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We present nonrklativistic one-boson-exchange potentials for the N-N interaction by fitting to the most

recent N-N phase shifts and deuteron properties. One model makes use of n.m scattering data to

characterize the exchange of the p meson and the scalar-isoscalar 2n exchange. A second model with the p
and the scalar-isoscalar component represented by poles is also presented. Reasonable coupling constants and

form factor parameters are found and the fit is improved with respect to fits to earlier phase shifts. This

tends to confirm the physical meaningfulness of the N-N one-boson-exchange potential model. In addition to

this we introduce a model with higher-order velocity-dependent terms which lead to markedly improved fits

up to 325 MeV.

NUCLEAR STRUCTURE Nonrelativistic one-boson-exchange model fit to $
nucleon-nucleon phase shifts and low-energy parameters.

I. INTRODUCTION

This paper presents an updated version of our
nonrelativistic one-boson-exchange potential
(OBEP) approach to the nucleon-nucleon (N N) in--
teractions on the basis of the recent accumulation
of experimental information. Our theoretical
basis for this approach is the generalized meson
field theory work' by one of us (AESG) as well as
the early one-boson-exchange model studies" by
one of us (TU), which were successful in the in-
termediate and outer regions of the N-N interac-
tion. In these 15 years models based upon this ap-
proach were brought into quantitative correspon-
dence with phenomenological N-N phase shifts in-
cluding S waves. ' ' For these waves, the use of
generalized or regularized fields' or the equivalent
form factors' as reinterpreted by Ueda and Green
played a critical role. These models lead to
smooth velocity-dependent repulsive cores in
place of the hard static core of the phenomenolog-
ical potentials. This feature is not only important
for the N-N interaction, "but also for the N-nu-
clear interaction. '

This regularized OBEP approach was developed
further into relativistic versions, first using the
Dirac equation' and later and more effectively
with the Bethe-Salpeter equation. ' In addition to
the work at Florida and Osaka, groups at Texas
A5, M, M.I.T., Nijmegen, Beer-sheva, Bonn,
Paris, and Stony Brook have also pursued similar
boson-exchange models. For reviews of these
works we refer the reader to Ref. 10 as well as
as Refs. 3 and 8.

Further variations of the Florida effort include
a relativistic version covering the inelastic re-
gion." An isoscalar-scalar meson o with mass

400-600 MeV is used in the models. The meson
has been interpreted as representing the I=J=0
part of the two-pion exchange. " In this respect,
models with o replaced by the experimental mw

scattering phase shift contributions were also
presented. ""'~

Recently, Amdt, Hackman, and Roper (AHR)"
have presented reanalyses of the phase parame-
ters based on accumulation of new data which
should increase the accuracy, compared with the
parameters available 10 years ago.""The new
error bars of the phase parameters are approxi-
mately one-half of the old ones. More recently
important experimental data and analyses have
become available between 0-515 MeV."" These
studies have exposed additional defects in the old
phase parameters. For example, the D, param-
eter data of n-P scattering at 325 MeV, provided
by recent measurements at TRIUMPH" deviate
considerably from the prediction of the Livermore
X solution. " In addition new measurements of the
Ayy parameter for n-p scattering at 50 MeV have
led to the conclusion that the E, parameter should
be positive in this energy region, "although the
E, parameter given in the Livqrmore analyses has
been persistently negative. Since most potentials,
either theoretical or phenomenological, have been
constructed with reference to the old phase param-
eters, especially the Livermore X solution, we
believe that it is worthwhile to present new poten-
tials based on the new data.

Besides updating our nonrelativistic potentials
we here introduce new potentials with higher-order
velocity-dependent terms. With three parameters
describing these terms we show remarkable im-
provements by removing some deviations which
have appeared persistently in some states between
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250-325 MeV. Potentials obtained in this paper
provide simple and good descriptions of the nu-
cleon-nucleon interactions up to 325 MeV with 11
to 12 parameters. The new potentials have mani-
fest improvements over the last nonrelativistic
potentials. " For example they have the X' values
of -,'——,

' of the old ones.
In Sec. II we define the OBEP used in this paper.

In Sec. III a revised version of the QBEP with re-
alistic p and scalar-isoscalar 2w exchange is pre-
sented. 'The contributions to the potential are ob-
tained from experimental nm scattering phase
shifts. In Sec. IV a revised version of the QBEP
with o (scalar-isoscalar) and p represented by two
poles and one pole, respectively, is presented. In
Sec. V we introduce the higher-order velocity-de-
pendent terms into the model of Sec. IV. Section
VI gives our discussions and conclusions.

II. OBEP

The OBEP were derived in the literature by
Green and Sawada' and Ueda and Green. ' We show
these OBEP in Table I. They are correct through
the order of P'/M', where P is the magnitude of
the three-momentum of any nucleon in c.m. sys-
tem, M is the nucleon mass, p, is the meson mass,
and A is the parameter of the form factor for the
meson- nucleon vertex:

For isovector mesons, the potentials should be
multiplied by r, v', .

We write the total OBEP as a sum of the velocity-
independent terms and the velocity-dependent ones
as, i.e.,

(total QBEP) =V(r) — [9'&f&(r)+ P(r)&'j, (2)
1

where p(r) has the following expression:

A(r)=M 2 g&'I'(~&, ~;).1 ~
(3)

In this equation Z implies a summation over
mesons contributing to the velocity-dependent
terms, that is, scalar and vector mesons in the
present case, and I'(p, , A, ) is the modified poten-
tial function in Table I. After a transformation of
the radial wave function u(r) for the Schr'odinger
equation,

tt (r)
[] + y(r)]1/2 (

we have the ordinary form of the Schrodinger
equation for ((r);

t)t(r) + (~' —M) V„,{r,p') ~(r) =l(I+1)

where V,«(r, p') is the effective potential given by

V(r) 1 0'(r) ' P' 0(r)
1+P(r) 4M 1+Q(r) M 1+g(r)

'

(6)

TABL E I. One boson-exchange potential.
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where V operates on all functions to the right.2
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III. OBEP USING xx DATA

b~

J(r, A) = Y(r, A, t') p'(t')dt',

where the spectral function p'(t') is given by

(7)

(8)

ImE~(t ', I')dt' .

The potential function Y(r, A, t') is obtained from
Table I by replacing p, with (t')'t'. The resonance
parameters (t„,I'„,a„,b„) are fitted to vv data as
in RNG, with the Baton solution~' used for the p
and the "down" solution" used for the S-wave con-

Our overall goal is to produce an accurate OBEP
model in which all parameters are determined di-
rectly from experiment. At present, meson-nu-
cleon coupling constants and form factors are not
known accurately enough to be used directly, and

are taken to be adjustable parameters. In earlier
models4 ' the I=J'=0 part of the 2m exchange,
which is the sum of the uncorrelated and correlated
2m' exchange, is approximated by the isoscalar-
scalar meson cr with the mass and the coupling
constant adjusted.

In more recent models, """
mm scattering data

have been used in place of the a meson. The ap-
proach we will use at present is that followed by
Hiewe, Nack, and Green' as described below.
We will present a number of OBEP calculations
in this section. Some are given to show how
changes in phase-shift data have affected the
OBEP models, while others represent a best fit
of a model to the latest data. Our basic OBEP
model uses the m, g, ~, p, and 6 mesons, with
the p meson treated as a resonance. Both the p
meson and the ~w S-wave I=0 contributions to the
OBEP are obtained from m~ scattering data with
only their form factors and coupling constants
taken to be adjusted parameters. All mesons (in-
cluding the ww S waves) are assumed to have
meson-nucleon form factors given by Eq. (1) with
N=2. This is the same functional form as the ex-
perimentally determined electron-proton form
factor."

For the p meson and w~ S waves we use the
formalism developed by Nack, Ueda, and Green"
and used by Riewe, Nack, and Green (RNG)." For
both the p and wm cases, the contribution to the
N-N potential is of the form

TABLE II. Calculated 7)7) scattering parameters.

t„ (GeV ) I' (GeV) a„(GeV ) b„(GeV )

0.748

0.585

0.500

0.135

0.0770

0.0770

1.00

1.69

tribution. The parameters are given in Table II.
As previously discussed, the phase-shift data of

MacGregor, Amdt, and Wright" (MAW) have been
superseded by an analysis by Amdt, Hackman,
and Roper" (AHR). An updated version of the
AHR data. has been presented by Amdt. " Our
first order of business is to determine what im-
plications the newer results have for OBEP mod-
els. We will consider only the energy-independent
phase- shift data to avoid being influenced by the
OPEP parametrization used in the energy-depen-
dent data. The model is fitted to data for J ~2 at
6 energies from 25 to 325 MeV by adjusting 11

2 2 ~ 2 . 2 2 2parameters: g, , g„, g„, gp Qp p fp/ p,

A„A, A„, and A„= A„=A~. For MAW, we ob-
tain g'=274, or y' /d = 3.97 for d = 69 data. If we
substitute phase-shift data from AHR, but keep
the same error bars as in MAW, readjustment of
parameters yields y', /d= 3.80. Thus our model is
sbmewhat more compatible with the AHR data than
with MAW. Using both data and error bars from
AHR gives y', 'd= 10.3 due to the increased accura-
cy of the data.

A similar comparison may be made between
AHR and the update by Amdt. Using Amdt data
and AHR error ba.rs (d= 68 data) the value of ii'/d
drops to 8.41, indicating much closer agreement.
This strongly suggests that our OBEP model is
fundamentally correct and that as the experimental
data are refined, they become more consistent
with our model.

We now present models fitted to the Amdt phase-
shift parameters and error bars. Model I is the
same model used above, but fitted to the 68 Amdt
data with it'/d=11. 3. The phase shifts are shown
in Fig. 1 and potential parameters are given in
Table III. The on. ly parameters which changed
more than 20Vp from fits to the MAW data are A„
which more than doubled, and g6', which increased
by a factor of 6. Neither of these has a strong ef-
fect on the resulting potential. A, is expected to
be high, because of the lack of isovector pseudo-
scalar mesons to contribute to the pion form fac-
tor. The present model is also fitted to the com-
bined data described in the Appendix with the re-
sult yc/d = 8.6, when the parameters are read-
justed to fit for the energy range of 25 —325 MeV,
irrespective of the low-energy and deuteron pa-
rameters.
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FIG. 1. Phase parameters for model I. The upper scale is incident energy (MeV) in the laboratory system and the
lower scale is the incident momentum (fm-') in the c.m. system. Circles indicate the energy-independent data of
Amdt (Ref. 22), which differs from AHR (Ref. 15) only at 50 and 325 MeV. Where energy-independent data are not
available, energy-dependent data of AHR are plotted as triangles. Shown are the p-p phase parameters.
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TABLE III. Model parameters. X~ denotes the total p for 68 energy-independent data by

Amdt, (Ref. 22). Xc denotes the total y for 72 combined data of AHR (Ref. 15), Amdt (Ref.
22), Signell (Ref. 21), and Edgington (Ref. 18). p~~q denotes the total y for the 72 data of

the energy-dependent solution of AHR (Ref. 15) as described in the Appendix. X& includes

19 data at 1 and 5 MeV with error bars set equal to 0.1. Fixed parameters are denoted by

an asterisk (*). The parameters ~p and ~& in model III are defined in Eq. (14).

Model
(number of

parameters) Meson p (MeV) & (MeV)
x, /datum (fitted

energy region)

13.94
6.49

11.86 0.0
0.357 7.49
2.51

10.88

138.7*
548.7*
782.8*

963.0'

4216.4
1845.8
1845.8
1288.9
1845.8
1445.9

yA/d = 11.3

(25-325 Me V)

II
(12)

II'
(12)

III
(12)

13.96
5.50

11A3
0.381
2.31

10.39

14.24
5.77

10.06
2.64
0.71
3.16
6.78

13.25
7.63
8.67
2.51
0.659
3.07
4.62

13.26
7.40

11.20
5,80
1.45
4, 12

0.0
7 ~ 10

0.0

4.94

0.0

4.80

0.0

2.93

138.7*
548.7*
782.8*

963.0"

138.7*
548.7*
782.8*
970.0*
759.1*
484.3
993.0*

138.7*
548.7*
782.8*
970.0*
708.6
484.3
993.0*

138.7*
548.7*
782.8*
970.0*
759.1*
477.9*

3738.3
1836.4
1836.4
1309.2
1836.4
1459.7

2012.0
1129.5
1129.5
1129.5
1000.0
1129.5
1129.5

2339.1
1120.5
1120.5
1120.5
1120~ 5
1120.5
1120.5

3171.9
1221.4
1221.4
1221.4
1221.4
1221.4

xA/d = 13.3

(0-325 Me V)

X /87 =10.8

y2c/d = 10.4

(0-200 MeV)

X„„„/d= 9.7

(0-325 Me V)

2c/d = 6.8

(0-325 Me V)

~p = -79.6 Me V, ~) = 322 Me V, ]c = 200* Me V

Deuteron parameters may be calculated as de-
scribed by Gersten and Green. " To improve the
low-energy properties of the model, we add the
AHR energy-dependent phase shifts at 1 and 5

MeV, with error bars arbitrarily set equal to
0.1'. A fit gives y'/d=13. 3 for the original 68
data. The resulting parameters are presented as
model I' in Table III and the low-energy proper-
ties are given in Table IV. The phase shifts do
not change noticeably from those in Fig. 1.

Models I and I' show specific improvements
over previous calculations. In particular there is
better agreement with the 50 MeV data, and the

'P„which has always been troublesome, is much
improved. However, certain systematic devia-
tions from the experimental data are apparent in
Fig. 1. In. particular, the fit can be improved
considerably by slight adjustments in the 'S„'S„
'P„and 'D, phase shifts. These inaccuracies in
the model were not nearly so apparent with earlier
data. It is clear that the increased precision of
the data will allow us to test additional ingredients
in the OBEP model, as will be done in Sec. V. In
Sec. IV, we will relax the condition. that the p and
mm contributions are related with experimental
wm scattering data.
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TABLE IV. Deuteron and low-energy parameters.

Experiment

Deuteron binding energy
(MeV)

S~ scattering length (fm)
S~ effective range
p(- e, —z) {fm)

D state probability (k)
Quadrupole morn ent

(10 '7 cm)
Magnetic moment (~)
So scattering length (fm)
Sp effective range (fm)

2.224 52 (1 +0.000 09)

5.399 + 0.011
1.82 +0.05

2.82 + 0.01

0.857 41 +0.000 08
-23.675 +0.095

2.69 +0.18

2.27

5.86
1.83

4.84
2.60

0.85
-17.1

2.87

2.23

5.46
1.82

5.04
2.71

0.856
-23.7

2.78

2.16

5.49
1.78

4.5S
2.55

0.861
-28.3

2.71

2.16

5.43
1.73

6.37
2.63

0.851
-24.6

2.79

IV. OBEP WITH THE POLE p AND THE POLE a

A. Models II and II'

The ingredients in these models are m, g, (d, p,
6 (f = 1 J ~ = 0'), a (f = 0, 2 P = 0'), and S* (I = 0,8 ~

= 0').
Since there are possible contributions to the

f= J=0 exchange (1) from uncorrelated two-pion
exchange which is not related with the mm scatter-
ing phase shUts and (2) from exchanges of heavy
bosons not explicitly treated here and there are
considerable uncertainties in two-pion- exchange
theory available at present, we have the advantage
of including all possible effects in our phenomeno-
logical treatment of the isoscalar-scalar compo-
nent.

Models II and II' represent the isoscalar-scalar
component by two poles, e an.d S*. S* is now an
established meson with a mass of 993 MeV. The
mass of a is searched. p is also represented by
one pole whose mass is fixed to the observed val-
ue in model II, while searched in model II'. In
these models the form factor with N = 1 in Eq. (1)
is used. Model II has 12 parameters of g, ', g„',

2 ~ 2 2 2
gal & VP & ~P/~ P& g5 ~ gS+& ga ~ ~a& A, + and A
in common for the remaining mesons. These pa-
rameters are adjusted to make fits to the com-
bined data of AHR, Amdt, and Signell described
in the Appendix at-25, 50, 100, 150, and 200 MeV
as well as the low-energy and deuteron parame-
ters. Considering the nonrelativistic approxima-
tion in our potential, we delete the data at 325
MeV to minimize the y' value. In this model we
get y~/data= 10.4 for the 25-200 MeV data and
y'~/data= 11.9 for the 25-325 MeV data. The fits
to the low-energy and deuteron parameters have
approximately in a. 1% error.

Model II' has 12 parameters of g, ', g, ', g„', g, '

mon for the remaining mesons. These parameters
are adjusted to the energy-dependent solution of

the phase parameters given by AHR at 25, 50,
100, 150, 200, and 325 MeV as well as the low-
energy and deuteron parameters. In this model we
get g„'„„/data= S.V. This is better than that of
model II. However, fits to the low-energy and
deuteron parameters are not precise enough for
the deuteron quadrupole moment and the low-ener-
gy parameters in the 'S, state.

B. Fits

Figure 2 shows comparisons of the results in
these models with those of AHR, Edgington et al. ,
and Signell et al. Broken and dotted curves show
results in model II and II', respectively. Approxi-
mately & of the total X' comes from fits in the 'D„
Sy 'S„and 'D, states at 200-325 MeV in models

II and II'. The deuteron and low-energy parame-
ters are calculated with the Gersten-Green code. -"

They are shown in Table III.
Considering that we ignored terms of the order

(P/M)' in the potentials in Table 1, and contribu-
tions from bosons with mass larger than 1000
MeV, we think that models II and II' are quite
reasonable with some sacrifice in the high energy
fits.

f,/g, = 3.6, f„/g„= 0. (12)

The larger values of g, ', f,/g„a.nd g„' in models

C. Coupling constants

%e obtained 14.2 and 13.3 for g, ' in models II
and II', respectively. These are smaller than
that used in AHR where g, '= 15. However, the
fits to the high pa, rtial waves with 3 ~ J & 5 are
satisfactory g„' and .f /g„are 10-8.7 and 0, re-
spectively, g,' and f,/g, are 0.71-0.66 and 4.9-
4.8, respectively, in model II and II'. They are
reasonable in comparison with results of analyses
of the electromagnetic form factor":

g '=0.52~'~ g '=4.69, g '=3 04"'"
Cd y tf) -0.66 &
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II and II', compared with the above ones may be
interpreted such that these models involve the un-
correlated 27t and 3m exchanges with do not corre-
spond to the electromagnetic form factor.

We obtain rather large g„' in models II and II',
approximately 6-8. g„' has often been reported
to be small as g„'& 0.002 from analyses of other
reactions. " If this is true, the q contribution
here may represent some part of the I = J=0
three-pion exchange contribution and/or q' (958
MeV).

D. Deviations from the data at 325 MeV

We obtained considerably smaller values for &,
and more positive values for 5('S,) at 200-325
MeV, compared with the data. Perhaps the two
deviations of ours from the data are correlated,
since the tensor force in the 'S, -'D, states re-
flecting most in the E, parameter produces an at-
tractive central force in the second-order process,
and this is balanced against the repulsive central
force existing more inside.

Regarding that the deuteron quadrupole moment
in model II' is 2.6 and smaller than the experi-
mental value 2.8, the tensor force in model II'
may be somewhat weaker than that required by ex-
periment. A larger value for the e, parameter of
about 6' at 325 Me& woufd bring the exact fit of
the quadrupole moment to the experimental value.
Actually, this was the case in the OBEP by Ueda
and Green (UGI), ' where e, fits completely the data
of Breit eI; al. which has e, = 6' at 325 MeV" and
the quadrupole moment agrees exactly with the
experimental value.

Considerable deviations of the present results
from the data are seen at 200-300 MeV in the 'D,
and 'D, states. We think that causes for the de-
viations are in the nonrelativistic approximation
of the potentials. Including the terms of the order
(p/M), we may have potentials of the type I,' and

Lo' L. Ueda and Green have shown that to in-
troduce these types of potentials reduces the de-
viations6' Considerably. The effect of the higher-
order velocity-dependent terms is discussed in
the next section.

E. Deuteron, triton, and nuclear matter

MeV. This value is hard to reproduce by those
potentials which give a D-state probability of
-7%. Actually these potentials give less binding

by 1-2 MeV. It is known that a potential giving
less D-state probability can produce more binding
in tritons. " Thus our potential of model II as well
as II' would have some advantage in the triton
binding energy calculation though there is some
uncertainty of the three-body forces contribution
to the binding energy.

In comparison with the Ueda-Green potential
(UGI) which gives 5.5/c of the D-state probability
and produces saturation in nuclear matter with
binding energy of 14 MeV at k~= 1.6 fm '," the po-
tentials of models II and II' with less D-state prob-
ability would give a. saturation with more binding
energy at a higher density. However, we em-
phasize here that a simple comparison of a two-
body force contribution to nuclear matter binding
energy with the experimental data (the saturation
with 16 MeV binding energy at k~= 1.36 ')" does
not lead to real understanding. Ueda, Sawada,
and Takagi have recently shown that there are
considerable contributions from three-body forces
due to heavy bosons and that two-body forces
themselves change in nuclear matter at high den-
sities. 33"4

V. OBEP KITH THE HIGHER-ORDER
VELOCITY-DEPENDENT TERMS

In this section we study the OBEP with higher-
order velocity-dependent terms. The potentials in
Table I do not involve the terms of the order
(P/M) . This would be the primary reason for the
deviations at 325 MeV. We supplement model II
by introducing higher-order velocity-dependent
terms into the effective potentials of Eq. (6) a,s
follows:

V(r) 1 p'(r)
1+y(r) 4M 1+P(x)

+ —
( )

[1+H(p')],
p' y(r)

where we assume the function modifying the p'
term as

In model II we have sa.tisfactory fits to deuteron
properties. The models II and II' give a D-state
probability of 5.0 and 4.5%I, respectively. These
values are considerab/y smaller than those of
other phenomenological potentials, for example,
6.97% of the Hamada-Johnston potential. In this
context we note here that a recent analysis of w'd
-pp ha, s given 4% for the D-state probability. "

The triton's binding energy is experimentally 8

In Eqs. (13) and (14) p' is given by p'= E»M/2
where E, „ is incident nucleon energy in the labor-
atory system. We use three parameters for
H(p'), Q„and ft, for the I =0 and f =1 states, re-
spectively, and x in common for both states. K is
fixed to be 200 MeV. This assures no singularity
at the normal nuclear density. For example, the
binding energies of deuteron and nuclear matter,
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2.2 and 16 MeV, respectively, correspond to P'
= -(45 MeV/c)' and -(123 MeV/c)'. We take ~ to
be large compared with these values.

In th.is study we use m, p, +, &, 0, and p with-
out mass distributions. We deleted S* for sim-
plicity and since we found only a minor contribu-
tion from S* in the search procedure for fitting.
Thus we adjust the 12 parameters: g,', g ', f,/g„

parameter A is used in common for all mesons
except the pion. The meson masses other than 0
are fixed at the observed values.

Numerical results are shown in Table II and IV
and Fig. 2. We find that the higher-order velocity-
dependent terms required for the overall fits are
repulsive for the I = 0 states and attractive for the
I =1 states. With these terms we can satisfac-
torily remove the five deviations in models II and
II' at 200-325 MeV, i.e. , those in the 'D„'S„
Sy D2 and e, parameters. Thus we have a

much reduced y' value, yc/data = 6.8.
This potential has now a different character

from model II or II' as follows:
(i) The velocity-dependent repulsion in the f = 1

states increases more weakly with energy than
that in model II or II'.

(ii) The velocity-dependent repulsion in the I = 0
states increases more strongly with energy than
that in model II or II'.

(iii) The tensor component of the potential in the
I = 0 states is now stronger than that of model II.
This stronger tensor component may produce a
stronger attractive central force and balance
against the stronger velocity-dependent repulsion
mentioned in (ii). The stronger tensor component
results in a large D-state probability, 6.4', com-
pared with those of models II and II', 5.0 and
4.5%, respectively. This is clearly an area for
improvement in future models.

VI. DISCUSSION AND CONCLUSIONS

A. Relationship with the relativistic works

We next compare the present results with our
relativistic works'&"'" in which the scattering
problem was solved in momentum space and re-
lativistic energy-momentum relations were used
for the two-nucleon propagator and the potential
derivation. As a companion work to this paper
we have made an updated version" of the relativ-
istic potential which has much improved fits with
)(c2/data=7. 4 and good fits to the low-energy pa-
rameters over the older works. " In addition to
this we introduced asymptotic energy-dependent
factors into the vector and scalar potentials,
which are in accord with requirements of high-
energy physics. This reduced markedly the X~

value to yc/data=4. 6 with only one more parame-
ter involved. Those relativistic potentials give
satisfactory descriptions of the nucleon-nucleon
interactions up to 515 MeV. The relativistic
treatment apparently has the advantage of including
the higher-order terms than (p/M)' which are
ignored in models I, I', II, and II'. However, a
comparison of the present fits in these models
with those in our relativistic work below 200 MeV
indicates that the difference is not large. The
major part of the higher-order terms seems to be
absorbed in relatively minor parameter adjust-
ments of the nonrelativistic version. However, we
should note that in the relativistic work (in Ref.
35), the problem in the 'D, phase shift at 325 MeV
which is persistent in our nonrelativistic versions
is almost removed. An advantage of the nonrela-
tivistic potentials is to provide an intuitive picture
of nuclear forces and to give a familiar basis for
nucleus problems.

It has been conjectured that the velocity-depen-
dent repulsive core associated with the OBEP may
be too soft. However, since our relativistic work
covering the inelastic energy region up to 515
MeV" showed that the relativistic potential can
reproduce correctly the 'S, phase shift up to 515
MeV and since the present nonrelativistic result
has a good correspondence with the relativistic
one in all phase parameters up to 200 MeV, we
believe that the velocity-dependent core pictured
in this nonrelativistic version is realistic from a
physical viewpoint.

B. s-dependent form factor and the velocity4ependent potential

Recently, Holinde and Machleidt" have pre-
sented an OBE model in momentum space with an
incident-energy-dependent form factor. Though
their fits are to the 1969 Livermore phase param-
eters, "the fits appear quite good. Since there
are considerable changes in the new result by

Amdt, 2 Sjgnell, 2& and Edgington 8 from the
old Livermore phase parameters, some readjust-
ment of their parameters is needed. The form
factor employed by them is characteristic. It is
derived in an eikonal formalism of multiple ex-
change of vector mesons, but includes a phenom-
enological parameter. It is interesting that the
form factor depends on the incident energy (v s)
as well as the momentum transfer.

In connection with the s dependence of the form
factor, we might note the following. One of us
(TU) made a model' where a bilocal field is ex-
changed and this corresponds to the exchange of
an infinite series of mesons with various spins.
This scheme could be adapted so that the model
reduces to the OBE model at low energies, while
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it tends to the Regge-pole model producing the s
dependence at high energies. We think that this
is a possible direction for extension of our OBEP,
especially in momentum space. Actually we have
introduced into the relativistic potentials" the
asymptotic energy-dependent factor which satis-
fies the requirements for the OBE model at low
energies and for the Regge-pole model at high en-
ergies, and obtained much improved resul. ts. Qn
the other hand, we note in the nonrelativistic ver-
sion in this paper that the higher-order velocity-
dependent terms in model III may be interpreted
to involve in part the modification due to the as-
ymptotic energy-dependent factor as well as the
relativistic corr ections.

C. Conclusions

In this paper we have provided simple and phys-
ically reasonable descriptions of the nucleon-nu-
cleon interaction below 325 MeV using OBEP
models fitted to the most recent phase-shift data.
We have presented three basic models, plus a
number of variations. Model I, which includes
contributions from mm scattering data, is in better
harmony with the latest N-N data than with earlier
N-N phase-shift data. The model is very realis-
tic, with only coupling constants and form factor
parameters taken to be adjustable parameters.
Because of the realism of the model, the resulting
potentials should be useful for a wide range of ap-
plications. Model II is made primarily to fit the
data in the low-energy region, that is, the scatter-
ing data at 0-200 MeV and the deuteron data and
would work best for applications involving low-
energy phenomena. Properties such as deuteron
D-state probability a,nd triton binding energy are
predicted much more accurately by this model
than by phenomenological models such as the
Hamada-Johnston potential. Model III showed that
a much better fit is obtained, particularly at 325
MeV, by modifying the velocity-dependent terms
in the potential.

In final conclusion we might reiterate that re-
cent experimental data and analyses reveal some
deficiencies in the I ivermore X phase parameters,
to which most of presently available potentials re-
fer. Our potentials by referring to the new data
should represent significant advances. Because

of their improved fit to recent phase-shift and
deuteron parameters we believe each of these po-
tentials should be appropriate for use in nuclei
and nuclear-matter calculations and for examina-
tion in other nuclear and particle processes.

The authors would like to thank Dr. R. A.
Amdt, Dr. J. A. Edgington, Dr. P. Signell, Dr.
R. Hess, and Dr. D. H. Fitzgerald for making
available prepublication copies of their recent
data or phase-shift analyses. Computer time for
the numerical calculations in this work was pro-
vided by the Research Council of the University of
Florida.

APPENDIX: DATA FOR THE X TEST

The Z' value is defined by X'=Z [(5t„—&~„)/6'„]',
where &',„, 6', and 4' are the theoretical and ex-
perimental phase parameters and the experimental
error bars, respectively. The X' tests for the
models in Secs. IV and V are made for V2 pieces
of data at 25, 50, 100, 150, 200, and 325 MeV for
the phase parameters with J=O, 1, and 2. At 50
MeV we use the data by Amdt" except &, and
5('P, ). For these two we use the combined data of
Amdt and Signell. The procedure of the com-
bination is as follows. Suppose two data as X~

and X,+ 4,; then for the combination X + 4, are
defined by

X= 2(max(X~+ 4„X,+4,)
+ min(X, —4„X,—&,)),

6 = —,(max (X,+ d „X2+6,)
min(X~ —h„X, —h2)) .

At 325 MeV we use the combined data of the
Amdt" and Edgington" based on the most recent
experiment at TRIUMPH. This X' test is called a
y~ test.

In Sec. III a y.
' test (in which the X' data are

Amdt's" energy-independent sot.ution at 25, 50,
100, 150, 200, and 225 MeV) is used to test model
I. These data differ only from AHR" at 50 and
325 MeV. This test is denoted by X~ test.

We also use in model II' the X' data given by the
energy-dependent solution in AHR. " This is called
a XA„ test.
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