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We calculate the total cross section for the reaction l C(y, z ) N&, and study its en-
ergy dependence in the threshold region. Contrary to previous theoretical analyses, we
find agreement between theory and experiment using a o'7 interaction. Our results de-
pend strongly on the inclusion of all pion partial waves and a correct treatment of the

isospin .dependent terms in the pion-nucleus optical potential.

NUCLZAB HZACTIONS C(y, r ) 2Nz a, photon lab. energy 0-10 Mev above
threshold; realistic pion optical potential; shell model wave functions; 0.q in-

teraction. Calculated total cross section.

I. INTRODUCTION

Recently, the total cross section 0„ for the reac-
tion "C(y, ~r )"N, has been measured in the
threshold region, i.e., for photon laboratory ener-
gy ranging from 0 to 12 MeV above threshold. ' A

comparison with previous theory shows a marked
discrepancy: o~ rises significantly faster with
photon energy than calculations predict. The dis-
crepancy is illustrated in Fig. 1. 'The theoretical
results of Koch (K)' and Nagl and Uberall (1,2)'
are shown along with the experimental fit of Bern-
stein et al. (8)' and its associated uncertainty
(shaded area).

To analyze this discrepancy, it is useful to ob-
serve that there are three principal ingredients
which enter the theoretical analysis:

Koch-Donnelly (KD} calculation. ' We build our an-
alysis in the following manner:

(1) We check the original KD calculation.
(2) We ensure that the isospin dependent part of
V,„ is correctly treated.
(3) We put in nuclear recoil, omit an unjustified
form factor, and use a more accurate value for
the md% coupling constant.
(4) We include all pion partial waves.

{1}the pion nucleus optical potential &„„;
(2) the nuclear wave functions g„;
(3) the elementary interaction operator H„which
describes absorption of the photon and emission of
the pion.

All of these ingredients appear to be reliably de-
termined from independent analyses: since we are
in the threshold region it is reasonable to use V,„
fitted to pionic atom data', the "C, "N, wave
functions are constrained by electron scattering
data'; B„is rather well fixed by data from photo-
production of pions from nucleons and the associa-
ted multipole analyses. ' In view of the well de-
termined nature of this input information, it is ra-
ther surprising that any discrepancy exists in the
threshold region. For this reason we have carried
out a straightforward, independent theoretical an-
alysis to determine the origin of the discrepancy.
%e use a shell model framework so that our work
may be viewed as a checkout and extension of the
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FIG. 1. The total cross section o & for ~~C(~, ;~-)12'

E is the photon lab energy and E z the threshold photon
lab energy. The labeling is: 8, experimental results
of Berstein et ai', . tRef. j.); j., 2, theoretical results
of Nagl and TJberall (Ref. 3); K theoretical results of
Koch (Ref. 2).
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(5) We improve the soft pion a e H„, interaction
by altering its strength so that it gives a better
fit to the yn- w p data.

II. CROSS-SECTION FORMULAS

The derivation proceeds in a straightforward
fashion. Suppose we know the Hamiltonian which

induces the process yN-vN and we call it H„,(j }

where j is the nucleon label. Then, if we neglect
exchange current effects, the Hamiltonian which

induces pion photoproduction in a nucleus will be
A

(2.1)H„{)),

where the sum extends over the A nucleons in the

nucleus. Choosing the center-of-mass system we

can write down the expression for the cross sec-
tion for g(y, m )g', where g, g' are the initial and

final nuclear states:

We find that with each improvement in the analy-
sis, our results move closer to the experimental
data. Our final results are consistent with experi-
ment. Thus we find that if one uses V,„ fitted to
pionic atom data, nuclear shell model wave func-
tions consistent with electron scattering data, and
the simplest H„, interaction consistent with the low

energy yn- m p data, then theory and experiment
for "C(y, m )"N, are in accord.

This paper is organized as follows. In Sec. II
we give a brief summary of the formulas we use to
compute o~. Section III discusses the calculation
of the pion distorted waves. Section TV details and

discusses the results of our first set of calcula-
tions. Section V contains an analysis of H„, and

shows how improving H„, affects o~. Section VI

provides a summary and conclusions.

(2.3)

where J, is the initial nucleus spin; M, , M& are the
initial and final nuclear spin z components, re-
spectively; X denotes the photon polarization state.

Now, we take the photoproduction operator io be
of the following form:

{2.4)

where Cp is a constant; oz is the spin operator of
the jth nucleon; Z~ is the polarization vector of the
photon; 7& is the isospin raising operator acting
on the jth nucleon; x& is the position coordinate
for the jth nucleon.

With this choice we now proceed to evaluate the
matrix element (q', w lH„, l7{,r}. We write

where

2[E,k(2v)']'" ' (2.5)

(2 2)

where q is the pion momentum; E, the pion energy;
k the photon momentum; E„,E„, the initial and final
nucleus energy, respectively. To obtain o~, the
total cross section, we integrate over angles, sum
over the final nuclear spin states, and average
over the initial nuclear spin and photon polariza-
tion states:

1 ~ 1 ~ ', 2m)'qE, E„E„,
2J, +1 ~ 2 ~ (k+E„,)(E,+ K,.)"f"f

(=(q') f z (e'-'(x, t())'Q, tr, ()(x,) ,"'
)q)

J

and we use Goldherger and Watson conventions. ' (f)' '(x, (l) is the pion wave function with the appropriate
houndary conditions. Now we make use of the relation [4( '(x, (l}]~=4' '(x, q) and employ the following
partial wave decompositions".

g

4 "(x,q)=( „, Q Qi'y, (qr)Y, (x)Y," {(1),
l =p m=-l

(2.6)

e'"= p i' [4w(2l'+1)]'~'j, .(kr)Y„(8),
p

where we choose the z axis in the direction of the incoming photon beam. Thus, we obtain

e'~'@"(x,—(1)=,&, Q i' "' (2l'+ l)(21+1)'(2(2K+1)'~'j, ,ikr}p, (qr)Y{,
"

( (l)Y{~ (x)(—-1)
l 1'Lm

I, i'I.
m 0-m ioo 0
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where we have used the addition theorem for spherical harmonics. " Next, we note that"

e~yi = g (~~f II -»&»1'~rg,
Jhf J

so that

(2.8)

(= Q Cr „(-rl) x (2.9)

where

C g rr +r ~

(2l +1)(21+1)'y'(2f.+1)'r'( —1)
l ' L J r(ri J

(2.10)

and TLJt~t' is a one body operator given by' J

(2.11)

Note that J& is the spin of the final nucleus.
At this point, we can make contact with the KD formulation' by making the following approximations: (i)

neglect nuclear recoil; (ii) include only s-wave pions; (iii) choose Co= v2 eflrrr, where e is the electron
charge, ' f the mNN coupling constant, m, the pion mass.

With the above approximations and writing the s-wave pion wave function as (1/2rr)'~'r(r, (x), Eq. (2.3) may
be written as

oKrr
4m k

where
r 2

lMl'= g —, g (r)'l dxe, 8 ", (x)@,*(x)e'"'"lr)) (2.12)

8'",(x) =Q (r,~r'&(x —xr).

These are precisely the KD expressions. '
Having made this connection, we can return to

the relations (2.9)-(2.11) and observe that to cal-
culate o.~, we need both nuclear and pion wave
functions. The pion wave functions are discussed
in the next section and since we are using exactly
the same shell model wave functions as KD, we
refer the reader to their paper for details. ' Suf-
fice it to say that the harmonic oscillator param-
eter used is b= 1.77 fm and the amplitude for the
N, ( O'T= 1'1.) (Ip~/2)(if)3/ ) state was reduced

by the customary factor of 2.25 as determined by
O' Connell, Donnelly, and Walecka' to ensure con-
sistency with electron scattering to the 1'1 15.11
MeV state in "C.

III. PION DISTORTED WAVES

The photoproduction cross section depends on
the wave function of the pion. The pion experiences

multiple scattering from the constituent nucleons
and is also subject to direct absorption. To in-
clude these effects, the pion distorted waves are
calculated using an optical potential V,„. We fol-
low standard practice" and solve an approximate
Klein-Gordon equation for the pion wave function
(f) ~

(E —Vc —V„„) 4& = [E' —2E( Vc+ V,„)+Vc') re

= (-v'+ nz, ')C,

i.e.x, (V'+q')e= [2E(V, + V,„) V, ']C,

(3.1)

where V~ is the pion-nucleus Coulomb potential
which includes a finite nucleus size effect for a
uniform charge distribution of radius R~ = 3.125
fm. The terms 2V~ V„„and V,„' have been dropped
as is customary' and we have set E' —m, '=q'
with A=c=1.

The pion-nucleus optical potential V,„ is taken
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to be of the form""

2mI',.= Z-Xb.p+

Aber(p.

p, )-

+i p, ImB,p' —V a%],

n=P 1+- —P (3.2)

duce the photoproduction cross section. We shall .
come back to the sensitivity of the photoproduction
cross section to the various parameters in V,„
later on. Finally, we note that we use a Gaussian
matter distribution with range 1.64 fm (i.e. ,
c =1.64 fm in NDEN I option of PIRE, see Ref. 11).

IV. RESULTS OF CALCULATIONS WTH SIMPLE JI
P Px coP+ Pz cx(p Pg3 + &P2 ™opi
P'll ~ + T P2 w. = nucleon mass,

w'here p= p„+ p& and p„, p~ denote the neutron and
pr'oton densities normalized to N and Z, respec-
tively. This form is for m mesons; for m' one
switches p„p&. The Ericson-Ericson effect" is
included in the n term.

To solve (3.1) with the above potential, we have
used the code PIRE" (kindly provided by H. A. Eis-
enstein). Our only modifications have been to in-
clude the Ericson-Ericson effect, to use in im-
proved Coulomb routine (also provided by
R. A. Eisenstein), and to correct p for finite nu-
cleon size effects. The improved Coulomb routine
permits us to reliably calculate very low energy
pion photoproduction, corresponding to a large
Sommerf eld parameter.

The parameters in (3.2) are related to the basic
pion-nucleon amplitudes and the amplitudes for
the process mNN-NE. However, it is known that
the theoretical values for these parameters do not
agree completely with the values extracted from
fits to pionic atom data. Here we choose to use
the values4:

b = —0.03X,

b, = —0.08K„

c,= 0.22(X,)',

c, = 0.18(X„)', (3.3)

ImB0=0.04(X,)4, ImCO=0. 08(%.,)',
where X, is the pion Compton wavelength. It is
reasonable to expect that these values are close to
those at slightly positive energies.

Several aspects of V,„are noteworthy. Firstly,
the b,p term is repulsive. This term will, there-
fore, reduce the pion wave function near the nu-
cleus and significantly decrease the photoproduc-
tion cross section relative to the result obtained
with only Coulomb distortions. Secondly, the iso-
spin term b, (p„—p~) which arises from the isospin
dependence of the basic pion-nucleon interaction,
is sizable and tends to cancel the b,p term for the
reaction "C(y, v )"N, . [Note that isospin symme-
try implies an identical cancellation for the reac-
tion "C(y,v')"B, .] To a lesser degree a similar
effect occurs for the c,p and c,(p„—p&) terms.

Another interesting aspect of V,„ is the simple
quadratic absorption terms, which also tend to re-

Having specified the pion waves, the nuclear
wave functions, and the form of the photoproduction
operator, we are now in a position to carry out the
calculations indicated in the Introduction. We set
C, = ref/m, here and discuss this choice in the
next section.

Our first ta, sk is to check the KD calculation and
it is important to note that KD used a rather large
vXN coupling: f'/4 v0. 088. So, to check KD, we
use this value, neglect nuclear recoil, include
only s-wave pions, turn off the Ericson-Ericson
effect (i.e. , set $'=0), and put inthe KD finite
nucleon size foi m factor +g N whei e

A
SN p2 p2

A=855 MeV.

Then, we find that

(4.1)

ESN k ~oo ~ ', 4.2

Nye
&

where E„(k)= exp(k'b'/4A) is the usual correction
for the shell model wave functions' lack of trans-
lational invariance. " The results for 0~ are shown
in Fig. 2 (curve 1) along with the original KD result
suits (labeled KD). ' lt is clear that we disagree.
(We note that when I/, „ is turned off, we agree ex-
actly with KD for both plane waves and Coulomb
distorted pions. ) The disagreement proves to be
of simple origin. It appears that the KD calcula-
tion employed a pion optical potential which had
the wrong sign for the isospin dependent part of
the potential, i.e. , it appears that KD actually
used

b, =+ 0.08X„
(4 3)

c, = —0.18(4,)'.
When we do the calculation with the above in-

correct sign for the b„c, terms, we obtain exact
agreement with KD (curve 1). We have extensively
checked our code and also confirmed that this is
not a chance result by using our code with the cor- '

rect signs for b„c, to calculate "C(y, v')"B
where we obtain exact agreement with KD. Thus,
apparently, KD have the isospin terms in with the
wrong sign for "C(y, v )"N, , and the correct
sign for "C(y, v')"B, . Although algebraically
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A2

A, +k„k„
(4.6)

where k~ is the photon four-momentum and A, is
a mass. From elastic electron-nucleon scattering
experiments, where the photon is virtual and car-
ries no energy, A, = 855 MeV/c' gives a good fit to
the data" so that

(4.7)

b

l0

E —ET (MeV)
FIG. 2. The total cross section 0 @for C{y, 7) ) 2N~

E is the photon lab energy and E +the threshold photon
lab energy. The shaded area indicates the experiinental,
results of Berstein et al. {Ref.1). The dashed curves
are our theoretical results. See text for explanation of
labeling.

trivial, this error does have a significant effect
on o'r for "C(w, v )"N~, , as our results show. Al-
ready it is clear that the theoretical result has
moved much closer to the experimental numbers.
[Note that the curve K in Fig. 1 is not the same as
the curve KD in Fig. 2. Curve K corresponds to
pome subsequent modifications made by Koch to
the original KD ca.lculations. "']

Next, we put in nuclear recoil, i, e. , we calculate
the kinematics using

f ~ (/2 ~m 2)i/2 (q2 ~ m 2)1/2+ (q2 ~m 2)1/2 (4 4)

where m~ is the mass of "C, , m~ is the mass of
"N. . . and we obtain for the total cross section

o = q- —E 2(k)-
4vk m, ' ™(E +E )(@ +y)

(4.5)

with Ai = 855 MeV/c'. However, for the present
case of real photons k„k, =0 and hence E=1. Thus
the E» form factor used by KD is inappropriate.
In addition, although it is clear that in a consistent
approach, form factor effects- will be present in

&„, such form factors should be very slowly vary-
ing functions of the kinematic variables for our
region of interest and so are encompassed by a
constant strength o & H,„model. In other words,
in our model such effects are included in the con-
stant C,. (We consider the strength for C, in the
next section. )

It is useful to note that omitting I"» increases
oz, by about 14/o. At this point, we also replace
the KD value for the md% coupling by the more
realistic value" given by f2/4m=0. 08. This re-
duces or by about 9%. The results obtained when

the I"» form factor is omitted, nuclear recoil is
included, and the correct value for f is used, are
shown in Fig. 2 (curve 3). Again the curve has
moved closer to the experimental data. When we
turn on all pion partial waves (curve 4), it is clear
that we already have almost complete agreement
between theory and experiment.

It is useful at this point to consider the sensitivi-
ty of o~ to the various pieces of the pion optical
potential V,„. We find that-if we neglect all terms
in V,„except b„b, then the results lie within 10%
of curve 4. It is clear then that the b„b, terms
dominate in the energy range considered here. We
note in passing that the Ericson-Ericson effect
(with 5'= 1) produces less than a 1% increase in
0'z .

To complete this section, we note that we have
used reasonable nuclear wave functions and a re-
alistic pion optical potential; however, it is pos-
sible to improve the II„, interaction in a simple
fashion. We examine this in the next section.

(q2+ 222 2)1/2+(/2m 2)l/2

Note that we have dropped the form factor F2N()'2).

We do this for the following reasons. First of all,
thi's form factor is appropriate to electron scatter-
ing, not to the process p, m. The ZAN vertex for
on-shell nucleons has a Lorentz invariant form fac-
tor E, commonly represented by the form"

V. IMPROVING H AND ITS EFFECT ON OT

So far we have employed the soft pion 0„, as did
KD. It is natural to ask how accurate this is, i.e. ,
do we have to use a more complicated form to ob-
tain reliable results for 22C(y, v )"N, ? [For ex-
ample, Nagl and Uberall'(NU) put in the complete
pion photoproduction operator. ] To examine the



TABLE I. Experimental values for ~M~t at threshold
t.see Eq. (5.1}of text].

Reference

20„6 + 0.8
21.30 + 0.85
19.73 + 1.74

1969, 1975
1973
1965

need for terms beyond the o' & form, we have com-
pared the prediction of the 0 7 JI„with data for
the reaction yn-7t' p. It is useful to write for the

r P reaction

(5.1)

so that at threshold the o'7 result is

%'ith this value we are assured of a fit to the yn
-w P data at threshold. However, now we must
check how weO this improved H„model fits the
yn- m P data above threshold. At once we run into
the problem of scarce yn m"p data in the region
from threshold up to about 200 MeV photon lab en-
ergy. However, we can take advantage of tI e
available multipole fits to yN mN reactions.
These are most conveniently (and accurately) rep-
resented by the. recently published Blomqvist-
Laget (BL) model. " The BL model can then be
"turned around" and used to generate both total
ar" and differential cross sections do""/dQ for the
near threshold region of yn- w p. Thus we use the
BL model to conveniently represent the data for
yn vp (W-e obs. erve that mostof the yn-x p in-
formation comes from experiments using deuter-
ium targets and hence some theoretical considera-
tions are necessary in the extraction of this in-
formation. ) We then compare the results for
oz,",do""/dQ from our improved o 7 model with the
BL model results. We find that in the region from

(5.2)
, 4v(m+m, )

In the soft pion limit used by KD, C, = ref/m,
(withf'/4x=O. O8), we find that' ~M~'=1V. 7 pb/s.
This is to be compared with the experimental re-
sults" "shown in Table I. It is clear thaf this
choice of Co is too small at threshold. Thus a sim-
ple way to improve II„, is to adjust C, to repro-
duce the experimental value of ~Af ~', which we take
to be the average of the results in Refs. 17 and 18
(note that these are the most recent results and that
the experimental error is of order 5%). Then we
find that

0 up to 10 MeV above threshold, our improved
o ' 6 model fits the BL (Fz ~

d&T "/dQ 'to wxthln 5% and
10/o, respectively. This is tluite good in view of
the fact that typical experimental errors are 5'
for o r" "and 5-10% for d&r""/dQ ". If we now use
this improved model for H„,, in our ' C(y, w )"N~~
calculation, we obtain the results shown i.n Fig.
2 (curve 5). These final results have a typical ac-
curacy of + lo%%uo corresponding to the accuracy of
the improved model fit to the yn-n p data. With
this error allowance the final results agree with
the experimental data.

Thus, we see that with a simple H~, operator it
is possible to fit the yn m"p data rather well and
so predict or for "C(y, m )"N, with reasonable
confidence in the energy range we have considered.
To go to higher energies it is necessary to put in
the complete H„operator, not just its leading
o 7 term. We shall present details of this and re-
sults for "C(y, v )"N, in a subsetluent paper.
However, it is useful to make some comments at
this stage. In the region 0-10 MeV above thresh-
oM the additional momentum dependent terms in
H„, contribute only about 5% to the yn-w p cross
sections e'r", do'"/dA (they tend to reduce or" ).
Their neglect in the near threshoM region is sup-
ported by this fact, the current experimental er-
rors in 0"~,do'"/dA, and the observation that pion
distortions for low pion energies are not strong .

enough to significantly magnify the momentum de-
pendent terms when operating in "C(y, v )"N~, .
At higher energies [especially as the A(1232) res-
onance is approachedj the momentum dependent
terms increase in importance in yn-it p (and pion
distortions become stronger) so that their omis-
sion in C(y, v .)t2N, would cause large errors.

We end this section by observing that once we
have the photoproduction calculation under com-
plete control, with all terms in &„, included, then
the (y, tt) process may yield useful information on
the pion distortions, i.e., we hope to use the (y, v)
process to learn about pion-nucleus interactions
and the associated absorption mechanism.

We have completed a simple direct analysis of
the reaction "C(y, v )"N, which employs realis-
tic nuclear wave func. tions, take, s full account of
pion distortions, and uses a photoproduction oper-
ator II~, which gives a good fit to the yn m"p data
near threshold. Our theoretical predictions are
expected to be relia. ble to about 10/o in the region
from 0-10 MeV above threshold for the photon lab
ener'gy. This accuracy is comparable to the cur-
rent experimental uncertainty in the elementary
process yn m p. To obtain more accurate pre-
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dictions for "C(y, v )"N, in the above energy
range it will be necessary to have more precise
data on yg m"p in the threshold region, and to in-
clude the full &„operator. It is clear from our
analysis that at the current level of accuracy, there
is agreement between theory and experiment for
~2C(y, w )'2N, in the near threshold region. Vital
fRctors ln obtRining this Rgl cement Rre inclusion
of all pion partial waves and a correct treatment
of the isospin dependent part of the pion-nucleus
optical potential.

At this point, it is important to make some corn
parison of our results with those of Nagl and Uber-
all. NU employed R nueleRr model consistent with
electron scattering, included the complete H„
operator, Rnd put in distorted pion w'aves. Yet
their results do not agree well with experiment. In
fact, their closest approach to the data, is given by
curve 2 in Fig. 1, which corresponds to, what ap-
pears to us to be, an unjustified recipe for treating
the photoproduction operator. I et us elaborate on
this point. NU use Behrend's elementary ampli-
tude' for yn m"p which may be written as

0'=io ~ e,P~+o qo (kxe, )(P,/qy)

+xv ~ kg ~ e~(P,/gk) +f0'' Qg 6„(F,/g').

Now, NU recipe 1 simply replaces the explicit pion
momentum q by an operator -iV which acts on the
pion distorted wave, Recipe 2 follows recipe 1 and
in addition, uses local pion momenta ( iV )fo-r.
the expressions q= ~q~ in the denominators. This
appears to us to be inconsistent with basic theory.
For example in a Feynman diagram model of yn
-v P (such as the Blomgvist-Laget model" ) there
is no evidence for such factors of q in the denom-
inator —they are always canceled out by factors
of q present in F„F„and F . On this basis we

take curve 1 in Fig. 1 to be the appropriate curve
to consider in our comparison with NU. Having
made this point we now proceed.

Both the NU Rnd our nuclear models are consis-
tent with electron scattering to the 15.11 MeV 1'1
level in "C so we ean find no obvious difference
there. However, from their description, it ap-
pears that NU may not have included the isospin
terms ln T/', „. Certainly ln the references" quoted
by NU the pion optical potentials do riot include
these effects. It is possible to make R direct com-
parison with NU if we assume that there is little
quantitative difference in our nuclear models. We
proceed as follows, NU' show results for the case
where F,= F,= 7, = 0, i.e. , where they keep only
the o'Z~ term in F.

Now numerical studies we have carried out
show that F, is approximately constant for photon
lab energy ranging from threshold to 200 MeV
above threshold. In addition, 7, has such a mag-
nitude that keeping only the o Z~ term in F is the
same as using our improved Inodel for &„,, In
other words, the NU 0 &~ photoproduction opera-
tor and our improved model for II, are quantita-
tively the same. However, the cross sections ob-
tained by NU for the 0 e~ case differ markedly
from ours. It appears therefore that our difference
with the NU results most likely is due to different
pion distorted waves.

In conclusion we can simply say that our
calculation of or for "C(y, v )"N, agrees with ex-
periment in the near threshold region. We differ
with the results of Nagl and Uberall' possibly be-
cause we use more realistic pion wave functions.
It is clear that this photoproduction process is
sensitive to to details of the pion-nucleus interac-
tion and it would be very useful if the experiments
could be extended to higher energies.
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