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A theory of radiative muon capture, with applications to nuclear spin and isospin doublets, is formulated
on the basis of the conservation of the hadronic electromagnetic current, the conservation of the hadronic
weak polar current, the partial conservation of the hadronic weak axial-vector current, the SU(2) X SU(2)
current algebra for the various hadronic currents, and a simplifying dynamical approximation for the hadron-
radiating part of the transition amplitude—the “linearity hypothesis.” The resultant total transition
amplitude, which also includes the muon-radiating part, is worked out explicitly and applied to treat the
processes u p —v,ny and pﬁJHe—wu;‘H'y.

RADIOACTIVITY pp—v,my and p” ‘He— v ,ny; general theory of radiative
muon capture with applications to nuclear spin and isospin doublets.

INTRODUCTION described below, together with the constraints

~ arising from CEC, CVC, and PCAC, enables us
to express vkl entirely in terms of the form fac-
tors characterizing the nonradiative muon capture
between N; and N; and the electromagnetic proper-
ties of these nuclei. Since the muon-radiating
part of the transition amplitude 77, i.e., the part

The theory of radiative muon capture by a nu-
cleus: W-=N;—~ V,Nzy,'™*! even in the simplest case
when the nucleus is a proton, is not altogether
satisfactory because of the uncertainties involved
in the determination of the hadron-radiating part - o
of the transition amplitude 77, i.e., the part con- containing the contribution from u°N,~ u"yN,
taining contributions from p~p— u~Xy— v,ny and - VyNgy, can be similarly expressed‘ e‘ntlrely in
Bop=v Y= vuny (where X=p, A*,... and Y=n, terrfxs'of the form factors characterizing the non-

radiative muon capture between N; and N; and the
charge on the muon, the whole transition amplitude
7P 4+ 7™ ig determined and applications to specific
processes, i.e., L7p-~v,ny and u~°He— v, *Hy,
can be made.

A% ...) and from p~p - (v,¥)n (Where the v, and
y emerge “together” from the weak vertex). Clear-
ly, these uncertainties become even more serious
in radiative muon capture by a complex nucleus.

In addition, a formalism is desirable which per-
mits explicit verification of the constraints im-

posed on 7™ which arise from the conservation FORMULATION
of the hadronic electromagnetic current (CEC), We define the various relevant form factors in
the conservation of the hadronic weak polar cur- the case of the nuclear spin and isospin doublets
rent (CVC), and the partial conservation of the by the expressions immediately below. Further,
hadronic weak axial-vector current (PCAC). we assume the absence of second-class currents
Our approach is based on hypothesizing a sim- which, if they exist, can easily be taken into ac-
plifying dynamical approximation for 7" —we call count on the phenomenological level on which we
this approximation the “linearity hypothesis” operate. Thus, with V,(x) and A ,(x) the hadronic
(LH). The linearity hypothesis, which is fully weak polar and axial-vector currents,
J
(N (B2, s [N (0, ) =7 (67,59 (F,,(qz)n - FM(qﬂE;—”*;"—ﬂ) u(H0,s), (1a)
?
i — . 2M ;
(NP, sM[A0) | Ny(p?,sD)) =aP(p?,s) (FA(qz)ms + Fplg)i ~;nq-¥i).u“’(1>‘”, s, (1b)
T
N F (%) .

(Ng(p?P,5D) 0,4, 0) | N, (p?P,sD)) =7 P (p?, sP) [(17;’76177["—2 2Mys u'P(pth,st), , (1c)

where

a=iuyv,, o= =M, @ =P +pM, M=3M+M)=M;=M,,
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and
My = [- (p(f),(‘))Z]l/Z

(A=M;-M, is neglected consistently below), and where F, ,, 4, p(¢®) and Fp(q®)/(1 +¢*/m*;) are, re-
spectively, the vector, weak magnetism, axial-vector, pseudoscalar, and axial-divergence weak nuclear
form factors characterizing the nonradiative muon capture u"N;~ v N, Equations (1b) and (1c) yield

Fplg®)

qz
1+¢%/m?

m,

F 4l@®) + Fplg®) =

(1d)

which is an equation that, together with PCAC, yields the generalized Goldberger-Treiman relation [see

Eqgs. (8c)-(8f) below].

Making use of standard reduction formulas for the outgoing photon, we can write the transition amplitude

7 for the radiative muon capture

“_(p(u)’s(u)) +Ni(p“’,s“’)- vp(p("’,s(”)) +N,‘(p(’),s(”) +y(k,€),

@)
p(u)+p(i):p(u)+p(f)+k :‘p(u)+p(i)+q+k =p(v)_p(i)+Q+k ,
as follows:
T:T(l)+q‘(h)’ (3)
where
T ‘?—-—; (N (0P, s N[V, (0) +A (O] N, (6P, sD))
‘ _ i (w) _ lé
% 1/(2k)/? E(u)(p(v)’s(v)))/)‘(l +y5)i%“2—f(%m—) {*u(u)(p(u),s(u)) , )
Ge _t)y () ‘ 1 e
T~ _ el 7™, sy, (1 -4~';/5.,)14(#)(1)(;1),s(u))Z W[Vﬂ(k,q, Q) +A \(k,q,Q)], (5)
Virle, 0, @)= im, [ dxe XN, (00, s T(T,(6) VO |N,(p9, 59y , (52)
Apk,q,Q) =~ impfdqxeulk"‘(Nf(P(f),Sm)l T(J,(x)A (0)) [N(p?,s)) * (5b)

with €* = (€*,7€¥) , J,(x) the hadronic electro-
magnetic current, and

T(Ju(x)K\( y))EJu (x)K )\(y) . x0> Yo
=KW (%) %< 9.
Here 7 describes the contribution to T arising
from radiation by the muon, while 7" describes
the contribution to 7" arising from radiation by
the initial and final nuclei, by the intermediate
hadrons, and by any charged particle (W*) that

transmits the weak interaction. The Lorentz gauge
is used so that

€hk,=(E*k—eky=0. (5¢)

To obtain the constraints on V,,(%,¢,Q) and
A \(k,q,Q) due to CEC, CVC, and PCAC, we
assume

I () =I9(x) +5 Yy (x), (6a)
V(%) = IP () - i 1D () (6b)
Ax(®) =I15(x) = i 13P(x) (6c)

r

where IP(x) (i=1,2,3) and Yy (x) are, respectively,
isovector (isospin) and isoscalar (hypercharge)
polar currents, while I5P(x) (i=1,2, 3) are iso-
vector axial-vector currents “conjugate” to

I9(x) (i=1,2,3) so that the SU(2) xSU(2) current
algebra (CA) is valid:

[0, 190 kgese= = €1 RSP E =), (T2)
[E200), 520) |agey, = = €10 3P - 7). (Th)

Further, in the evaluation of matrix elements of
functionals of currents between hadronic states,
Ix(x), Va(x), and A,(x) can be assumed to satisfy
the differential conservation equations

CEC: 8,d,(x)=0, (8a)

CVC: 0, Vy(x)=0, (8b)

PCAC: 3,4, (%) = aym (- 9,0, +m,2) 19 (%),
(8c)

where §™(x) is the pion-source current and a,
the pion-decay constant. As a first example of
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the use of these differential conservation equations,
we note that Eqs. (8c) and (lc) give

i Fp(g?) = My <1Vf(17(f),sm),5(")(0)lNi(pm,s(’)))
a, p\q")= 2M ﬁ'(ﬂ(p(f)’s(f))ysu({)(pji),g(ﬁ)

= Fan (@) (80)

with f oy N,(q ) the = + Ny~ N, vertex function or
form factor, combining Eq. (8d) with Eq. (1d)
yields

2
F A )= Celapld)
FA(O) =a1rf1erN;(0) (8e)

which is the generalized Goldberger-Treiman
relation and which, in the p — »n case, corres-
ponds to the validity of pion-pole dominance of
FD (qz)/(l +q2/m,2) [Since fwnp( ‘mﬂz) gfmm(o)

=f ,(+m )] Rearrangement of Eq. (8¢) yields

FP(qz) = - E{E%(/Lrn)——i
[1 St (1 _ Jen k@ oy (O) ) ]
1 F,(@)/F4(0)
o _FAd)
1 +q‘;/m,,2 (81)

with the second equality known to be approximately
valid both for the p—n case and the *He— °H
case.

We next apply Eqs. (8a)-(8c) and (7a) and (7b)
to Eqs. (5a) and (5b). This yields the following
constraints on V,,(k,q,Q) and A ,,(,q,Q):

k
CEC: b Vya(k,0,Q)

= (N, (pD,sD) VA () [N (pP,sP)),  (9a)

k
e
» Ap)\(k,an)

= (N, (pP,s) A ,(0)| Ny (p®,sD));  (9D)

—

_ ) ¥ y

Vu)\(k,q,Q) =u(f)(p(f),s(f))[o“)\ F(o%"'lcu)\ m, F(ob())"":l
- ?

o,k

+ e [ FR 4@, FR+q, FI]+ Dwly
m,? my

k

+’(6u)\F%‘g+m—L‘(k F(C)+Q)\F(;}Z)+Q)\F(c)

Féz’))

B (er PR+ Qu PR+ 0r P -2 (o, FR+ @y F G+, FD)
» . »

b4

+—H—YZ L (A FQ+Q, FQ+qy

»

+ii'<6u)\F(‘)
my

[k)‘F(a)'*-Q F('I)+Q)\F(a)]
11 X

cve: Bty g g )
f 4
= (Ng(pD, sV, N (0,55 (10)
PCAC: (ﬁmi'—*—)AM(k,q,Q)
= (N (0, sNA LN (p?,s)+D, (R, q,Q)
(11)
with
Du(k’q’ Q)

- fdflxe-ik‘x

X(NH(p?D, sV (T, (x)9, A (0)) | Ny (pP,sP))
(11a)
and [using again Eq. (8a)]
Dp(k’ q, Q)

=4 <Nf(p(f), s(f)

_ a_m(p(f)’ s(f)) [(a,lf:qﬂf;vm‘( Z ) ) ZM')’s] u({)(p(i), s(f))

=7P PP SN[ F 4(¢?) + (¢%/m »>)F p(g®)]12M .}
xu®(p?D, sy | (11b)

V1854, (0)| Ny (p?,sP))

where we have also used Egs. (1c), (8d), and

(8e). We note that Egs. (5)—(5b) and (9a)—
(11b), which are basic for our calculation of

T(h), are independent of the possible presence of
“seagull” terms [in Eqs. (5a) and (5b)] and
Schwinger terms [in Egs. (7a) and (7b)].}* We also
note that the first equality in Eq. (11b) is simply

a consequence of Eqs. (9b) and (11).

We proceed to construct the most general
Lorentz-covariant expressions for Vu)‘(k,q, Q),
A(k,q,Q), and D, (k,q,Q) from which approxi-
mate expressions for €}V, (¢, ¢, Q) and
eXA,(k,q,Q) will be obtained with the aid of the
linearity hypothesis and the CEC, CVC, and PCAC
constraint equations.

We have

I [k, FO+Q, FO+q, FY]
P

Ry
Lk, FO+Q,u F8+q, FU]

(kxF(2°1)+Q)\F(2°2)+q,‘F(°))

_‘_I_uz_(kxF(sal)JerF(a) +q)\F(d)))]u(i)(p(i),s(i)) , (12)
14
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¥

Ayplk,q,Q)= u‘f’(p<f’ m)ys[ Goo+i 0,y = 6‘5’3 o AGiY+ @G +arG3l + 7: [, G‘°’+Q WG +4,G0

g o
+_7‘;L§L[kxc(z?+QxG(zaz)+qu(z§)]+‘—;;,;}zv[k CR+Qu6R +4,6 ol
14 »

( xG(c)+mg (By G2+ @y 6 4.9 GE) + s G +Qy G2 +95 G2)
4

(4, 65+ @, G5 +0, )
b4

K k
i <a“ G9+ i (ke G +Q,G69+q,G%) +~—A—TS s (kG +Q, GY +¢, G

» »
- (22,65 +@ 68 +a, ) w249, 0 | (13)
ZO(pN s 2Mgq,y YsOupdy . 7 . 2ME,Ys = VO, P
D (k q, Q)= ("7, )(fAypy5+fpz m,‘é 5 fp 52:;"/ +fpt m:z S g 52;:;’»
. vk ;
- +z;n*%f(k”f,+Q”f2+q,,f3))u“)(pm,s(')). (14)
r
Here, each of the weak radiative nuclear form Next, we apply CVC, as described by Eqgs. (10)
factors R = F(@:®.©.@  @.0)..@ s fap fp.s and (1a) to V,,(%,¢, Q) as given by Eq. (12). This
and f;, is, in general, a function of the three yields

Lorentz invariants q%, @ *%, and q *k.

(@), , @, (a) (@) _
We now apply CEC, as described by Egs. (9a), F3q k+FpQ k+Fyq-(q+k) +mF =0, (172)

(9b) and (1a), (1b) to V,»(k,q, @) and A ;5 (k, q, Q) C (FOQ+FO)g b+ (FQ-F®)Q -k +F (- (g +F)

as given by Egs. (12) and (13). Iy

This yields - 2Mm F@=m ? (I«‘y(qz) + —F,(q2)> , (17b)
FOQ k+FQq k=mSF@, (15a)

mPFQ+FQq k+FQQ k+Fq- (g +k)
FOQk+F8q - k=m} (Fv(qz) + iFM(qr'“’)) , (15b) +iF®Q k=0, (17c)
FOq -k +FEQ -k+F&q-(q+k) +i FOQ -k

FOQ & +F9q k= m 2[i (F8+F@) - F9)], (15¢)
FOQ -k +F Qg k=im?FQ, (15d) -im2F®=3im 2F,(¢®, (17d)
F(gs)Q'k+F(d)q k=im 2F({;), (15¢€) m’zF%+F(c)q k+F(°)Q'k+F“‘)q (g+F)
FOQ 2+ FOg -k=—m FE), (15) +iFPQ k=0, (17e)
FOQ-k+F&q-k=4im2Fulq), (15¢) mSFQ+FQq -k +FRQ -k +F{q-(q+)
FOQ k+F9q-k=0; (15h) i 20m FO) - im 2P +im 2FB=0, (17f)
COQ -k +GRq b =m 2C2, (162) F@q - k+FOQ -k +F8q - (q+k)
GOQ & +G¥q k= —m 2F 4(g°) (16b) —i2Mm FE - im2FY - im 2FY=0, (17g)
GOQ k+C9q k=m, [;(G‘”+G§“})_cﬁ;'g], (16¢) miFQ+FRq k+FQ k+F&g - (g+F)
GOQ -k +Gq - k_szzc(laz) (16d) —iZMm,F(z';)-—im,zF(l';):O. (1'7n)
Howicim e e O s sees
G(c)Q k+G( g k=-m 2G5, (16£) D,(k,q,Q) as given by Egs. (13) and (14). This
GYQ £ +Gq k=0, (16¢) yi:lds o (

G a . 2 (@)
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(GR+GCWg &+ (G- CRQ k+GCq - (g+F)
=-m [ Fal@® +fal, (18b)
m 2G+GCq -k +G9Q k+GQq - (q+k) +iGQ -k
. . L 2Mwm S} =
—i2Mm (G -G =i *—m‘—za—fp »  (18¢)
m™
GRla -k +GQ k+GRq- (a+k) +iGRQ -k
- i2Mm G - im 2GH=%im fz, (18d)
m 29 +Gq b +GPQ k+GRq - (g +F)
) . 2Mm
+iGPQ -k - zZMmPG(lbgw %‘;—[F},(qz) +fpl,

™

(18e) -

m G +Glq k+GHQ -k +GHg - (g +F)
- z’ni,z(}({’l)+im,,ZG(0°g=mP2fl , (18f)
Ghq -k +GAQ k+GBq - (q+k) —im ,’GP)
—im2CR=mf,, (18g)
msz((‘,’g+G(3"l)q k+G9Q -k +G9q - (g +k) ’
—im 2GY=m 2f,, (18h)

FiQ k+fg R ==im [ F y, (180
1 1 . 1 b= 2 7 2
oM 2mprQ k*'mﬂz fra k“FA(q)"'m"z Fp(q*)

(185)

We note that the CVC constraint is consistent
with the CEC constraint since Eq. (17b) follows
from Eqgs. (17g) and (17h) and Egs. (15a)—(15e),
while Eqs. (17d) and (17e) are compatible with
Eqgs. (15a) and (15f)—(15h). It is to be noted
that such consistency can be obtained only if
A=My;—-M; is neglected. Further, the PCAC con-
straint is also consistent with the CEC constraint
since Eq. (18i) follows from Egs. (18b), (18g), and
(18h), and Eqs. (16b)—(16e) while Eq. (18j) is a
consequence of Eqs. (18d) and (18e) and Egs. (16a),
(16b), (16f), and (16h).

We now proceed to determine, at least approxi-
mately, the various weak radiative nuclear form
factors R(q®, @ *k,q k) as functions of ¢°, Q k&,
and g *k. To do this, we abstract certain general
properties of these form factors which follow from
perturbation theory and from several simple
physical assumptions, viz:

(I) The dependence of the R(¢*,Q *k,q*k) on @ -k
and q *k enters predominantly through the propa-
gators of the initial and final nuclei: [M,2 ‘
(PP kP =-[(Q - @) -k]™ and [M7 + (p?
+RP[=+[(Q+q) k]

(II) The R(¢?,Q *k,q k) are primarily determined
by the weak nonradiative nuclear form factors
Fy 4, 4,0 [Egs. (1a), (1b)] and by the electric-charge
and anomalous-magnetic-moment form factors of

the initial and final nuclei e;, ey, iy, Ly
(II) More specifically, the R(¢*,Q %, q *k) are at
most linear in the £[(Q +q) k], linear in the
Fy y,a,p» and linear in the ey, ¢4, iy, by Also
wherever [(Q — q) *k]™* appears it is multiplied by
e; or |4; and wherever [(Q +q) *k]™! appears it is
multiplied by e or iy,

Assumptions I, II, and III indicate that any
R(¢?,Qk,q k) may be expressed as

R* R™

2 . . -
R@Q kP = "ok

RO,
(19)

where R™ is linear in the Fy , 4 p((q+k),
(PP —k)2, (p)?) and linear in the e %2, (p'P)2,
(p® —8)?) and u, (%%, (p)?, (p - £)?) and where
entirely analogous expressions hold for R* and
RO, :

It is further seen that the R(¢?, @ *k,q *k) of
Eq. (19) cannot satisfy the CEC, CVC, and PCAC
constraint equations (15a)—(18j) unless one sets

Fy u,a,p0@+R7, (00 - k7, (0?)
:FV,M,A.P((q*‘k)z, (P(i)—k)z, -M§5)
=Fy uap @, -M7 -MJ)
=Fy iy, 4,p@),

e k2, (pP2, (pP — )2) =€,00, - ,Mi2! (' —EY)

=e;(0, -M?, -MP)=e,, etc.

This last restriction together with Eq. (19) sug-
gests the form of the “linearity hypothesis” (LH)
for the R(¢%,Q *k,q * k), viz:

R* (%)
(Q+q) R
R-(¢®
(Q-9q)-k

R(q?,Q k,q k)=

+ 4—R<°)(q2) , (20)
where R* (¢®) is linear in Fy y, 4,p(¢%) and in e,
Ly, R™(¢%) is linear in Fy 4, 4,p(¢%) and in ey, iy,
and R°(¢®) is linear in Fy 4 4 p(¢°) and in ey, ey,
Wi, kg, We note that expressions of the form of
Eq. (20) for the R(¢%,Q *k,q *k) can always be
made to satisfy the CEC, CVC, and PCAC con-
straint equations (15a)—(18j) identically by proper
choice of constant parameters. For example,

the CEC constraint equation (15b) is identically
satisfied by

M
FO,Q k,q k) :m,f(Fv(qz) +—7;‘-—Fu(qz)>
- 4

(e er
@-a % (Q+q)'k)’
(21a)
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from LH with the R(¢%,Q -%, ¢ *k) calculated by
perturbation theory. Recalling that in perturbation
theory contributions to R(¢%, @ *%,q * k) come not

_ only from diagrams corresponding to u~N;
) -~ WTXy—~ vV, Ngy and "Ny~ v, Y~ v N;y where the
photon is emitted “before” and “after” the neutrino

M
F(fs)(qz,Q'k,q°k)=—m,2(Fv(qz)+—-——m F,,(cf))
?

ér

€y
X((Q—q) % TRk

(21b) but also from the “box” diagram (BD) correspond-
since e;=e; - 1. ing to W"Ny~ v, Nsy where the photon and neutrino
The meaning of LH may be explored a little . are emitted “simultaneously,” we obtain, for
further by comparing the R(¢%, @ -k, q k) obtained example,
—J

. M
F(l"z’(qz,Q'k,q'k)=mfo: (F‘;fr (g +R)?, (b -R)?, — M) +;n7F§f°"’f)((q +RY2, (B0 - k), —M,Z)>

y (e(Nr‘X)(o, _M‘2~’ (p(ﬁ) _ k)2)>
-MPE+MP+(@-q) *k

—m2Y (F(}""’”((q +B?, M2, (PP +RP) + miF‘,’}“—’”((q +R)?, =M 2, (P(”+k)2))
Y » .

(Y=N g) ) 2 2
€ f(09 (p +k) ) _Mf )) ®),2 . .
X( Myz—Mf2+(Q+q)°k +[F12(q ,Q kaq k)]BD’ (223)

. M o .
Fa? Q< k,q-k)=-m ; (Ff,x"”f)((q +R)?, (P = k)2, = M;?) o FE% (g +R)2, (01 = k)2, -sz))

(100, a2, (00 -7 )
S AR (RO

-my’ ;(Fﬁ”‘”’«q HRP, =M, () 4P

s PUEDUG +RE, = M2, (00 4 )

B ( e(”i"Y)(O, (PP +k)?, -Mj)

g% Q- kg -k 22
M2 -MZ+(Q+q)- k )+[F13(q,Q 4 Bl , (22b)

where the sum over X [Y] includes contributions from the nucleus N; [N;] and from all other hadronic
systems with the same electric charge as N; [N;] and where

FNr g +07, (09 = k)%, = M2) = Fy (g + kP, (0D = R, = M),

M M(0, ~M 2, (00 = B = e0,-052, (60 - &)V [FP ) (g +RY, = M2, (57 +R))
= Fyul(q +R), = M2, (P +£)),

W0, (P + k), = M) = ¢, (0, (b +R), = MP)].

With these expressions for F{?(¢2, Q- k,q- k), F{(¢% Q- q- k), the CEC constraint equation (15b)
becomes
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(B e, (0 =7, = 372D 4 Pl 8, (04 = R, = e 0, = 8, (6P - )
4

- (FV (g +-?, - M2, (p +£)) + %FM((q +R)2, = M2, (pP +k)2)> e (0, (P +R), — M)

b B (R, (00 = B, = ME) + D P @k, (0 - kP, =)
X(X=N;) m,

. <e<”i“X)(0, M3, (0%~ k)(Q=-q) - k )
-MP?+MZ+(Q@-q) - k

- 2 (Fé”f*”((wk)ﬁ ~M2, (0D + 1) 4 FN (g + Y, —M"’,(P"’+k)2)>
?

Y(¥=N)

y ( e(l’—»Nf)(O, (p(f) +k)2, "Mfz)(Q+q)- B >
My -MP +(Q+q)+ k

PR, Q- 0+ By 2 +[FO%, @+ 1,0+ Bap LK = Fy(0%) +Fyta®)  (220)
P b4

and is not identically or manifestly satisfied if only because
[Fgg)(qzy Q * k’ q- k)]BD and [Fig)(qz, Q * k’ q- k)]BD

are not easily calculable; alternatively, Eq. (22c) can be viewed as a sum rule which permits determina-
tion of

(PR, 0 b, By i P07 Q- by 0 By L

in terms of

Fyud@?), FEP(q +R)?, (0©) = k), -M,?) and FMiD((q +k)72, M2, (b +E)).

On the other hand, comparison of Eqs. (22a) and (22b) with Eqs. (21a) and (21b) yields

: . . M2 (p() —p)?
(R e, 09 =7, =202 42 pf(a ey, (09 =, 1) (2% (gl_";)"_ RELZY

+ 2 )(F&X*”f’((qm)%(p“’ B, =M + o FF a4k, (0 - v, -117) )

X(X=N;

e=X)(0, -Mp2, (p“’—k)?)) 1w i
X( —MX2+1W,-2+(Q—(I)'k +2"lp2 {[ (q Q- k,q- k)] [ (q Q-kq- k]BD

—[Fv(q2)+ M FM(q )| (wjem), (224)

e, 0, (p P +k), -M ) )

M
my Fulla + R, =02, (p 7 +k)2’) ( Q+a) &

( Fy(a +k7, =M2, (0 +R)) +

Fla +87, -2, (00 +1)

M
o T (e Rr, M 6 ) +
¥(Y=Np) my

(=) ) Lo a2
8 (e Mr;—( ?‘Z’f(zp+(Q++k;)’- ka )) sl D% Q- kyq+ By +[F(4?, Q- k,q« R)]y )

=[Fy(q?) +-:n‘—4; Fy(g®)] (ﬁm) (22¢)
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2

which can be viewed as “approximate sum rules.
It is interesting that from the point of view of
Eqgs. (22d) and (22e€) the whole contribution of the
Ex(x¢1v,.) ey Z)Y(Y#Nf) ¢+ -, and BD terms
corresponds to a shift in the values of the varia-
bles on which F,, Fy, e;, and ¢, depend [i.e.,
(@+ky =q?, (P —kP -V =-M?, (pP+k)
~(p (f))z’ = _Mfz].

We go on to calculate explicitly all of the “rele-
vant” R(¢?, Q *k, q *k), i.e., all of the R(¢?, Q *&,
q *k) which contribute to T*; these are all of the
F(a) (d), (e), (d)(q Q k,q 'k) and Ggg),(b), (e), (d)(qz,
Q k,q *k) except for F{?(¢*,Q *k,q *k), FiP({,
Q °k,q k), F{{(q?, Q k, q k), F{?(q*, Q *k,q *k),
GV(g?, Q °k, q *k), GP(q%, Q *k, q °k), G{(d,
Q *k, q *k), and G{?(g?, Q *k, q *k) which, in view
of Egs. (12), (13), and (5¢), do not contribute to
€XV,.(k,Q,q) and ¢} A ,,(k,Q,q) and so do not con-
tribute to 7 [Eq. (5)]. We do this by working
out the perturbation-theory expressions for an
“appropriate” set of F{3» @ () @(g2 @k g +k) or
G{@ (s () (g2 @ op g k) in the approximation:

Fyuap((q+R7, (0 = k), -M?)
= Fy yap(@ +R)2, =M2, (0P +E)?)
= Fyuapld?),
Fyuap(@?) > FEAR (g +E7, (0O = k7, -M7)
(X#Ny),

Fyuap(@®)> F e (g +R7, -M7, (0 +8)°)

(Y+#N;), (23) |

FV,M(q 2) = [ngﬂ) .(b).(c).(d)(qz’ Q-k,q- k)]BD’

Fu @) > [GOXD(q2, Q kg k),
e;(0, M2, (p) - k) =e,,

ui (0, =M 2, (P(” -kyP)=u,,

e, (0, (0 +R)?, M) =e,,

1y 0, (p ) 4R, =M2) = iy .

We proceed to calculate all the relevant
F{@..@D g2 6. g-k). We first note that any
F‘“) (0) (e), (")(q ,Q *k,q k) calculated by perturba-
tlon theory in the approximation of Eq. (23) is of
the form required by the LH of Eq. (20) [see, e.g.,
Egs. (24a) and (24b) below ] and we define an ap-
propriate set of relevant F{2 (2 (D2 o .k 4. k)
as a set of relevant F{@(:.(D(,2 5.k 4.k)
whose specification via perturbation theory in
the approximation of Eq. (23) is sufficient to
determine all the other relevant F{® ) (). (9)(g2,

Q *k,q *k) by means of the CEC and CVC constraint
equations (15a)—(15h) and (17a)—(17h) and the as-
sumption that these other relevant F{3» (% () (@)(g2,

F®=-

Q *k,q *k) are also of the form required by the LH
of Eq. (20). Thus choosing F{8(q?, Q *k,q *k),
F{P(q% Q *k,q *k), and F{¢(q¢%,Q °k,q °k) as the
members of an appropriate set and performing
the perturbation theory calculation in the approxi-
mation of Eq. (23), we obtain

’ [F;r(;f:) ( 2%\},. * 2%,)
+ (Fv(qz) + —”Af—P FM(qz)>

><< e+, er+ iy >i|’ (24a)

Q-9)-k ~ (Q+4)-F

(a) 2 FM(qz)( By Ky )
Fiy =m 3 +
W om, \2M; T 2M;

+(Ptan)+ 2 puta)

X[ <(Qe S RRCET Y k)
( R RR EiF k)‘]% . (24b)
F&=0 (24c)

whence, determining the other relevant F{®(%).(<).(9)
by means of Eqgs. (15a)-(15h), (17a)=(17h), and (20)
(see Appendix A), we obtain

Fig =m,(Fyia?)+ 2 F,,(qZ)) (W - 2—%) :

(25a)
F asgiven by Eq. (24a), (25b)
FE‘{’ as given by Eq. (24b), (25¢)
m
F®=—3m,Fyq? (2M‘ + —Lz%) (25d)
F@=0, (25e)
M
Fg) =mp2 (Fv(qz) + e FM(!IZ))
»
x ( e; _ ef >
Q-9)- (Q+q):k)’
[as in Eq. (21a)] (25f)
M
Fig) = "mpz<Fv(qz)+ e FM(qz))
4
e; e
X i £
((Q—ll)'k * (Q+q)-k> ’
[as in Eq. (21Db)] (25g)
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M
Féi) =m,3<FV(q2)+ P FM(qz))
»

X( 1 Hi 1 Hg
@-a)k 2M; " @+q)-F 2M,>’

(25h)
M
F@<om, (Fle?+ 2L Fula®)
m,
(oo 5~ @ 715
Q-9 -k 2M;  (Q+q)-k 2M; )’
’ (251)
F{ as given by Eq. (24¢), (25)

M
F;g) :Wl‘,3 (Fy(qz) +7P FM(q2)>

i By o1 [T720 W
(oo B Q@ a)F 3a-) (@25)

M
Fég) =—mp3(Fv(q2)+_" FM(q2)>
my

1 T 1 " )
x((Q—q)k ZM‘ +(Q+q).k 2Mf ’ (251)
. F,(g? ) M .
e =im | T (errep+(Fula? + 2 Fula?)
M [
><<2M, ¥ z‘“‘“m,)] ; (25m)
()= _; F (qz)< €y , e
Fa "‘sz3|: 2MW1p Q-q)-k T(Q+q)-k>

+(Frla?)s Fula®)

1B
+(Q+q)-k 2M,>]’ (25n)

) _l,. . 2 2 e e
ng)_zzm,,FM(q)((Q__‘q).k— (Q+‘;)’k)’
(250)
Fi9=0, (25p)

(c) _; FM(q2)< €, e
Fga —zm,,s[ 2m, Q-q)-F - (Q,,_qf)k)

+(rutatr+ 2L Pt

o1 w1 u,)]
@-q)F 2M, ~ @=a)F 204, )]

(25q)
c . e; e
ng)=_%Zm“2F‘"(q2)'<(Q—;1)-k + (Q+(;)-k)’
(25r)
Fig=0, (25s)
, Fylg,) < I " >
(a) _ _ 2 VAV S ] i f
Foo ==imy [ 2m, \2M, ~ 2M;

+ (Fv(qz) + mﬁp FM(q2)>

et iy ert s
X((Q—q)-k * (Q+q>-kﬂ’ (25¢)

. 1 Uy
F® = 4im2rue®) (Goa T B
1
- M 25u
@ra) 2M,>’ (25u)
. 1
Fézd)=—%lmp3FM(qz)(m Z—MIV{I_i

1 Mg
NI zM,>’ (25v)

F@=0, (25w)

_ 1
F®=_ %lm;FM(qz)<m 2&

1 U
R i A 2
TQra)k 2M;>’ (25%)
. 1 n
Fip - tim R (g By
1 L )
- L) 25
Q-9 F 2M, (25y)
F@ =0, (252)

Substitution of these values of the F{2)+(#):(<) () jntq
Eq. (12) for V,,(k, ¢, Q) and calculation of the
quantity (1/m,)e} V,,(k,q,Q) which enters linearly
into T'*) [Eq. (5)] yields the remarkably simple
expression:

: / A
LVt 0, @ =70, S (Fta?y, - Rt DAL HHEG R (ot )

2m, MZ+ (p —p)?

Fylq?)

—_ i #)
+f.‘*<e,— 2%} Zk) Mf l(ﬁ +Ié) \ (Fy(qz)’)’)‘ —FM(CIZ) M}

M2+ (p +&)? ¢ 2m

. eﬁc”]u“’(p“’,s“)). (26)

2m,



We emphasize that had we chosen another appro-
priate set of “relevant” F{3» (1 (@(g2 @k, g k),
say, {F, 9, 9, FY} or {9, FYY, FP, F{P} or

+ (all of which exclude F(“) from membership),
to be calculated by perturbat;on theory in the ap-
proximation of Eq. (23) and then, as previously,
determined the other relevant F{}»(®»()@ py
means of Eqs. (15a)-(15h), (17a)-(17h), and (20),
we would have obtained again the expressions in
Eqgs. (25a)—(25z). In fact, any set of relevant
F @@ (ot containing F (2 as a member)
which is sufficient to determine all the other rele-
vant F{P01e0(@ may serve equally well as the

“appropriate” set. Thus our results for the
F{1011@ iy Fgs, (252)-(252) are independent
of which particular appropriate set of F{2():(<).(®)
is chosen initially. . We also emphasize that the
F{@: @) () (g2 @ +k, g +k) in Egs. (25a)-(252)
with but one exception agree with what one would
calculate by perturbation theory in the approxi-
mation of Eq. (23). The exception, F{& in Eq.
(25a), must therefore contain a non-negligible net
contribution from

FEGN0, FREY (X+N;, Y#N)),
and (Fy,‘”)gp which is automatically included
through our use of the CEC constraint equation
(15a); this net contribution can be obtained by
comparing Eq. (25a) with the result of perturbation
theory in the approximation of Eq. (23) and is
just -3 F,(¢?). Finally we note that perturbation-
theory calculations in the approximation of Eq.
(23) for F®, F&, F$, and F % together with
the F {3 ) (¢} @ of Egs. (25a)-(252) are incon-
sistent with the CVC constraint equations (17a)—
(17Th)—however, this is of no consequence since,
as noted above, F&’ F® F© and F4 do not
contribute to ‘I‘”"

In a completely analogous way, we can, starting
with an “appropriate” set of “relevant” G{3 % () @
(9%, Q* k,q+ k), determine all the other relevant
G{@r @heh @ (42 Q. k geF); the members of such
an appropriate set are taken to be

a |
68 ==m, Fa) g+ 35) (21)
®) _ . 2 2y [ it ki €rt+ Ky 8
Goo' =m,"F 4(4 )<(Q—q)-k @7 k) (28)
2M [ p B
@ _ 2 2 i _ _Hs
GIS - mP FP(q ) mﬁz <2Mi 2Mf>" (29)
G =0, (30)
2M e‘+p,. e +“
(a) _ 3 2 i i i f
Gy’ =-m, Fp(Q)mz ((Q—q)-k - (Q+q)-k>’
(31)

_G(b) = —WI,ZFA(ZI ) (
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where the expressions on the right-hand sides

of the equations are calculated from perturbation
theory in the approximation of Eq. (23). Then,
determining the other relevant G{% ®» (% @ py
means of Eqs. (16a)-(16h), (18a)-(18j), and (20)
(see Appendix A), we obtain

G as given by Eq. (217), (32a)
G as given by Eq. (28), (32b)
(a) _ 2 2y Es+ M
G,{' =2m, FA(q ) @%&;Lk-
2M [ u [
+ m,2F ,(q%) < i S ) (32¢)
PP w2 \2M; T 2my )

G{$=0, (32d)
G{® as given by Eq. (29), (32e)

e, e
@=a % ~ (Q+t;)'k>’ (320)
Qo @ k) (32¢)

<ei+/‘Li _ ef+“f>
@Q-a)k = @Q+q)k)’

G® =m,2F (¢?) (

2M
G{p =mp3FP(q2) po

(32h)
G as given by Eq. (30), (321i)
G as given by Eq. (31), (325)
®) _ SF . (¢?) 1 Mg
G,y =-m,°F 4(q —'—W % _2Mi
1 b
M
+ (Q+q5'k 2Mf> 9 (32k)
1 p
G =m,F \(q) (——W S
1 K
- L) 321
Q+q)F 2M,>’ (321)
2M
G =—im, [FA(qa) <§’fM—‘-— - ﬁ/;f-) ~Fple®) = J ,
. 1 g T
(32m)

1
Ge=im,’ h(qz) ((Q 7 7]
1 s
“Q+a)rk 2M; >

_Fp(q) ((Q e;) E (@ f;)-kﬂ ’

(32n)
6@ -0, ' (320)
c 3 .
G( )—ZWIP Fp(q ) <(Q q) r (Q+;)-k) )

(32p)
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@
o =-im [P0 (=g 2, 08 =im Fold) 1o (= q) F o
1 My + —5—— —‘-Li—) (32z)
M CE 2Mf) @Q+q)k 2M;
In addition, we obtain
P o (b : |
Q-a)k fa= (FA(q2)+ %h(ﬁ) (Mg = )y (32a’)
ef .
+ (Q+q)'k>] ’ fp=-m,,2<FA(q2)+ VZ 5 Fp(q?)>
(32q) e e
i £ ’
G =0, . (321) X ((Q—q)'k + (Q+q)-k)’ (820')
.
019 =~imy o) e (@b + t@dr) fum bt (P + 1 Fola)
(325) ( €; _ ef ) ’
e;+ | e+ Iy “\@=9F ~ @+arE)’ (82¢7)
G¥=imy?F ,(q 2)( {54 A ) (32t)
" ’ @-arF " @+a)F f2=—imP2<FA(‘12)+ W,iszp(qz))
4 1 My !
G;d)_zmp Fplg? ) <(Q q) B 2M; % ( Uy _ By ) (32d")
i @Q-9rk  (Q+qrk)
- —~i—> R (32u) 2
(@ +q; k 2M, f3=im,2(FA(q2)+ WZ ; Fp(q2)>
G -0, (32v) d
Mg Ky ,
0L ==im, Fola?) 1 (’é“l‘qﬁ‘ 207, * ((Q—q)~k * (Q+q)-k>’ (82¢")
- 7 ,
_ n fE-_-4Mm,,<FA(q2)+ — Fplg ))
@ ) "
‘ 2M 1 X( DT @ >
G;’P:—-i mqup(qz) mrz ((Q -q)k ZIJ’TIi ' © —qj. g (Q+q). k
v2m, F (@) (gt + =), (32¢')
* (Q—IW ﬁ‘) (32x) o 2M; ).
+a 7 ; Equation (13) together with Eqgs. (32a)-(32z) yields
G¥=0, (32y) the remarkably simple expression:

- €A\ q,Q)=-aP (P, )
m,

A A
x [ (FA(flz)”f’st’rF »(g°)i ZM(ZZ;,kX)Ys) i z(p[{" k%é)z (e*" zLJt/;i i%)’{*
+€* <ef - 27‘; z%) 11\4‘/[{:1;1({;::;?2) <FA( )7’).')’5 +Fp(q )i 2—1"/1—(—%‘7;1‘:;—)——>

-1y, €k 0, P(Q)

1|'

This expression, together with that for (1/m )
X ¥V, .(k,q,Q) [Eq. (26)], completely determines
the T» of Eq. (5).

We emphasize that all the relevant

2M ]u(i)(p(i),s(i)) N

(33)

G{g» @ @ jy Egs. (32a)-(322) except G, G,
cg’, G, G, G2, and G’ agree with what
one would calculate by perturbation theory in the

approximation of Eq. (23). We note that the dif-
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ference between the values of G@, G, G{2,
G, Gi®, and G{ obtained by perturbation theory
in the approximation of Eq. (23) and the values of
Gl(.g)y G, Géf)’ G5f, G{P, and G(d) in Egs. (32¢),
(32h), (32n), (32q), (32u), and (32x) correspond
to a switch in sign of all the Fp(g®) terms. We fur-
ther note that the value of G’ in Eq. (32m) dif-
fers from the value of G’ obtained by perturba-
tion theory in the approximation of Eq. (23) by the
term (i2Mm /m ?)F {q®).

We also emphasize that, as in the case of the
F@h®h(eh @ oyur results for the relevant
G{gh ®h 1@ [Eqg, (32a)-(322)] are independent
of which particular set of G{#" ®» (@ jg chosen
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for gauge invariance (GI) by replacing € Xy k,
in the 7 of Egs. (3)-(5); this gives zero, as re-
quired by GI, if

%[Vu).(ki q, Q)*‘Aux(k’ q, Q)]
4 .

=(Nf(p(f)’ s(f)) |[V)L(0) +A;_(0)] INi(j)(”’ s(i)»

(34)
a result which is guaranteed by Egs. (9a) and
(9b). Further, we can perform the GI test on
the explicit 7° of Eqs. (3)-(5) and Eqs. (1a), (1b),
/(26), and (33). Replacement of €} by %, in this 7
again gives zero.

initially as appropriate [i.e., chosen initially to 13“?&; we note that the 7 of Egs. (3)-(5), (1a),
be calculated by perturbation theory in the approx- (1b), (26), and (33) can be written as
imation of Eq. (23)]. It is, however, clear that T=T® W
an appropriate set must exclude every one of the A B ch
Gég’,v Gl(f)y Géf), Géf)’ G;f)’ Géf): and Géld)) from = ¢ <_+ -+ 0) (35)
membership. (2%,) ko " my, T m)?
As an overall check, we can test our results where
J
_ p(u).i* p(i),€* p(f) €%
A=k0 (p(u)_k -€; P(” % +efW 7 (363.)
with
G —
T'= 7_2___ (v)(p(v), s(v)) 7’)«(1 +75)u(u)(p(u), s(u))u(f)(p(f), s(f))
2M. "
x (Fv(‘lz)h 4(a?) .J._'I_ +F (gD 775 +Fplg?)i qﬁ’s) a®(ptis )
0= (0 =p ) =(p™ —p® —k)x, , (36D)
B=— «/(';5 m, @AY (p®, sy, (1 +75) kf - W (pW s FH(p) s¥)
2M
x (Fv(qz)'yx Fi(q® _Mﬁ +F (@) 735 +FP(q2)z qﬁ’b>um(p(i) s
. _g__ m, 7 (p®, s(u)).h(l L) U (pW, sWYFH(p®), s
los , 2Maq,y
<[ (Fola - Fule) Gol ey Fola) 20)
m,, My
i g Mg p(i)'€* ; ¥+ )
(= it 1+ gy e e ) g
B ooy MKy p(f £k )
+< 20, ig* + M, Pk 1‘%+(ef+“f) Dk
2Maq,y
X (i = Fula®) Jo 1 a?h +Fpla?) i 200
T
P gx p(f).g* Oy, o« 2MEyy
+<e 1y~ )(Fu(qz.) Efn—;L+Fp(q )i ~‘;;,?5—
Oru€ 2y 2MEFYS N\ iyt o
—< (@) Z—;n-f— +Fp(g?)e s uP(p®,s?) (372)

and
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G m? = ) )
= — w) ) 1 (W) (4 (1) S(u)) ) ptf S(f )
€= o BT, s )Ly Ju(p (),
0, Ry 2ME,y [ p; pPeex | Ke*
x\:<FM(q2) 2mp +Fp( 2) : 5) <" 21”: Z¢*+ 2M, 1)(“' 5 2%4-(6'- +IJ'i) _—Zp(i)'k

. . . 2MPR,y ; ; ;
By py pUeex ¥ 2y ann 2 X 5>] W (pth) g
* (' 2M; i+ 2M, POk i+ (es+ 1) 7% F (g% 2, +Fp(g?)i )] (p?,

(37b)

and where lim, _, T'=T . .4, the transition amplitude for the nonradiative muon capture u'N;~v,N,. Equa-

tions (35)-(37b) show that A, B, and C are (1) determined completely in terms of the nonradiative weak nu-
clear form factors F, , , pand the electromagnetic form factors e;,e;, u;, i, (2) depend on %, only through
the &, dependence of g,, and (3) become independent of &, for k&, <m,; these.results are consistent with
Low’s theorem."® Further, with 7" specified by Eq. (35), the photon energy spectrum

dT (WN; = v,NyY)
dr,

becomes, taking
P =pgir=0
and with
9;5(»)/ '50') lzﬁ(u)/E(v)’

AC(WNi =~V NgY) _ o s @Y [ d?p® R 2O e u on 1
e [ s [y [ Sam 0 =@ -pen 3 5 T

spins

( +++=sum over final and initial spin orientations>
spins

= (97)" v 0y (ED+k B2 1
= (2m) Sfdﬂ"’fdﬂ‘ )de( '(E ¢ ’)2k026< +E¢ ’+k0—m“>— ) EdE

2Mf 4 spins
2
- Al 2 1
=(2m) F’fdﬂ(”fan"”(m = ko)’k, l:l +——— Re(A*B)+ [|B|?+2Re(A*C)]
spzin:s 2k k02 muko muz ’ ‘ (
(B*C)+ [c[ J (38)
Thus, since in general
p(u).i* p"’-e* (f),€* 2
klolﬁ% IA|2— I nonradl hm[ (p(u.).k -e; Pk te; Z;)(f),k #0
the IAIZ term in Eq. (38) gives rise to an infrared Thus, in the case wp—v nv, e,=¢,=0, so that
divergence in the total radiative muon capture rate A=0 and there is no infrared divergence. On the
n _— other hand, in the case u"°He ~v, *Hy, e,=esy =1,
T(WN;~v,N7) g/ “<dr(“Nc‘ik V“NfY)>dk sothat |A |~ (m,/M,)|7'|#0. Thus the term ~|A [
0 0 will here yield an (eventually made finite) infrared-
Such an infrared divergence is clearly another divergence contribution “(mu/M f)2 ! T’ [2; however,
manifestation of Low’s theorem?'® and can be treat- this contribution is so small that it need not be
ed quantitatively in the standard manner.** A gen- considered and, in fact, only the terms ~]B|2
eral estimate of the importance of this infrared 2Re B*C, and [C[ need be taken into account in
divergence is easily .obtained if one remembers the various applications.

that e, =e +1, €g‘=€*-/2 [Eq. (5)], and p) =g

=0. Equation (36a) then becomes
Ex[fx (x u)](E“"/EV’)

f 1- QRD/EDYF

o, &rellx (x 0)][(my = ko) /My]
P 1+{lm, = k)D+Rk]/M,} R

APPLICATIONS
With the aid of the transition amplitude 7= 7"’
+7" obtained in the previous section [Egs. (3)=(5),
(1a)-(2), (26), (33)] we proceed to evaluate the
various observable quantities associated with
L'N; -y, N,y taking into account the possible total-

A=—¢

7. (39) "
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spin configurations, i.e., S=1, §,=1,0,-1 and various observable quantities in powers of m /M
§=0, S,=0 of the (u'N;) state. Our results are ob- is rapldly convergent. Thus, using the gauge
tained using the fact that the numerical values of €= &*.£=0and remembermg thate;=e;+1 and
the nonradiative form factors |F,|, |F,|, p““ =p'¥’=0, we can express the " and 7™ of
|Fy(m,/2m,)|, and |F,| are all of the same order Egs. (4), (1a), (1b), (5), (26), and (33) to zeroth
so that the expansion of the expressions for the order in m “/M as
, ‘
() @) U, 1 1 (e 22\ 13
* v ~ — oD
T (E 3Sg »Sy ;S,S ) f_'(—_‘)ﬁ— 2w <7J \/—E)S;V),Sz(f)( o )

>

(f)
X< ( 2)___e_F (q )i (*(N)x O(L)). E __F (q )"(N) p492]
Ll

2
m, ® u

) =) iy A ,
~ M g (@)E. B . P_>(1_ FER)EE Tt ¢ (402)

- Ge 1 1/ o®
7“’”(€*,s§">,s,‘f’;s,sg)g )

t
= _— —— 1-0E .5
7z @Y7 T, «/E)sg”,sgf)( )

x [—’ﬂ& P @)2[i(F x §E1) &% _ iGN xE%) ]
Zmp

mu? 2 2k, » G EFL+ L) o) — s, B -+ =), *>:] )yt
+m1r2 Fp(q)2<1 . TX1+3 D k) - § muo <€) (( )s.s, s

(40b)

-where v,2 and v®?,v are two-component Pauli spinors for N;,N; and Vv, k7,6 and 62 are two-
by-two Pauli matrices to be sandwiched between v ¥ ) and p @t ), respectwely, and pY¥ =~ (@) +Kk)
==[(m, - ky)D+k,E]. We note that inclusion of terms ~F vim /M), [Fu(m“/Zmp lom /M), F,(m, /M), and

P(m /M ) in Eqgs. (40a) and (40b) affects the (eventually calculated) T(u'N,~ v, N,¥) by only a few percent—
a detalled (and tedious) estimate, in the case of a uniform distribution of the (M°N,) over their possible
total-spin configurations, yields a modification of <3% for I'(u’p - v, ny) and <2% for I'(u"°He ~ v, *Hy)."®

We proceed to calculate

10z 9

t* sv) (f)IT(”(E* S(U) s(f) S S )+T(h)(€*,séu),8g);s,sz) )2'
18z 1,85 .

This quantity is of the form -

(v <u>) (A+BO(L>.*(N>+3(L) GCFND+FEE+ 5. F)w iy o
-A+B[23(3+1)_3]+6-ﬁ[S(S+1)_sg_1]+6-2ﬁ-2[-5(s+1)+35?,]+(E-2+TT~£)S,, (41)

where A, B, C, D, E, and ¥ depend on the Fy. u,a, p(d%) and on ky, D, and k. We thus have

IT(I)(‘E’*,S;V)’S(Z)‘);S’S )+ TW(E* s¥) 548, S )]
ix,s 0, .

(3; (2k1)1/z - ){W +W,[25(S+1) = 3]+ W,[S(S+1) =S - 1]

A A -~

+[W(B2P2+ Wy(D+2) (R +2)+ We(R-2)2][=S(S +1) +3S2]+[W, D2 + W,k zIs,}, (42a)
W,=WO+WH (DR + WS (D-£)?, i=1,2,3, ..,8, ' (42b)

where the W{™ are structure functions which are homogeneous and quadratic in the Fy, 4 4, p(@?) and which
also depend on %,. All the W{™ can be decomposed according to
Wg")=W(‘"); (ll)+W(iﬂ);(lh)+W'§n)§(hh) ' ' (420)

with the W{m3 0D W miGm - and w{mi b originating, respectively, from
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ayeg W) o). 2
+x V) (f)lT (6*’8; ’szf)’s’sz)l ’
€Ty85 TiSy

k(T @) o(F). gk o ).
., 2 (f)ZReT *E*, s 8, sU8,8, )T W€, s s:8.8),
e¥xr sV, sz
and
IT(h)(E* s“” s(f) ;S S)Iz-
Tros W), 5 )

For purposes of illustration, we append here certain of our results regarding the W™ D) W{mitm = gnq
Wi yig

2 2\2 2
WD = [y (g F +3[E A @F + 2P e 2 + (P g 225 ) [1-2. 22 wa(fa )]

15 m“
p<1_27ﬂ—>+2[ (@) 5

] [1 3 :;u 3(2—1)2], (42d)

W:go)i @)= WG(O);(E), W;l);“?:Wéo)'(l)+Wé1)'(t), WéZ):(E)=W5(1)v(£)’

+4F ,(q¢*)F 4(¢*

W;O); (6)=W‘§1);(E)=W§2);(E)=0’
Wéz);(€)= Wéz);“)=W.§2); (E)=0: ‘f:ll,lh,hh.

and refer the reader to Egqs. (B1)-(B58) in Appendix B where all of the W{"3 U Wwimi b - gapnd Wi gre
given explicitly. We also evaluate the average of

(42e)

n(e . (hy(& .
Tk W) (f)lT( (i*,sé"),s:f),s,sz)+7' )(€*’s£“’s;’)rs’sz)l2
e¥,s¥ s
z z

with respect to the distribution of the (1'N;) over their possible total-spin configurations, i.e., evaluate
the quantity

T?=
(7 [ gé,(e*,s;w,sg)

~ where P(S,S,) is the probability of finding (1°N,;) at the instant of muon capture in the total-spin configura-
tion specified by S,S,, i.e

[T0(E*,s¥),59;8,8 )+ TP E*,s©,59;5,S) | )p(s S,), (42f)

P(1,£1)=5(1+P, +Py +P wPy)s
P(1,0)=P(0,0)=3(1-P PN ): noS=1+-S=0 conversion in a time =7(u” - decay), (42¢g)
P(1,+1)=P(1,0)=0,P(0,0)=1: complete S=1 -~ S=0 conversion in a time ~T(u” = decay)

P,z and PNii being the u~and N, polarizations at the instant of arrival of the u~ in the lowest Bohr orbit
around the N,. Substitution of Egs. (42a)-(42c) into Eq. (42f) yields

o = (F ARG 1)12 1 ) LW +W,[P(1,1)+ P(1,0) + P(1, -1) = 3P(0, 0)] + W { P(1, 0) - P(0, 0)]
+H{W,w-2)2+ W (v 2) (k- 2) + W (k- 2)3[P(1,1) + P(1, =1) —= 2P(1, 0)]
H[ Wy 2+ Wk 2] P(1, 1) - P(1, -1)]},
W, = ZZ: Wi(") (;' k)n - i (Wi(n);(ll)+Wi(n);(lh)+Wi(n):(hh))(f/. 'k)n . (42h)
n=0 n=0

Equation (42h), together with Eqs. (B1)—(B58) for the W™\ & wm:Gn = gy i) apnd the specification of
appropriate P(S,S,) [Eq. (42g)], constitutes the basis of our further calculations.

To perform the calculations we first note that the W {"(¢?, ky/m,), which depend on ¢* through the
Fy y.4,p@?, themselves have a dependence on - % since

=9 —pD)z= ¥ —p® _ k)2= —m 2 + 2(EV+ k)m,, — 2EP ko(1 =D k)

2,2 = 2(m, — ko)ko(1 - D+ k) (43a)
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so that

Fy 0 Fy s, 50m,F = 20m, = ko)) +[2(0m, = ks ) (Lot (43b)

aq >q2=m“2-2(m,,;—ko)ko
In view of the relatively slow variation of Fy , (¢%) with ¢* (in both the p—n case and the He—>H case)
the ratio of the second to the first term on the right side of Eq. (43b) is quite small so that the second
term can be safely neglected. As regards Fp(g?®), one has from Eq. (8f) (which holds in both the p ~—n
case and the *He~—>H case)

1 3Fp(q2)> _W,f/m )2(1 - ko/mu)(ko/mu)i(ﬁ- R
FP(qz) aqz Gz—m 2 2(m -k )k

. +m2/m )1 =201 = ky/m Yko/m )

with the expresswn on the right 51de of Eq. (43c) varying between 0 and 0.2 |- kl <0.2 as ko/m, varies
between 0 and 3 or between 1 and s [in fact, suitable averages of (¥* k) are numerically <1 (see below)
so that 0.2 |p- kI is effectively «0. 2] Such a variation of Fp(g9%) does not affect the values of the

W g2, ky/m u) sufficiently to modify the (|7|? of Eq. (42h) in a significant way so that the second term on
the right side of Eq. (43b) can be neglected even in the case of Fp(g?). Further, a similar replacement
of Fy . a,plm,’ —20m, —koky| by Fy y 4,pGm,?), where3m? is the average of m,*—2(m, — ko)k, over

the “phase-space” photon energy spectrum: 12(k,/m,)(1 - k,/m,)* [see Eq. (46a) below]|, can again be
justified on the ‘pasis of the relatively slow variation of Fy , .(¢%) with ¢® and of the expression for

m,2/m 2N{E - 2l (1 ~ko/m Y o/m J} (43d)
L+s(m2/m )
which varies between 0.17 and 0.04 as k,/m, varies between 0 and  or between 1 and 3. Thus the
W{"(@?, ky/m,) in Eq. (42h) for {| 7|2 can be replaced by W §m 2, k,/m ), and become, as can be
seen from Eq. (B1)-(B58), simple quadratic functions of ko/m =x with O0sx = 1.
With these W(") (5m 2 x)= W"') (x) we can immediately proceed to calculate the various observable quan-
tities associated w1th KNy = v Nyy. First of all, the neutrino-photon angular correlation

Arl?

[Z(Mp — ko) keo(D+ ﬁ)] < (43c)

IR

Fp@?)
2,2 - 20m, — ok < L
o= 20m, = kb g7y 52 o?a/5m 2

C(p- k)= " " (44a)
aa'y aa¥
f 47 47 71
is given by Egs. (42h) and (42e) and corresponds to the forward-backward asymmetry
_e(-k=1)—e(®-k=~1) N“ ( _
R TRy = PN Ry s (44b)

Np 3= W) + WOR) P(1, 1)+ P(1,0)+ P(1, ~1) =3 P(0,0)]
+WPEN[P(1, 0) - P(0, 0)] + (k- 2)1 P(1, 1)+ P1, -1) - 2P(1, 0)]}
+[WOK) + WD) k- 2[ P(1, 1) - P(1, -1)] ,

D; & =[WOx) + WP(x)] +[WPx) + W) P(1, 1) + P(1,0) + P(1, -1) - 3P(0, 0)]
+H[WO) + W) {(P(1, 0) = P(0, 0) + (k- 2){ P(1,1) + P(1, 1) - 2P(1, 0)]}
+HWPx) + W) + WP(x)] k- 2[ P(1, 1) - P(1, -1)],

where 7+ k=21 corresponds to p%- k=~1, (m,—2k,)/|m, —2k,|. Further, the angular correlation between
the photon momentum and the polarization of the 4~ or/and the N;

dﬂ(u)
S G
C(k-2)=
dQ(}') (u)
[E= [Eam

(44c)

corresponds to the forward-backward asymmetry
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_ _e(k-2=1)-e(kr2==1) Nz
Gir= G 2=Dr ek 2=—1) “Des (44d)
with
N; 5= GWPE) + W) + sW )P (1, 1) P(1,-1)],
D; 5 =[WO) + 5WPx)] +[WPk) + sWP(x)][ P(1,1) + P(1,0) + P(1, 1) = 3P(0,0)]
+[WP) +sW)][ P(1,1) + P(1, =1) — P(1,0) — P(0,0)] ,
where we have used
—<| |3 = ( 75 @ 1)1 ) (W) + W) +[WOx) + sWP(x)][ P(1, 1) + P(1, 0) + P(1, -1) - 3P(0, 0)]
+[WOk) + sWP){ [P(1, 0) - P(0,0)]+ (k- 2)1P(1,1) + P(1, -1) - 2P(1,0)]}
+[sWPx) + WO(x) + sWP(x)| k- 2[ P(1, 1) - P(1, -1)]) (44e)
as obtained from Eqgs. (42h) and (42e). Finally, we have from Eqs. (44e)
dQ(v) dQ(") (713 = <‘/_ o 1)1 - > ([W(")(x)+ 3W(z) )] {[W(")(x)+ W(ZZ)(x)]+’é{W(3°)(x)+%W(32)(x)]}
(441)

X[P(ly 1)+P(1: 0)+P(17 _1) - 3P(0’ 0)])
a quantity which determines the photon energy spectrum (see below). As examples of the relations in
Eqgs. (44a), (44d), and (44f), we consider the values of &y,;, &3, and

dQ(‘y) dQ(”)
R f (@

for three set of values of the P(S,S,) which occur in practice:

Case (a): NoS=1-S5=0 conversion: P(S,S,) as in Eq. (42g)

G52 =1])V—;‘$;: (45a)
with
N3 3 =WP0) +[ W) + W) (k- 2P Py, +[ W) + W x)] 25 (P +Py,)
D; ;=[WOx) + W) +{[WPx) + WE)] + [ WD) + WPx)] (R + 2)%} P, Py,
W) + W) + WP(x) - 25 (Py+ Py, )
G&s = WOG) Wiﬁfﬁi HER 3$:g)>]]zfpjvv_:‘”€c)i WP, Py, (450)
a0 dﬂ( 2 4o
(;1;7 i T < [WOx) + sWR(x)] +{[WP) + sWP(x)] + + W) + sWP(x)]} P, Py, (45c)
(5 W%>
Case (b): Complete S=1-~S=0 conversion: P(S,S,) as in Eq. (42g)
W) - 3WP(x) - W“’(x) (459)
T IVO) + WRK)] - WD) + WR(x)] - [WDx) + WP (x)] *
@Rz.5=0, (45€)
dszW) dQ‘ )
W) + sWPE)]} - (-3). (451)

— [W(O)(x) IW(Z)(x) +{[W(°) (x) + §W(2) x)]

(%—Z—m—iyﬁi)
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Case (c): Kp—v,ny from the total-spin 3 ortho-(pu~p) molecule: P(1,+1)=P(1,0)=%, P(0, 0)=3%

Wt (x) - 2W (%) - 3 Wi (x)

Gk O+ WO - 2 O+ WO -2 WO+ W]’ - (%)

@i,z =0, (45h)
(6% )

JEL [ (1

o1 T WP WP H W) + W]+ WP + WG]} - (-2). (45i)
<Tf (2ky) "2 %)

We are now ready to specify dI'(L”N; - v, N;y)/dk,, the photon energy spectrum, and I'(4™N; ~ uuN,y), the
radiative muon capture rate. We have, using Eq. (44f),

as @) dQ(V)
f 47 f 47

(E_e;_l_ L \*
ﬁﬁmum)

= 1—%{— To(12x(1 = x)PH(WP () + 5 W, 22) + {[W (%) + 3 W2 ()] + 5 [W 2 (x) + 3 W 2 (x)]}

(1%

dT(u N, —-v NE’V)E%I‘O(—,{O—)z(l_ﬁ.)z

dx m,

X [P(1,1)+ P(1,0)+ P(1,-1) - 3P(0, 0)]},

_szu5< m, ( M, >3
To= 272 1_2mu+M,>c" e‘amu+M,. ’

C;=1.00:N,=p '

=0.96 :N,=°He (see Ref. 17) ‘ (46a) v
so that

- Ydr(uN;~v N
PN = v, N2 [ Nz v N g,
0

1
= -ﬁqn- 1"0]; 1201 = 2P ((W,Ox) + 5 W 2 @) ]+ {[ WL (0)+ 3 W L (%)] + WOw) + % W;”(x)]}

‘ x[P(1,1)+ P(1,0)+P(1, ~1) — 3P(0, 0) ) dx. (46b)
T
It is also convenient to introduce the branching ra- G,=F,(q.2) (1.,_ _m_&_> <F 4.2 .ﬂ) m,
- q
tio for radiative muon capture v 2M, e 2my ) 2M; °
T(WN;~v,Ngy) = 2 2y 2y ™M
= M2 Tl T fE G,=-F -F — —
R I‘(u'N, - VuNf) N (460) A A(an) V(an ) 2Mi FM(an ) zmp )
2
. . . . _ m m
where the nonradiative muon capture rate is given Gp=F p(q,,2)—t5 +[F ,(q,,%) - F(q,,2)] =
pye17 m, 2M,
m
-Fylg,”) 5=
T(W'N;~v,Ny) o=l 2m,
2= (p @) _ 52 —(p W p N2
=(p¥_ =(pW_
=T (6,2 436 - 26,6 o4 G ) T 2P0 e 2P0 e,
. ' =(-m 2+2E"'m )
+ (—2GA2+ ZGVGA - %GVGP-F %'GAGP) “ . g zoun;zﬁdc'apture
2z .
>y 2 My 2.
x[P(1,1)+P(1,0)+ P(1,-1) — 3P(0, 0)]} "u zmuzM, 0.88m,": wp~v,n
(46d) =0.96m ,”: pHe -~ v °H.

ith
wi (46e)
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Equations (45a)-(46e) demonstrate explicitly the [see also Eq. (8f)]. From these values
“hyperfine effect” in the observable quantities Fy 4 4Gm 7) can be obtained by linear interpolation
' and
al‘/’, R @ P2
- 3 2y o FA(%WL %)
dT(uW'N;~v,Ny) Fp(zm ?)=— ——4———"— (1+0.02) = -0.927
P i . 1+5m,°/m,

so that the F, , , o(3m ) entering into the
W #)(3m 2, x) = W (x) are all numerically deter-
and mined and the W"“ Yx) are immediately calculable

S from Eqgs. (B1)-(B58). In this way we obtain
D(uN,~ v, N,) gs. (B1)-(B58) y

F(I»L-Ni" VuNf.Y):

©(,) = 2
arising from the dependence on the P(S, S,) of the W '(x) = 8.46 — 10.55x + 6.94x%, (47a)

(|7 |?) [Eq. (42h)] and of the corresponding W (x) = ~5.49 + 7.70x+ 1.44x%, (47b)
(IT yoneaa, 1?) (Ret. 16).

@,y - 2
We proceed to give numerical values for W, (x)=0.78 - 1.90x + 1132, (47c)
G - W (x)=0.38 — 1.08x — 1.1942, (47d)
v, R
N w2 (x)=-0.31 - 0.89x + 2.38x2 (47e)
Q@ %5 2 ’
. W2 (x)=-0.78+1.97x — 1.19x2, 47f)
dU'(W'N;=v, Nyy) 2(0)( ) , (

dx ’ W, (x)=4.83 — 3.48x - 0.57x?, (47g)
T(uW'N;~v,Npy), W (x)=-6.26+12.09x — 4.50x%, (4'7h)
T(u'N;~v, Ny, W& (x)=3.54 - 8.61x+5.07x7, (471)

and R for the various cases of experimental interest. WO (x)=—6.49+9.97x - 3.14x%, (47j)
@D: pp~v,ny W (x)=2.71 - 5.86x + 3.14x%, (47k)
Here, using Ref. 16, we have W9 (x) = 13.59 - 15.55x + 3.99x2, (471)
F,(0.88m %) =F,(0) X 0.977=0.971, W (x)= ~5.64+10.93x — 3.76x%, (47m)
F,,(0.88m ,2) = F,(0) X 0.971 = 3.598, W2 (x) = 0 — 0.68x + 0.68x (47n)
F,(0.88m u2)=FA(O) x0.978=1.213, and treat the individual cases of particular sets of
. values for the P(S, S,) separately.
F p(0.88m %) = - M% (1+0.02) Case I(a): No S=1-S=0 conversion:P(S,S,)
1+0.88m % /m, as in Eq. (428). Using Eqs. (45a)(45¢), (46a)—
"=-0.822 (46e), and Egs. (47a)-(47Tn), we have
J

N’“ ~ .

GG,§= —5‘1‘% ’ (48a)

5,k S

with

N; 3= (-5.49+17.70x + 1.44x%) + [(-0.31 — 0.89x + 2.38x%) + (~6.26 + 12.09x — 4.50x%)(k + 2)?|P P p,
+(~12.13+20.90x — 6.90x)k - £ 5 (P, + Pp),

D; 5 = (9.24 - 12.45x + 8.06x%)+[(-0.40+ 0.89x — 2.38x%) + (8.37 — 12.09x + 4.50x%) (k - 2)?|P P,
+(16.30-22,00x + 7.81x%)% -2 § (P, + P,),

@3 ,:= Nis (48b)

. s’

N gy

o

with
N;p=(14.49-17.73x+5.26x%) 3 (P, + Pp),
D; 5=(8.72 - 11.18x +7.31x%) + (6.13 - 6.77x + 0.47x°) P, Py,

ar(up ~v,ny)

ax
ry(12x(1 - x)?)

5 =(8.72 - 11.18x+ 7.31x%) + (2.12 - 2.54x - 1.21x*)P P, (48¢)

127
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C(up-—~vny _ 48d
(a/ T2, =5.71+0.86P ,Pp, (48d)
5-(&1’%’!‘—) =5.99_5.58P P, (48e)
a 5.71+0.86P P 1+0.15P P
=2 20T e O P I 48t
R= 137 590-538p.p, - -85X10° 15535 B, (481)

I
Case I(a) occurs when the y~ beam stops in low T(up~v ny) -

——-7-——*‘—=5.71 0.86+(-2)=3.99, 48
density gaseous hydrogen.'® We note that the val- (a/127)T, * (-2)=3 (48p)
ues of I'(up—~v,n) and R are very sensitive to the :
value of P P, the value P Pp=1 corresponding to C(pup—=v,n)

» —_ B =-599_.5.58.(-2)=1"7.1 4
P(0,0)=0 [and P(1,1)=1, P(1,0)= P(1,~1)=0] and T, 5.99-5.58-(-2)=17.15, (48q)
so to muon capture from the triplet (S=1, S,=1) o 3.99
total-spin configuration of (u"p). Unfortunately, R= o7 -1—7-—1—5 =4,50 %1075, (48r)

however, attainment in practice of anything but
very small values of P P, appears to be extremely
difficult. .

Case I(b): Complete S=1- S=0 conversion: P(S;S,)
as in Eq. (42g). Using Eqs. (45d)-(451f), (46a)-
(46€) and Eqgs. (47a)-(47n), we have

1.70 - 1.72x — 1.20x?

@5,4= 5,07 -3.07x+ 10,7047’ (48¢)
@;3=0, (48h)
dr(up—-v ny)
_ dx =(8.72 - 11.18x + 7.31x?)
— — 2 .
57 To12¢(1- %))
#(2.12 - 2.54x = 1.21x?) - (-3)
=2.36— 3.56x+10.94x%,  (48i)
T(uw'p—~v ny) i
——— T . «(-=3)=3.1 s 48
(a/TamT, 5.71+0.86 - (-=3)=3.13 (48j)
F(ﬂ P - Vgn) =5.99_-5.58 - (_3):22.73 ) (48k)
0
a 3.13 -5
= m—— =————— = 4
R= 75— 55s =2.67x107. (481)

Case I(b) occurs when the y~ beam stops in med-
ium density gaseous hydrogen.'®
Case I(c): u™p— v ny from the total-spin 4 ortho-
(prp) molecule: P(1,+1)=P(1,0)= 1, P(0,0)=4.
‘Using Eqgs. (45g)-(45i), (46a)-(46e), and Eqs.
(47a)-(47n), we have

-0.70+1.42x - 0.32x%

Q54" 746 -6.17x+ 9.82° (48m)
@; =0, (48n)
ar(pp—=v,ny)
. dx = (8.72 — 11.18x % 7.31x7)
o r(12x(1 = x)?)

+(2.12 - 2.54x - 1.21x%) - (-2)
=4,48 - 6.10x+9.73x%, (480)

Case I(c) occurs when the u~ beam stops in high-
density gaseous hydrogen or in liquid hydrogen.“
(n): up° *He=v, *Hy
Here, using Ref. 17, we have
F(0.96m,%) = F,(0)X0.82=0.82,
F,(0.96m,2%) = F,(0) X0.87= -4.73,
F,(0.96m, %) =F,(0)x0.87=-1.06,

F,(0.96m,?)

Fp(0.96m,%) =~ 1+0.96m,%/m_*
. w r

=0.68

[see also Eq. (8f)]. Note that F, in the *He< °H
case is negative while F, in the p «~n case is pos-
itive. From these values, FV.M'A(% m,%) can be
obtained by linear interpolation and

F,(3m,?

Trym,2m® =089

so that the Fy, , , p(5m,?) entering into the
W{m(@E m, 2, x)= Wi{P(x) are all numerically deter-
mined and the W“"’(x) are immediately calculable
from Egs. (B1)-(B58). In this way, we obtain

Fp(% muz) 2 -

Wi (x)=8.73 = 10.31x + 6.3642 (49a)
Wit (x) = -5.61 + 8.28x + 0.02¢ (49Db)
W(x)=0.57 - 1.75x + 1.18x2, (49¢)
Wi (x)=1.23 —1.19x - 0.94x7, (49d)
W (x)=0.63 —0.32¢+1.89x2 (49e)

W (x)= -0.57+1.52v —0.94x2, (49f1)
W (x)= —1.87+0.37x -0.08x2, (49g)
W(x)= —8.80+12.44x — 4.71x2, (49h)
Wi (x)=8.02 - 12.81x +4.79x2 (49i)
Wi (x)= -9.07+11.17x — 3.45x2 (495)
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In 4"*He=~v, °Hy, S=0~S =1 conversion and
(*Heu” *He) molecule formation do not take place

(0) — 2
W (x)=17.92 - 11.69x + 4.30%2%, (491) so that the only situation of practical interest is
Case Il(a): NoS=0—- S=1|conversion: P(S,S,) as
1) = _ - 2 z
Wa' ()= ~4.87+11.11x - 4.087%, (49m) in Eq. (42g). Using Eqs. (452)—(45¢), (46a)—(46e),
W (x)=0-0.63x +0.63x2. (49n) and Eqs. (49a)—(49n), we have

N,. -
G5 = D53 (490)
with
Nj g = (=5.61+8.28x +0.02¢) + [(0.63 - 0.32x + 1.89x%) + (~8.80 + 12.44x - 4.71x?)(k* 2)*] P, Psy,
+(=13.94 +22.28x ~7.53x%)k* 25 (P, + Psy,),
D; 5 =(9.30 - 12.06x + 7.54x%) + [ (0.66+ 0.33x — 1.88x%) +(6.15 — 12.44x + 4.71x°)(k* 2)?] P, Pay,
+(15.38 — 23.23x + 8.47x%)k * 3 (P, + Pay,) ,
- Nis
C‘Ek,z = DE,Q ’ (49p)
with
N;3=(10.41 -15.54x + 5.756%)3( P, + Psy,) |,
D; 2= (8.92 ~10.89x + 6.75x%) + (1.84 — 4.58x — 0.27x%)P, Py, |
dI'(p” He -~ v, *Hy) '
3 e =(8.92 -10.89x 4+ 6.75x%) +(1.31 = 1.98x — 0.74x%)P, Psy, , (49q)
— _x)2
197 r0(12x(1 x)?)
T(p"*He~v, *Hy) _
(G/T2nT, =5.91+0.37P, P, (49r)
-3 - 3 @
T Hero v’ _ 4 61_0.49P, Poy, , (49s)
Ro @ 5.91403P, Py, o0 oy 1+0.06P, Pay, * (st)

" 121 4.61-0.49P,Psy,

Here, though P, is expected to be small (experi-
mentally, P, ~0.06 in “He and should be approx-
imately the same in *He) one could, hopefully,
develop techniques for polarizing the *He nuclei
(in liquid *He) and so attain Psy, =1. In this
situation, determination of G; ; [by observation in
coincidence of the recoil H andthey atpsy, k= -1,
(my, = 2kg)/ |m, —2k,|] and of G; ; would be of
particular interest.

We conclude this discussion of applications by
appending several comments:

(1) We emphasize that all our expression for
¢

“-a ~a
Voky ? ko2 9

dT(B" N, =~ v,N;7)
ax

’

and

1-0.11P,Psy, -

r
(W N; ~v,N,y)

receive comparable contributions from T ‘* and
7™ This is most easily seen by examination of

the explicit expressions for W {Mi 1) (x),

W5 () - and WM (x) in Eqgs. (42d), (42e),
and Appendix B. Thus, for example, the quantity

W (x) +5 W (x)=8.72 ~ 11.18x + 7.31x2

_ dT(p"p~v,ny)/dx
T (/12m T (12%(1 - x)?)

in case I(a) with P,P,=0 [see Egs. (46a) and (48c)]
is composed additively of contributions [W{2%¢!)(y)
+ % Wf”; (¢ )] , [ Wfo);(lh)(x) + _é. W{z);(zh) (x)] ,

[W {05 () 4 5 W 2% (x)] (see Eq. (42e)) which
are, respectively, 5.48 — 2.68x +0.68x2, 2.49
—~6.42¢ +1.49x%, and 0.75 — 2.08x +5.15x2 [see Eqs.
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(B1)-(B3) and (B7)—(B9)]. Along the same line, G;p, Gz,
neglect of terms containing FM(5 m,%) and AT(L" N ~

Fp(3 m,? corresponds to dropping T"", ie., (W N, ~ v, Nyv)
setting W"'"‘”"(x) 0 and W {™% ‘™)(x) =0 [see Eqgs.
(40b) and (42c)], and in addition retaining only and -
these terms in W {"**)(x) which depend solely R
on F,(§ m2?) and F,( m,?. Inview of the re- T(W"N; =~ v, N,7)
mark just made, this neglect would result in very —as an example of a particularly large modifica-
considerable modification of the predictions for tion:

dr(u”p=~v,ny)
= _

a
— I(12¢(1 - x)2
137 Td12¢(1 -%)%) .

=([WO @) +3 WP @] +{[ WO + 3 WP ()] + 3 [ WOW) + 3 WD) ]}H(=3))

=(8.72-11.18x +7.31x%) + (2.12 - 2.54x - 1.21x?)(-3)
=2.36 — 3.56x + 10,94«
[see Eqgs. (46a) and (48h)] would become _
([Wi“’"(”)(x)+§ W{”“”’(x)] +{[W<20);ln)( )+ W‘z)"”’(x)] +3 [W‘O)'"”(x)-l- W(z),(zz) }( 3) )FM'FP o
=({[FyG m,» ]+ 3[F G m2) Pt + +{[2FyE m, D F (3 m,?)] + 2[F (3 m,»)]?X-3))
=[Fy3m,? - F,(3 m,%]?=0.058

[see Egs. (B1), (B7), (B10), (B16), (319) and (B25)].
(2) We note that the average value of v- £ is, using Eqgs. (42h) and (42e¢)

)
) dizﬂ dQ * - i 7]y
(D k), =
av dg(y) dQ(v)
— [ S AT
IWP)+35 (W () +5 W‘”(x ) [ P(1,1)+P(1,0) +P(1, -1)-3P(0,0)]
AR W‘2‘<x)] {[w"’(x)+3 WP (x)]+3 [W‘B)(x)+3 W& (x)]}[P(1,1)+ P(1,0)+ P(1, -1)=3P(0,0)] ~ (50a)

(v )av is always small, a fact which helps justify the approximation W {"(¢?,x) = W ("¢ m,2,x)= W{" (x)
[se e Egs. (43a)-(43d) et seq.]. Thus, for example, in case I(b) where [P(1,1)+P(1,0)+P(1,-1) -3P(0,0)]
= -3 [Eq. (42g)], we have from Eqs. (50a) and Eqgs. (47a)—(47n)

. n 1 1.70 -1.72x —1.20x2 N
*Ray= 3 5363560 1100427 ~ 000 ¥=2
-0.04: x=1, (50b)

(3) Though the approximation of

Fplg?) =1+ m, <1_f'N1Nf(q2)/fm.-Nf(0)>
-F,(®/(1+q*/m,?) q* F ,(g®)/F ,0)

by 1 in both the 1™ p and u”~ He cases [Eq. (8f)] appears reasonably well established on the basis of the
analysis of 4" p~v, n and u~ *He= v, *H,'*'7 it is nevertheless worth pointing out that the values of
G;:, @iz, dT(W"N; ~v,N,y)/dx, and T'(4L”N,; ~ v, N,7) are all rather sensitive to the value assumed for

vok?
Fp(qz) _ m,z ffNiNf(qz)/frrNiNf(O) _
TFAD Qs qm s L “q‘r(l T Fu(q?)/F4(0) )“

the sensitivity beinggreatestfor G; ; and G; ;. It is therefore mterestmg to calculate the values of G; ;,
@z, dL(L"N;~v N,?)/dx and I‘(p. N;=v,N,7), e.g., for £=3% and &= 2, and compare these values with
the values calculated for £=1 and already given in Egs. (490)—(49r). Consuiermg, for example, case
II(a) with P, =0, P, =1, we have, using Eqs. (45a)—(45c), (46a), (46b), and Eqs. (B1)—(B58)
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~

.. =0.51-2.09k"2
Wk T536+2.665-2

>

-0.08 —1.22k" 2

Gpi= i t=1, x=% [Eq. (490)],

ik 4.61+1.83%- 2

-

2.78+0.61%° 2
%i= So0,1a85. 3¢ 7% %=

@;;=0.43: t=3, x=73,

wn

’

G;;=0.28: ¢=1, x=% [Eq. (49p)],

G;;=0.06: £=2, x=%,

dr'(p” *He~- v, *Hy)
dx

S =5.42: £=73,
—_— - 2
o7 T'(12x(1 —x)?)
dT(p"*He~v, *Hy)

- dx =4.66: £=1,
—_— : - 2
o Do 12x(1)-x7)
dI(p” *He~v, *Hy)

dx =5.80: £=2,

o 2
2 T(12x(1 -x)?)

(W™ *He~ v, *Hy)/T,=12.8 X 10™:

T(p"*He=v, *Hy)/Ty=11.4 X 10"

(k" *He~ v, *Hy)/Ty=12.4 X 10"

(4) The photon emitted in 4" N;~ v, N,y possesses a net circular polarization

R
1]
W

R
it
wlno

o

x=73 [Eq. (49q)],

o[-

£=3z,

£=1 [Eq. (49r)], *

£E=2.

ane anw dﬁ(’f) anw
- P =) - - )
y . = 7) W) =4i-= aa® o™
R iy e (R PIU R PIEN T ST
agm aagw) 2
) = (o
=1-2 aa™ aa®r .
f 4T g ( |T| )

where

<IT|2)tE Z ( Z |‘I‘(Z)(é.:(’s;,I)’s:f};s’S‘).’.‘I’(h)(zz‘,s‘(")’s:‘f);S’S‘)|2>P(S,S’)
SeS .

W) (N
e sz 'szf

(51a)

(51b)

(51c)

(51d)
(51e)

(51£)

(51g)

(51h)

(511)

(51j)

(51k)

(511)

(52a)

(52b)

with €¥ and €* right and left circular polarization vectors, respectively (€, =(1/V2)(€, +i¢,), k=¢€, with

A

€

(5| 72..

»€;,&; mutually orthogonal). Equation (52b) for {| |2,

Evaluating the sums on the right side of Eq. (52b), we get

is to be compared with Eq. (42f) for (| 7|3 =
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(7|7, = (GF; W ml—u)z U130+ UulP(1,1)+ P(1,0)+ P(1, -1) - 3P(0,0)]+ U, [P(1,0) - P(0,0)]

+ U (D 2P+ U, (D 2)E2)+ U, (R *2)2)[P(1,1)+ P(1, -1) - 2P(1,0)]
+[U 0 2+U, R 2]P(1,1) - P(1, -1)]}, (52¢)

2 ~ 2 . . . ~
U“*=Z Ugt:l(,’; By = Z (U§’;‘i'””+ Uﬁ’;‘l"”"+U§';'l,'"'"’)(r7 R),
n=0

n=0
I,Vgn):(t) = Ug?l;“)+U§';':;(“: £=11,lh,hh ,

where the U{") are structure functions which are homogeneous and quadratic in the Fy, y,4,7(¢%) and which
also depend on k,—Eq. (52c) for (|T'|?, is to be compared with Eq. (42h) for (|T|». We note that
TWE* s 5955, )=0 [this follows from Eq. (40a) since (1 -&) «3)FE) +€*=0]; thus only
TWE*, s, s;8,8,) contributes to (| T'|?). [i.e., UM =U{Ri"] 50 that (| T|?). depends only on F ,(¢?) and
Fp(q? [see Eq. (40b)] and P .. =1 only if the terms involving F,(g?) and F(q®) are neglected.

If we now approximate the structure functions U{P %) (g% ko/m,) by USRI (Em,2, ky/m,) [using the argu-
ments of Eqs. (43a)—(43d) et seq.], calculate the Ui Gm, 2, k,/m,) from the Fy , , p(3m,?) listed above,
insert the values obtained into Eq. (52¢) to get (| 7|?_, and integrate over all ¥ and %, we have

fdﬂ(v) dQ(V)(‘TI’-’) _(_G_e 1 __1_2
4 4 - \/?(Zko)ﬂzmu)

x %[%(FP(%muz)-%ﬂL:)g(‘l —18x+ 32x2)+§<Fp(%m“2)%>(FM(% m,?) —27—"7—;—)(1 - 4x)

m, \? m, 2\? 16 m,?
+ 3<FM(%m“2)§;ny—p) ]+I:‘9L<Fp(%mu2)7n‘:—2> (-4+30x — 56x2)—§-<Fp(%m“2)7n"’—2>

X (FM(%mf)—g;n’i;)(l —dx) - Z(El(%muz) %)2]

4
x[P(1,1)+P(1.0)+P(1,—1)-3P(0,0)]f (52d)
which, together with Eqs. (44f) and (47a)-(47i) for [ dQ‘"/4n [aQ®™ /4n(|T|?), yields upon substitution in
Egq. (52a)
case I(a)

4o (0.22-0.59+3.17x%) - (0.02 - 0.20x + 1.852)P, P, _ . )
Pore. =1 =2 (g 73 ~11.18v + 7.30%)+ (2.12 - 2.54x - 1.3L7)p, P, - 040 forx=s and P,Pp=0, (52e)

case I(b)
(0.28 — 1.19x + 8.72x?) ,
Pere.= 1= 20538 3 5605 10,047 ~0-39 forx=3%, (521)
case I(c)
0.26 — 0.99x + 6.87x2)
Potre, =12 :4.48 600+ 9737~ 012 for 2=, (52¢)
case Il(a)
P (0.19+0.04x + 2.52%) — (0.06+ 0.18x + 1.47x*)P, Py,

otre. =1 =2 (8.92 - 10.89x + 6.75x2) + (1.31 — 1.98x — 0.74x2)P Psy,

=0.43 forx=2% and P,P3,;,=0. (52n)

As can be seen directly from Eqs. (52d) and (52a) the value of P, .. is also sensitive to the value assum-

ed for

.

- A(émﬁﬁ e £ /) R0 (0))].72:(3/5)»:“,2

Unfortunately, the experimental determination of P .. appears to be extremely difficult.
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SUMMARY

In conclusion, we summarize our results by em-
phasizing that we have derived an explicit expres-
sion for the transition amplitude of radiative muon
capture by a nucleus in terms of the charge on the
muon and the form factors characterizing the cor-
responding nonradiative muon capture [Egs. (40a)
and (40b)]. Moreover, this transition amplitude,
albeit rather approximate, satisfies exactly the
constraint equation of CEC, CVC, and PCAC and
can be used to give a detailed numerical predic-
tion of the various observable quantities associa-
ted with w’p -v,ny and u"°He - v, *Hy[Eqgs. (482)-
(48r), (490)-(49t), (51a)-(51k), (52e)—(52h)].

APPENDIX A

In this appendix, we begin with a description of
the procedure for the determination of all the rel-
evant F{3(22¢)(@ py means of the CEC and CVC
constraints of Eqs. (15a)—(15h) and (17a)-(17h)
and the LH of Eq. (20), starting from an approp-
riate set of F{3(®»(e»{@ The appropriate set
used is that given in the text [see Eqs. (24a)-
(24¢)]:

F (qz)(u-. Ky )
) _ _ 2 M i
Foo'==m, [ am, \2M, 2M, )

o Bt 2t

Crt+ Us )}, (A1)

( et by
Q=-q)'k (Q+q)°k
@ FM<q2)(_#_i _HL)

okt "”Pz[ 2m, \2M;" 2M,

2 2 “
—2(F (q )+ Fulq ))(—i—aﬁ], (A2)
F@®=0, (A3)

We first note that Eq. (15b) together with Eq. ' (20)
yields a unique solution for F$% and F’ [ see
Egs. (21a) and (21b)]:

M
Fib=m,? (Fy(qz)"’ m, FM(KIZ))

€y e
x((Q—q)'k_(Qw)‘k)’ (44)

M
Fp = - 2+ o Fula?)

e, e
><((Q—q)'k+ (Q+qf)'k)' (49)

Analogously, Eqgs. (15g) and (15h), together with
Eq. (20), determine F{2’, F{, F{, and F:

22 32 23 7

F33 =3im,°F (q®) <(Q - D@ +ec;) "k ) 9

c 3 4 :
FQ = _gzm:FM(qz)((Q —9) & @ +§) k) e
F=0, o
Fein0. (A9)

Further, Eq. (15a) and Eq. (20) show that F{®’ de-
pends only on g®. Similarly, Eq. (15¢) and Eq. (20)
show that F®’ depends only on g2 so that Eq. (17b)
becomes

(F(a)+F(b)+F(a))q b+ (Fig) —Ff,?,’)Q Iy
M
= —q*F &+ 2Mm F ) + m,,z(F y(g*)+-—F M(q2)>
»
= function of ¢% only. (A10)
Equations (A1) and (A2) yield

M
F@ 4+ F® = —m,? <Fv(‘12)+JFM(q2>
»
et by e+l )
" All
<(Q Dk Q+q)k (A1D

so that, combining Egs. (A10) and (A11) with Eq.
(20), we obtain

F®=0, ' (A12)

M
Fg’ —Fé’{,’: m‘.,2 <F,,(q2)+—m—FM(q2)>
»

Git My ept My
><<(Q—q)-k (Q+q)°k>’ (a13)

_qu(a)+ WmPF(u)
M
= mf(FV(qZH %FM(qZ))( Ky = ky) (A14)

which, in turn, yield [using also Eq. (A1)]

Pt fs),

r=m (Fota ) (g5t~ )

(A16)

With F{2’, F{2 and F{¢’ given by Eqs. (A16), (A15),
and (A12), Eqgs. (15a), (15d), (15e), and Eq. (20)
give

M 1
Fég) =m,’ (Fv(qz)"' m—FM(q2)>( _/a
4

(Q —q)*k 2M,

1 __Fi)
@+q) % 2M, )’
(A1T)
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M 1 My
F®=_mp <Fv(q2)+;,TpF ulg 2)> (@"—W 21,
PR S S
@+q)k 2M;
(A18)
1 :
F(zdz) = —%im»aFM(q2)<m —ziLML"
1 K
I .o’
A FE 2Mf>, (A19)
(d)_— —L‘_ —E—L
F§ zzm,3F (g* )((Q -q)k2M,
1 M
P S v i
Q+q)°% 2Mf>’ a0
P90, (A21)
F=0, -

while Eq. (17g), with F®’, F® F®  and F@

12 »

given by Eqgs. (A17), (A4), (A1), and (A21), yields

F(d)Q k+F(d) = —ZlmpsFM(q2)< l‘Li + u't )
2M,

(A23)

Equation (A23) and Eq. (20) imply

) 1
F@ - -ézm,SFM(qz)<m)—-k‘ 2t

1K
+(Q+q)'k 2Mf>’ (A24)

1 M
(d)_ 3 e sl 2
F@ =3im,°F ,(q? )<(Q —a) % 2,

1 M
—_ _ Tf

@+q) R 2mf>' (425)
We note that Eq. (A19) and Eq. (A24) agree, which
provides a consistency check. With F{’ F®) and
F{® given by Egs. (A25), (A1), and (A11) we ob-
tain, using Eq. (15¢) and Eq. (20),

1
F == im ) G o
1 b
+—— L
NI ) (426)

. Fylg®)( ki M
(d) — M
F(,g)--sz[ 2m, \2M,; ~ 2Mf)

(Fra 2 )

((6‘; +q‘)llk (Si;ffk)] (A27)

Further, with F{’, F®’, F{9, and F{2’ specified

by Egs. (A6), (A17), (A8), and (A16), Eq. (17d)
leads to

rie-om, [ ot )

+ (Fv(qz) + m, FM<q2))

1 oowm 1w
x((Q—q) koM, Q+q) k sz)]
(A28)

which is seen to satisfy Eq. (20). Equation (A28),
together with Egs. (15f) and (20), then determines
F{ and F:

(c._ 2)/ €i ey
Fap=im [Zm (e - )

+(Fra+ o F,,,(q“‘))’

1w 1
X((Q—q)°k 2M,; ~ (Q+1) -k 2Mf)]’
(A29)

.| Fylg®
Fég>=zmp[—§;§1q—) (e;+e;)
»

o 2 rae) )]
(A30)

Finally, with F{®, and F{®’ given by Eqs. (A3) and
(A16), Eq. (17a) and Eq. (20) yield

M
Fz(.lz)=mp3 (Fv(q2)+ ;Vl— Fu(qz))
4

x(._L__ _ﬁi.._*_—l s
@=-q) k& 2M, (@+q)-Fk 2Mf)’
(A31)

M
Fig=-m} (Fv(qz) + = F,,,(qz))
b

S 1 &
X((Q—q) ‘& 2M,” Q+q)k 2M,)
(A32)

which completes the determination of all the rele-
vant F{@»®»©» @ jn Eqs. (25a)-(252).

We note that the CVC constraint equations (17¢)
and (17h) provide consistency checks of the above
results. Further, the CVC constraint equations
(17c) and (17f) which relate F®’, F{?, F{®, and
F{® to F{, F{, and F{& need not be used since,
as noted in the text [before Eq. (23)], F&), F{®,
F{©, and F{?’ do not contribute to 7.

We proceed next to determine all the relevant
G{®»®)» 1@ by means of the CEC and PCAC con-
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straints of Egqs. (16a)-(16h) and (18a)~(18j) and
the LH of Eq. (20), starting from an appropriate
set of G{g»®» ()@ The appropriate set used is
that given in the text [see Egs. (27)—(31)]:

G = —m FA(qz)(ZM + 21;“/; ) (A33)
(b) = o\(_€it M _ert Uy )
Goo’=m, Falg )((Q—q)'k @+ 7)) 43
oM [ i
P =—m 2F 1(q®) — (21‘;1 -2—1% : (A35)
Gl=0, (A36)
_ 2M [ et i ey + by )
(a)__ 3 - .
Gag’==m, Fola) o) <(Q Q) kT @)k
(A37)

We first note that Egs. (16b), (16g), (16h), and
(18j) together with Eq. (20) lead to

2 2 e °
Gi%):..mp FA(Q )((Q_q‘).k - (Q+qf).k)7
(A38)
(3) =4, 2 2 -
G =m/]F,(q )<(Q )k T @Q+q) 'k)’ (439)
G%'=0, (440
c§'=0, A
. \ 2M ei es
G( d=im Fp(q) m'z((Q_q).k _(Q+q)-k)7
(A42)

. 2M '
G =-im *Fy(q®) W((Q —qu) = © +eqf) - k)’

(A43) ‘
((Q eq) °k (Q+q ‘k)’ (A44)
fg=4Mm, ( %)+ Fo(¢® )

e ef
X - A45
((Q—q)°k (Q+q)'k) (A45)
and, with G§&’, G, G2, G, and f, given by
Egs. (A33), (A38), (A40), (A42), and (A45), we
obtain, from Eqgs. (18d) and (20),

Cc) = 2 1 l"‘ 1 _&
Gi¢ )_zm [ F,lq )((Q q) k& 2M, T(@+q) -k ZMf)

- 2 Zﬂ €i er
Fela )m,f((Q-q) kT (Q@+q) -k)]’
(A46)

c)=34 3 ZM (] ef
Gas'=im'F pla®) s ((Q %~ @+q) k)
(A47)

while Eq. (A46), together with Eqs. (16f) and (20),
yields

1
650 ==im [Fae (=g s 2o,
1 __“i.)
Q+q) * % 2M,

- Fo(g® ZM((Q eq;) “k (Q+eqf) -k)]’

(A48)

e s af B M\ o _ZI_W_]
GOO zm, [FA(CI )(ZM‘ 2Mf) Fp(q ) m 2|

(A49)

We note that Eq. (18e) provides a consistency check
for the above results.

Using G&’ and G{? as given by Egs. (A34) and
(A35), together with the fact that, by Egs. (16d)
and (20), G!2’ depends only on ¢?, we have from
Eqgs. (18b) and (20)

Gig’=0, (A50)
6l =2m 2F e (-Q—q_;tk
fa= (F ala 73; Fp(qz))(ui - k) (A52)

whence, from Egs. (18i) and (20)
- q°
fo==im)? (FA(qz) L FP(qz))

-q)k  (@Q+q) -k

rumim 2 (Fu@)+ L e

><< P +— ) (A54)

Q-q) 'k @+q):k

Also, with G’ and G2’ as given by Eqs. (A35)
and (A50), we get, using Eqgs. (16d), (16e), and
(20),

G@W=0, (A55)
cW@=0, (A56)

: 1 Hi
(d) = _. iF 2 S S i 2
G23 Zmp p(q ) m,,2 ((Q“q) ok ZM‘
1 s
“W@+q) F 2M ) » (A5T)
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2M
(d) =4 4 2
GSS Zmp Fp(q )mﬂz l
1 _Hi 1 L
o o e oL A58
((Q Q) koM, Qg k 2Mf>’ (458)

while, with Ggg), G, G, G, andf, given by
Egs. (A34), (A38), (A55), (A57), and (A53), we ob-
tain G{#’, in a form consistent with Eq. (20),

from Eq. (18g):

. 2M
Gé‘f)=1m’4Fp(q2) m 2

1 1 &
<(Q q) "k 2M,” (Q+q) -k 2Mf>'
(A59)

Equations (A59), (A51), and (A34), together with
Eqgs. (16¢) and (20), yield

G(d)——zm 4FP(q2) -

T

“(@=ars o5 @ )

(A60)
G =im S F 4@
eyt My ert My
<(Q NECRRCED) -k)' (A61)

We note that Eq. (18h) provides a consistency
check for the above results.

Finally, with G§&’, G&’, G, and G2’ given by
Eqgs. (A33), (A34), (A36), and (A37), we obtain,
using Egs. (18a) and (20),

G =m,°F p(q )

( et #i

T Q+q) R/

fE=4Mmp (FA(qz)'*' 73 P Fp(qz))

T

x( et ki = ert iy
@-q)k (@+q) -k
+2m, F,(q )(2M m“\;f) (463)

We thus complete the determination of all the rele-
vant G{&» @)% ©» @ jp Egs. (32a)-(32z).

APPENDIX B

In this appendix, we list the structure functions
W(n)— W(n)‘(”)_l_ W(n)'(lh)+ W(n)'(hh) as derived
from Eqgs. (40a)- (42c) Using the notation Fy , 4 p
=Fy 4 4, 5(¢°) and x=ky/m, (with 0<x=<1), we have

2

W= p 2 3F 2 21&‘,11«“,,’;””—4*—2
<FP ) (1 -2x +2x?)
+ 4FAFM

Myq-
2, (1-2x)

+2< W )(1 3x + 3x%), (B1)

2 2
W({’)"”"=FAFPV7””L28’C+ <FP’ZL 5 ) (1+x)+8F,F, 5—“—
m ™

m2 m
+ FP;,LL:FM Ey—n’%(l +Tx = 12x¢%)

m 2
ca(Fu ) -2, .
2 \2
W(lo);(rm)= 2 (Fp%‘z_> (1 -3x+8x?)

2
+2Fp FMZ (1 x)+6<Fu2 ) s
(B3)
2 2\2
W(Il);(ll)szz —F2+ ZFAFPﬂuéJF (Fpln_ﬂé>
my m

m

AF Fy T (1 - ) 2 (P 2 V(1 - 2x)2
— A ”Zm,, b - (”Zm,,) - ’
‘ (B4)
2\ 2
WOR = g F—“—(l 2x)+2<Fp )
2
+ 4FP%“—2FM%(1 - 3x +4x?)
_4< o )(1 20), (B5)
W = 4 (F ——E-)x( 1+3x)+FP-—9—F 2 4.x
m
m Y
_4<F,,, Zm,,) , (B6)
2\2 m 2
W= 9 [(FP ) (FM%L:) ]x(l -x), (B7)
W(IZ);(Ih)-. (F _.IL..> 1-x%)
mp2_ m
~F2u o My g -
FpmﬂzFusz(l x)6l - 4x), (B8)
W(lz):(hn)_ (F _u_é) (1-x)(1 -2x)
m m
+2F, ;n—‘:?FMir_n‘t(l -x), (B9)
WD =, - (B10)
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WOm = (F, _FA)FPT—L: - (Fp—“—m : )2x
. m m oy
m 2 m
— Fp b Fy (1 =), (B11)
T 4

) m 2\2 2
T

mﬂ'
2
_2 <FM g;-) , (B12)
»
W=, (B13)

2 2\2
W(21);(lh).___ (F, - FA)FPZ (FP ) (B14)
2\2
Wi = _ 9 (Fp 7—"—%—) %(3 - 4x)
m‘YI’

. m. 2 m m, Y
r2r, 2, - 402 (Pt
m

(B15)
W(z);(ll)=0 - (B16)
2\2
W(z)(zn) Fp _u_.F —11—(1 x)—( 2)(1 -%),
‘H
(B17)
W) - —2<Fp 2)(1 x)(1=2x)
_2FP—E—F (1 x), (B18)
. 2
WgO);(”): 2F, FA+2FA2+2E'FPm.—L2x
+2FAFP _u_(l_x)+2F F,,2 (1 x)
+ ZFAFME;;L“—(I - 3x)
+2Fp—“—F ——*‘—(1 x)(1 = 2x)
m
~a(r 5—&) (1-29), (B19)

WOUN= _F R, ’_”_u_(l 2x)+FAFP 1+6x)

+<FP )(_1+6x 4x%)+ 2F, F, —%

2
+4F,F ”2 +2FP F,,,2 (2 -x —4x?)
va(r, 7\ 1 - 3x) (B20)

“2m, ’

. m ,2\2 mp2 . m
WA = 2 (F,%LZ> (~1+80) + Fp Jbs Py

m 2
+2 FM%”; . ’ (B21)

o m 2
WD =2Fy Fy - 2F,*+ 2F, Fp -t
m

—4FAFM (1 2x)
~2 )(1 22, (B22)

2 mz 2
woen = R, 2+FAFP (3 8x)+( r—f'z')

+ (2F, —4F,)F, 2@‘—

2
m m
+2Fp, % F, —&
m,

_ 2
Zmp(l 6x + 8x2)

2
+ (FM %ﬂi) (-4+10x), (B23)

2\2
W(31);(hh)=2(FP%uz_) (3 - 4x) + 2F, __LF (1 4x)

m
m 2
- Z(FM 27:;) , (B24)

2 2
W= 2F, Fp :—:lfa(l -x) - 2FAFP:1—4*1*[-2-(1 -x)
m

+2F,F, —&(1 x)+2FAFM (1 x)

—2F, —%F ok (1-2)(1 - 20)
+2 (FM%LP) (1 —x)(1 = 20), (B25)

m 2
W@ =2(F, - F,)Fp 77“—2(1 -x)
+2<FP ) (1-x)(1-2x)
m m
-ZFPJLZFM-Z;L“-(I —x)(3 - 4x)

+4( ) 1-x), (B26)

2\2 ‘
WA - 4 (Fp %u?) (1-x)(1 —2x), (B27)
m

(11 0):(1n «(hh)
H)(U),( )= W( );(1R) — ”}(0),( )
- I,V(l),'(l”_ W}(I s(1h)

P 4)(

- W(41);(m:) = W‘f)‘(' Dl

= WD = @i = (B28)



WD =2F, F, —2F,? +2FVFP 2(1 -x)

2

- ZFAFP 2x -2F,F, 2m,,x
-2F,F, 2 (2 3x)
mz2 . m
- —H — i -
ZFPm,,ZFM 2m,,x(1 2x)

-Z(F —u-) (1-x)(1 -2x),

wosen - p mﬁ(1+2x)+F F mﬁ3(1—2x)
5 v pm 2 A Pm 2
T m
(Fp )(1 4% + @Fy ~4F)Fy i
m 2
+2Fpm"‘"u‘2FM

My 2
2mi,(l 6x +4x2)

( é’f’-”—) (-4+6x),

W = o ( )x(3—4x)
+2FP 2 2—7"1%;(1—2%)
()
~2(Fugr )

W(sl);(lt) = W(Sz):(ll) ,

W(sl);(lh) = W(32);(lh) ,

W(5 D;(rR) = W(sz);(hh) ,

W(sz);(ll) = W(s'a’):(lh) = W(52);(hh) =0,
W(SO);(I D= W(ao);(ll) ,

W(GO);(lh) - W(:sO) 3(2h) ,
W(Go):(hh) = W(so);(hh) ,

W(sl):(ll) = W(sl):(l 1 _ W(50):(l 1) ,
W(sl):(lh) = W(sl);(lh) _ W(ﬁﬁ);(lh) ,
W(Gl);(hh) = W(sl);(hh) - W(S(!);(hh) ,

W(sz);(u)._. W(SZ);(II:) = W‘SZ)‘(’"‘) =0,

;1) - (2
W(70)( )__W(SO)(t),

(B29)

(B30)

(B31)

(B32)
(B33)
(B34)
(B35)
(B36)
(B37)
(B38)
(B39)
(B40)
(B41)
(B42)

(B43)

18 THEORY OF RADIATIVE MUON CAPTURE... 443

2 2
WO = By B, T (14 2%) + Fy Fp iz 3(1 — 2)
m my

(Fp )(1 4x2)+(2F1,..41?,4)17,,2

+ 2F,, i F ;—”ﬂ-(l 6x + 6x2)
( ) (-4 +6x), (B44)
Ween = 2 (FP > X+ 4FP (1 2x)
(ruge)
- 2 FM zmp i (B45)
vV(71):(”)= W(sl);(”) s (B46)
(D:1) m,?
WP = 2(Fy, ‘FA)FPE‘J?(I ~-x)
+2(FP ) 1-x)1-2x)
—GFP——LFM (1 x)(1 - 2x)
m
+2(FM%“—) (1=-x), (B4T)
W(71):(’lh)~ 4FP —LF (1 x), (B48)
ngz);(ll)=W(72).(1h)=W(7z),(hh)= 0, (B49)
W(:):(l I)F W(l()):(l 1) +W(60);(1 l). s (B50)
2 2 '
WO = 2 F F, ;ﬂz—x +14F,F, %x
2
+2(FP )x(3 2x)+(2FV+12FA)F
mz2 2
+2FPm,,2 2 (2+3x—10x)
+2(F EJ') (3 =), (B51)

W O)shn) - 8(F 7EH—-)952+16F @-“iF —ni“—x+4(F —“—)z
8 P7n"2 Pm,rz M2m, ’

M2
(B52)
W(al);(”)= W(ll);(l l)+ W(Gl) ;(11) , (B53)
2 2
W= Fy Fp s (1 - 26) + FoFp 7205 (3 = 103)
+2(FP )(1 2x +4x2)
+4F 'z F (1 3x + 5x2)
m 2
+ 2(1«",, Zn";) (=2+5x), (B54)
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.2\ 2
wian = 9 (g iy )x 1-6x
Ve (Frrnz) x(1-6x)

2
m
+4F, —b
m

2
™

m
F it g, (1 = %) (B55)

WRON = p@san wstn (B56)

W=, (B57)
. m,2\?

W(az),(hh)= _4(1“P r—;;‘?) x(1 -x), (B58)
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