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Rotational energy calculations with an exponential dependence of the nuclear moment of inertia on pairing
correlations coupled with an explicit spin dependence of the effective pairing gap analogous to that used in
superconductivity give an excellent fit to the experimental data on excitation energies of yrast band levels in
well-deformed even-even nuclei and also reproduce the backbending feature satisfactorily. The variation of
the pairing gap parameter with spin is found to be gradual and smooth as compared to the abrupt variation
evidenced in the pairing collapse treatment. Variations of the limiting moments of inertia parameter with
mass number derived from our model exactly match with those coming out of the cranking model
calculations for neutrons and are in no way related to the proton results for lighter rare earth nuclei; also
the fluctuations in the values of the moment of inertia are found to correspond to those of the neutron single
particle level spacings in this region.

.NUCLEAR STRUCTURE Even-even well-deformedrare earth nuclei, calculated
yrast band level energies, exponential dependence of moment of inertia on pair-
'ing, explicit variation of pairing with spin, compared with experimental data and

other calculations.

I. INTRODUCTION

Investigations of the nuclear moments of inertia
8 and their variation with angular momentum I
have been topics of immense interest, particular-
ly since the observation in 1971 of the backbending
feature depicting an abrupt rise in, the values of
the moments of inertia of yrast levels in certain
deformed nuclei at angular momentum ig. the range
12-16, Kith development of the heavy-ion acceler-
ators, the experimental data have flowed in rapid-
ly while several models and theories have been
proposed to explain this feature; the, subject has
been treated in several recent review articles"
wherein individual references are available. Ba-
sically, two mechanisms have been invoked to de-
scribe the phenomenon. One approach considers
as its basis the Mottelson-Valatin effect, ' i.e. ,
a collective superfluid to normal phase transition
as the pairing correlations disappear 'at a certain
critical angular momentum. Alternatively, in the
alignment scheme of Stephens and Simon, ' back-
bending corresponds to the shift to a configuration
leaving two nucleons unpaired and in a high j or-
bital with the maximum projection of their angul-
ar momentum along the rotation axis. Alignment
need not be perfect for this process to be compet-
itive and several investigators have considered the
situations wherein both these competing processes
are operative. Approaches based on band mix-
ing'0 '4 and other phenomenological or empirical
considerations" "have also been pursued; such
approaches, while providing more or less satis-

factory fits to the data, do not generally shed
much light on the physical processes, and the
parameters of the models are just effective param-
eters with no straightforward physical interpreta-
tion.

However, the basic fact arising from all the
studies so fa,r is that the phenomenon involves
attenuation of the pairing correlations, maybe to
the extreme of the pairing collapse and phase
transition or simply the decoupling of a pair with
subsequent alignment and appearance of a de-
coupled band. In fact, as discussed below, even
smaller-than-the-rigid-body value of the moment
of inertia iri the ground state and also its slow
monotonic rise at low spins is mainly accounted
for by the inclusion of the pairing correlations.
Thus it seems logical to work with a model which
incorporates an explicit relationship between the
moment of inertia and the pairing correlation pa-
rameter. Such a relationship was indicated in the
pberiomenological studies of Draper" and was later
established by Ma and Rasmussen" through crank-
ing model calculations. These studies established
that the dependence of the nuclear moments of
inertia on pairing correlations is nearly exponen-
tial over most of the region of physical interest.
%e have also arrived"" at a similar conclusion
based on the single particle level density consid-
erations in the shell. -correction approach. " %e
have further included an explicit spin dependence
of the pairing gap parameter similar to that adopt-
ed in the statistical model caluclations of Moretto'4
and analogous to the temperature dependence ob-.
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served in superconductivity. " In the following
we briefly discuss the exponential dependence of
the moment of inertia on pairing correlations and
suggest an explicit spin dependence of the latter
(Sec. II). This formulation is employed for numer-
ical calculation of the yrast band excitation ener-
gies for specific nuclei and the. results compared
with the experiment in Sec. III. A discussion of
the physical significance of the model parameters
derived from calculations vis-a-vis results from
earlier investigations is presented in Sec. IV, and,
finally, in Sec. V we summarize the conclusions
arising from our studies.

1(1+1), , dEE (I) = + g Cx2; —= 0.
A exp(x) ' dx

This expression provided good fits to rotational
band energies at low and moderate spins, but is
not very satisfactory at high spins.

Ma and Rasmussen'0 carried out cranking model
calculations of the moments of inertia for a range
of values of the pairing parameter & in the rare
earth region. Results obtained show excellent
straight line behavior in the ln8 versus & plots
over a wide range of & values above a lower limit
4~ which is about 20-30

%%d of the ground state
value of the energy gap &,. Thus,

II. PAIRING CORRELATIONS
AND THE EXPONENTIAL DEPENDENCE

28(&)/5'=(280/I') e "~, for &~ ~ «do,
a,/a, -0.2,

(2)

The three main features of the moment of inertia
that are directly affected by the pairing correla-
tions are (a) the ground state value of the moment
of inertia that lies in between the rigid body and
the irrotational flow limits, (b) the slow rise of
the moment of inertia at moderate and low spins,
and (c) the sudden rise of the moment of inertia
observed at higher spins (the backbending fea-
ture) in some cases.

The effect of the pairing correlations in bringing
down the rigid body estima, te to the observed value
is now well known. " 'The slow rise in the moment
of inertia at lower spins may in part be the result
of the shape changes due to centrifugal stretching;
but recent empirical as well as theoretical findings
indicate that this does not bring in significant con-
tribution at least for the well-deformed nuclei,
Measurement of the B(E2) values in the ground
state rotational bands of the well-deformed rare
earth" "and the actinide nuclei' reveals no rise
up to the highest measured spins. For example,
the &(E2) values for Yb isotopes up to spin lgare
consistent with the rigid rotor values, "while the
moment of inertia rises rapidly (a backbending
in two cases, namely, "Yb and "Yb). Similar
results have also been reported for Hf isotopes'
and Er isotopes"; rather a drop in B(E2) values
near the backbend is observed in several cases.
A number of theoretical calculations also report
similar results. ""

Coming to the studies involving an explicit re-
lationship between the moments of inertia and the
pairing correlations, it is noted that an exponential
dependence was first indicated in the phenomeno-
logical studies of Draper, "who credited the idea
to Rasmussen's report at the Alushta conference
in April 1972. Draper's formulation may be viewed
as a modification of the variable moment of inertia
(VMI) model" in that the rotational energy expres-
sion can be written" as

where 28,/5' is the extrapolated value in the limit
of zero pairing from the ln8 versus & plots. The
region &~ «& &, usually covers the region of
physical interest for most problems. They also
concluded that the pairing does not completely
disappear even at spins as high as 18. The appli-
cation of the exponential relation through a pairing
stretch model to calculation of rotational energies
by Ma and Rasmussen led to "quite good energy
fits" for the five' cases studied, none of which,
however, had known levels beyond 1=12, and the
predicted spectrum in none of these cases showed
backbending.

Ãe have been led to the exponential model through
our consideration of the single pa, rticle level den-
sites. It was empirically found" that a correlation
exists between the presence of the gaps near the
Fermi energy in the neutron single particle level
scheme and the backbending feature for deformed
nuclei. It may be intuitively argued that a large
single particle level density around the Fermi en-
ergy implies a strong pairing and therefore an
abrupt transition (backbending) to depairing,
whereas a low level density implies a weak pair-
ing and hence a smooth transition. In an attempt
to provide a theoretical basis for this empirical
interrelationship we found the philosophy of the
shell- correction approach useful. In this approach
we find" 2' that the underlying physical process
here is that of a transition from quasiparticles in
the presence of pairing, to independent particles
as the pairing disappears. Thus the variations in
the guasiparticle density 8 (ev) are passed on to
the moment of inertia and this may or may not
lead to backbending depending on the strength of
the pairing correlations; this arises from the re-
lations '

8~8 (e~),

28/5' =Xg„(cz)exp(- A),
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M, /iP = (28,/it ') exp(- &,), (8)

only. This confirms the theoretical conclusion
of Ma and Rasmussen" that the exponential depen-
dence of the moment of inertia on pairing holds
only for well-deformed nuclei.

The results of the least squares fitting for as
many as 29 well-deformed nuclei are summarized
in Table I. The table lists the experimental I
as defined above and the percentage rms deviation
of the calculated from the experimental level en-
ergies up to I followed by the model parameter
values. The last column lists the ground state
moment of inertia given by the relation

i.e. , the moment of inertia corresponding ta max-
imum pairing.

As is evident from Table I for every case includ-
ed therein, the rms deviation of the calculated
from the experimental energies is within a frac-
tion of 1%. Such an impressive agreement for
such a wide range of nuclei, particularly with the
inclusion of the backbending region levels, has
not been achieved so far to our knowledge, except
perhaps to a limited extent with the empirical
cubic polynomial formula"'" or, semiempirical
formula"" reported by us earlier. To illustrate
the quantitative agreement obtained for the excita-
tion energies of yrast states we present in Fig. 2

TABLE I. The results of the least square fitting to the well-deformed nuclei (E4/E2 )3.0}. Here we list

the total percent rmsd, the spin Ima, denoting the maximum spin included in the fitting, which for back-

bending nuclei corresponds to the spin having minimum angular velocity, the critical spin I, which is a

scanned parameter, and the two free parameters, namely, the moment of inertia 2+/hs and the effective

pairing gap 60. The last column lists the ground state value of the moment of inertia 2g, /h de ined in

q. (8}. The asterisk over spin I indicates that, for that particular nucleus, higher spin states are known

which lie in the forward or down-bending region and have not been included in our fitting.

Nucleus

Dy 158
160
162
164

Imax

18*
18
12
12

jo rmsd

0.57
0.31
0.16
0.23

22
20
18
18

2g /A~ (MeV ')

127.14
108.69
95.77

102.95

0.77
0.48
0.27
0.25

2ot, /h~ (MeV ')

58.87
67.25
73.11
80.17

Er 160
162
164
166

16*
16*
18
16

0.87
0.07
0.82
0.44

22
18
18
20

142.16
99.61
92.02

110.70

1.12
0.56
0.36
0.43

46.38
56.89
64.20
72.01

Yb 164
166
168
i/0
172
174
176

16* 0.60
16 0.43
20 0.67
18 0,58
12 0.15
20 0.26
18 0.42

20
18
24
20
20
24
20

124.52
99.42

128.91
100.20
94.29

102.69
93.39

0.98
0.56
0.67
0.37
0.23
0.28
0.27

46.73
56.79
65.96
69.21
74.91
77.61
71.29

Hf 168
170
172
174
176

18*
18
14
16

0.71
0.87
0.42
0.25
0.26

20
26
22
16
20

129.98
166.60
115.38
92.12
98.23

1.02
1.06
0.63
0.36
0.39

46.87
57.67
61.45
64.21
66.20

W 174
176
178
180
182

18
18
16

14

0.89
0.37
0.26
0.67
0.08

26
24
20
18
18

167.84
139.42
104.62
94.85
75.98

1.18
0.97
0.65
0.53
0.25

51.32
52.85
54.53
55.74
59.05

Os 180
182
184
186

14
16'
16
16*

0.82
0.65
0.82
0.90

22
20
18
18

169.39
134.49
85.40
86.51

1.37
1.11
0.56
0.72

43.04
44.32
48.78
42.12
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a comparison of the experimental and the calcu-
lated energies for six typical backbending nuclei,
one each from the six sets of isotopes for which
calculations have been carried out. The degree of
agreement obtained is quite evident; it is to be
noted that these are representative, and not
necessarily the best-fitted, cases.

In line with the commonly adopted procedure for,
displaying the high spin data for yrast bands, we
now take up the comparison of the experimental
data with the calculations through 8- co~ plots. The
moment of inertia 8 and the squared rotational
frequency ~' are related to the spin derivatives of
the energy through the relations

between the theory and the experiment is clearly
noticed.

IV. DISCUSSION OF MODEL PARAMETERS

Having established the adequacy of our express-
ion (7) for satisfactorily predicting the excitation
energies of the yrast band levels and reproducing
the backbending feature for good rotors, we look
into the physical content and characteristics of the
computed model parameters.

As already mentioned in the previous section,
we have confirmed the theoretical conclusion of
Ma and Rasmussen that for good rotors the
nuclear moment of inertia has an exponential de-
pendence on the pairing gap parameter. Going
a step further, we have introduced an explicit spin
dependence in Eq. (6) for the pairing gap Para-
meter; this dependence has been adopted in analogy
with superconductivity and is in agreement with the
statistical model studies for nuclei. The quanti-
tative success of this choice has been demon-

28/5' = (4I —2)/E„(I -I —2),
(S~)' =(dE/d II(I+ l)]'~}',

= (E„(I-I—2)/(2I- l)] (I -I+l), (10)

where we have adopted the "Stockholm" choice. '
Results for four typical backbending nuclei are
displayed in Fig. 3 and the excellent agreement

FIG. 2. Comparison of the experimental and the calculated level energies from our model for six typical cases, one
each from the six sets of isotopes investigated in our calculations.
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FIG. 3. Nuclear moments of inertia 25/k plotted as a function of the rotational frequency squared (S~) for four
selected even-even nuclei. The solid line represents our calculations and the full circles are the experimental points.

strated above in our numerical calculations. A
comparison of our results for &(I) with those from
the pairing stretch model of Ma and Rasmussen
is presented in Fig. 4; it is seen that the spin
dependence resulting from their calculations is
consistent with our choice for an appropriate I, .

It is more interesting to compare our results
with those of Kumar' who investigated the phase
transition phenomenon employing the constrained-
Hartree-Pock-Bogoliubov treatment of the pairing-
plus-quadrupole model. The results for the spin
variation of the energy gap in the nucleus '"Dy
from the calculations of Kumar are compared
with those from our formulation in Fig. 5; it is
seen that his results can be fitted with an expres
sion similar to our Eg. (6) if the exponent is
changed from 0.50 to 0.25. What is interesting
is the fact that in his phase transition picture the
almost sudden pairing collapse is very evident,
e.g. , the moment of inertia value suddenly drops
gy over 60%%uo as we move from spin 16to spin 18, ,

this
decrease being more than the total decrease sehn in
moving from 0 to 16. In contrast, the variation
is much more gradual in our case. In view of the

(I-I/ lc )
n

172

178 ~ Ma 8 Rasmussen

0.8

0
0.6CI

cg

0.4

O. 2

0 12

I
16 20

FIG. 4. Variation of the quantity (E/Eo) from our
model which has n =0.5 dependence (full lines) in com-
parison with the values from the calculations of Ma and
Rasmussen {Ref. 20) for two cases, namely, ~~2Yb and
i78Hf
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FIG. 5. Variation of the quantity (6',p) from our
model (n =0.5) in comparison with the values from the
calculations of Kumar for ~6'Dy. Kumar's values show
a very rapid variation and match with a n =0.25 depend-
ence.

established wide-range applicability of our formu-
lation, it is logical to conclude that the exponential
model does not favor a sudden pairing collapse
picture for the backbending nuclei.

It may be added that we do not attempt to identify
our parameter &, numerically with the energy gap
for two reasons, although it is tempting to do so
on observing the apparent agreement between the
two. Firstly, we have kept &, as a dimensionless
parameter leaving the scale undefined; alterna
tively, in terms of the formulation of Ma and Ras-
mussen" Jvide Eq. (2) above] we are working with
a constant value &=1.0 MeV ' for all nuclei, where-
as actually in their" calculations it is found to vary
appreciably from nucleus to nucleus. Secondly, and
more significantly, we believe, particularly in
view of the results of recent calculations by Ma
and Rasmussen, " that this parameter should be
more appropriately considered as an effective or a
"generalized pairing parameter" (in the spirit of
similar earlier @pproaches~g 4'), which, in view of
the excellent yrast band energy predictions, may
effectively include contributions from Coriolis
antipairing effects as well as from higher order
cranking and decoupled band crossing.

Next we examine the second free parameter of
our model, i.e. , the moment of inertia param-
eter. In Fig. 6 we plot the parameter 28,/5' as

160-
N=98

—I 40-
l

OP

&120-

98

N~100-

M
80-

60-

Dy Er Yb Hf W Os
I & I I I I I I I I I I I I I I I I ) I I I I I I I I I

l58 162 l60 164 164 168 172 176 168 172 l76 l74 178 182 180 184
A

FIG. 6. The moment of inertia parameter (28'p/5' ) from our model for six sets of isotopes investigated in our calcu-
lations (upper part of the figure). In the lower part of the figure we show the ground state values of the moment of
inertia from our model.
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a function of the mass number A. for different
sets of isotopes; this parameter represents the
moment of inertia at zero pairing, or the maxi-
mum value of the moment of inertia attainable in
our model. . Also plotted in the lower part of the
same figure is the ground state value of the mo- '

ment of inertia 28, , /5' defined in Eq. (8). Two
interesting features are )vident from the figure.
One is the strong fluctuations in the values of
28,/5', which, as we shall see, may be correlated
with the shell fluctuations in the single particle
structure. The second is an almost complete
washing out of these fluctuations in the ground
state moments of inertia).

The fluctuations in the values of 28,/0' can be
correlated with the shell fluctuations, or the ex-
istence of gaps in the single particle structure'4;
the appearance of a gap, or a sudden change in
the neutron level density, gets reQected in a sud-
den change in the value of 8, at the corresponding
neutron number. The strongest evidence for this
appears at K=98. All the %=98 isotones show a
sudden break in the value of 8, and this coindices
with the existence of a considerable gap in the neu-

tron single particle scheme at %=98. Also, our
earlier study" indicated the occurrence of a gap
in neutron level scheme at %=104, which was
said to diminish as we move from "'Yb to "'W.
A similar situation is seen to exist from the vari-
ations of 8„ in Fig. 6.

Looking at the values of the parameters as list-
ed in Table I, one observes that the variations in

80 and &~ are generally in the same pattern and
their contribution through Eq. (8) results in effect-
ive cancellation of the fluctuation effects with the
consequence that P„on the whole shows a smooth
variation with A.. This can be taken as the mani-
festation of the antishell nature of the pairing cor-
relations. The latter tend to oppose the shell ef-
fects by smearing out the single particle density
ground the Fermi energy. " This is most pro-
nounced in the ground state which corresponds to
maximum pairing strength. As the pairing de-
creases with increasing angular momentum, 'the

Imasking of sheQ effects diminishes and, ulti»

mately, as the pairing vanishes, shell fluctu/tion8
become most pronounced.

The values of'the ground state moment of inertia

0.5

Our model

VM I model

h ----~ Sood model

04—

0.3—

0 2

Dy Er Yb Hf N Os
g g I e I I t s I

I 58 I62 l60 l64 I64 l68 l72 l76 l68 l72 I76 l74 l78 I 82 I80 I84

Flo. 7. Comparison of the values of the ratio (g~, ld, z) from our model with the same from the VMI model (Ref. 32)

and the semiempirical formula of Sood (Ref. 40).
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as a fraction of the rigid body value

g„=-'. MAlt'(1+0. 3P), (11)

with R =1.2&A' ' fm, from our calculations are
compared with those from two earlier widely em-
ployed models"' "in. Fig. '7. Our values are mar-
ginally smaller than earlier calculations, but all
of them follow precisely the same trends.

The variation of moment of inertia with angular
momentum arising from our present calculations
is compared in Fig. 8 with that from the semi-
empirical formula of Sood."'~ It ls observed that
the gemiempirical formula, which is possibly the
only formulation giving fhe spinvariationof linen
analytical form, shows qualitatively the same be-
havior but somewhat smaller rate of rise of mo-
ments of inertia around the backbending limit.

It is instructive to compare the values of our
parameter Jo with the corresponding quantity ob-
tained from the cranking model calculations of Ma
and Rasmussen, who have listed the extrapolated
values of cranking moment of inertia at hiero pair-

ing for neutrons g", and for protons J 0 separately.
This comparison is presented in. Fig. 9. It is seen
that for the lighter rare earth nuclides the varia-
tions as well as the fluctuations of the model
parameter $0 are remarkably matched by the
cranking model results for the neutrons, whereas
the theoretical values for protons remain. struc-
tureless and practically constant for each set of
isotopes. On the other hand, we see from Fig. 9
that for Os isotopes with A =184-186 the variations
trend from our calculations is similar to that from
the cranking model results for protons. Such an
observation is in accordance with the evidence"'"
suggesting the importance of protons in the Os re-
gion, although Refs. 41 and 42 have somewhat con-
flicting opinion on the role of protons for back-
bending. It is certainly of interest to extend the
cranking model calculations of Ma and Rasmussen"
to the lighter Os, %, and Hf isotopes to determine
how far OM close simBarlty obsex'ved for thelx'

neutron values with our model results from Dy,
Er, and Yb isotopes persists for higher Z nuclides.

90-

80.

70"

60-

50-
158

Dy

80-

70-

60-

50.
)66

Er
4 8 l2 I6 4 . 8 l2 l6

FIG. 8. Variation of the moment of inertia with spin from our model (triangles) compared with the same from the
semiempirical formula of Sood {Ref.40) (full circles).
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FIG. 9. Comparison of the ratio (go/4, @) from our model (fuQ lines) arith the same for neutrons (triangles) and pro-
tons (open circles) from the calculations of Ma and Rasmussen (Ref. 20).

V. CONCLUSIONS

In summary, we present our conclusions as
follows

(a) The rotational energy calculations assuming
an exponential dependence of the nuclear moment
of inertia on the pairing correlations and a spin
dependence of the pairing gap analogous to that
used in superconductivity give an excellent fit to
the experimental data on excitation energies of
yrast band levels in well-deformed even™even nu-
clei.

(h) In contrast with the earlier observations of
Ma and Basmussen, ' the exponential model in our
formulation. does reproduce the backbending fea-
ture satisfactorily.

(c) In agreement with the theoretical cranking
model calculations of Ma and Rasmussen, "we
find that the exponential dependence of the moment
of inertia on pairing holds only for well-deformed
nuclei. Our formulation provides a satisfactory
fit to the data only for the nuclei for which the en-
ergy ratio E(4')/E(2') exceeds 3.0.

(d) Comparison of the spin variation of the en-
ergy gap parameter as deduced from our compu-
tations with the results of the constrained-Hartree-
Fock-Bogoliubo~ calculations for phase transitions
by Kumar lndlcRtes thRt pRlrlng attenuation ls not
so sudden as expected from pairing collapse ap-
proach.

(e) The moments of inertia values in (he limit of
no pairing exhibit strong fluctuations matching
those of the neutron single particle level spacings~
and in good agreement with the cranking model
calculations'0 for the neutrons for lighter rare
earth nuclides. Theoretical calculations for heav-
ier rare earths, i.e., isotopes of Hf, %, and Os,
are not available for extended sets. From the
available results, we find a similarity between the
variations for our results and for the microscopic
cRlculRtions for protons in the cRse of the two Os
isotopes; however, no definitive conclusions ean
be drawn until extensive microscopic calculations
for this region become available.

(f) Comparison with the experiment indicates that
the maximum value of the moment of inertia is
reached, i.e., baekbending is terminated, at a
spin value one step lower than I„.NI1is may be 4aRen
to signify, as suggested by Ma and Basmussen, ~o

that the very low pairing region does not come in
the picture for actual cases, which remain within
the region of validity of the exponential model de-
fined in our Eq. (3).
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