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Asymptotic normalization of the deuteron D state
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The ratio of the D-state to S-state asymptotic normalization of the deuteron wave function provides a
model independent measure of the deuteron D state, We show how that ratio can be determined directly
from experimental data by extrapolating the tensor polarization T,

„

in p-d scattering to the neutron
exchange pole.

NUCLEAR STRUCTURE Method proposed for determining asymptotic strength
of deuteron D state.

It is well known that the deuteron is not pure S
wave, but an unambiguous model independent des-
cription of the D-wave part does not exist. At-
tempts to quantify the D state in terms of a single
number usually use P» the D-state probability. '
However, the wide range (factor of 2) of values
determined fur this quantity' show that P~ is not
in fact an observable of the deuteron. In this note
we advocate the use of a different single quantity
to "measure" the D state —its asymptotic normal-
ization. We show how that quantity can be ex-
tracted from experiment in a model independent
way, we give a preliminary determination of it
based on presently available data, and we comment
on experimental improvements needed to obtain a
precise value.

The quantity we study is the ratio p~ of the as-
ymptotic (large r) part of the D-wave deuteron
wave function to the.S-wave part. This is equiv-
alent to the D-wave fraction of the d =n+P vertex
at the (unphysical) on-shell point, or to the D
wave part of the d= n+P "coupling constant;" As
with all such "coupling constants, " its value can
be found from the residue at the pole of some am-
plitude outside the physical region, but quite close
to it, for problems involving the weakly bound
deuteron. The nea~ness of poles for other few-
body systems such as 'H or 'He can similarly be
used to extract the asymptotic normalization of
wave function components.

Most two-body models of the deuteron give p~'
= 0.026+ 0.002 with little variation' and Wong4
has shown that a similar value follows from dis-
persion theory using only one-pion exchange and
the value of the deuteron binding energy, but a
direct measurement of p~ has not been made.
Knutson and Haberli' have tried to extract a related
quantity from polarization measurements in sub-

Coulomb (d, P) reactions. Their result can be in-
terpreted as giving a, slightly smaller value of pD
but it is not a direct determination of p~.

Reactions sensitive to p D in leading order must
involve tensor polarization. As an example, we
study here the tensor polarization T„in elastic
P-d scattering. The pole is the well known neutron
exchange pole. To lowest order (in pv) the pole
contribution to T,

„

is linear in p~. That is, the
leading contribution comes from interferences
between one D-wave and three S-wave vertices.
We define the vertex function of the deuteron in
its rest frame as

(nkm, P- km' ~v„~~dM~)

= ya[ga(k')F, ,(k) (,'m, —,'m'
~1 M~-)

—pDk'g (k') g F, „(k)(2m, 2m' ~1Ma)
fv&S

&& (1M„2p, ~IM,)],

where k is a unit vector in the direction of the rel-
ative momentum k, the form factors gs and g~ are
normalized to 1 at the on-shell point O'= MB (B ~-
the deuteron binding energy, M the nucleon mass),
k' is a normalized threshold factor k'=k'/MB, and

m, m', and M„arez components of spin. The def-
inition in (1) agrees with the usual definition of pv
as the ratio of the asymptotic normalization of tPe
D- and S-wave parts of the deuteron. '

pD has the
same sign as the quadrupole moment and is there-
fore positive. The ratio of the residues from (1)
is also positive since k'=-1 at the on-shell point.

In terms of (1) and the definition of T,„(inthe
Madison convention'), we can calculate the con-
tribution to T,

„

from the neutron exchange pole
only. For center of mass scattering (from mo-
mentum p to p') we obtain
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(2)

where k=p'+ —,'p. In all places we have evaluated
the form factors gs and g~ at the on-shell point
where they are 1. The expression (2) is exact at
the pole (k'= —1). In terms of the deuteron lab-
oratory kinetic energy E, this pole comes at a
cosine of the center of mass scattering angle, z
= z» given by

z = —(—,
' + 'B/E). —

Thus, to find pD we must fit some angular distribu-
tion for T,„,for example in Legendre polynomials
of cos6), , and extrapolate to cos6), =a~. The
expression (2) for T,"„"'has kinematic zeros aris-
ing from the F,

„

factor for @=0, 1 that are not also
kinematic zeros of the full T,„.These zeros are
near z~ and make straightforward extrapolation
difficult. TP;"' vanishes (like sin'8) at 8,
and 180', but so does the full T». Hence, T„/
sin'9, can be rather easily and smoothly ex-
trapolated.

In Table I we show values of p~ obtained by fit-
ting a. sample of existing data. for T»/sin'8, with
Legendre polynomials in cos0, and extrapolat-
ing. Also shown is the order of polynomial, l re-
quired to fit the data. We see that although only
low orders are required, the values of pD are still
very crude. The best we can say is that pD = 0.05
+0.05. Far better data (an order of magnitude in-
crease in accuracy), particularly at back angles,
are required in order to obtain p~ to an interesting
accuracy. At present the data are sparse, seldom
go to angles larger than 150', and are inconsistent

Z (Mev) y /deg. of freedom

6~
8
10 a

11.5 ~

12b
b

b

1.2
1.7
1.3
4.3
1.5
1.2
2.9

0.03
0.06
0.05
0.08
0.15

—0.04
0.19

R. E. White, %. Graebler, V. Konig, R.Risler,
A. Ruh, P. A. Schmelzbach, and P. Marmier, Nucl.
Phys. A197, 273 (1972).

G. G. Ohlsen and W. Gruebler, unpublished measure-
ment from Los Alamos cited in Pxoceedings of the
I ouxth International SymPosium on Polarization Phenom-
ena in Nuclear Physics, edited by W. Gruebler and
V. Konig (Birkha, user, Basel, 1976), p. 485.

among different experiments. Some feeling for
the quality of the data, the nature of the fit, and
the problems of extrapolation can be seen in Fig.
1 where the 10 MeV data for T»/sin'8, are
shown plotted against cos8, . Also shown is our
fit with Legendre polynomials up to L =3. For 10
MeV z~ is -1.75.

Better data would warrant more sophisticated
analysis that should include mapping techniques, '
and perhaps removal of next nearest singularities
in terms of on-shell nucleon-nucleon quantities. '
It would also warrant investigation of Coulomb
corrections (some of which cancel in ra. tios like

TABLE I. Values of pD from extrapolation of measured
Tq2. E is the laboratory deuteron kinetic energy and
L,~ is the maximum Legendre polynomial used in the fit.
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FEG. 1. T22/sin 0, for g=l0 MeV (from the data of R. E. White et al. [Nucl. Phys. A197, 273 (1972)]) plotted
against cosg, ~. Also shown as a solid line is the best fit with I,m« ——3 extrapolated to z& =-1.75. The connection be-
tween the extrapolated values of T22/sin 0, and pD i~ (T22/sin 0, m )»&,=E pD0. 2495 with E in MeV.
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T,„).The test of Coulomb corrections, of course,
is comparison with n-d data. Coulomb interference
effects can also be used to extract amplitudes to
be used in fixed angle energy dispersion relations.
These are capable, in general, of higher accuracy
for pD than the angle extrapolations. ' Better data
and more sophisticated analysis can also make use
of T„andT„.We believe the challenge of deter-
mining a heretofore unmeasured deuteron property
should stimulate the difficult experiments required,
as well as the theoretical analysis that must ac-
company them.

In conclusion, we advocate that the ratio of D-
wave to S-wave asymptotic normalization, p~, in
the deuteron be determined experimentally as a
model independent measure of the D state. We

show how this can be done by extrapolating po-
larization measurements. Present data are only
good enough to indicate the feasibility of the meth-
od. We hope that our suggestion will generate in-
terest in obtaining much better data, and in doing
far more sophisticated analyses for a wide class
of deuteron induced elastic scattering and reaction
processes in order to obtain pD.
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