
PHYSICAL RE VIE% C VOLUME 18, NUMBER 4, OCTOBER 1978
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The momentum dependence, at fixed pion angles of 180 and 155', of inclusive pion production reactions
has been obtained for 600 MeV protons and 175 MeV/nucleon a particles and deuterons on Li, C, Co, and
Ta. The spectra obtained all fall ofF exponentially with increasing pion momentum, the slope being about 30
MeV/c independent of either target or projectile nature. The data are examined from the point of view of
quasi-two-body scaling, a reaction description discussed recently which suggests that q, the minimum
nuclear recoil momentum possible kinematically, is the proper scaling variable. When plotted versus q -, all
data presented here keep their exponential shape, but the slope becomes 70 MeV/c, i.e., nearly the same
as obtained for proton production by the same selection of beam projectiles and energies. It is concluded that
the same functional of the target momentum space wave function is revealed by quasi-two-body scaling in
inclusive pion production experiments, as in inclusive. proton and light-fragment production experiments.
Finally, the results of a Monte Carlo calculation of pion spectra based on a single NN +m NN interaction
and taking into account the internal motion of the nucleons in target and projectile are presented. The shape
and cross sections are accounted for when effective momentum densities of exponential forms are used; the
slope constants necessary are compatible with the ones obtained in .quasi-two-body scaling. Using the
ground state momentum density of an independent particle shell model produces pion spectra which fall off
too rapidly. Furthermore, the Monte Carlo calculation reveals kinematical features of the reaction, which

help explain why quasi-two-body scaling works for pion production.

NUCLEAR REACTIONS C(P, 7t), E& ——600 MeV, (d, ~), E„=350 MeV, (&,~) E
=700 MeV; Li, Co, and Ta(d, ~), E„=350MeV, (n, ~), E =700 MeV; measured
cr(E„e,) at 155 and 180",magnetic spectrometer; compared with quasi-two-body
scaling and Monte Carlo, single interaction calculation; discuss relation to in-

ternal motion in.target and projectile.

I. INTRODUCTION

Positive pion production in the collision of a pro-
ton with hydrogen requires a minimum beam ener-
gy of 292 MeV. However, on the moving nucleons
of a nuclear target, pion production can occur at
lower beam energy, as long as the incident pro-
jectile has a kinetic energy larger than the pion
rest mass. Thus the study of pion production be-
low 300 MeV on nuclear targets tests both existing
nuclear wave functions and description of the pion
production mechanism.

Besides the original pion production work with
390 MeV z particles at Berkeley, ' relatively little
experimental data exist so far: The largest num-
ber of experiments has been carried out with 185
MeV protons by the Uppsala group, ' and there are
preliminary data at 154 and 164 MeV from the In-
diana cyclotron', an experiment withl154 MeV
protons has been reported by the Orsay group, 4 and
one with 200 MeV polarized protons by a TRIUMF
group. ' All these experiments but the first one
were studies of exclusive cross sections to definite
final states of the residual nucleus. The only ex-

periment with complex projectiles is that of Wahl
et al. ,

' who have investigated inclusive m'~s pro-
duction by 180 MeV and 200 MeV 'He on carbon,
200 MeV 'He on lead, and 710 MeV n particles
on carbon. In these experiments the m'&s were
identified from the annihilation y rays in coinci-
dence at symmetric angles up to 90', thus these
data pertain mostly to forward pion production.

The experiment to be reported here was a mea-
surement of inclusive cross sections das/tfA, dp, as
a function of pion momentum p„ for pions emitted
at 180 and 155' in the laboratory. Four targets
were investigated: 'Li, C, Co, and Ta; the beams
were 600 MeV protons, 700 MeV e particles, and
350 MeV deuterons. Inclusive (p, tt) reactions had
been investigated earlier by Cochran et al.' at 730
MeV, at angles extending up to 150 for Be, C, Al,
Cu, and Pb, as well as by James et a/. ' for Be, C,
Cu, and Pb at 600 MeV up to 150 .

The experiment is described in Sec. II, and the
data are given in a table and graphical form in
Sec. III. In Sec. IV it is demonstrated that the data
scale like the proton production data, when the
variable q . of quasi-two-body scaling is used in-

&764



BACKWARD POSITIVE PION PROD UC'F ION F Q, OM N UC L K I. . . l 765

stead of the observed pion momentum p, . Finally,
Sec. V presents the results of a Monte Carlo cal-
culation for the reaction; it also describes the me-
thod use to extract appropriate "effective" momen-
tum distributions for both projectile and target for
use in the Monte Carlo calculation. The conclu-
sions are presented in Sec. VI.

TARGET
MONlTQR

LDING

II. DESCRIPTION OF THE EXPERIMENT

The experiment was performed with beams of
600 MeV protons, '700 MeV e particles, and 350
MeV deuterons at the Space Radiation Effects 7 ab-
oratory in Newport News. ' The apparatus was the
same as that used to study the 180 production Of

protons by the same particles at the same ener-
gies. M Figure 1 shows the layout. The beam rea-
ched the target located downstream of the dipole
magnet; backward emitted p&ons were bent by the
dipole and focused on scintillator 82 by the guad-

rupole doublet. Counters S1, 82, and 83 were part
of a coincidence telescope and located inside a lead
shielded tunnel necessary to decrease room back-
ground. The counters were the same as described
in Ref. 10.

Times-of-flight between the different counters
were digitized and fed into an on-line computer,
together with pulse heights from all three counters.
For 180 pions, the momentum was selected by
varying the dipole and quadrupole fields. The tun-
ing calculated by ray tracing has been verified with
a floating wire measurement. For 155' pions the
dipole was turned off and the quadrupoles provided
the momentum selection. In the -time-of-flight
spectra the pions were well separated from other
charged particles, largely because for the momen-
tum range of interest (80 to 200 MeV/c for the o,
particle and deuteron beams), the stopping range
of nucleons or light fragments of the same momen-
tum was significantly smaller than the target thick-
ness. Figure 2 shows a typical time-of-flight spec-
trum for C(ct, m) for 180' pions of 120 MeV/c and
one for Ta(a, w) for 155' and the same momentum.

The targets used were 'Li (790 mgcm ', enrich-
ed to 96% in sLi), C (730 mgcm ' of graphite), Co
(1130 mgcm 2 metal), and Ta (840 mgcm ' metal).
Relative beam rates were monitored with two inde-
pend'ent three-counter telescopes, one viewing a
thin radiator upstream from the experiment, and
the other viewing the target. Absolute rates were
obtained from carbon activation, comparing the P'
annihilation y rate from the "C produced with that
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FIG. 1. Floor plan of the experimental setup used in
the present study.
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FIG. 2. Typical time-of-flight spectrq, for 180 pions
in C{o., 7I ) and 155 pions in Ta(n, 7t ); in both cases the
average pion momentum was 120 MeVjc.
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of a calibrated Na source. The activation cross
section for 600 MeV protons is well known; a value
of 30.5+ 0.6 mb was used. " For the g,ctivation by
V00 MeV n particles, a value of 50+ 4 mb was tak-
en from Dollhopf. " Since no experimental cross sec-
tion is known for the "C activation from 350 MeV
deuterons, a value of 60 mb was used, based onthe
systematics of lower energy measurements; the
uncertainty on the latter could be as large as +50%%uo.

III. DATA AND CROSS SECTIONS

The number of pions per monitor count was ob-
tained from the time-of-flight spectra at appropri-
ate settings of the currents in the magnets. As
shown in Fig. 2, the time-of-flight spectra have an
easily identifiable peak at the position expected
from the momentum selection, with a few events
corresponding to velocity c, and an important con-
tinuum of slower particles on the right. It was
sometimes necessary to subtract a background un-
der the pion peak, but for most of the data this cor-
rection amounted to less than 20%%up of the counts in
the peak.

The raw data were corrected for decay-in-flight
of the pions. Due to the large target-to-detector
distance (6 m), the small size of the counters, and
the angular distribution of the decay muons (the
Jacobian angle was typically 10 times larger than
the angular acceptance) the decay correction was
close to the maximum corresponding to a survival
probability of exp(-1.28 x 10 'd/yP), with d in cm
the distance from the target to the focal plane de-
tector. The final correction applied did take into
account the probability that the muon would stay
within the solid angle, as well as the geometry of
the three-counter telescope. The smallest survi-
val probability was 26/o at 80 MeV/c, and the larg-
est 88% at 400 MeV/c. No correction was applied
for multiple Coulomb scattering in the targets or
in the helium placed between the target and the
first detector in the telescope. The target correc-
tion was negligible because the typical root-mean-
square Coulomb angle for 100 MeV/c pions was
typically 1.4' (for the carbon target), and the angu-
lar dependence of the measured cross section is
weak, as will be seen below.

A correction for energy loss in the different tar-
gets was obtained by multiplying the specific ener-
gy loss at each pion energy by the half-target thick-
ness. The pion momenta in Table I reflect this
correction. The data were also corrected in first
order for the finite momentum resolution of the
spectrometer; an effective momentum was obtain-
ed for each point assuming the resolution profile to
be Gaussian and the pion spectrum to be exponen-
tia1; as will be seen below, the latter assumption
is well borne out by the data. The resolution cor-

rection is significant for the (p, w) data, but not for
the (d, w) and (a, w) data, because the latter extend
only to 200 MeV/c. Again, the data in Table I re-
flect this correction.

In Table I the data are given in the form of dif-
ferential cross sections do'/dA, dp„with relative
statistical error. The systematic errors due to
calibration of the beam intensity, absorption and
multiple scattering ip. the targets, and along the
flight path are estimated to be +20% for the proton
data, +25% for the n particle data, and 55%%ug for the
deuteron data. However, the systematic errors on
the relative cross section for a givenbeam should be
less than 10% for all targets and for any given pion
momentum. The momentum itself is defined within
+1%, and the full width at half maximum is +7.5%
based on the analysi. s in Ref. 10. The data for
C(p, w) at 600 MeV and 155', and 'Li, C, Co, Ta
(n, w) at 700 MeV and 180' [also shown is Ta(a. , w)

at 155'] are shown in Fig. 3, where the cross sec-
tionsd~o'/dA+p, are plotted versus the laboratory
pion momentum. Also shown are the C(p, w) data
of Cochran et al. (Ref. 7) taken at 730 MeV and
150', the agreement between the two sets of (p, w)

data for carbon is reasonable, taking into account
the different energies for these two experiments,
and the systematic errors in each. Also shown are
three data points for C(p, w) at 600 MeV and 150
from James et al. (Ref. 8). Comparing the 730MeV
(p, w) data with the 700 MeV (n, w) data for carbon
immediately shows that the e particles does not
behave like a structureless particle in the process:
The ratio of these two cross sections is about 1300,
although the beam energies are nearly the same.
Worth pointing out also, is the similarity in shape
for all (n, w) data; the shape in all cases is nearly
exponential, with a slope of 30 MeV/c. The ap-
parent target dependence is close to A', with the
exception of 'Li. It is important to note that the
A dependence of the (n, w) data is quite different
from the A dependence found experimentally in
backward inclusive proton production (p, p) in Ref.
13: The pion data presented here show an A' de-
pendence when represented as a function of the
measly. ed pion momentum; but in Ref. 13 the (p, p)
data did not show a similarity in shape nor a sim-
ple A dependence when plotted as a function of the
observed proton momentum. This important point
will be discussed in Sec. IV.

Table I includes data points for C(d, w) at 350
MeV, at 180' and 155', the absolute normalization
of the latter is in doubt by a factor of 2, although
the slope is correct. The ratios of cross sections
for a given target such as carbon, and incidentpro-
tons, deuterons, and 0. particles are remarkable;
for example, for 150 MeV/c pions these ratios are
(p, w) 600 MeV/(e, w) 700 MeV/(d, w) 350 MeV = 1200/
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1/0.08. As will be discussed in Sec. V, these ra-
tios can be explained in terms of the structure of
the at particle and deuteron projectiles, assuming
that the pion producing process is pp -cpm'.

IV. SINGLE INTERACTION PICTURE AND QUASI-TKO-

BODY SCALING

Recent studies of the backward production of pro-
tons and other light fragments by incident protons

and other projectiles have demonstrated the exis-
, tence of an empirical scaling law (see Refs. 10, 14,

and 15). When represented as a function of a re-
coil variable q „to be defined below, the inclusive
cross section d'o/dQp'dp takes a nearly exponential
shape, with a slope constant q, which is approxi-
mately independent of the projectile's nature and
energy, of the fragment observed, as well as of
the angle of emission, as long as the latter is in

TABLE I. The cross section d o/dQ dp„obtained in the present experiment; the pion momenta p have been corrected for target
energy loss and resolution, as described in the text.

p„(MeV/c)

88
97.5

103
112.5
132
152
178.2
197.3
220.7
244.2
267.8
290.5
336.8
382.5

101.5
129.5

91
109
127
136
146
155
164

101.2
120
139.4
158.6
177.8

101.7
110.5
120

d3 g/dQdp
cm sr '(GeV/c) '

600 MeV protons on carbon, 155'

6.47 (-27)
6.95
7.9
8.54
9.49
6.51
4.31
2.52
1A6
5.75 (-28)
2.69
1.31
4.8 (-29)
1.1

350 MeV deuterons on carbon, 180'

3.61 (-30)
9.17 (-31)

3SO MeV deuterons on carbon, 155'

8.36 (-30)
1.17 (-29)
8.03 (-30)
5.62
4.55
2.51
1.85

700 MeV o particles on Li, 180

2.99 (-30)
2.57
1.42
7.26 (-31)
4.28

700 MeV 0. particles on carbon, 180'

1.S2 (-29)
1.51
1.28

% error

2.7
2.3
2.7
1.6
1.5
1.7
1.6
2.2
3.8
4.8
6.6
6.0

31
38

13
10

9.8
8.1

8.4
9
9
7.7
6.0

10.4
12.5
13.2
14.9
17.4

2.8
2.7
2.0

p„(MeV/c)

129.7
139.4
149
158.6
168,2
177.8
196.8

84.5
101.7
120,5
139.4
159.1
177.8
196.8

102
119.5
138.4
148
157.6
167.6
176.8

8S.2
91

100.7
110
119.5
128.7
138.4
148
157.6
167.2
176.8
195.8

d3 0/dQdp
cm sr '(GeV/c) '

9.12 (-30)
7.57
5.18
4.82
2.68
1.91
9 41 (-31)

700 MeV n particles on cobalt, 180'

7.26 (-29)
5.62
4.53
3.58
1.73
9.32 (-30)
5.43

700 MeV n particles on tantalum, 180'

1.17 (-28)
1.52
8.24 (-29)
5.74
4.91
4.20
2.01

700 MeV 0; particles on tantalum, 155'

4.14 (-28)
3.86
3.15
2.82
2.50
2.43
1.29
1.16
8.62 (-29)
6.01
4.14
1.59

% error

2.8
1.7
2.3
1,7
1.9
1.5
1.0

10.5
8.4
8.8
9.5

11.5
12.1
12.5

12.7
11.5
1 1.9
15.4
11.6
14.4
21.3

11
1 1.9
12.7
8.3

12.1
10.9
14.9
8

10
7.1

10.8
17.7
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FIG. 3. Inclusive cross section d 0/d&, dP, vs labora-
tory pion momentum for (P, 7r) at 155 and for 600 MeV
protons on carbon, shown as o,&

and (o,', x ) for 180 and
700 MeV n particles on 6Li(*), C(4), Co(+), and Ta(X);
also shown are data points for Ta(n, n ) at 155 (g). The
730 MeV proton data of Cochran et al. (Ref. 7) and the
600 MeV proton data of James et aE-. (Ref. 8) are also
shown for comparison as (6) and, (k), respectively;~
both distributions are for 150 pions and carbon.

the backward hemisphere. Furthermore, for pro-
ton emission and incident protons of several hun-
dreds of MeV's, the magnitude of the cross section
goes like A, the atomic number of the target. This
scaling law reduces a very large body of inclusive
data to a few parameters; to what extent the q „-
variable parametrization reveals the internal
momentum wave function of the target is a question
which has not been entirely resolved yet. However,
one interpretation which has been discussed else-
where (see Refs. above) will be discussed here
briefly, to facilitate its adaptation to the pion emis-
sion case.

For backward proton emission, the angle at which
the proton is detected cannot be reached in a single
nucleon-nucleon interaction if the target nucleon is
at rest. Of several possible starting assumptions,
the point of view is taken here that the observed
particle is not the projectile, but rather a constit-
uent of the target; this is the first assumption. A

second assumption is that the observed particle
or fragment was freed from the target in a single
interaction, with low momentum transfer. A third
assumption is that no large momentum transfer to
the rest of the target occurred either, so that the
residues of the target move forward with small
relative momenta between its constituents, and

FIG. 4. (a) Kinematics for quasi-two-body scaling
discussed in Sec. IV, is it applies to backward proton
emission. . (b) Final state in the production of one pion
by a proton incoming on a complex nucleus of atomic
number A. (c) Final state postulated in the modified
quasi-two-body scaling for backward pion emission.

small excitation; thus no other fast fragment but
the scattered projectile is expected in the forward
direction. The kinematics corresponding to the
model thus defined is illustrated in Fig. 4(a), which
is specialized to an incident proton and an observed
backward proton.

In the picture just outlined, the observed mornen-
tum y cannot be very different from the internal
momentum -q of the target proton because the mo-
mentum transfer is assumed to be small. The ob-
vious conclusion is that the momentum spectrum of
the observed particle is connected in some way to
the internal momentum wave function of the target
in this model. If the functional relation between the
observed momentum distribution and the internal
momentum wave function preserve the rapid de-
crease of the latter with increasing recoil momen-
tum q, the minimum kinematically possible recoil
q „may suffice to characterize the data. It is this
observation which led to the idea of quasi-two-body
scaling (QTBS) for inclusive backward production
data: Inclusive cross sections d'c displayed as a
function of q „do scale.

Using theparameters defined in Fig. 4(a), conser-
vation of momentum and energy gives

p. = p+ p'+ (&p&)

Eo = E~+ E~.+ (ZE)) —m~,
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[(~2 + m2 M2)2 4~2M2]1/2}

where m is the nucleon mass. In Eq. (1}, q „is a
function of the invariant mass M of the residual
(A —1) nucleon system; q „decreases when M de-
creases. As the smallest possible invariant mass
M occurs when the (A —1) nucleons are in their
ground state, one may take M =m„,.

The minimum recoil q „defined in (1) has been
called the quasi-two-body scaling variable, because
it has been obtained from the assumption that the
unobserved, forward going reaction residues were
only two in number, the scattered projectile and
the remainder of the target in a state of low excita-
tion. Essentially identical arguments will nom be
used to define a QTBS variable for pion production,
for which the elementary process is presumably

NN- mN¹ (2)

If only the pion is observed, at least three other
particles must be in the forward region: The two
nucleons involved in reaction (2) and the residues
of the target, as illustrated in Fig. 4(b}. In the
spirit of the definition of q „discussed above for
nucleon production, it will be assumed that q „
must be calculated for the minimum invariant mass
of the two nucleons involved in reaction (2). The
picture can then easily be ext'ended to a complex
projectile of atomic mass A'. q „will occur when
(A'+ 1) nucleons, have the smallest. possible invari-
ant mass; in this case again, the final state is thus
reduced to a quasi-two-body one for the unobserved
fragments. As will be shown shortly the definition
of the QTBS variable just presented, leads to the
same scaling for pion production, as has been
found for nucleon production.

The expression for q „is easily obtained from
(1), if one redefines P and q as

P=p, —z=p'+q

which can be rewritten, so as to make appear the
quasi-two-body nature of that part of the final
state which is not observed, as follows:

«)P=p0 —p=p +9'~

g =E0 —E +m~=E, +E, ,

where g= (Zp, ) and E,= (ZE,) are the recoilmomen-
tum and energy of the residueal (A —1) nucleons of
invariant mass M'= E ' —q'. For fixed values of
P and &, q is minimum when p' and q are collinear.
The value of this minimum q is

q „=,(I'(g' —P'-m'+M')1
mph
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FIG. 5. Inclusive cross section d30/d&, p, 2dp, vs
minimum recoil qm~~ for C(p, ~), C(&, ~), and C(d, 7r),
compared with results of Ref. 10 for C(p, p), C(n, p),
and C(d.,p). The p, n, and d energies are the same in
the m- and p-production data.

g = E +
gyes

—E = Ep. +E,
Chere now p' is the momentum of the (A'+ 1) Sys-
tem, q is that of the (A —1) target fragments. Equa-
tion (1) canthenbe used to calculate q „simply re-
Placing m by m„,„, the invariant mass of the pro-
jectile-plus-one-nucleon system. For an incident
proton, ...m„.„-~„, the mass of the deuteron; for
an incident deuteron, . . .m„.„-m„ the mass of a
triton; finally for an incident n particle, the value

B24H + apl must be taken, as the five-nucleon
system has no bound state.

The inclusive pion cross sections d'o/dQ, p',dp,
for carbon and incident protons, deuterons, and
0. particles obtained in the present experiment are
shown in Fig. 5, plotted as a function of q „.On
the same figure, the results of Ref. 10 for proton
emission, for the sam6 three beam particles and.
again carbon. as a target, are also shown; the semIi, -
logarithmic representation linearizes the data,
and the slopes are very similar in all cases. Note
that the (p, v) data are for 155' pions; all other
data are for 180' emission, but for (d, v) which is
available at both angles. A common slope for all
seven groups of data points is 68 MeV/ci Only the
two points for the largest q „values in C(p, w) de-
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plied by (1/Z) as a function of q~g, for (n, x) on Li(*),
C(o), Co(+), and Ta(X), for 155' pions and 700 MeV
0.' particles.

viate markedly from the universal exponential be-
havior. This representation of the n- and proton-
inclusive cross sections shows the same scaling
for both channels and for three different beam par-
ticles, and thus indicates that the pions reveal the
same functional of the target momentum space
wave function as the protons.

For comparison, the 150' (p, v) data of Cochran
et al. (Ref. V), which are for 730 MeV protons, are
shown in Fig. 6. A comparison with Fig. 5 shows
immediately that the slopes are the same for tar-
gets from Be to Pb. Finally, in Fig. V, the (n, v)
data from the present experiment are shown vs. .

q „; however, to explore the target dependence,
in this case the cross sections have been divided
by Z, the number of protons in the target nuclei.
Because for m' production, the protons in the tar-
get are expected to contribute most of the cross
section; Z rather than A has been chosen. An ap-
proximate fit to the data in Fig. 7 gives Z" if one
does not include Li. Similarily, the Cochran egal.
(p, v) data in Fig, 6 give Z'55 if one does not in-
clude 9Be. In both sets of data, the lightest target
has a distinctly smaller cross section than expected
on the basis of the Z dependence observed for the
heavier ones; however, no noticeable difference in
slope is found for the lightest targets.

The target dependence obtained here is quite dif-
ferent from the one obtained by plotting the data

vs the observed pion momentum p„which has
been found to be A, rather than Z ' in Sec. III-
above. In Ref. 7, Cochran et a/. had pointed out
that the angle- and energy-integrated cross sec-
tion 0'z varied like Z' for targets heavier than
carbon. The result of the scaling transformation
from p, to q „is thus to change the apparent Z
dependence from Z at 3 to Z o.ss Thj.s conclusion is
quite different from the one obtained for proton
production, where an A dependence is the rule
when the QTBS variable is used, whereas no

simple A dependence can be found when the
observed proton momentum is used instead.
This difference in target dependence must be
related to the different absorptions of pions and
protons in nuclear matter, as it is observed both with

proton and a particle projectiles. Cochran et ai.
had observed that the ratio (d'o/dQ, dE,)/cr' was
largely target independent, thus indicating a very
similar angular and energy dependence for all
pion spectra; this point is made much stronger
with the representation in Fig. 6 which emphasizes
the identical shapes obtained with the QTBS vari-
able qmsa'

V. MONTE CARLO SIMULATION OF PION PRODUCTION

In the preceding section, the data have been ana-
lyzed in terms of the recoil variable q „,which is
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relevant in QTBS. In the present section, pion
spectra will be calculated by a Monte Carlo techni-
que, assuming that the basic interaction is NN

7rNN arid taking the structure of both target and
projectile explicitly into account.

If one assumes that the basic, pion producing
interaction is NN- mNN rather than coherent nu-
cleus-nucleus interaction, then pion production by
700 MeV particles or 350 MeV deuterons is be-
low threshold; in both cases the energy per nu-
cleon in the projectile is 175 MeV, whereas the
minimum energy required in a nucleon-nucleon
collision is 292 MeV if the target nucleon is at
rest. In this case, pion production can only occur
with the help of internal motion in the target and in
the projectile. A ].75 MeV proton can produce a
pion in a collision with a 25 MeV (momentum 220
MeV/c) target proton moving in a direction oppo-
site that of the beam particle, a head-on collision.
Internal momentum in complex projectiles of
course reduces this minimum requirement.

'The calculation requires the probability for the
target and projectile nucleons to have given inter-
nal momenta. For the target nucleon, it is not the
ground state distribution that enters; orthogonality
of the target and continuum final states has been
shown in Ref. 15 to result in a cancellation by final
state interactions. Thus an "effective" momentum
distribution must be used, with a normalization
determined here from the C(p, v) data. The shape
of this "effectiVe" distribution was taken of the
form

& =
lpga+ &~ Ep+~~ -(~~-i'+ qt'}'"1'

= (m„-m„,)'+ (E~' p~')

—2[p, ~ q~+ (m„-m„,)E~ —Ts(E~+ m„)], (3)

limit @~=0 only. The proton four momentum is
then transformed to the laboratory system, where
it has then four momentum

(p„E,)=r(a,+ &„P i,+E,);
P, y are the Lorentz factors of the initial projectile
with beam momentum pp, and energy Ep:

P= p,/E„y= E,/m„, .
Next, it is assumed that the target nucleus has

A nucleons and a mass m„, and that it fragments
into a proton and a residual system of (A —1) nu-
cleons with invariant mass m„,. The proton has
a momentum in the laboratory q„but its mass is
less than its physical mass even for q, = 0 because
m„-m„, &m~. Following the same scheme as in
Sec. IV, it is assumed that both the (A' 1) and the
(A 1) residual systems have the smallest possible
mass, which are then taken as the ground state
masses of these systems. Such final states are
favored because they lead to the smallest possible
internal momenta q& and q, ', these are the most
likely occurences because the vertex functions
rapidly decrease with internal momentum. The
total energy squared available at the NN vertex is
then given by

(1/q)" exp(-q/q, ), with n = 1. (3)
where T„ is the kinetic energy of the recoiling
(A —1) system given by

This form has been shown in Ref. 14(c) to lead to
an exponential falloff of the inclusive cross section
in (p, p), within the framework of the model which
has been succintly described in Sec. IV above.

For the projectile, no cancellation occurs, and
the normalization of the distribution is equal to
the number of participating projectile nucleons;
distortion effects are expected but not included
here. The projectile distribution was also taken
of form (3), but the results of the calculation are
not sensitive to the power n', n= 0 or 2 produces
similar results for slightly different values of Qp.

The model assumed for the Monte Carlo calcula-
tion will now be described step by step. Consider
t1'e interaction of two complex nuclei, such as Ot

particle and C nucleus. First, it is assumed that
the projectile containing A' nucleons and having
mass mA. fragments into a residual system of
(A' —1) nucleons and a proton of momentum j& rel-
ative to the C.M. system of the projectile. The
(A'-1} system is on the mass shell, thus the pro-
ton has invariant mass squared m =mA' +mA'-&
-2m„.(m„. ,'+q, '}' ', thus m„=m„.-m„. , in the

2's= (~~-x'+ q~'}"'-m~ i

&„~~(g}= 0.95q4+ 0.099''+ 0.204'', (4)

Next, pion production in the NN system was as-
sumed to be isotropic, which is a good approxima-
tion for ~NN final states near threshold. The range
of s values playing a role for pion laboratory mo-
menta larger than 100 MeV/c goes from 4.25 to
4.75 GeV', whereas the threshold is at s, = (m~
+m„+no, )2=4.07 GeV, and the (3, 3) resonance is
at s=(m„+m~)2=4. 71 GeV2. Over this range the
angular distribution should change from isotropic
to (1+cos28,}; for the small pion angular range of
interest here, no visible difference was obtained
when the isotropic distribution was replaced by a
(1+cos'8, ) one. In the calculation, each event was
assumed to produce a pion if the s value was larg-
er than s,; a weight factor proportional to the total
cross section for single pion production at that
value of s was then attributed to each event. Near
threshold, the total cross section for gap final
states is given by the empirical relation
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where g is the pion C.M. momentum in units of the
pion rest mass (see for example Lock and Meas-
day"). Experimental cross sections are available
above 450 MeV. It was observed that both the
near-threshold cross section of (4} and the data,

where available, were in excellent agreement with
three-body phase space, which was then used for
the calculation. The pion momentum distribution
in the NN'C. M. system was assumed to have the
three-body phase space form given by Block,"

(5)

where m, and m, are the physical masses of the
two nucleons at the nNN vertex, m, is that of a
pion; p„ the pion momentum in the NN system,
has the maximum value

p, ~ = ([s —(m, + m, + m, )']
x [s —(m, -m, —m, )']/4s]'~'.

The weight for each event was then taken as

„pmax

(dv, /dp, )dp, .
dP

Near threshold, nd final states are in fact domi-
nant in pp collisions; however, for the pion labor-
atory momenta of interest here (p, &100.MeV/c}, s
is larger than 4.25, and zd final states are decrea-
singly important with increasing s. Changing from
formula (4) to the empirical relation

produced no visible difference in the final result
(the latest values of n =0.247+0.017 and P=0.6+0.3
can be found in Jones"; terms in g' and g, q' are
neglected here}. Neither did the final result change
significantly when the three-body phase-space mo-
mentum distribution (5) was replaced by two-body
kinematics. The latter result is easily understood
if one notes that for large laboratory pion momen-
ta directed upstream, a kinematic selection occurs
anyway, which tends to favor three-body final stat-
es with two nearly collinear nucleons; everything
else being the same, the resulting pion momentum

. will be smaller if the two nucleons are not nearly
collinear. Also, the three-body phase-space dis-
tribution is maximum for nearly collinear nucle-
ons. The higher the pion momentum, the more
pronounced this kinematic selection. As a result,
the residues of the target and of the projectile, as
well as the two nucleons involved in the interaction,
all tend to fly nearly parallel to the beam; a condi-
tion akin to the assumption of collinearity of the
(A —1)- and (A'+ 1) systems in Sec. IV.

Three pairs of angles had to be chosen for each
Monte Carlo event: ap azimuthal and a polar angle

for the orientation of the projectile- and target-
internal momentum relative to the beam direction,
and for the pion momentum relative to c.m. motion
of the NN system. The kinematic selection just
mentioned, which is further accentuated by rapidly
decreasing effective momentum distributions in
both target and projectile, limits the projectile nu-
cleon to a narrow forward cone; likewise, the in-
ternal momentum of the target nucleon and the NN

!c.m. system pion momentum are most likely to be
contained within backward narrow cones. The ef-
fect of limiting the three polar angles within cones
with apertures as small as possible was studied in
some detail, as an optimum choice greatly reduces
computation time. The final results were obtained
with cones of 45 half-aperture for the two internal
momenta, and 30 half-aperture for the pion mo-
mentum, In the spirit of a Monte Carlo calculation,
the internal momenta of the participating nucleons
in projectile and target should be chosen according
to appropriate momentum distributions. However,
because the spectra observed are inclusive, the
momentum distributions are not specified. Pre-
liminary analysis indicated that using for these
distributions known ground state, independent
particle model densities, such as the harmonic
oscillator densities with parameters from Elton, "
failed. As discussed at the beginning of this sec-
tion, the contribution of the ground state momen-
-tum distribution is canceled by final state inter'-
actions; an "effective" distribution was used in-
stead, with form (3) and a normalization deter-
mined by the C(p, )t) data. Although no cancellation
occurs for the projectile, a distribution of form (3)
was also used, but with a normalization determin-
ed by the number of participating nucleons in the
projectile. No attempt was made to optimize the
shape of the distribution for either projectile or
target.

Using go= 70 MeV/c in (3), the pion spectrum ob-
tained for C(p, m) at 600 MeV is shown in Fig. 8.
Likewise, for the n particle data on carbon, no
agreement could be obtained with a harmonic oscil-
lator helium-4 momentum density. Instead, the



18, BACKWARD POSITIVE PION PRODUCTION FROM NUCLEI. . .

-26 "

)0

I

Vl

Ol

E

n
Cy

b
O

10

10

-50
10

)0
-51 c (d, &)l80'

0.I

c (a,~)ieo.

I

0.3 0P

p (GsV/c )

FIG. 8. Histograms of the Monte Carlo results for
C(p, x), C(e, m'), and C(d, x), normalized approximately
to the data for the first of these three reactions. Also
shown is the Monte Carlo results for Ta(&, x), assuming
the target dependence is Z '8. The data points shown are
(i) for C{p,n), (o) for C(n, x), (X) and (g) for Ta(o, , m)

at 180, respectively, 155'. Also shown are the two
data points for C(d, 7t) at 180 (X).

same form (3) was used with a value of q, arbi-
trarily chosen at 90 MeV/c. The result is shown
in Fig. 8 again; note that although the C(p, v} re-
sults are normalized to the data, the C(a, v) re-
sults necessitated no further normalization other
than a factor of 2 for two protons in helium-'4.
Thus both slope and values of the cross section
relative to (p, v) are well reproduced by the calcu-
lation. Finally, for the deuteron data, similar re-
sults were obtained using either a McGee' wave
function for the deuteron, or form (3}with qo = 110
MeV/c; this similarity in the results obtained with
the two distributions is not surprising because the
McGee momentum distributions is nearly exponen-
tial with slope of about 100 MeV/c in the region
300&q&400 MeV/c. The C(d, v) results shown in
Fig. 8 were obtained with the exponential form;
again, no further normalization was necessary,
and the slope is in fair agreement with the two
data points available. So far then, the calculation
explains the large change in cross section observ-
ed when carbon is bombarded with different pro-
jectiles, as well as the important feature of a uni-
que slope. This is no mean success, if one re-
members that the (p, v) reaction is well above
threshold for pion production in NN collisions,
whereas the (a, v) and (d, m) reactions are below
threshoM.

In Fig. 8 the results of the Monte Carlo calcula-
tion for Ta(a, v) are also shown. Again, the effec-
tive momentum density (3) was used for the target,
with q, = VO MeV/c. The number of nucleons in the
target participating in the reaction was taken as
S~', in agreement with the results in Sec. IV.
That the cross section should depend upon Z rather
than A is suggested by the ratio of the cross sec-
tions for m' production in pp and np reactions,
which is approximately 5 to 1. The power of 0.6
required to normalize the Monte Carlo result to
the Ta data is representative of the strong absor-
ption of the outgoing pions; it is in agreement with
the findings in Sec. IV, and in definite contrast with
the results for the (p, p) inclusive channeL A num-
ber of calculations of inclusive pion spectra have
been reported earlier. A few wiQ be mentioned
here; their emphasis was. usually different from
the one which motivated the present study. For
example, Sternheim and Silbar" succeeded quite
well in reproducing the V30 MeV data of Cochran
et al. (Ref. 7) at forward pion angles, using the
isobar model and a semiclassical description of
the traversal of the nucleus by proton and pion.
However, for the largest pion angle considered in
Ref. 21 (150'), the calculated spectrum reaches
zero at 100 MeV (200 MeV/c), whereas the data
show measurable cross sections up to 350 MeV
(400 MeV/c}. The same basic assumption are used
in Ref. 21 as in the Monte Carlo calculation pre-
sented here; however, in Ref. 21 charge exchange
and absorption of the outgoing pions have been ta-
ken into account; on the other hand Fermi motion
was neglected which is the essential ingredient for
pion production near threshold,

Similarly, Harp" has studied single pion produc-
tion using the isobar model in an intranuclear cas-
cade calculation. Again the results underestimate
the high momentum tail observed at 150 in the
data of Cochran et al. ,' as well as in the present
experiment.

One attempt to calculate pion production below
threshold has been reported by Bertsch" for heavy
ion collisions. Bertsch attributes pion production
near threshold to a combination of projectile- and
target-Fermi motion, as doge here, but he expects
that the initial distribution rapidly gets thermaliz-
ed while the bvo nuclei penetrate each other, strongly
suppressing pion production; however, he
considers only heavy ion collisions in which the

, momentum is in the range 100 to 300 MeV/c per
nucleon, to be compared with 600 MeV/c for the
present data.

VI. CONCLUSIONS

The back angle pion spectra obtained in the pre-
sent experiment for the inclusive reaction (p, v) at
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600 MeV have been discussed. Using data from
Ref. 7, it has been shown that the shape of these
spectra was independent of the nature of the target.
The same shape was also observed for the pion
spectra produced by 700 MeV n particles and 350
MeV deuterons, although the cross sections are
three and four orders of magnitude smaller than
the (p, v) ones. A very similar conclusion had
been previously obtained (Ref. 10) for backward
proton spectra from the inclusive reaction (p, p}
and also (a,p) and (d, p). The latter observation
had been related to quasi-two-body scaling which
obtains in a single scattering model and has been
discussed in Refs. 10, 14, and 15. In the present
work, QTBS has been modified to take into account
the presence of the pion in the final state. The ap-
plication of the modified QTBS has now been found
to result in the same universal, exponential behav-
ior of the cross sections for pion production as for
proton production by p-, d-, and O. -beam particles;
this result is best demonstrated in Fig. 5.

One of the important assumptions of QTBS is that
final states with minimum relative kinetic energies
between the constituents of the fragments dominate
the process; this assumption has been studied
here, using a Monte Carlo calculation of the single
scattering process. The calculation gave excellent
agreement'for the shape and relative magnitudes
for the carbon cross sections for (p, w), (d, v), and
(e, w). The effective internal momentum distribu-
tions which were found necessary to achieve this
agreement weee of exponential form, with slope

constants of 70 MeV/e for carbon, 90 MeV/c for
the a particle, and 110 MeV/c for the deuteron.
The calculations also show that for backward pion
production, the kinematic constraints imposed by
energy and momentum conservation result in re-
strictions of the phase spaces available to target-
and projectile-nucleons participating, and in the
region of phase space the pion can reach. This
restriction is exactly of the same nature as the
QTBS assumption that the final state most likely
contains the target minus one nucleon, and thepro-
jectile plus one nucleon, both in states of minimum
internal excitation. The agreement between the
simple Monte Carlo calculation presented and the
data may be in part accidental, and certainly will
require further testing. The shape of the calculat-
ed pion spectrum depends upon a delicate balance
of at least three rapidly varying functions: The
rapidly decreising nucleon wave function in the pro-
jectile and in the target and the rapidly increasing
pion-production cross section. Data for (p, v}near
threshold (in the range 185 to 250 MeV), and (ct, m)

well above threshold (2-4 GeV}, would provide very
severe tests of the results presented here.
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