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Systematics of fusion barriers obtained with a modified proximity potential
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A systematic semiempirical analysis is presented for excitation functions for complete fusion of complex
nuclei. Barrier penetration is included as is the I dependence of the fusion radius. The general form of the
proximity potential is assumed and small but important parameter adjustments are made to achieve a fit to
experimental data. A correction is presented of s-wave barrier heights and radii for complete fusion. For
Z,7Z,<500 these fusion radii are greater than the empirical reaction radii obtained at energies well above
the barrier. This result implies weak surface absorption for Z,Z,<500 and the contrary for higher Z,Z,.

NUCLEAR REACTIONS Semiempirical analysis of complete fusion excitation

functions with a modified proximity potential; correlation between s-wave bar-

rier heights and fusion radii; fusion radii exceed empirical interaction radii for
Z+Zp< 500 and the contrary.

I. INTRODUCTION

In the last few years a substantial data base has
been accumulated for excitation functions for com-
plete fusion in reactions between complex nuclei
(see for example Refs. 1-3). Prior to 1968 there
were a variety of means of measuring fission pro-
ducts but the only techniques used for evaporation
residues were radiochemical observations of the
residual products. Measurements of individual
final products were very time consuming, so meth-
ods were sought to integrate the cross sections of
all the various heavy residual products. In 1968
dielectric track detectors were employed for this
purpose,* and in 1973 the gas telescope was shown
to be extremely useful.! More recently the identi-
fication of final products by mass has been accom-
plished by magnetic spectrograph® and time of
flight measurements.® The simultaneous determin-
ation of mass and charge has also been achieved
for a few cases’*® by combinations of these tech-
niques. The great blossoming of these measure-
ments now provides a major probe of the potential
between complex nuclei.? s

Birkelund and Huizenga have recently collected
much of the complete-fusion data and compared
them to predictions of the proximity potential with-
out friction.'® The results show a general consis-
tency with the form of the proximity potential, but
a systematic radial shift of 0.1-0.4 fm is indi-
cated. The proximity potential is quite appealing
because it provides a simple recipe for the varia-
tion of the nuclear potential with the sizes of the
collision partners. The three parameters of this
global potential have been delimited by the authors’
use of much systematic information on nuclear

masses, sizes, and skin thicknesses. Therefore
the magnitudes of the potential parameters can be
expected to be constrained to rather narrow ac-
ceptable regions.'®

In a recent paper'” we have related the proximity
potential to a variety of measurements for the sys-
tem 0+ 2°®Ph. We showed that with only small
parameter changes one could account for fusion
cross sections and the elastic scattering quarter-
point angles. In addition, we proposed a sequence
of iterative data fitting steps designed to syste-
matically refine the global features of the potential
between complex nuclei. In this paper we use the
available data for complete fusion to take the first
step proposed for this systemization process.

The recent calculations of Birkelund et al.'®
based on proximity potential and a one body friction
model indicate that at low energies their results
differ very little from those obtained by conven-
tional friction free models.®? The latter models
assume that at low energies E< ET2*  fusion occurs
after a friction free passage over or through a real
potential maximum. We’ confine our analysis to
low energies E < ET2*, for which the real potential
is expected to have a pocket for all reacting waves
(as in Ref. 17). For the real nuclear potential we
rely on the form of the proximity potential, but
alter the value of one of its parameters to fit the
excitation functions for complete fusion. The
small adjustments of the radius parameter ex-
plored here and in Ref. 18 are consistent with the
uncertainty of the potential parameters as devel-
oped by Blocki et al.'®* Nevertheless, these pa-
rameter changes imply quite significant alteration
of the nuclear potential as discussed for one case
in Ref. 17. Finally, we discuss the systematics
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of the empirical barrier parameters and their re-
lationship to data and calculations from other

sources.!®*®

II. PROCEDURE FOR ANALYSIS AND COMPARISON TO
DATA ’

A. General framework

The simplest and most commonly used paramet-
rization of fusion cross sections is the classical
equation for touching collisions between spheres

0 {E)=mRz¥(1 - E,/E). ‘ (1)

A plot of ¢ (E) vs E™ allows the extraction of two
independent parameters R, and E;.' As discussed
in Refs. 17-19, our feeling is that the utilization
of the values of R p SO obtained is very hazardous.
The reasons are threefold: (a) Equation (1) does
not allow for [ dependence of the fusion dis-
tance.'™** (b) Measurements of ¢,, may well in-
clude increasingly large fractions of interfering
products as the energy is lowered.?° (c¢) Competing
reaction mechanisms may well deplete the fusion
process with increasing efficiency as the energy.is
raised.'’ Therefore we seek another link between
the real potential maximum E,, and its radial dis-
tance R,. We obtain this link from the form of the
proximity potential and then we only extract one
parameter from fitting to fusion cross sections,
namely, the fusion barrier E,, for s waves.

The I dependent real potential is written as a
sum of Coulomb (C), nuclear (N), and centrifugal
parts

V7, 1) = V(r)+ V(9) + U1+ DI/ 292, (2).
where
Volr)=2Z,Z,e*/r, for v>R, (3)

and

Vo(r)=(Z,Z,e*/2R )3 —rz/Rcz)‘, for r<R, (4)
with

R,=1.30 (A}/*+A,M3). (5)

The proximity potential for V,(7) is specified by
the parameters R, v, and b in the following equa-
tions'®:

V() =41v[C,C,/(C,+ C,) ]b&(¢) . (6)
The dimensionless distance ¢ is given by

¢=(r-C,-C,)/b (7
and

C=R(1 -b*/R%*++++). | (8)

The universal potential function &(¢) is approxi-
mated by
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®(¢)= -0.5(¢ — 2.54)* - 0.0852(¢ — 2.54)°,

for £<1.2511 (9)
or

&(¢)= —3.437 exp(— £/0.75), for £>1.2511. (10)

Recommended values of the controlling parameters
are given as follows'® with our additions of Ab, Ay,
and AR:

b=1.0+Ab, (in fm) ' (11)

N
y=0.9517 (1- 1.7826 <-N—Af—§) )+ Ay

(in MeV/fm?) (12)
R=1.28A4'/3 _0.76+0.84/3+ AR, (in fm).
(13)

For any particular set of the parameters Ab, Ay,
and AR, the values are specified for the real po-
tential maximum E,, and its radius R,,.

Epp= Vy(R,)+ Ve(R,) + K+ DE*/2,R, . (14)

The I dependent potential can be approximai:ed near
its maximum by a parabola of curvature 7w, 2
Transmission coefficients T ,(E) for each partial

wave can then be written'”%
T(E)={1+ exp[(27/ 7w ) E,, - E)]}*, (15)
2 g2 1/2
ho,= | 40D (16)
r R_,1
m” cer

The complete fusion cross section follows the con-
ventional summation o

oc,(E)=1m-ZZ (21+1)T(E). (17)
1=0
For any given energy the critical ray (denoted
by 1), for which T(E)=3, is given by the condi-
tions '

E=V(R,, lm.) (18)
and
avir,) -0. (19)
4 Ry ler
From these conditions we have
lo=(R/ ™1 -VR,)/E?. (20)

For [ greater than [T the real potential no longer
has a pocket. This condition is established by the
relations

avir,1l) A -0
dr ,:;n' R#in ar xglru' Rr’;‘nln ’

(21)

We denote the corresponding energy and radius by
EP2x and RO =ymINA /34 A M3), As a separate
physical model or assumption is required for these
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higher energies (E > ET2%),1%1+1% we do not consider
them here. We treat only the lower energies and
assume that fusion occurs if the barrier is tra-
versed. Also we assume that no significant
amount of energy is frictionally dissipated prior to
barrier traversal. Inclusion of friction is not ex-
pected to alter the systematics of fusion barriers
obtained in this work.

Our use of Egs. (15)—(17) is essentially the same
as that of Refs. 14 and 17. The major difference
is in the empirical adjustment of the potential. In
Ref. 14 it is concluded that the proximity potential
fails to describe fusion at near-barrier energies.
Here and in Ref. 18 it is shown that with small em-
pirical changes in the radius parameter this po-
tential can correlate the fusion data very well.

In Fig. 1 we show as a function of R, [or energy
via Eq. (18)] the values of the nuclear potential at
its maximum, its curvature, and critical . Val-
ues of the curvature 7w, vary only slowly with [
or R, until [ approaches its maximum value (or
E approaches E7Z*). Then, of course, 7w, goes to
zero and this simple model breaks down.?? The
discontinuities in 7w, occur due to the assumed
forms for the Coulomb potential [Eqs. (3) and (4)]
and the universal function [Egs. (9) and (10)]. This
is not of central importance for the present study.

For any given set of parameters Ay, Ab, and AR
the equations above specify the maximum s-wave
barrier height E,, and its corresponding radial po-
sition R,,. Thus E,; and R, are not independent
in our approach. It is convenient to discuss the
parameters R, and E,, in reduced form (7,, and
7,4) as follows:

vos=Ro/ (A2 + A7), (22)
80— . . : : . ; .
max 9
sol ler max mlx b
5 l\ lr er
N0

7/
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FIG. 1. Variation of I, , |V(R,)| and %w,, with R, for
the system 328 +27A1, 35C1+62Ni, and 160+2%Pb, In each
case,AY=Ap =0 and AR from Table II.

Vop=Z, 2,0/ Egt(A M3+ A3P) . (23)

It is really these quantities that determine o,,. The
shape of the potential for » < R, and even its curva-
ture %w,, play a rather small role.'”

Our procedure is to specify AR, Ay, and Ab,
and then to use Egs. (2)-(17) to calculate ¢ (E).
Then we adjust the parameters to achieve a fit,
and finally we use Egs. (14), (22), and (23) to get
the s-wave barrier parameters ('rof and ref), which
are most readily systematized.

B. Some aspects of the data fitting

Figures 2 and 3 show some comparisons of cal-
culated to measured fusion cross sections. The
dashed lines result from the a priori proximity po-
tential with Ay=AR=Ap=0.'° In every case, ex-
cept for the system '*C +'%C, the calculated cross
sections are too small or the fusion barriers are
too large. Very small changes in the parameters
are required to give the reasonable fits shown by
the solid curves (Figs. 2,3). As these parameter
changes are very small, we feel that an overall
consistency is indicated with the basic trends of

! 1 1 1 1 Il

1
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Ecm. , MeV

FIG. 2. Comparison of experimental excitation func-
tions for complete fusion with calculation for the
systems 328+ 27A1, 35C1+62Ni,and 160 +208Pp, Solid lines
represent calculations with the modified proximity poten-
tial (see Table II), dashed lines represent calculations
with the @ priori proximity potential (AR=Ap=4Y=0),
Data for systems taken from references indicated in
Table II.
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FIG. 3. Comparison of experiment with the calculation
for systems 12C+12C, 804+12¢c, 160 +180, and 1°F+12C,
See caption of Fig. 2,

III. RESULTS AND DISCUSSION

We have analyzed 48 excitation functions for
the potential model.!5+6+18

What are the sensitivities to each parameter Ap,
Ay, and AR? In Figs. 4(a)-4(c) we show calcu-
lated excitation functions for %0+ 2°®Pb for sev-
eral choices of each parameter. In each case the
calculated curves are shifted in energy but remain
roughly parallel. Therefore, we cannot expect to
unravel separate roles for vy, b, and R. However,
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- ious values for the fitting parameters: (a) AR=+0.4 fm,

Epr=12,7 MeV, Ry =122 fm; AR=-0.4 fm, Egs=86.9
MeV, Ry=10.2 fm. (b) Ab=+0.15 fm, E,=177.9 MeV,
Ro,—u 2 fm; Ab=-0.15 fm, E,=81.2 MeV, Ry=11.0
fm, (c) Ay=+0.0887 MeV fm'2 Egr=18.9 MeV =11,2
fm; Ay=-0,0887 MeV fm"?, Ey-+80.0 MeV, R,,,_n.o fm,
Other parameters are AR = Q fm, Ab=0Tm,

Ay=0 MeV fm™2, E,=79.4 MeV, and Ryr=11.1 fm,

it is clear that variations of *10% in y or b have
much smaller effects than AR changes of even 0.1
fm. In Table I are given calculated cross sections
that result from some combined changes of sev-
eral of the parameters. We see that the values of
E,; and R, are not changed appreciably for any of
these parameter sets that give reasonable fits.
For simplicity we choose to set Ay=Ab=0 for all
calculations and alter AR until the best compro-
mise fit is obtained. Further refinements may
provide other combinations of Ab, Ay, and AR that
may give a better representation of the potential.l”
Nevertheless, we infer that these values of E,, and
R, obtained here will be very close to those from
any improved fit.!”

In many cases there is a tendency for the data to
drop below the calculations at high energy and the
reverse at low energies. We will discuss this re-

TABLE 1. Effect of parameters AR, Ab, and Ay on o 2,

Calculated cross sections (mb)

180+ 2%Ph Ap =~- 0.15 fm Ab=-0.15 Ab=- 0.15 Ab=-0.15 Ab= 0 Experimental
AR= 0.358 fm AR= 0.381 AR= 0.336 AR= 0.34 AR= 0.23 cross
Ay =-0.0354 MeVfm™2 Ay=-10.0374 Ay=-0.0335 Ay= 0 Ay= 0 section
Eg; = 75.36 MeV Eg = 75,03 Eg = 75.710  Eo; = 1546 Eo; =175.36 oo P
E, (MeV) Rg;= 11.86 fm Roy = 11.92 Ry = 11.81 Rys = 11.85 R =11.74 (mb)
80 11.65 16.63 8.05 10.45 9.52 364
83 103.88 122.19 86.49 98.59 100.45 108+ 10
88 340.83 361.89 319.94 334.59 333.00° 35040
90 429.47 450.90 408.21 423.12 419.39 377450
96 670.84 693.25 648.58 664.20 654.06 685+ 70
102 880.61 903.89 857.49 873.70 857.34 844 + 90
129.6 , 1569.08 1595.26 1543.05 1561.31 1519.08 cee

2Calculations were made with Egs. (15)—(17) and a modified proximity potential,

bData from Ref. 23.
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sult further in the next section and in the Appen-
dixes.
fusion by the methods just described; the param-
eters that result from this analysis are given in
Table IL1*%23~4 Columns 3 and 4 give the values
of R, and V, [Eq. (1)] mostly from Ref. 16 or from
appropriate references shown in Table II; columns
6 and 7 give the corresponding values from the
present analysis. The fusion barriers (V, and
Eof) differ only slightly, but their radii (Rz and
R,,) differ more significantly. This difference is
due to our reliance on the proximity potential to
link E,, to Ry, The use of Eq. (1) in earlier work
has allowed these parameters to be decoupled in
the empirical analysis. Note also the differences
between V,(Rp) (column 5) and V,(R,,) (column 8)
in Table IL

It is certainly desirable to use the fusion data to
obtain two nuclear parameters rather than only
one. However, it may be that our current under-
standing of the reaction mechanisms is not suffi-
cient to give confidence in two independent param-
eters. We list several problems that are not yet
well treated. (a) At near-barrier energies, trans-
fer reaction products are known to be formed in
high cross section and projected at small angles.?
For most experiments to date these would probably
be included with the evaporation residues. (b) Stat-
ic or dynamic deformations of target and/or pro-
jectile could lead to enhancement of the subbarrier
cross sections.?*"*" (¢) Deeply inelastic colli-
sions are known to compete with fusing collisions
with increasing efficiency as the incident energy
is raised.*®

Each of these effects would operate in the direc-
tion of reducing the apparent values of Ry that re-
sult from fits of Eq. (1) to the data. Our feeling is
that the physical content of the proximity potential
gives a stronger basis for analysis than the more
conventional use of Eq. (1). As we only extract
one parameter from the data [AR or, equivalently,
the pair E,, R,, as linked by Egs. (2)-(14)], we
are not really testing the shape of potential itself.
We are using it as an equal partner in the system-
ization of s-wave barriers. This systemization
constitutes the first.step in a sequence suggested
in Ref. 17 for refinement of the potential. The next
step is to fit the quarter-point angles measured for
elastic scattering. For the system O+ 2°Pb (see
Ref. 17) this has been achieved by an additional
small modification of the parameters AR, Ay, and
Ab (while holding E,, essentially fixed). In Table
I of Ref. 17 it is shown that these small parameter
changes imply significant changes in the nuclear
potential. These changes could be quite important
for the fusion cross sections at high energies as
discussed in the context of other models.®™%!®
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FIG. 5. Variation of AR, 7, %s» and rm " with Z;Z,,
Data from Table II.

Now let us examine the trends of the proximity
potential as modified by the AR values in Table II
and in Fig. 5 (upper). We follow the format of
Refs. 15, 16, and 18. First, for the system '°O
+2%Pb we can get a feeling for the radial zone
probed by scattering and fusion experiments.. In
Fig. 6 we plot the values of V,(R,) obtained from
each fusion datum along with the potential at the
rainbow radius, obtained from the scattering
data.!™ For each point we have used the same
proximity potential; this insures the very smooth
trend. Of major interest here is the extent of the
range of exploration from 11.4 to 13 fm.

This kind of display can be generalized to all
systems'®+*%:*® by plotting the modified proximity
potential function. We plot in Fig. 7 one point (for
each value of E,, R,,) from each fitted excitation
function. As above, the continuity is assured by
the use of Egs. (6) and (7). The point of interest
is the range of distances explored (see also Table
II, columns 9 and 10). )

We turn back to Fig. 5 and the dependence of the
s-wave barrier on the reaction system. The fitting
parameters AR scatter wildly by =0.1 fm, but seem
to follow a general trend with Z,Z,. These fluctua-
tions seem to be outside the random errors and
may well reflect the individual shell structures
and deformations of the collision partners.? Fig-
ure 5 also shows the various radius parameters
plotted against the charge product Z,Z,. These
trends can be described by the following equations:

745= 2.301 —0.300310g,(Z,Z,) fm, (24)
7os= 2.0337 - 0.241210g,0(Z,Z,) fm, (25)
ymin=1,3135 — 0.0315 log,(Z,Z,) fm. (26)

Recall that 7,; comes from the barrier height E,,,
7os is from its radial extent, and »®!* is from the
limiting radius for disappearance of the pocket in
V(r,1). The decrease of 7, and 7, with Z,Z, is
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for the system 160+ 208ph (Ref, 17, Bombarding energies
are indicated in the figure. Solid circles @ represent

the nucleus-nucleus potential deduced from this work,
® from total reactions, and x from elastic scattering

(Ref. 17).

Expe’cted from the increased Coulomb forces com-
pared to nuclear forces. The approach of 7, to
r®® for Z,Z,~2000 implies the disappearance of
the s-wave potential pocket. This observation has
been often correlated with the failure to observe
complete fusion reactions for reaction systems
with large values of Z,Z,.

Of particular interest is the comparison of these
values of 7,, to the radius parameters 7, obtained
from reaction cross sections for E> E,.*° (As
discussed in Ref. 19 the reaction cross sections

generally do not include inelastic scattering.) Re- .

call that the empirical values of 7, from reaction
cross sections do not vary markedly with Z,Z, and
have a mean value of 1.42 fm.*® Values of 7,, from
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FIG. 7. Points for the reduced potential |2(¢y) | versus
(,) obtained for the systems shown in Table II. Each
circle corresponds to an s-wave barrier for one system -
Data from scattering foi 160+ 2%Pb are given by ®.
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this study intersect the value of 1.42 fm for Z,Z,
~500. That is to say, for E> E,,, reactions occur
at larger distances than that of the s-wave barrier
for Z,Z,= 500 but only inside the s-wave barrier
distance for lower Z,Z,. This is exactly the same
conclusion suggested by comparison to the trends
of the elastic scattering data.'”'®* From such a
comparison we have concluded that the absorptive
potential is strong in the nuclear surface for Z,Z,
2 1000 and weak for Z,Z, < 500.1™1°

IV. SUMMARY

We have presented equations for the analysis of
fusion cross sections in terms of an assumed real
potential. Small modifications of the proximity po-
tential lead to reasonable fits to the data and to a
correlation of the barrier parameters with Z,Z,.
The radial extent (7,,) of the s-wave barrier in-
creases with decreasing charge product. For
Z,Z,<500 it is greater than the average reaction
radius (7,) for E> E,; this implies absorption only
in the nuclear interior. For Z,Z,>500 this also
implies the increasing role of surface absorption.

APPENDIX A: THE POSSIBLE ROLE OF DEFORMATIONS
IN THE FUSION CROSS SECTIONS

For most of our fits to fusion excitation functions
for E< E,, we find that Eqs. (15)—(17) underesti-
mate the observed cross section. Often the data
could include sizable contributions from transfer
reactions after nearly head-on collisions.?*® For
measurements from gas telescopes or track de-
tectors the heavy recoils could have been included
with the evaporation residues. For %0+ **®Pb such
contamination is not likely as fission provided the
signature for fusion.

A more interesting possibility is that the effec-
tive Coulomb barrier is lowered by static or dy-
namic deformations®****® or by zero-point vibra-
tions.*” If we assume that either or both of these
sources produce a uniform spectrum of barrier
heights, then we can estimate the effect of the
width (A) of this spectrum.*® We define an average
transmission coefficient

1 Egga

(T{E) =55

T(E)dEg,, (27)
Egp=a

where T,(E) is given by Eq. (15). Then the average
cross section is given by

O AE)=1%2 3" (20+ 1(TLE)). (28)

I=0

Some examples of the possible effect of such a
spectrum of barriers are shown in Fig. 8. For

these cases, values of 3.7-4.0 MeV have been
used for A. Such a wide spectrum of barriers
would require very substantial deviations from
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FIG. 8. Comparison of experimental excitation func-
tions for complete fusion with calculation for E'S Eyy
with A=0 Eq. (17) (dashed line) and Eq. (28) (solid line)
for systems 35C1+6'Ni, %C1+62Ni, 35Cl+ #Ni, and 160
+28pp, The values of A used in Eq. (28) for these sys-
tems are 4.8, 4.0, 3.7, and 3.8 MeV, respectively.
Data for these systems were taken from Refs. indicated
in Table II,

spherical shapes. If the mean barrier height E,,
is reduced slightly then the need for such large A
values is significantly reduced. Then, however,
we would overestimate o, above the barrier (E
>E0,) and would have to invoke competition with
other decay channels as competitors with fusion.
Sizable changes in the barrier curvatures [fw,, in
Eq. (16)] could also give the effects shown in Fig.
8. Such changes are outside the spirit of this pa-
per which pursues only small adjustments to the
proximity potential.

There are interesting possibilities here, but we
feel that their pursuit is best left until the data at
these low energies have been reassessed for the
possibility of the inclusion of heavy recoils from
transfer products.

APPENDIX B: THE RELATIONSHIP BETWEEN VARIOUS
FORMULATIONS

For one case 0+ **Pb we give a comparison of

TABLE III. Comparison of measured values of o

for 160 + 2®pp with those calculated by various formula-

tions.
Experiment Calculation

Elab Ucfa Ocf b 0y © Ot d 0o
(MeV) (mb) (mb) (mb) (mb) (mb)
80 36+ 4 eso 10 10 36
83 108+ 10 96 100 101 119
88 350 £40 337 337 333 337
90 377 £50 426 426 419 426
96 685+ 70 6170 670 654 670
102 844 + 90 885 885 857 885
115 eeo 1274 1274 1215 1274

129.6 e 1619 1619 1519 1519

2 Measurement from Ref. 23.

bcalculated with Eq. (1) for all touching collisions.

€Calculated with Eq. (29) from Wong (Ref. 50).

dcalculated with Eqgs. (15)—(17) which use the proxi-
mity potential [Egs. (6)—(14)] and parameters given in
Table II.

€Calculated with Eqs. (27) and (28) which use a
spectrum of barrier heights centered about that for the
potential in (d) above.

the calculated fusion cross sections from various
formulas (Table III). In each case the parameters
are those from Table II (with the inclusion of A

= 3.8 MeV for column 6). In column 3 the results
from Eq. (1) are shown (classical equation with no
barrier penetration and fixed radius). Column 4
gives the result of Wong’s elaboration of Eq. (1)
to include penetrability®® -

0ol E) = (Ro,/ 2) iy E)
x1n{1+ exp[(21/Tiw ) (E - E )]} (29)

Note that Eq. (29) is identical to the classical re-
sult Eq. (1), except at E< E,.. Column 5 gives the
result from Eqgs. (15)—(17) with the real potential
from Eqgs. (2)—(14). The addition of penetrability
(columns 4 and 5) by either formulation [Eqgs. (29)
and (17)] gives essentially the same result at near
barrier energies. The addition of A=3.8 MeV in
Eqgs. (27) and (28) raises the near barrier cross
sections significantly, column 6. Therefore we
agree with Ref. 2 that an extensive set of high-
quality data could give interesting information on
the effects of deformation on subbarrier fusion
cross sections.

*The work of L. C. V., was supported by FINEP and
CNPQ, Brasil.
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