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Scission-point configurations in ternary fission of Cf from trajectory calciiiations
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Trajectory calculations have been carried out in a three-point- charge model for the case of spontaneous
ternary fission of 'Cf with a view to obtain the initial parameters characterizing the scission cojifiguration.
Without any a priori assumptions regarding the distribution of the points of emission of the a particle and
the fragment velocity at the time of scission, the values of the initial parameters were obtained by fitting the
observed energy distributions by making use of the method of multivariate analysis. It was found that there
exist two points of a particle emission, nearer to either of the two fragments and off the axis joining the
fragment centers, which reproduce the experiIinental distributions equally well. This result does not support
the often made assumption that the point of a particle emission coincides with the potential energy
minimum on the line joining the fragment centers. With the initial parameters thus obtained, an inverse
Monte Carlo calculation was carried out to obtain various correlations between the final values of the energy
and the angle of emission of the a particle and the fission fragment kinetic energy. The calculated results
agree we11 with the experiments. The implication of present results on the emission mechanism of the a
particle in ternary fission is discussed.

NUCLEAR REACTIONS, FlSSION Ternary fission ~ Cf, trajectory calcula-
tions, scission configuration.

I. INTRODUCTION

The mechanism of emission of light charged
particles during the fission of heavy nuclei is one
of the long standing problems in fission theory. '
Since the particles are known to be emitted very
close to the scission point, a study of the charac-
ter istics of this mode of fission is expected to pro-
vide information on the shape parameters and
other dynamical properties of the fissioning nu-
cleus near the scission, point. For example, in a
dynamical theory of fission, ' the nascent fragments
at scission are predicted to be moving with appre-
ciable kinetic energy (20-50 MeV), whereas in a
statistical theory, ' the fragments move with very
small kinetic energy (-0.5 MeV) so that they have
sufficient time for thermal equilibrium at scission,
and it is known that in principle, experimental in-
formation regarding the magnitude of the kinetic
energy of the fragments E~ near the scission point
can come from a study of ternary fission. How-
ever, since all the experimentally observed char-
acteristics of ternary fission correspond to frag-
ments and n particles at infinite separation, it is
necessary to carry out "an inverse" trajectory
calculation to infer the scission-point parameters.
Many trajectory calculations have been carried out
in the past by various authors' "to obtain a unique
set of parameters describing the scission configur-
ation. But owing to the large number of the initial
parameters describing the scission configuration
and the limited amount of experimental data used
for fitting, no unique values could be obtained for
these parameters. For example, there is not yet

a conclusive answer regarding the magnitude of the-
kinetic energy of the fragments at scission, since
different authors have obtained values ranging from
0.5 to 50 MeV as can be seen from Table I.

In the present work we have examined the possi-
bility of obtaining a set of parameters to describe
the configuration of the fragments closest to scis-
sion point which can. explain most of the experi-
mental features. An interpretation of the best set
of parameters thus obtained is also given. The
calculations were carried out for the case of n
particle accompanied ternary fission of ' Cf.

II. DETAILS OF TRAJECTORY CALCULATIONS AND THE
DETERMINATION OF SCISSION PARAMETERS

The o. particle trajectory calculations follow es-
sentially the same line as taken by earlier au-
thors. " The two fission fragments and the n
particle were taken. as point charges and the tra-
jectories were calculated in two dimensions. With
only the Coulomb force between the charges, the
Newton's equations of motion were solved numeri-
cally. For a description of the scission configura-
tion, we choose the following six quantities: the
interfragment distance D, the heavy fragment velo-
city V„(the corresponding light fragment velocity
being fixed by momentum conservation), the n
particle position with respect to the heavy frag-
ment, X and Y, the n particle energy E', and the
direction of emission of the n particle with re-
spect to the light fragment direction O'. Figure 1
shows the geometry and the different scission pa-
rameters described above. If one assumes that
the initial energy of the n particle E' is zero at
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Name of authors

TABLE I. Results of various trajectory calculations.

D (fm) X(fm) Y(fm) EE (MeV) &„(MeV) 0 ~ (deg) Reference

Y. Boneh et al. 26.0 PEM 0.0 40.0 3.0 90' Phys. Rev. 156, 1305(1967)

G. M. Raisbeck and 2]..5
T. D. Thomas

PEM 0.0 7.5 2.0 90' Phys. Rev. 172, 1272
(1968)

A. Katase

M. Rajgopalan and
T. D. Thomas

21.5 PEM

26.75 PE M 0.0

0.0

63.0

7.5

4.35

2.0 90'

J. Phys. Soc. Jpn. 25,
933 (1968)

Phys. Rev. C 5, 2064
(1972)

J. Blocki and T.
Kroguls ki

26.0

A. R. Del. Musgrove 23.7 PEM 0.0 30.0

40.0

2.75

2.0

Isotropic Aust. J. Phys. 24, 129
(1971)

Nucl. Phys. A144, 617
(1970)

P. B.Vitta

P. Fong

B.Krishnarajulu
and G. K. Mehta

24.3

18.0-
20.0
17.0-
28.0

12.5

—7.0 to
6.5
around
PEM

0.0

0.0

0,0

0.5

0.5—40.0

0.0-2.0

0.125

0.4—4.0 45' to
135'

Nucl Phys A 170 417
(1971)

Phys. Rev. C 2, 735 (1970)

Pramana 4, 74 (1975)

PEM = potential energy minimum.

t = 0, then the number of variables that are re-
quired to specify the scission configuration reduces
to only four, namely D, X, Y, and V~. As will be
discussed later, this assumption of zero n particle
energy at scission is not a nonphysical constraint.
With these four variables describing the scission
configuration, a least square parameter search
was carried out by fitting the experimentally mea-
sured fragment and n particle energy distributions
for different mass ratios. The experimental data
were taken from the work of Mehta et al." For
the sake of convenience, the experimental distri-
butions of the fragmen. t kinetic energy E~ and the
o. particle energy E for each mass ratio were ~

represented as two Gaussian distributions given by

was maximized by varying the parameters D, X,
Y, and V~. The set of values which led to a max-
imum of the probability product was then identi-
fied as the most probable values of the variables
(D, X, F, and VH). While this procedure is not
guaranteed to lead to a unique set of values, it is
identical to the usual search procedure carried
out by other authors. As will be shown later, the
calculation indeed leads to two sets of parameters
as the most probable set. One set corresponds to
a point close to the heavy fragment and the other
close to the light fragment. Figure 2 shows a plot
of the probability product P maximized with re-
spect to D, Y, and V„as a function of X for two
typical mass ratios R = 1.19 an, d R = 1.41. Two

P(Er) - exp[ (Er Er)'/2(rE-r'], -
P(E.) - exp[ (E. E.)'/2c E.').

(l)

(2)
0

The known correlation between E~ and E is not
contained in this representation and we shall com-
ment on this subsequently. A determination of the
most probable values of tQe variables D, X, . Y,
and V~ which will reproduce the most probable
values of E~ and E is straightforward. For a
given set of values of D, X, Y, and VH, the final
asymptotic values of E~ and E were obtained
through the trajectory calculation. Assuming that
the probability of a set of values of (D, X, Y, and

V„) is equal to the product of probabilities P(Er)
and P(E ), the probability product P=P(Er)P(E )

0

FIG, 1, Initial parameters describing scission configur a-
tion. D is the interfragment distance, X is the distance
of the e. particle from heavy fragment, Y is the distance
of the & particle from the fission axis, & is the energy
of the & particle, and 0~ is the angle of emission of the
o.' particle. Vz, Vz, are the velocities of heavy and light
fragments, respectively.
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FIG. 2. Plot of probability product P versus X for

two different mass ratios, R = 1.19 and R = 1.41, show-
ing maxima at two values of X.

local maxima can be immediately recognized cor-
responding to the two most probable sets. It is in
principle possible to remove the double degeneracy
of the solutions by providing more input informa-
tion such as the n particle angle with respect to the
fragment axis. However, it was found that the two
solutions lead to nearly the same n particle angle
as can be seen from Figs. 3(a) and 3(b), where we
have plotted the trajectories of the fragments and
the n particle for both the solutions for 8=1.41.
In the case when the n particle position is near the
light fragment, the n particle trajectory shows a
reflection and the n particle direction becomes
nearly the same as in the other case. In addition,
available experimental information on the angular
distributions are not sufficiently precise to differ-
entiate between the two solutions. Figure 4 shows
a plot of the calculated most probable angle of
emission 8 ~ as a function of the mass number
along with the available experimental informa-
tion."" It can be seen that while there is reason-
able agreement between the calculated and experi-
mental values, the latter cannot be used to discri-
minate between the two solutions. In the subse-
quent calculations, therefore, we have chosen both
the solutions 'to be equally likely. The a,bove maxi-
mization procedure led to sma, ll values for the
most probable fragment velocity at scission. Also,
in both the solutions the value of F was nonzero,
implying nonaxial emission of the n particle. This
result does not substantiate the often-made as-

god
0 ~ ~ y ~ 0 ~ ~ ~ 0

FIGS. 3. (a), (b) Typical trajectories of the particle
and fragments for the two solutions for mass ratio B
= 1.41. H is the heavy fragment, I is the light fragment,
(a) corresponding to ~ near the heavy fragment, (b) cor-
responding to X near the light fragment.

sumption in earlier calculations tha, t the n particle
is emitted on the axis joining the two fragment
centers.

It is lmown that the asymptotic values of the
fragment and n particle kinetic energies and their
angular correlations exhibit large widths. These
arise due to similar distributions of the input
scission parameters around their most probable
values. In ear lier trajectory calculations these
distributions have not been systematically deter-
mined. Instead, ad Roe assumptions have been
made regarding these distributions. We have de-
duced the distributions of all the variables by
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making use of the methods of multivariate analy-
sis. We identify the probability product P as the
likelihood function and define

W~ lnP(Ex, E~) .

As men%i. oned earlier, the maximization of W

simultaneously with respect to D, X, Y, and V~
gives the most probable values of the parameters.
The second derivative matrix H is given by

HO = 8 w/(8 x)8xj) (4)

(evaluated at the most probable point), where x,
and x,. are any two parameters. II can be related
to the error matrix on the assumption that the
likelihood function P is Gaussian-like in the region
of most probable values of the parameters, "which
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FIG. 6. Comparison of calculated and experimental
(Ref. 13) angula, r distribution of the & particle with re-
spect to the light fragment.

. is more or less satisfied in the present case for
both the solutions as can be seen from Fig. 2. The
error matrix is obtained by inverting the second
derivative matrix Il and contains the variances of
the parameters as the diagonal elements and the
covariances between any two parameters- are given
by the nondiagonal elements. Both the most prob-
a.ble value and the variance in V~ were found to be
small (0.05 + 0.05) and hence the distribution on V„
was ignored in all the subsequent calculations for
the sake of convenience without loss of accuracy.
Figure 5 shows the results of D, X, and 7 for dif-
ferent mass ratios for both the solutions. The
values of oD, ox, and o~ are shown as error bars
in D, X, and Y. An examination of the nondiagonal
elements of the error matrix showed that there
was a strong correlation between X and Y, which
was of opposite sign for the two solutions. No cor-.
relations were present between D and X and D and
Y. We shall discuss a possible interpretation of
such a correlation in a later section. A true test
of the set of initial parameters obtained in these
calculations would be to compare other experimen-
tal informations such as energy and angle corre-
lations with those predicted on the basis of the
above set of initial parameters. We describe such
a comparison in the next section.
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FIG. 5. Values of D, X, and i and 0&, Oz, and O.z for
the two solutions plotted for different mass ratios. OD,
&x, and oz are plotted as error bars in D, X, and F,
respectively.

III. RESULTS OF MONTE CARLO CALCULATIONS

The initial parameters D, X, and Y were a.s-
sumed to be Gaussian distributions with the most
probable values and variances as obtained in the
last section fpr each mass ratio. About 2 000 tra-
jectories were calculated for each mass ratio and
the results on differerit correlations between frag-
ment kinetic energy, and the a particle angle and
energy were obtained averaged over all mass ra-
tios. In the following we compare the calculated
distributions with the various available experimen-
tal results. Figure 6 shows the calculated angular
distribution, along with the experimental result of
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FIG. 7. (a) Variation of average fragment kinetic en-
ergy Ez versus the n particle energy E~ . Calculated
points are shown as dots, the solid line corresponds to
experiment (Ref. 11). (b) Plot of the variation of the
average G. particle energy E~ versus Ez. Calculated
points are shown as dots and the experimental values
(Ref. 11) are given as crosses.
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the earlier conclusion'of Boneh et al. ' that the cal-
culated angular distribution is very much na, rrower
than that observed, if the initial fragment and the
~ particle energies are small. They had reached
this conclusion because they had not allowed for
the variances in the values of some of the parame-
ters. In the present calculation, this restriction
has been removed by assuming distributions for
all the three parameters. In Figs. 7(a) and 7(b),
the calculated energy correlations between. the
final kinetic energies of the fragments and LBA
are compared with the experiment. In Fig. 7(a),

Xi, I. I
' I.

10 14 18 22 26

E (MeV )

FIG. 9. Comparison of the experimental {Ref. 14) and
calculated variations of (a) the average 0' particle an-
gle with respect to the light fragment ~~1. versus the &

particle energy and (b) the width of the & particle angu-
lar distribution 08 versus the G. particle energy.

the experimental correlation between E~ and
E (dEr/dE =-0.44) is shown as the solid line
taken from the results, of Mehta, et,al." The agree-
ment between experiment and calculation is seen
to be quite good. From Fig. 7(b), it is seen that
the correlation. between E. and E~ is nonlinear,
which is also born. out by the experimental re-
sults of Mehta et a/. " The trends of the calculated
and experimental correlations are, quite similar,
although there is a small difference in their mag-
nitudes. Some of the possible reasons for this dif-
ference are that in the inverse Monte Carlo calcu-
lations we have not included the correlation be-
tween the initia. l parameters and we have assumed
equal probability for the two. solutions for all mass
ratios. Figure 8 shows the calculated correlation
between E and 8 ~ along with the experimental
results of Tsuji et al." E is minimum around
8 ~= 80' and increases on both sides. The agree-
ment between the calculated and experimental cor-
relation is quite good. Figure 9(a) and 9(b) show
the correlations of most probable value 6I ~ and
width cr~ of the angular distribution with E, along
with the experimental results of Fluss et al. ' 8 ~
is almost independent of E, whereas oe increases
substantially with E, and both these results agree
with the experiment. These comparisons lend sup-
port to the appropriateness of the present set of
scissionparameters. The present results also
clearly demonstrate that all experimental dist& ibu-
tions in ternary fission can be fitted with a set oif

scission parameters with no appreciable scission



2218 R. K. CHOUDHURY AND V. S. RAMAMURTHY 18

kinetic energy. Further discussion of the initial
parameters is given in the next section.

IV. DISCUSSION

The present set of initial parameters represents
the earliest set of parameters which can reproduce
the experimental results. At the same time, it
cannot be ruled out that the actua. l scission point
may correspond to parameters at any time t &0, in
the time development solution of the present set of
parameters. Hence, in this sense, the actual scis-
sion configuration cannot be determined unambigu-
ously by trajectory calculations alone. The re-
sults of earlier calculations where large precission
kinetic energies were predicted can. be consistent
with the present calculations, since they can be
thought to correspond to the values of the parame-
ters at different times (t &0) in the time develop-
ment of the present set of parameters.

However, assuming that the scission configura-
tion corresponds to the earliest set of parameters
a,s obtained in the present calculations, we can
speculate about the mechanism of emission of the
n particles in fission. First of all it is interesting
to note that there are two most probable points of
emission of the n pa, rticles close to either of the

two fragments. While it has not been possible to
discriminate bebveen these solutions on the basis
of experimental results so far, the existence of
these two solutions can be taken to imply that the
n particles originate from the tips of the two nas-
cent fragments. Further support to the above, in-
terpretation comes as follows. It was found that
both points of emission correspond to an a parti-
cle potential energy of about 27 MeV with a width
of about 1.5 MeV. Also, the correlations between
'X and I' for the bvo solutions were of opposite
sign and were such that the points of emission
correspond to lie on a constant potential energy
surface. It is, therefore, interesting to speculate
tha. t the n particle is emitted from the tips of the
individual nascent fragments in the strong Cou-
lomb field of the complementary fragment, rather
than from the fissioning nucleus as a whole. A
similar conclusion was also drawn earlier in the
analysis of quaternary fission. '6 However, to
draw more quantitative conclusions on the emis-
sion mechanism, detailed calculations including ef-
fects of nuclear force on the n particle should be
carried out.

The authors are thankful to Dr. S. S. Kapoor for
many helpful discuss ions.
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