirical potentials (via
changes in x,) were made to fit the observed scat-

tering near 8, /4, and these modifications are tab-
ulated and discussed. The trend of the results with

Z,Z, is examined and comparisons are made to
other systematic studies. Finally the nature and
uncertainties of the original measurements is dis-
cussed as it relates to the meaning of the empiri-
cal parameters and to our conclusions.

A. Sensitivity of the calculation to Eo, Ro, and hmo

A brief outline of the semiclassical calculation
of o„ is now given for the system 113 MeV "N
+'"Ag." We first obtained the potential [Eqs.
(22)-(24)] from the Wong effective barrier param-
eters E„x„and Sw, from the systematics of to-
tal reaction cross sections. " Vfith this potential
we calculated the deflection function, phase shifts,
and elastic scattering cross section. This proce-
dure was repeated for several values of Eo +p,
and S0 in order to test the sensitivity of the cal-
culation to each parameter.

In Fig. 1 we show calculated curves compared to
the experimental results of Galin et al." First
we confine our attention to the angles less than the
quarter-point angle 8y/4 For energies not too
close to the barrier, the rainbow angle is entirely

14 108
Ag
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FIG. 1. Calculated and measured elastic scattering cross sections for various values of the parameters; {a)xp {with

Ep and O'cop fixed at 43.23 MeV and 4.0 MeV respectively) and {b)Ep {or xp and Scop fixed at 1.42 fm and 4.0 MeV, re-
spectively). Data points are from Ref. 27.
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TABLE I. Systematics of barrier parameters and radii from elastic scattering.

Reaction

12C + 24Mg
16p+ 28Sl

16p+ 28Sl

13C+ 40( a
16p+ 52( r
32S + 24Mg
32S + 2VA1

16p+ 60Ni

20Ne+ 72Ge
14N+ 108Ag

16p+ 122Sn

11B+208pb

11B+,209Bl
12'+ 181T

"C+ '"Au
18p+ 142Nd

13C+ "'pb
12C+ 208pb

12C+ 208pb

14N+ 208pb

19P+ 159Tb

16p+ 197Au

16p+ 208pb

16p+ 208pb

16p+ 209Bi

20Ne+ 208pb

20Ne+ 209Bj

40Ar+ 109Ag

Ar+ 09Ag

Kr+ Cu
84Kr+ 65( u
4 Ar+ Bi
40Ar+ 209Bi

40Ar+ 238U

40Ar + 238U

Elab
Z1Z2 (Mev)

72 24
112 38
112 81
120 40
192 60
3.92 110
208 110
224 61.4
320 95
329 113
400 73.9
410 72.2
415 74.6
438 124.6
474 124
480 98
492 86.1
492 96
492 116.4
574 147
585 160
632 164
656 170
656 191.9
664 170
820 161.2
830 207.6
846 236
846 337

1044 494
1044 604
1494 286
1494 340
1656 286
1656 340

OB
a

(fm)

1.68
1.62
1.57
1.62
1.57
1.58
1.56
1 ~ 54
1.57
1.53
1.54
1.50
1,51
1.44
1.43
1.58
1.51
1.50
1.50
1.46
1.50
1.48
1.49
1.50
1.48
1.52
1.45
1.47
1.47
1.44
1.43
1.42
1.41
1.42
1.42

e
(fm)

1.65 (+ 0.00)
1.60(-0.02)
1.6O(-0.02)
1.60 (-0.01)
1.56(-0.02)
1.57 (-0.01)
1.55(-O.O3).
1.53 (—0.04)
1.54(+ o.o)
1.53(-o.oi)
1.52 (—0.01)
1.50 (—0.02)
1.50 (-0.02)
1.47 (-0.05)
1.45 (-0.06)
1.54(+ o.o3)
1.50(-0.02)
1.50 (—0.02)
i.5o(—o.o2)
1.47 (-0.03)
1.50 (0.00)
1.48 (—0.01)
1,49 (0.00)
1.50(+ 0.01)
1.48(-o.oi)
i.5o(+ o.o3)
1.46(-O.O1)

1.47 (—0.01)
1.47 (-0.01)
1.44 (-0.02)
1.44 (-0.02)
1.43 (0.00)
1.43(o,oo)
1.42 (0.00)
1.42 (0.00)

(fm)

1.60
1.58
1.65
1.61
i.56
1.58
1.57
1.54
1.56
1.57
1.52
1.51
1.51
1.51
1.48
1.55
1.51
1.52
1.52
1.50
1.53
1.49
1.52
1.54
1.51
1.50
1.48
1.48
1.50
1.46
1.47

1.45
1.44
1.44

V~(R„)
(MeV)

0.78
0.86
0.55
0.71
0.84
0.90
0.76
0.77
1.06
0.75
1.23
0.82
0.81
0.31
0.18
1.47
0.82
0.74
0.74
0.42
0.83
0.90
0.73
0.78
0.66
1.69
0.40
0.73
0.55
0.32
0.17
0.13
0.07
0.03
0.02

V„(a0)
(MeV)

1.95
2.30
2.30
2.37
2.70
2.96
2.76
2.50
3.68
3.29
3.57
2.72
2.69
1.90
1.23
4.84
3.03
3.05
3.05
2.38
3.68
3.12
3.60
3.95
3.23
5.13
2.34
3.21
3.21
1.75
1.75
1.13
1.13
0.50
0.50

d
(fm)

1.02
0.89
0.89
0.92
0.77
0.79
0.71
0.65
0.76
0.72
0.70
0.62
0.60
0.38
0.24
0.87
0.59
0.59
0.59
0.40
0.58
0.48
0.58
0.60

,.0.49
0.65
0.30
0.36
0.36 '

0.17
0.17
0.09
0.09
0.04
0.04

10.6
15.8
37.5
22.4
32.1
33.8
36.4
31.4
52.8
66.5
37.4
39.8
41.9
70.6
68.2
59.8
47.4
54.3
67.7
84.4
96.3
93.3

100.1
112.6
98.6
93.1

117.6
123.3
176.6
157.7
194.0
153.6
193.0
148.3
190.9

9.0
13.5
31.8
19.1
28.4
29.6
32.0
28.0
46.8
59.0
33.7
36.8
38.5
65.7
64.7
53.0
43.6
49.6
61.5
78.6
88.0
87.9
92.0

103.0
91.4
85.0

111.6
116.0
165.0
151.0
187.0
149.7
188.0
145.2
187.8

Ref.

29
30
30

2
31
32
32
33
34
27
33
40
41
38
39
35
41
41
36
38
37
39
38
37
38

7
39
42
42
42
42
43
43
43
43

r0& is the radius parameter corresponding to the Blair quarter-point radius for our calculation.

x„ is the radius parameter corresponding to the classical rainbow radius R„.
~ parentheses we give the difference between the value of w~ given here for the fit to elastic scattering and that from

Eq. (12) (from reaction cross sections).

dependent on the relative energy of the colliding
ions and the surface potential"" and is independent
of the inner curvature of the barrier h&, . At these
large distances the critical. ray giving rise to the
rainbow feels only the weak nuclear attraction
[V~(r) parametrized by Eqs. (23) and (24)]. Our
calculations show that rather wide variations in
curvature (1&k&v, & t MeV} have practically no ef-
fect on the calculated value of 8, «. The absorp-
tion effect on and near this ray is negligible. The
small sensitivity to curvature is also characteris-
tic of total reaction cross sections" at energies
well above the barrier.

The sensitivity of 8,« to x, is of greater impor-

tance [Fig. 1(a)] and that to r,' (or E',}[Fig. 1(b)]
is quite large. The effect on o„(e) due to varia-
tion in x,' is similar to that for variation in r,'. The
variation of either gives a variation in the nuclear
potential. Therefore, one cannot expect to obtain
a unique set of potential parameters from elastic
scattering alone. We choose to fix xo at 1.42 fm to
be consistent with measurements of o~. Then we
vary r,' to achieve a fit to elastic scattering for

As we see in Table I, the values of x,
(column 5) from these fits are generally in each
case within +2/p of those from Eq. (12) (column 5)
and thus reasonable consistency is demonstrated
between V„(R,) and VN(R„) in Eq. (23).
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FIG. 2. Angular distributions for elastic scattering of 60 by 6 Ni at 61.4 MeV (Ref. 33); S by Al at 110 MeV (Ref.
32); Ne by Pb at 161.2 MeV (Ref. 7) and 0 by Si at 81 MeV (Ref. 30) compared with rainbow model calculations
described in the text. The best fit potential parameters are shown in Table I.

B. Trend of results vs Z&Z2 and an interpretation

of the empirical parameters

In Fig. 2 we show fits to elastic scattering data
for a number of systems and in Table I we give
the various relevant parameters for reaction sys-
tems analyzed. ~"'7'" " The fits have focused on
only those angles near 8,/4. There has been only
one free parameter (E', or r', ) and thus it is not
possible to get a close fit as is often achieved by
multiparameter formulations. In each case the
calculated cross sections for 8&8», decrease
more rapidly with angle than the measurements.
Also the fits to oscillations in a(8)jo„„(8)are far

from optimal. These features are particularly
sensitive to small variations in the transmission
coefficients [or the complex potential W(r)] which
we have not explored. ' Our goal, however, is to
look at the trend with Z,Z, of the empirical valueg
of R„V„(R,), and f,&, as well as the rainbow pa-
rameters R„VN(R„), and l„ to see if they have a
message. In this context we have only allowed one
parameter (E,') to vary as we have sought a rea-
sonable fit to the cutoff of elastic scattering near
»4
First, as noted earlier the values of r, that give

a fit to the elastic scattering are generally within
&2%of the starting values from empirical interac-
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tion barriers [Eq. (12)]. This indicates an overall
consistency of the empirical parametrization of
elastic scattering and reaction cross sections.
Second, for Z,Z, &1000, the values of Vz(R„) (the
nuclear potential at the rainbow radius) are consis-
tent with those of Christensen and Winther as ob-
tained from cross over points for real optical po-
tentials. ' This is also true for the values of l„,
(the rainbow I).

In Table I we have also listed the values of the
Blair parameter t,s (c'olumn 4) that result from
our calculations of elastic scattering via the rain-
bow model [Eqs. (13) and (18)]. It turns out acci-
dentally that these values are rather close to the
empirically obtained r, parameters that charac-
terize the interaction barrier R, [Eq. (12)]. This
statement seems to hold for all systems with both
low and high Z,Z, . In Ref. 13 we have collected
many of the measured values of +oa and have corn
pared them to the empirical values of x, from re-
action cross sections oR [Eqs. (5), (6), and (12)].
These data also show a close correlation between
the Blair radii from scattering and the &", param-
eters from reaction cross sections. We conclude
that the term strong absorption radius for r,~ may
be a misleading one for low Z,Z, where the rain-
bow model seems to apply. " In the empirical ap-
proach used here and in Ref. 11 the mean absorp-
tion radius is approximated by R, which is smaller
than x,s (A, '~'+A, '~') for Z,Z, &1000. Estimation
of total reaction cross sections from measured
values of 8]/4 does depend on this distinction be-
tween radius parameters; Eqs. (6) and (11) do not
in general give the same result. This distinction
was alluded to by Blair in 1957.

For Z,Z, ~ 1000 a dramatic change sets in. The
values of the empirical nuclear potential V„(R,)
and V„(R„) (columns 7 and 8 in Table I) become
quite small; the fractional differences diminish
between E values for the rainbow trajectory l„and
for half absorption, l», . This i~ the result of E,
approaching Vc(R,) in the empirical real potentials,
as also is the decrease of the apparent diffuseness
parameter d to &0.3 fm (column 9). These results
signal the increasing dominance by absorption as
mentioned before.

Our interpretation of these results rests on the
meaning of the empirical values of Eo. For ZyZ,
~ 500 the empirical values of Eo give good fits to
scattering data and reasonable values of the real
nuclear potentials and diffuseness parameters.
Also the barriers obtained from reaction cross
sections are very close to those from fusion cross
sections. There is no difficulty in attributing to
E, the significance of the height of the real barri-
er. Alternatively, one could say that the simplest
rainbow model with little or no surface absorption

provides a consistent picture. For Z,Z, - 1000
the values of the nuclear potential V~(RO) and Vz(R, )
are quite small. The fit to 8,~4 is actually achievedby
the transmission coefficients. Our choice of the pa-
rabolic real barrier in Eq. (22) does indeed force a
rainbow angle on the calculated deflection function
but the transmission coefficients force l,~, to be
so close to $„ that rainbow and absorption effects
become indistinguishable. One could say that E,
is essentially a Coulomb potential at the mean
absorption distance. For 500 &Z,Z, & 1000 there is
no gross problem with the rainbow model but ab-
sorptive effects seem to be appearing as signaled
by decreases in the empirical values of d. It is
clear that the very small values of d in Table I
are simply an artifact of the empirically built po-
tentials. How small should the empirical values
of d become to signify totally dominant surface
absorption'P one can only answer by a more de-
tailed study of the interplay of real and imaginary
potentials as in Figs. 3 and 4 of the preceding pa-
per. ' Such studies require more experimental
data than are generally available.

A comparison with the work of Ball et a/. ' is of
particular interest. in this transition region of
500 &Z,Z, & 1000. They have made very careful
multiparameter optical model fits to elastic scat-
tering of "B "C, "0, and "Ne from '-"Pb. Their
best fits require a gradual increase in the ratio of
imaginary to real potential from "B(Z,Z, =410) to
2'Ne(Z, Z, =820). Similarly they infer real barri-
ers of 48.2 Me& at 11.4 fm for x'B and 95 5 Me
at 11.35 fm for "Ne. In Table I we give values of
48.3 MeV at 11.6 fm for "Band 91.1 MeV at 12.3
fm for "Ne. We are very close for "Bbut sig-
nificantly lower for ' Ne. We believe that this
difference is signaling the transition from weak
surface absorption for Z,Z, ~ 500 to strong sur-
face absorption for Z,Z, Z 1000.

There is an interesting divergency, of perspec-
tive for high Z,Z, between our study and that of
Christensen and Winther. ' The reaction systems
treated are often the same and as mentioned earli-
er give consistent values of L„ for Z,Z, &1000.
However, for 340 MeV 'Ar on '"Bi and '"U our
empirical values of E, give l, &, values of 193 and
191, respectively, while they give E„values of 175
and 171. Their treatment would require values of
total reaction cross sections =25% lower than ours.
This difference could be tested by careful experi-
ments.

This point now brings us back to the original
data used to fix the empirical values of E, and 8,
from reaction cross sections. A major question
is: "What were the effective boundaries between
scattering and reaction'P Also from the theoreti-
cal side, what parts of the potentialdo thesebound-
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aries reflects" Total reaction cross sections at
energies well over the barrier give the mean in-
teraction radius R, mostly obtained from the work
of Wilkins and Igo.44 Reaction cross sections as a
function of energy give the mean interaction barri-
er E„amajor source is the work of Viola and
Sikkeland. ~' The trend of R, and E, values from
these works gives us values of Ep Rp for "Ar

Bi and '"U that are consistent with the values
of 8,« from the elastic scatteringdata of Birkelund
et a/. 4' (see Table I). Christensen and Winther'
find that the real potentials V„(R„)from the data
of Birkelund et a/. ""fall conspicuously outside the
systematics" of comparisons to various ion-ion
potentials. %e conclude that the reason for this
effect is the essentially complete blackening of the
rainbow scattering by absorption. This conclusion
is consistent with the small nuclear potentials fa-
vored by these authors and in other similar
works. '~' In addition, Huizenga et a/. "find a

. continuation of this trend for 1600~ Z yZ2 & 4800
(~,s = 1.39).

It should be emphasized that the body of data
used both for reaction cross sections and elastic
scattering does not have perfect energy resolution.
In general inelastic (Coulomb and nuclear) scatter-
ing was not distinguished from elastic scattering
unless the Q value was several MeV. That is to
say that the effective boundary betmeen reaction
and scattering corresponded to Q values of several
MeV and/or mass transfer of 2 1 u. We will dis-

'

cuss this point further in the next section.
The major point here seems to us to lie in the

information content of these two separate kinds of
measurements, elastic and reaction cross sec-
tions. Both seem to be useful and independent tools
to probe the ion-ion potential. '4 In the rainbow
scattering region the elastic data probe V„(R„)
(Ref. 6) while the fusion and reaction cross sec-
tions probe V„(R,) and R,."'"""It appears that
our knowledge of the ion-ion potentials could be
increased significantly by more of these very dif-
ficult measurements. However, this approach
mould not appear to be very fruitful for high ZyZ2
in the region that seems to be ruled by strong
surface absorption. ' " Here the real nuclear po-
tential seems to be heavily masked and only a
mean absorption can be determined from either
kind of measurement.

C. Inelastic scattering, transfer reactions, and fusion

Recently Thorn et a/. have made elastic scatter-
ing measurements with very good energy resolu-
tion. 4' They show that Coulomb excitation drives
the true elastic scattering cross sections away
from the Rutherford values even for angles much

less than ey/4 In the context of relating nuclear
reaction and scattering cross sections it is clearly
better to include the coulomb exciting collisions
with the truly elastic collisions. As the perturba-
tion of the classical trajectory is generally quite
small, this should not be a serious approximation.

Soft reactive collisions due to nuclear interac-
tions are a matter of serious concern both for ex-
periment and theory. ' "" In each experimental
study there is a different criterion to separate re-
action from scattering. For elastic scattering of
high energy heavy ions there is the well known
problem of energy resolution for the beam and the
detectors. " For total reaction cross section mea-
surements there is of course, the same kind of
problem. 4'

As elastic scattering measurements have been
made more carefully and more soft reactions ex-
cluded from detection, the empirical values of the
Bla,ir quarter-point radius xp3 have increased. '"'""
For beam -and detector energy resolutions current-
ly available this time dependence continues to be
a problem. '"'"" It should be emphasized that all
the data we cite as evidence for strong surface
absorptiori are derived from experiments using
beams of 'pAr and heavier ions from the Berkeley
SuperHilac. If these data have significant errors
due to energy resolution our conclusions could, of
course, be altered.

Recent work by Videbaek et a/. ' is important
here. They have measured cross sections for
elastic scattering, soft reactive collisions, and
fission for "0+' 'Pb and "0+"'Ta. In the former
they observe very large cross sections for "0 in
the exit channels, while in the latter reaction a
much smaller contribution is observed. They feel
that this difference may be due simply to their en-
ergy resolution and the number of low-lying states
in the target. This problem is, of course, one that
is inclusive of all the data used in this context,
both for elastic scattering and reaction cross sec-
tions. It is probably true that in almost all cases
most low Q value inelastic collisions with no mass
transfer are included with the ehstic scattering.
Thus it. is clear that an implicit assumption in any
correlation of these data is that cr~ must exclude
these very soft reactive collisions.

The most extensive set of data used in Ref. 11
for obtaining interaction barriers is that for fis-
sion cross sections. " Fission cross sections are
zauch easier to measure than true total reaction
cross sections and are thus appealing; (The fact
that '"U is statically deformed seems to have a
very very small effect on empirical barrier pa-
rameters. ") The assumption is made that heavy
ions only rarely undergo reactive collisions with'

U that do not lead to fission. Clearly those re-
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actions are excluded which deposit less energy
than the fission barrier. As emphasized above es-
sentially all the reaction cross section data avail-
able to us will also classify such soft inelastic col-
lisions along with the true elastic scattering. Thus
the implicit assumption is that the effective reac-
tion cross section excludes inelastic scattering of
Q values less than the typical experimental resolu-
tion. This assumption leaves us witha fuzzybound-
ary between scattering and reaction. This seems
undesirable at first glance, but actually may be
quite useful in removing much of the nuclear in-
dividuality associated with the differences in the
low-lying level structure. Here we are searching
for the overall trend with Z,Z, and we wish to
suppress this individuality.

In the text above we have shown for 100&ZyZ2
&1000 the consistency of a simple rainbow model
for elastic scattering and reaction cross sections.
How do transfer reactions enter this picture and
what effect do they have on the m eaning of the em-
pirical values of E„R,Y If transfer reactions are
rare then the fusion barrier and the interaction
barrier will coincide. If transfer reaction proba-
bility depends only on the distance of approach and
not on l or E, then the interaction barriers will re-
flect the real potential at the mean radius for onset
of all reactions. '

The recent extensive study of Scobel et al." is
interesting. in this context. They measure fusion
cross sections and obtain values of E&nt and Rs] pe
from Eq. (1). In some cases they compare values
of R„,, from Eq. (1) with values of R,&, which they
have deduced from elastic scattering. As R„„,
is typically =15% less than R,&, they conclude that
=30'~k of the reaction cross section goes to trans-

fer reactions with closest interaction distances
greater than R„(l=0). We question this conclus-
ion; consider the following two points regarding
the details of obtaining radius parameters: (1) As
discussed above the calculation of the reaction
cross section is strongly model dependent and the
use of Eq. (11) or a strongly absorptive optical po-
tential can lead to large errors. '"'"" For Z]Z2
& 500 the apparent difference between R y/2 D] /2
from Ref. 51 and R„,, may be largely due to this
source. (2) Eq. (1) depends on the assumption tha. t
fusion occurs at a fixed distance, R„„,. The as-
sumption that it is cut off by the top of the real
barrier [Eqs. (7), (8)] can lead to a significant
change in the interpretation of empirical values of
R„„,obtained from Eq. (1) (see Ref 9). The bar-
rier height parameters seem to us to be more in-
dicative; it appears that the fusion barriers are
indistinguishable from the empirical reaction bar-
riers [E, in Eq. (5)] for Z,Z, » 500 and one may
therefore infer that the interaction radius is nearly
indistinguishable from the s-wave fusion radius.
however, for ZyZ2~ 2000 the fusion cross sections
are much less than the reaction cross sections and
one may say that the interaction barrier is much
lower than the fusion barrier. We conclude that
empirical interaction barriers E»R, reflect the
real potential near to its maximum for low ZyZ2
and near to the strong absorption radius for high

Z]Z2 ~
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