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Angular distributions have be'en measured for the reactions Sr(' 0,' C) Zr and Zr(' 0,' C) Mo at 80
MeU, and 'Sr('~C, ' Be) Zr and Zr("C, ' Be) Mo at 60 MeV. The data were analyzed with full recoil,
coupled-channel Born approximation calculations, in which both direct (one-step) and sequential (two-step)
reaction routes were considered. Detailed shell model wave functions were used to corstruct all form. factors.
The calculated sequential contributions to the cross sections were found to be significantly larger than those
associated with direct transfer, and inclusion of the two-step routes substantially improved agreement with
experiment. The calculated angular distribution shapes were found to depend on both the intermediate Q
value of the sequential process, and also on the microscopic configurations involved in the transfer. In
addition, a previously unreported configuration dependence of the recoil corrections was noted in the
calculations.

NUCLEAR REACTIONS 88Sr(160 160) 88Sr(160 14C) 90Z r(160, 16 0), OZr (16p 14C),
0 MeV. 88Sr (12C 12C 12C) 88Sr (12C 10ge) 9 OZ r (12C 12C) 904 r(12C 10ge) @ 6P

MeV; enriched targets, measured 0'(&). Finite range DWBA and CCBA analyses
of direct and sequential transfer, compared with data. .

I. INTRODUCTION
t

In almost all heavy-ion, and a large fraction of
the light-ion, induced multinucleon transfer reac-
tion studies reported to date it has been assumed
that the nucleons involved are transferred simul-
taneously (as an effective cluster) between the pro-
jectile and target involved. The question of the
importance of competing reaction amplitudes
wherein the nucleons. are transferred sequentially
via well-defined intermediate nuclear states has
remained an open one.

Recent studies of charge-exchange reactions in-
duced by light, ions have illustrated the importance .

of such sequential transfer processes' ' and indi-
cated a new direction in transfer reaction study
that merits additional attention. Inclusion of se-
quential processes in the above, and in more re-
cent studies, ' has improved the agreement of cal-
culated with experimental cross sections both in
magnitude and in the shapes of the angular distri-
butions. The question of the possible importance
of sequential transfer amplitudes in heavy-ion in-
duced reactions, however, remains very much in
an exploratory phase although studies in the calci-
um and nickel regions have suggested'-' that in-
cluding sequential amplitudes in the analysis im-
proves the absolute normalization of reaction mod-
el predictions to experiment by factors of 5-10. In
the present study we investigate the importance of
the sequential mechanism in—arid explore the de-
pendence on nuclear structure characteristics of-
heavy-ion induced, two-proton transfer reactions
on ' Sr and "Zr targets.

We have selected these targets —having closed

neutron shells (N= 50)—for such studies both be-
cause their small deformations make negligible the-
effects of higher-order multistep inelastic transfer
processes" which would have greatly complicated
the analyses and perhaps obscured the sequential
effects of interest and because sufficiently detailed
shell model calculations have been reported" "for
this mass region to permit construction of realistic
transfer form factors for the direct and sequential
processes. The projectile energies available to us
did not permit a choice of targets in the lead re-
gion; insufficient target nuclei are available in the
vicinity of "Ca, and the "Ca core is not adequately
magic for our purposes. "0 and "C projectile
beams were selected for convenience and because
it was hoped that the very different structures in-
volved would lead to observable structure depen-
dent effects in the measured cross sections. As an
additional attractive feature we note that heavy-ion
induced reactions, even with the projectiles as light
as ' 0 and ' C, have the advantage that semi-clas-
sical concepts such as r- and I -space localization,
can be used to obtain an understanding of many of
the salient features of the experimental data."

Cross sections for the ("C,"Be) and ("0,' C)
two-proton transfer reactions were measured for
both "Sr and ~Zr targets, and the experimental
data were subjected to full- recoil distorted-wave
Born approximation (DWBA) and second-order
Born approximation analyses. A number of signif-
icant results emerged. First, the predicted con-
figuration dependence of the direct transfer pro-
cess was found to differ in no-recoil and in full re-
coil DWBA calculations, thus requiring the more
accurate but much more time consuming full-re-
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coil treatment in all the analyses reported in this
work. Second, we report the first observation of '

which we are aware of significant sequential ampli-
tude effects dependent upon the microscopic config-
urations active in the models used. Third, we have
observed a significant dependence of the sequential
transfer ampl'itudes on the intermediate reaction Q
values. And finally, the systematic trends in the
four reactions studied are shown to reflect their
sensitive dependence upon reaction mechanisms,
underlying nuclear structure, and the binding ener-
gies of the transferred nucleon in the projectile-
reaction product and the target-residual nucleus
systems (the "light" and "heavy" systems, respec-
tively). In addition, an investigation of the relative
population of the first two 0' states in ~Zr via the
reactions "Sr("C "Be)"Zr and "Sr("0 ' C)"Zr
served to validate the truncated shell model wave
functions used in these analyses.

II. EXPERIMENTAL METHOD

Angular distributions corresponding to the popu-
lation of low-lying residual states in the reactions
88Sr(16O 14C)90Zr 90zr(16O 14C)92MO 88Sr(12C loBe)
~Zr, and ~Zr("C, MBe)92Mo, and elastic scattering
in the respective entrance channels were measured
over a center-of-mass angular range from 10 to
VO . These experiments were carried out using the
MP-1 tandem Pan de Graaff accelerator of the
%right Laboratory with ' O and "C beams of ener-
gies of 80 and 60 MeV, respectively; these ener-
gies were selected to be some 10-15 MeV above
the corresponding Coulomb barriers. The targets
were prepared" by evaporating enriched metal
()98%88Sr and 97.65%90Zr) onto carbon backings (of
areal densities 20 pg/cm2 and 40 p, g/cm2 for "Sr
and "Zr targets, respectively) and were nominally
80 pg/cm' thick. An array of three semiconductor
surface-barrier detector telescopes successively
10' apart and cooled by thermoelectric devices'
was used for particle detection and identification.

A typical spectrum for the reaction 86Sr(16O, '4C)-
~Zr is shown in Fig. 1; the energy resolution in
general was about 150- 200 keg full width at half
maximum (FWHM). Using this resolution, the low-
lying states in the residual nuclei were adequately
resolved, except for the (2', 5 ) levels near 2.2
MeV excitation in "Zr (Fig. 1). The predominant
contribution to this (2+, 5 ) peak in ~Zr was found
from a subsidiary experiment to arise through pop-
ulation of the 5" state, which contributed at least
90% of the (2', 5 )„„,at the angles measured. This
separate experiment was carried out using the
quadrupole- dipole-dipole-dipole magnetic spectro-
meter at the Brookhaven National Laboratory to
achieve an energy resolution adequate to re'solve
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reaction at 80 MeV, measured at 30]~.

the transitions populating these two close-lying re-
sidual states. The absolute cross sections were
determined by normalizing the transfer reaction
yield to the elastic scattering yield at forward an-
gles (8 &15'), where the latter .cross section was
assumed to be purely Rutherford in character; they
are believed to be accurate to better than +15'%%up.

It should be noted that no significant reaction
yield to the first excited 0' state of Zr at 1.V6

Me7 appears in I'ig. 1. Inasmuch as the ratio of
the populations of this state and the 0' ground state
provides a sensitive test of the available truncated
[(2p. .2)2, (1go&2)2] wave functions used in our analy-
ses, supplementary studies were carried out in-
volving much longer running times. No statistical-
ly significant reaction yield identifiable with the
excited 0' state was observed-. lower limits of V5

and 50 were placed, for the reactions "Sr("C,"Be)
~Zr and "Sr("0,"C)"Zr, respectively, on the ra-
tio of the cross sections corresponding to popula-
tion of the ground and first excited states.

The angular distributions measured for the ('2C,
"Be) and ("0,"C) reactions are shown in Fig. 2.

III. ANALYSES AND RESULTS

Reaction calculations were carried out using the
source term method developed by Ascuitto and
Glendenning" in both the full- recoil first-order
DWBA, with two nucleons transferred simulta-
neously, and in the full-recoiJ, second-order Born
approximation with the two nucleons transferred
sequentially. The computer code used was LISA22

with substantial additions" necessary to permit a
full- recoil treatment.

The analyses utilized the full-recoil for reasons
that will be discussed in subsection A. The effects
of including multistep processes involving inelastic
excitation in the targets and residual nuclei as
noted above were not expected to be significant be-
cause of the relatively small deformation para-
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FIG. 2. Angular distributions for the ( 0, C) and ( C, ' Be) reactions, measured at 80 and 60 MeV incident beam
energies, respectively, on Sr and Zr.

meters involved. '~ " In fact, the inclusion in our
reaction model of inelastic excitation to the 2'
state in the target and the residual nucleus for the-
reaction "Zr("0,"C)"Mo, for example, produced
a 40% increase in the magnitude of the predicted
cross section to the 2' state of the residual nucleus
as compared with predictions involving only direct
amplitudes, but led to closely similar angular dis-
tribution shapes. This change of absolute predicted
magnitude could still be considered small in view
of the fact thai the pure sequential process in gen-
eral was found to contribute a cross section about
five times larger than that for the pure direct pro-
cess, for the reactions in the present study. The
additional multistep processes involving inelastic
excitation of the projectiles were not investigated.
In the ("0,' C) reactions, the la.rge excitation en-
ergies involved in such processes tend to diminish
their importance, and in any event the inclusion of
inelastic excitations in the coupled channel codes
could have greatly complicated our analyses. In
the present study, attention is focused on the con-
tributions from pure direct, pure sequential, and
the coherent sum of these two processes.

The bound-state wave functions were generated
with a potential which included a Woods-Saxon
shape nuclear potential, a spin-orbit potential of
standard form, and a Coulomb potential. The depth
of the Woods-Saxon potential was varied so as to
bind the transferred nucleon at the measured sep-

aration energy. In calculating the contribution of
the two-proton direct (simultaneous) transfer pro-
cess to the final cross section, each of the trans-
ferred protons was assumed to be bound atone-half
the measured two-proton separation energy while
in each step of a sequential transfer, the appropri-
ate measured one-proton separation energies were
used. The Coulomb interaction term was neglected
in constructing the form factors. It has been re-
ported" that although neglecting the Coulomb inter-
action can introduce a 30% difference in cross-sec-
tion magnitudes for the type of reactions studied in
this work, generally the differences in predicted
shapes are found to be quite small.

The form factor for the direct transfer process
was calculated by expanding the two-nucleon over-
lap as amultipole series in the relative and center-
of-mass angular momenta of the transferred nu-
cleons; this series was found to converge rapidly
for the population of 0' states in Ref. 34, and for 2+

states in the present work. Consequently, in calcu-
lating the contribution to the final cross section
from the direct process, the relative orbital angu-
lar momentum was truncated at a value of 3I', as
required for form factor convergence. For the cal-
culations of the direct transfer VO partial waves
were included, while for the sequential transfer 65
partial waves were included: The S-matrix ele-
ments were found to converge at these values.

In the following analyses, we have used the trun-
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TABLE I. Spectroscopic amplitudes for one- and two-
nucleon transfers in the target-residual nucleus system
("heavy system") within the truncated (2/pi/2, 1g9/2)
shell model.

Two-proton transfer spectroscopic amplitudes
for heavy systems ~

(2~1/2) (49/2) (2~1/2~(19/2)

TABLE II. Spectroscopic amplitudes for the projec-
tile-reaction product system ("light system") calculated
from the coefficients of fractional parentage.

Two-proton transfer spectroscopic amplitudes 8
for light systems ~

(1P3/2)'

"»(0') —Zr(01)

"sr(o') -"zr(o,')
88sr(0+) ~ 90zr(2+) 0.0 1.0

0.8147 -0.5799

0.5799 +0.8147

0.0

0.0

0.0

'C(0)- Be(0 )
16P(0+) '14C{0+ )

+0.874
+0.405

+0.486
+0.914

One-proton transfer spectroscopic amplitudes 8
for light systems

"Sr(0') 90Zr(5 ) 0.0 0.0 1.0
Zr(0+) Mo{0+) -0.4843 1.084 0.0

90Zr(0+) 92Mo(2') 0.0 O. 9300

88sr(0+ )

88sr(0+ )

"~(~ )

89&(+ )

90Z r(0+)

"zr(o')
91Nb( Z+)

91Nb(+2 )

91mb(~2 )

-89&(-~2 )

. 89'(4+)

-"zr(o')
-"zr{o')
-91Nb(~2')

-92Mo(0+)

9 Mo(2+)

-"Mo(O+)

-0.9487

+0.9380

1 1521

+0.8124

+0.9657

-0.5799

+1.5834 '
+1.3642

+1.1809

One-proton transfer spectroscopic amplitudes
for heavy systems

12C(p+) iiB(X )

2C(0+) 11B(Z )

iiB(4 ) ~10B (0+)

B(+) B (0 )

16O(p+ ) 15N( X
)

"O(O') -15@(~2 )

15M(~ ) -'4C(O+)

15N(2. ) 14C(0+)

-1.6880

+0.8678

-0.6557

+0.7649

+1.4142

+2.0000

+0.9141

+0.2867

From Ref. 32 [Cohen+ Kurath coefficients of frac-
tional parentage (CFP)] and 8 = —[Ã(N-1)/2) Cr r + r
x(CFP)c,h,„+K««h. Also, note that in our definition, there
is a sign difference from the CFP's calculated in Ref.
32.

From Ref. 31 and 8 = Mczpp&g (CFP)When+Kurath ~' From Ref. 31 and sum rules.

~ Prom Ref. 29.
From Ref. 30.' From Ref. 29 and sum rules.

cated (2p»„1g,&,) shell model which has success-
fully reproduced many experimental data on nu-
clear structure in the mass-90 region, ""to de-
scribe the structure of the targets and residual nu-
clei. As an additional check on this adequacy we
examined the population of the two lowest 0' states
in ~Zr. Within the framework of this truncation
these states have the wave functions"

g, =0.814V(p, g, )2 —0.5V99(g9f,)2,

g, =0.5V99(p, (2)'+0.814V(g,(,)'.
Inserting these wave functions into our reaction
model we predict ratios of 70 and 80 for ground to
excited states for the reactions ' erS("C," eB) 9Zor

and "Sr("0,'4C)9oZr Experimen. tally we have es-
tablished lower limits of 75 and 50 for this ratio
and the model reproduction of this large ratio gives
us additional confidence in its adequacy in this
mass region.

The spectroscopic amplitudes —as defined by

French" —for one- and two-nucleon transfer in the
target-residual nucleus system (the "heavy" sys-
tem) within the truncated (2p»„lg», ) shell model
calculated by Brown, Chung and King" are listed
in Table I; those for the projectile-reaction prod-
uct system (the "light" system) calculated from the
coefficients of fractional parentage given by Cohen
and Kurath"'" are listed in Table D.

The optical model parameters used in the analy-
ses of the transfer reactio~ data were based on
those obtained by fitting the elastic data. The re-
sults of the parameter search are compared with
the measured elastic scattering in Fig. 3, and are
given as potential set I in Table III.

A. Configuration dependence of direct transfer processes in

no-recoil and in full-recoil DWBA models

In order to investigate the possible importance of
including recoil effects, full-recoil calculations
were first carriedout separatelyfor the (p, ~,)' and

(g, &,)2 configurations leading to the ground state of
"Mo in the 9'Zr("0, "C)"Mo reaction. Figure 4
shows a comparison of the no-recoil with the full-
recoil results. The ratio of calculated cross sec-
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distribution and a much smaller absolute cross
section for either configuration, as compared with
those from no-recoil calculations (Fig. 4). This
result is similar to that of Bayman for the case of
the "Ni("0,"0)'4Ni, , reaction at E„b=65 MeV
(Ref. 33) in the sense that he found that the full-re-
coil calculation predicted a cross section five
times smaller than did the no- recoil. Our results
contrast, however, with the calculation of Take-
masa for the reaction "C("0,'~0)"C», at E,~
=24 MeV', ~ in which neither the cross-section
magnitudes nor the angular distribution shapes
were modified significantly by inclusion of full re-
coil except for minor shape changes at forward an-
gles.

The configuration-dependent recoil effects found
in our test calculations mandated that the present
calculations be carried out in full recoil, at the
cost of substantially greater computer time. As a,

matter of possible interest, a typical angular dis-
tribution calculation in full recoil including both
direct and sequential contributions required 1-2
hours of CDC 6600 CPU time. It should be noted,
however, that this time estimate is considerably
inflated because a somewhat ineff icient calculation-
al sequence was employed to facilitate compari-
sons of contributions arising from different con-
figurations.

I03
lO 20 30 40 50 60 70 80

ec (deg)

FIG. 3. Measured elastic scattering angular distriI-
butions. The solid lines are the results of optical model
calculations using potential set I (Table III).

tions for the pure (2P, I,)' configuration to that for
the pure (1g,&,}'configuration is -2.5 in the no-re-
coil approximation and -1.0 in the full-recoil treat-
ment. The relative calculated cross section for the
population of different states in the residual nu-
cleus can thus be changed substantially by including
recoil properly when mixing among limited struc-
tural configurations is involved; this configuration
dependence of two-nucleon direct transfer pro-
cesses in no-recoil and full-recoil D%BA models
has not been emphasized previously. In addition to
this observation, the full-recoil calculations were
found to predict a more forward-peaked angular

B. Sequential effects in the reaction 9 Zr( 0, 4C) Mo

As R preliminary to the sequential analysis, the
one-proton reaction, ~Zr("0, "N)"Nb, was sub-
jected to detailed study. The experimental data
are shown in Fig. 5, together with the result of
DWBA analyses of this one-proton transfer reac-
tion. A minor modification (2% increase in real
radius} in the optical potential which fits the elas-
tic data was required to bring the predicted angu-
lar distribution into agreement with the experimen-
tal transfer data. All the calculations for the tavo-

proton transfer reaction, "Zr("0,"C)"Mo, pre-
sented hereafter were carried out with this modi-
fied, or one-proton transfer, potential in the en-
trance, intermediate, and exit channels. In the
truncated (2p»„1g,&,) shell model used, two in-
termediate channels, populating the II' ground and
the y first excited states in "Nb, are considered
for the sequential processes, as shown in Pig. 6.
A comparison of the predicted shapes of the angu-
lar distributions for pure two-step sequential pro-
cesses with those for pure direct processes is
shown in Fig. 7(a) for each configuration. It is evi-
dent that for this reaction there are predicted dif-
ferences at forward angles. Especially for the con-
tribution of the (2p», )' configuration to the "Mo
ground-state transition, the sequential model pre-
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TABLE III. Optical parameters used in the analyses.

Reaction
Parameter ~

set
V 5' ro„

(Me V) (Me V) (fm)
+c

(fm) {fm) (fm) (fm)

88sr(ieO $4 C}80zr

8 Zr( 60, ~ C)8 Mo

88sr(12C 10B ) BOZr

Zr( C Be) Mo

I
II
III

100.0 30.0 1.1947 1.1947 0.5274 0.5274 1.2
1.2724

100.0 30.0 1.2044 1.2044 0.5155 0.5155 1.2
1.3068
1.2285

100.Q 30.0 1.2036 1.2036 0.4805 0.4805 1.2
1.3000

1QQ.0 30.0 1.1718 1.1718 0.5297 0.5297 1.2

Parameter set I: elastic potential. Parameter set II: potential which is needed to fit the
general shape of transfer reaction in full-recoil analyses. Parameter set III: one-proton po-
tential.

I I I
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ec.m.
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FIG„4. Comparison of full-recoil and no-recoil cal-
culations for the Zr( 0, C)Mo ground-state reac-
tion. The curves show the results of direct, one-step
calculations involving the (1gey2) proton configuration
only (solid lines) and the (2pqg2) configuration only
(broken lines).

FIG. 5. Measured and calculated (full-recoil DWBA)
angular distributions for the Zr( 0, N) Nb reaction.
The optical potential which fits the entrance channel
elastic scattering (set I, Table III) was used to calculate
the broken curve, while an improved result (solid curve}
was obtained by increasing the real radius of the optical
potential by 2P/0. The corresponding parameters are
given as set III in Table III.
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diets a much more forward-peaked angular distri-
bution than is obtained in direct transfer, and pro-
vides improved agreement with the experimental
data. This difference is, however, small for the
contribution of the (g9&,)' configuration.

Qualitatively, this difference can be understood

in terms of the relative magnitudes of the 2P, /,
and 1g,/, radial wave functions in the surface re-
gions of importance in these transfer reactions.
The form factor for sequential 2Py/g transfer falls
off faster in ~ space than does that for the corres-
ponding direct process, producing stronger locali-
zation in configuration, apd therefore jn orbital an-
gular mom, entum space. Since the calculated full-
recoil radial form factors are two dimensional, it
is not easy to illustrate this comparison; however,
the effect can be observed inthe 8-matrix elements
for the various processes. In Fig. 8(a) we show
that the width of the calculated 8-matrix element
distribution in I. space is in general narrower for
the sequential processes, which is reflected in a
wider angular spread, i.e., a more forward-peaked
angular distribution. This difference in the width
of the S-matrix element is larger for the (p, &2)'

configuration, which explains the enhanced forward
angle calculations for that configuration.

The extent to which inclusion of sequential ampli-
tudes can alter the shape of the predicted angular
distribution to the 0' ground state in the residual
nucleus depends on (1) the relative magnitude of
the calculated cross sections for sequential and di-
rect transfer, and (2) the relative magnitude of the
calculated cross sections for different configura-

90Zr(160 C)'9
'60

t I I

Sr ( 6014C)9OZ
I

El,b=80 MeV
%Sr(12C GBe)90Zr E C=60 MeV

'12

IO

Vl 2
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Cy
D~
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O

Ipl

I

IO 20

I

Two-Step &seq)
One-Step {direct)

I I I

30 4P 50 60
8, (d g)

IO

lpl

r

70 80 10 IP 20 3O 40 50 60 7p 8p
8 (deg)

0 GROUND ST6 FULL-RECOIL—Two-Step (seq)—---One-Step(direct)
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8 (deg)

(a) (b) (c)

FIG 7 C arison of sequential and direct calculations for transfer in t e p ( ge/2) p~/2h ur e (1 & and (2p ) configurations.omparis n
o a Zr{ 0 C) 2Mo, (b) Sr(60,The measure angud ngular distributions are also shown. The three panels refer to (a) r{

14 90 ~ ~ ~ ther at backward an lesC) Zr, and (c) rS C Be 9 Z Th calculated curves are arbitrarily normalized to one another gr. e
for display purposes.
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tions. The calculated sequential transfer process
contributes, as shown in Fig. 9(a), 4 times the
cross section to the ground state and eight times
that to the 2' state, as compared with the direct
process. Consequently the sequential transfer
process is the dominant one in determining the
shape and magnitude of the cross section. In Fig.
10(a), we show that the (2P, &,)' contribution to the
calculated ground-state cross section is much
smaller than the (Ig, &,)' contribution, reflecting
the much smaller spectroscopic amplitudes for the
former. As a result, the coherently summed cal-
culated cross sections of the two configurations for
the ground-state transitions, as shown in Fig. 9(a)
for various processes, have shapes more similar
to those of the pure (g», )' configuration. The dif-
ference between the "sequential+ direct" and the
"direct" angular distributions is not as large as
might have been expected in cases where (P )2Z/2
rather than (g, &,)' is the main configuration. Ex-
amples of the latter situation will be discussed in
Sec. IIIC.

The solid curves in Fig. 9 show the angular dis-
tributions resulting from the combined direct-plus-
sequential calculations. While the calculated an-
gular distribution shapes are much improved with
the inclusion of sequential transfer, significant
discrepancies remain. Better fits can be obtained
using modified optical potentials (see, e.g. , Fig. 11)

without changing the quantitative conclusions in any
significant manner, but as these modifications lack
theoretical justification we continue the discussion
in terms of the potential which fits the one-nucleon
transfer data.

All calculations reproduced the relative popula-
tion of the 2' and 0'. states to within a factor of
roughly 2. The population of the 2' state was over-
estimated, as compared with that of the 0' ground
state; by -10% in a one-step direct DWBA, by a
factor of -2.5 in the sequential process, and by a
factor of 2.1 in the coherent sum of )he two pro-
cesses. This factor of -2 persisted when the op-
tical model parameters were changed, as in Fig.
11. The absolute normalization factors required
to obtain the best fits to the experimental absolute
cross sections are given in Table IV. Although the
direct transfer mechanism provided the best re-
production of the relative magnitude, it only con-
,tributed a small fraction of the final cross-section
prediction. The predicted absolute magnitudes of
the cross sections were increased by a factor of 5,
-8 by including the sequential transfer process,
but the absolute cross sections were still, underes-
timated (Table IV). This discrepancy between the-
oretical and experimental cross sections is com-
mon to many reaction calculations, "and may arise
from inadequacies of the potential used in generat-
ing the bound-state wave functions in the light (pro-
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FIG. S. Calculated direct and sequential contributions to the reactions (a) Zr(' 0, C) Mo, (b) Sr( 0, ' C)9 2,'r,
and (c) Sr( C, Be)~ Zr. The calculations are normalized to the data shown by the factors given in column 4 of Table
Dr . The wave-functionamplitudes given in Tables I and II were used in the calculations.

jectile-reaction product) and heavy (target-residu-
al nucleus) systems or from the inadecluacy of the
size of the configuration space used in describing
the light or heavy system overlaps. These possi-
bilities, because of the magnitude of the required
calculational effort, have not been explored exten-
sively in the present analyses.

The sensitivity of the pure sequential process to
the intermediate Q value (the Q value of the first-
step transition) is illustrated in Fig. 12. Here the
binding energies used to generate the form factors
in the heavy systems were changed in the entrance
and exit channels while preserving the overall Q
value for the two-nucleon transfer. It follows from
Fig. 12 that there can be small intermediate-Q-de-
pendent differences in the shapes of the sequential
angular distributions at forward angles and rather
large changes in the magnitudes of the calculated
cross sections. The Q value for the first- and se-
cond-step transitions Q, and Q, were rather arbi-
trarily chosen as Q, =Q, = —4.86 Me&; this does not
result in substantial differences in the calculated
cross sections as compared with those with exper-
imental Q values (Q, =-6.69 MeV). The set Q, .

= —1.34 Me& and Q, =-B.SV Me& was chosen so that
the second-step transition has a well-matched Q
value, and resulted in a substantial increase in the

magnitude of the cross sections and a less forward-
peaked shape in angular distribution for the 0'
ground state. This suggests that it may also be
possible to distinguish experimentally between di-
rect and sequential processes if the situation is
carefully chosen with favorable nuclear structure
and intermediate Q values.

Q. The reactions Sr( 6P ' q) Zr and Sr( C Be) 0&r

The calculated cross sections for population of
the 0' ground states in the respective residual nu-
clei in the "Sr("0 "C)"Zr and "Sr("C,"Be)~Zr
reactions are shown in Figs. V(b) and V(c). The se-
quential processes with formation of Y in its —,

ground and & first excited states are considered as
intermediate channels. Similar to the situation en-
countered in the reaction ~zr("0, '~C)"Mo, the
difference in the shapes of the calculated angular
distributions for direct and sequential processes
at forward angles is larger for the (P»,)' config-
uration; this again follows from the localization of
the S-matrix elements in I. space, as shown in
Figs. 8(b) and 8(c). In contrast to the situation in
the reaction ~zr("0, '4C)e'Mo, however, where the

(g», ) configuration contributes in a major fashion
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amplitudes given in Tables I and H were used.

to"the overlap integral in the heavy system, in the
88Sr("0, '~C}' Zr and "Sr("C,"Be)"Zr reactions
the dominant configuration is (p», )', this is re-
flected, as shown in Figs. 10(b}and 10(c), in a
larger relative contribution to the tot;al cross sec-
tion from the (P,&,)' configuration. The sequential
process contributes a cross section three times
larger than the direct for the reaction 8'Sr("0, '~C}
~Zr and 5 times larger for the reaction 8'Sr("C,
"Be)lzr.

It should be noted that, as can be deduced from
Fig. 9, the direct and sequential processes to the
0' ground state in the residual nuclei interfere
constructively for the reactions 88Sr("0, '4C}~Zr
and Zr("0, ' C)"Mo, and destructively for the
reaction "Sr("C,"Be)"Zr. It was found in the cal-
culations that sequential transfer in the (1P,&2)'
configuration in the light (projectile-reaction prod-
uct} systems interferes constructively with the di-
rect process, while that from the (1p»,)' configur-
ation in the light system interferes destructively
with the direct process. The contribution from the
(lp», )' configuration for the reaction "Sr("C,'DBe)

~2',r, however, is much larger than that from the
(lp, &,)' configuration, and therefore the net ampli-
tude from sequential process interferes destruc-
tively with that from the direct process.

Similar calculations for the 2, 5 angular distri-
bution (predominantly 5 ) could not be carried out
in detail because of limitations inherent in the
DOE/NYU CDC-6600 computer system in use.
These involve round-off errors for a full-recoil
calculation including adequately high angular mo-
mentum transfer and allowing up to three units of
relative orbital angular momentum for the nucleons
transferred.

The transfer data from the reaction "Zr("C,
'OBe)"Mo presented in Fig. 2 were not subjected to
full-recoil analysis because the general trends ob-
served in the experimental data of the four reac-
tions including "Zr("C,"Be)"Mo may be explained
by the Q value and projectile/target dependence
summarized in the following section, and the con-
siderable effort required to do so would not add
significantly to our understanding of the systema-
tics of reaction behavior in this mass region.
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FIG. 11. Calculations similar to those of Fig. 9, except that modified optical potentials (2% increase in real radius—
parameter sets II in Table III) were used.

D. Comparison of the reactions Sr( 0 '- C) Zr, Zr( 0
C) Mo, Sr( C, Be) Zr, and Zr( C Be) Mo

Q value and projectile/target dependence: Sys-
tematic trends in the experimentally observed an-
gular distributions for the population of 0' ground
states in the respective residual nuclei in the re-
actions "Sr("0,"C)"Zr, "Zr("0 ' C)~Mo "Sr
("C,' Be)' Zr, and "Zr("C, 'cBe)"Mo are shown
in Fig. 13; here we have drawn only smooth curves
through the data points to highlight the trends.

We first consider the absolute magnitudes of the
cross sections. The reaction Zr( C, Be)"Mo

stands out as having a much smaller cross section
as compared to all the others. It may be noted in
Table V that this reaction has the best matched Q
value for a direct transfer process.„however, these
matching conditions are not as important to the fi-
nal cross sections as are those for the correspond-,
ing sequential transfer process which, as dis-
cussed above, dominates the transfer process. In-
deed, although none of the transitions are perfectly
matched in their Q values, one of the two steps in
the serluential transfer was closely matched in Q.
value in each reaction excePt ~Zr("C "Be)"Mo.
both the first- and second-step transitions of the

TABLE fV. Normalization factors N=rrexpl&qh„ for full-recoil analyses.

Heactions

88Sr(&60 &4C) 90Zr

"Zr("0,"C}"Mo

88Sr(&2C &Dye) &OZr

State in
residual
nucleus

p+

0+
2+
p+

Direct

650
631
574
345

Sequential

185
190

74
64

Direct +
sequential

143
139

65
70

Potential
parameter set

(Table V-4)

I
IH
III
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FIG. 13. Comparison of ground-state angular distri-
butions for the four reactions studied. The curves
shown were simply drawn to pass through the data points.

FIG. 12. Calculated dependence of sequential con-
tributions to the Zr(' 0, C)92Mo reactions on inter-
mediate Q value, as discussed in the text.

sequential transfer process in this reaction are
mismatched in Q value by at least 3 MeV. This re-
action also has the worst L-matching conditions for
the two transitions comprising the sequential trans-

fer. The facts that the reaction "Zr("C,"ge)9'1go
has the most unfavorable L- and Q-matching condi-
tions for sequential transfer and that sequential
transfer. amplitudes were found to be dominant in
this mass region are consistent with the experi-
mental observation that its cross sections are

TABLE V. Reaction systematics.

Reaction

Laboratory
bombarding

energy
(MeV)

Class ical
grazing

angle

Ground state
Q value
(MeV)

Optimum
Q value
(Me V)

Favored
L transfer
(Eex = 0.0)

(I)

Half two-proton/proton
separation energies

Light Heavy
system system
(Me V) (Me V)

88sr(160, 14C)90Z
. 90Zr(160 14C)92Mo

88Sr(12C iOB )90Zr
"Zr("C, "Be)"Mo
888r(160 1-5N) 89'
89@(i5N 14C) 90Zr
90Zr(f60 f5N)91Nb

1Nb( 5N, C)9 Mo
88Sr(12C f fB)89'
89jqif B 10B )'90Zr
90Zr(12C if B)91Nb

"Nb{"B, "Be)"Mo

80.0
80.0
60.0
60.0
80.0

(73.187)
80.0

(71.003)
60.0

(49.337)
60.0

(47.235)

40.7
42.3'
40 5
42.1'

-6.902
-9.710

-11.754
-14.563
-5.061
-1.841
-6.969
-2.741
-8.890
-2.863

-10.800
-3.763

-14.251
-14.434
-15.747
-15.563
-6.903
-7.571
-7.005
-7.433
-7.642
-7.881

7y72 1
-7.606

1.12
2.79
4.23
6.11
1.90

-0.78
3.33

-0.54
. 4.70
-0.47

6.38
-0.27

11.168
11.168
13.594
13.594
12.128
10.207
12.128
10.207
15.957
11.229
15.957
11.229

7.716
6.312
7.716
6.312
7.067
8.366
5.159
7.466
7.067
8.366
5.159
7.066
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FIG. 14. Summary of calculated dependencies of an-
gular distribution shapes on reaction mechanism. The
three curves for each reaction are arbitrarily normal-.
ized at the grazing angle to facilitate the shape compari-
son.

much lower than those from the other three reac-
tions studied.

We then examine the shapes of the angular dis-
tributions in Fig. 13. It may be seen that the re-
actions induced by '

t and ' 0 projectiles lead to
characteristically different angular distribution
shapes, with the former yields less strongly local-
ized in angle. This projectile dependence, which
is adequately reproduced in the calculations, re-
sults prima, rily from the differences in the two-
proton binding energies in the "C and "0 systems.
The larger binding energies in the former produce
form factors which are more strongly localized in
both configuration and angular momentum space,
and hence result in wider angular distributions for
the ("C, 'OBe) reactions.

Figure 14 shows a comparison of predicted angu-
lar distribution shapes of the residual ground
states in the reactions "Zr("0,"C)"Mo, "Sr("0,' C)"Zr, and "Sr("C,"Be)"Zr for pure direct,
pure sequential, and the coherent sum of these
processes. It is evident that including the sequen-
tial transfer process does not introduce dramatic
changes in the shape of the angular distribution;
however, it does introduce some difference at for-

ward angles. This difference is observed in the
calculations to be larger for the reactions ~'Sr(X,
Y)"Zr than for the reaction ~Zr("0, '4C)'~Mo. It
may be recalled that, as sholem in Fig. V, the
(P, &,)' contribution to the 0' ground-state transi-
tion demonstrates a more marked difference be-
tween the sequential and direct processes than does
the (g, &,

)' contribution. The reactions "Sr(X,Y)
Zr, , whose transferred nucleons in the heavy

system are largely in the (P,&,)' configuration
therefore show a more marked difference between
the direct and sequential processes than does the
'OZr("0, ' C) 'Mo, , reaction, whose transferred
nucleons in the heavy system are largely in the

(g, &,
)' configuration.

A small change (5-10%) of the relative probabil-
ity between different configurations in the present
(p, », g», ) truncated shell model, was found to in-
troduce little change as far as the general shape of
the angular di.stributions was concerned; nor does-
such a change effect the magnitude of the calculated
cross sections signif icantly.

Normalization factors: The normalization fac-
tors, which are defined by

are listed in Table V for the direct and sequential
processes, respectively, and for the coherent sum
of the two. The normalization factor for the sum
of the two processes for each reaction is not much
different from that of the sequential process above
because the latter cross-section contribution is
dominant throughout.

Inclusion of sequential amplitudes clearly im-
proves the absolute normalization by a large
factor although the commonly encountered prob-
lem""""4'""in two-nucleon transfer reactions
wherein the theories predict cross sections lower
than those observed experimentally persists.

Although Kammuri' and Feng' have reported sat-
isfactory agreement with experimental data in the
case of certain ("0,"0) two-neutron transfer re-
actions where they have found normalization fac-
tors close to 1 (from 0.29 io 2), they both have un-
derestimated the cross sections for the two-proton
transfer reactions ("0,'~C) by one to twoorders of
magnitude —similar discrepancies to those ob-
served in our ("0,'4C) cases. This rather striking
difference in the "P and "0 induced reactions may
reflect the fact that in the former reaction two val-
ence neutrons are being stripped from an "0 core
whereas in the latter, the closed core must be bro-
ken.

lV. CONCLUSION

We have measured angular distributions for pop-
ulation of low-lying residual states in the reactions
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88sr(16P 14C )90Zr 90 Zr(1 6P 14C )92Mo 88Sr(12C 10]3e)'
~Zr, and 9'Zr("C, "Be)"Mo at incident energies
E("P)„„=60MeV and E("C),~ =60 MeV and have
carried out detailed model calculations for these
reactions.

We have demonstrated the importance of includ-
ing recoil in order to account for the configuration
dependence of the DWBA cross sections; we.have
also shown that sequential amplitudes must be in-
cluded in the analysis of these heavy-ion two-nu-
cleon transfer reactions. Both the shapes and
magnitudes of the calculated angular distributions
were found to depend on the microscopic configura-
tions participating in the sequential process. In
addition, a significant dependence of the sequential
transfer mechanism on the intermediate Q value

was observed. Inclusion of sequential processes
significantly improves the magnitudes of the calcu-
lated cross sections, but large discrepancies be-
tween theory and experiment remain nonetheless.
The general trends in the angular distributions
corresponding to population of the 0' residual
ground states in the four reactions studied —rela-
tive magnitudes, shapes at forward angles and
slopes at backward angles —are well understood as
reflecting kinematic matching conditions as well as
.effects associated with the underlying nuclear
structure and reaction mechanisms.

We are indebted to Dr. D. L. Hanson, S. K.
Korotky, and S.J.Willett for their help with the
experimental aspects of this work.
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