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Three-dimensional time-dependent Hartree-Fock calculations for the ' 0+ ' 0 and ' Ca+ Ca fusion

excitation functions are presented. Results for the former system are in good agreement with experiment for

Ei,b ( 120 MeV and indicate a dynamical lower angular momentum limit to fusion for E„b) 54 MeV. Results

for Ca + Ca are compared with previous two-dimensional calculations. The low-energy fusion cross sections

obtained for this system demonstrate the sensitivity of time-dependent Hartree-Fock calculations to the

effective interaction used.

NUCLEAR REACTIONS ' 0('60, x) and Ca( Ca, x) calculated ofu3(E) in time-
dependent Hartree-Fock approximation.

I. INTRODUCTION II. CALCULATIONAL METHODS

The time-dependent Hartree-Fock method (TDHF)
is able to reproduce in a natural way the qualita-
tive features of a variety of heavy-ion reaction
phenomena. " The specific results of axially sym-
metric TDHF calculations' also give an encour-
aging microscopic and quantitative description of
some experimental data. However, fully three-
dimensional calculations which include nonaxial
degrees of freedom seem to be necessary to fairly
test certain aspects of the TDHF dynamics. ' ' Qf
particular interest is whether or not there is suf-
ficient one-body dissipation" associated with the
time dependence of the mean field to account fully
for experimental fusion cross sections. The cru-
cial issues of the choice of effective interaction
and the validity of axially symmetric calculations
also remain largely unexplored.

In this paper, we present three-dimensional
TDHF calculations in coordinate space for the sys-
tems "p+"Q and "Ca+ "Ca at a variety of bom-
barding energies and impact parameters. The
"Q+' Q calculations are complementary to the
detailed study of this system at E„,=105 MeV by
Flocard et al. ,

' while those for "Ca+ "Ca are di-
rectly comparable with previous two-dimensional
work. 4 The range of initial conditions we cover
allows us to make a fair and unambiguous com-
parison between the TDHF results and the experi-
mental fusion excitation function for these sys-
tems. This is a stringent test of both the accuracy
of the effective interactions we use and the overall
validity of the TDHF description of heavy-ion re-
actions.

The theoretical foundations and basic numerical
methods of our TDHF calculations have been ad-
equately discussed elsewhere. "' We impose a
fourfold spin-isospin symmetry on the TDHF de-
terminant. This is a valid assumption for the light
systems we consider here. " The total energy of
the determinant is expressed as a functional of the
nucleon density p and kinetic energy density 7' ":

3, 1E= dr —7(r) + t p'(r)+ t—p'(r—)
2&n 8 161. . . , exp(- Ir- r'I/a),

+2 V dr dr PI,1~,
~

P(r ~

The first term in brackets is the kinetic energy,
while the second and third terms are the expecta, —

tion values of a Skyrme-type zero-range effective
interaction with linear density dependence. The
remaining terms in Etl. (1) arise from an internu-
cleon Yukawa potential and the direct part of the
Coulomb interaction (The pr. oton density is one-
half of the nucleon density. )

Three different forces have been used in our
calculations (Table 1). They give identical nuclear
matter parameters (saturation Fermi wave num-
ber=1.29 fm ', saturation binding energy per nu-
cleon = 15.85 MeV, incompressibility modulus
= 368 MeV), but differ in their surface properties.
Force I, which is almost identical to that used in
Refs. 1, 4, 5, and 9, hasa. realistic surfaceenergy
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TABLK I. Properties of the effective interactions.

Force I Force II Force III Expt.

t, (MeVfm')
t3 (MeV fm6)

Vp (MeV)
a (fm)
a~ (MeV)
d c (fm)
E/A ( 0) (MeV)
E/A ' ("Ca) (Mev)

b (i60) (fm)
y ( Ca) (fm)
d' (4'Ca) (fm)

-497.73
17 270.0
-363.04

0.4598
18.7
0.36
7.15
7.91
2.73
3.50
0.46

-1099.0
17 624.0

0

8.4
0.17
9.78
9.97
2.58
3.34
0.33

-8.61
17 270
-663.32

0.4598
24.0
0.50
5.54
6.86
2.85
3.55
0.48

24.7

7.98
8 ~ 55
2.73
3.48
0.56

'Static HF binding energy per nucleon.
Charge radius computed assuming an rms proton radius of 0.81 fm.

'10-90% surface thickness.

coefficient (a,) and surface thickness (d). These
have been calculated for semi-infinite nuclear
matter in the Thomas-Fermi approximation with
%'eizsKcker correction. " Force II is the zero-
range force (no Yukawa term) used in Refs. 3, 7,
and 8. It has an unphysically small surface en-
ergy coefficient and correspondingly sharp nuclear
surfaces. Force III has been adjusted to have a
large surface energy and a correspondingly diffuse
nuclear surface. Also listed in Table I are the
properties of the static HF solutions for the "Q
and "Ca ground states. These differences among
the three forces result in often dramatic differen-
ces among the associated TDHF solutions.

Qur numerical methods are similar to those of
Ref. 9 but differ from them in detail. The TDHF
determinant is constrained to be invariant with
respect to both reflection through the reaction
plane and inversion through the overall center of
mass. The single-particle wave functions are des-
cribed by their values on a uniform Cartesian mesh
with a 1-fm mesh spacing in all three directions.
The whole system is enclosed within a rectangular
box with typical dimensions 30 fm x 20 fm x 16 fm
for "Q+"Q and 30 fm x 30 frnx20 frn for' 4'Ca
+ Ca, where the last dimension refers to the di-
rection normal to the reaction plane. The numeri-
cal TDHF equations are derived by discretizing
the energy functional (1) with the "five-point" dif-
ference approximation for the kinetic energy. '
The single-particle wave functions are evolved in
discrete time steps with the three-dimensional
generalization of the alternating-direction method
of Ref. 4. The double-stepping procedure of Refs.
1 and 4 is used to obtain the TDHF one-body Ham-
iltonian at the half time step. Time steps of At
=4-5 x10 "sec are used and the method is ac-
curate through 6(n, t'). The one-body Coulomb and
Yukawa potentials are obtained by solving itera-

tively the "three-point" Poisson and "five-point"
Helmholtz problems with an alternating-direction
technique. " The Coulomb boundary conditions are
determined by an explicit evaluation of the Coulomb
integral for selected points on the box faces, as in

Ref. 4. Initial conditions are chosen to represent
two identical ions in their static HF ground states
with a relatively large separation (~10 fm for "O
+ "0, ~ 14fm for "Ca+4'Ca) moving along the Cou-
lomb trajectory they would have followed from far
in the past. The static HF solution for a single
nucleus is generated by either evolving the dis-
crete TDHF equations with an imaginary time step'
or by transcribing a large oscillator basis solu-
tion to the coordinate-space mesh. Qur numerical
methods conserve the total energy functional to
within about 1 MeV and the normalization of the
single-particle wave functions to within 1 part in
10' during a collision lasting 1.5 x 10 " sec.

III. RESULTS

A. Comparison with axially-symmetric solutions

A typical TDHF fusion event is shown in Fig. 1,
where we display contour plots of the nucleon den-
sity integrated over the direction normal to the
scattering plane. The calculation has been done
with force I for the "Ca+"Ca system at Ey b 278
Me& with an initial orbital angular momentum
L =405. The general behavior of the density is
similar to that found for ' Q+ "Q fusion events, '
although the larger size of the system minimizes
the effects of specific single-particle orbitals,
which are dominant in lighter systems. "'

The macroscopic dynamics in Fig. 1 is described
conveniently by considering the coordinate frame
defined by the instantaneous principal axes of the
rigid-body inertia tensor. The reflection symme-
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FIG. 1. Contour plots of the nucleon density integrated over the direction normal to the scattering plane for Ca+4 Ca
at E„b=278 MeV, L=40A. Force E has been used, and the time is given in units of 10 sec. The scale bar in the
lower right corner of each time frame has a lenght of 5 fm and the cross indicates the time-independent position of the
overall center of mass.

try of the determinant constrains one of these
axes, z, to be normal to the reaction plane. The
axis lying in the reaction plane associated with the
larger eigenvalue is labeled y, and the remaining
axis is labeled x. The fragment separation co-
ordinate R may then be defined in terms of the
moments of the density distribution as A=2(~x[).

Following the initial approach in Fig. I, R passes
through a minimum (f =0.6 x 10 -' sec) as the frag-
ments "bounce" against an inner collective poten-
tial barrier of dynamical origin discussed Ref. 9,
and begin to move apart (t= 0.9-1.2 x 10 " sec).

However, the energy dissipated from. radial collec-
tive motion into other degrees of freedom prevents
scission and R passes through a maximum as the
fragments again approach each other (f= 1.5-1.8x10" sec). At iater times (not shown) A con-
tinues to oscillate as the elongated compound sys-
tem rotates. %e define this behavior in our cal-
culations as fusion and do not attempt to use TDHF
to describe the subsequent decay of the compound
nucleus. Since single-nucleon emission is for-
bidden by the spin-isospin and spatial symmetries
we impose on the determinant and the validity of a
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TDHF description decreases with increasing reac-
tion time, "the later evolution of fusion events is
treated more accurately by standard evaporation
theory.

Qur force I calculations for "Ca+ "Ca at E„„
= 278 MeV are comparable directly to the axially
symmetric results of Ref. 4. There is essential
agreement at large impact parameters. The or-
biting angular momentum was found to be L = 72k
in Ref. 4; it is 68-70A in our three-dimensional
calculations. The calculations also agree at small
impact parameters, where the system does not
fuse, but separates after the first minimum in R
to give a highly inelastic event. However, at in-
termediate impact parameters, 255 ~ L ~ 68h, our
three-dimensional calculations do fuse where
those in two dimenions do not. ~ An analysis of
the three dimensional nuclear density shows that
triaxial deformations are significant for these
impact parameters. For example, in the l =40
collision of Fig. 1 the axial asymmetry, defined as
(z' —V'}/(z'+y'), reaches a value as large as 0.2.
Together with the complete absence of fusion in
the two-dimensional calculations, these results
are a clear confirmation of the importance of non-
axial degrees of freedom in intermediate impact
parameter events. They also provide a micro-
scopic realization of the tangential dissipation
introduced in macroscipic treatments.

B. 0+ 0 fusion cross sections

Qur global results for the ' Q+' Q system cal-
culated with Force I are shown in Fig. 2. For
bombarding energies in the range 20 MeV- E„,
~ 120 MeV we have determined the maximum fu-
sion angular momentum L&(E„,}=l&(E„b)hwith a
precision of li. (The classical nature of TDHF
permits all values of L, not only the even multi-
ples of h permitted quantally. ) This upper limit
to fusion is well described by the expresion

R 2 E l/2l.b V2 2 (2)

in the range 20 MeV - E„,- 80 MeV. Here JLI. = 8 m
is the reduced mass for the "Q+"Q systems,
RF = 7.8 fm is the fusion barrier radius, and VF
=10.5 MeV is the center-of-mass fusion barrier
height. A comparison of VF with the point-Coulomb
interaction potential at RF, 11.8 MeV, indicates
that the nuclear ion-ion interaction is --1 MeV
at this distance. These results are in agreement
with those of Ref. 4 where the adiabatic "Q+ "Q
potential was determined from axially symmetric
TDHF calculations. For higher bombarding ener-
gies, E„„)80 MeV, expression (2) overestimates
L&(E„b)(by 45 at E„„=120 Me&), so that dynamical

30—
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EXPERIMENT
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E...(Mevj
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FIG. 2. Fusion limits for '60+ ' O. Upper and lower
TDHF limits calculated with force I are indicated by the
error bars. Also shown is the upper angular momentum
limit extracted from the optical model total reaction
cross section and the "experimental" lower angular
momentum cutoff determined by the method described in
the text. The uncertainty indicated in the experimental
curve corresponds to the error bars of the data shown
ln Flg. 3.

effects appear to be important. Above El b Eo
= 54 MeV low impact parameter events do not fuse
but instead result in highly inelastic events, as
described above for "Ca+ "Ca. %'e have deter-
mined the lower fusion limit L&(E„b)= l&(E„~)hwith
a precision of 15. This lower limit is well des-
cribed by the expression

l = 2WR~' Elab Eo
@2 2 7 (3}

where R~ =4.1 fm is the energy and angular mo-
mentum independent distance of closest approach
(position of the inner barrier) for low impact-
parameter events. ' The form of Eq. (3} implies
that all collisions with a radial velocity at R~
greater than some critical value will separate fol-
lowing their first elongation.

These results for the ' Q+ "Q system are in dis-
agreement with those of Ref. 8, where no fusion
is found at E„b=128 Me& (only a small extrapola-
tion beyond the highest energy in Fig. 2). This
discrepancy can be traced to the use of force II
rather than force I and illustrates the importance
of using an interaction with realistic surface prop-
erties. The smaller surface energy of force II en-
hances the low impact-parameter region of highly
inelastic events by making scission following the
first elongation easier. In addition, the lower sur-
face energy and sharper nuclear surfaces result-
ing from this force raise the fusion barrier (see
"Ca+ "Ca, below). Both of these effects act to de-
crease the fusion cross section.

The TDHF results of Fig. 2 may be used to cal-
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culate directly the fusion excitation function, with-
out any yhenomenological prescriptions to account
for the lifetime of the compound nucleus as were
introduced in Refs. 5 and 8. We compute the fusion
cross section with the "sharp cutoff" formula,
which is appropriate for the classical nature of the
TDHF solutions:

1500-
4PC0 + 40Cp

TDHF —F0RCF I
TDHF-F0RCE II
TDHF

EXPF
WI

(z,„,(Z„,) =v Q (2l+ 1)
2

7TS2
(I&+ 1)' —(I&+ 1)' (4b)

500—

JD
E

b

o
o

o

~ . Ci

b

"0+'o
o T~HF-F0RCE j—0PTI/" AL VODEi

EXPER~MEWT

I I

Eo 80E:„,(Mev)
t20

Flo. 3. Fusion excitation function for '80+ '~O. The
data are from Refs. 15 and 16, while the optical model
is that of Ref. 17.

Here k is the wave number for the relative "Q
+ "Q motion and the sum is over all even partial
waves which fuse. Equation (4b) approximates the
quantal formula (4a) in a continuous manner in
terms of /& and L&. The TDHF excitation function
is compared in Fig. 3 with the data of Ref. 15 and
the 120-MeV point of Ref. 16 (o,„„).Our calcula-
tions reproduce the gross shape and overall mag-
nitude of the experimental curve with no adjustable
parameters. Also shown in Fig. 3 is the total re-
action cross section o„,computed from an optical
potential which fits the "Q+"Q elastic scattering
for E„b-VO Mep." Within the accuracy of our
TDHF calculations, there is no evidence for or
against the small-amplitude periodic structure
found in both o„,and the data.

Qur TDHF calculations resolve the discrepancy
between o„,and o,„„withhighly inelastic events
at small impact parameters, rather than in the
more peripheral events. This can be seen in Fig.
2, where we have plotted the equivalent upper an-
gular momentum limit determined from 0„,by a
relation similar to Eq. (4b) with I&=0. This is in
excellent agreement with the TDHF l& curve for
E„~- 80 Me&, indicating both models have the
same behavior in the higher partial waves. How-
ever, standard optical potentials have no provision

0
)00 150

E„,(Mev)

I

200

FIG. 4. Fusion excitation functions for 4 Ca+' Ca.
The data are from Ref. 18. TDHF results with the
various forces have been connected with straight Bnes
to guide the eye.

for reproducing a lack of fusion in the low partial
waves, The difference between o„,and o,„„can
then be used with Eq. (4b) to determine an "experi-
mental" lower angular momentum fusion cutoff.
This is also shown in Fig. 2, and is in good agree-
ment: with l& determined from the TDHF results.

C. Ca + Ca fusion cross sections

TDHF results for the "Ca+ "Ca fusion excitation
function are compared with the data of Doubre
et a/."in Fig. 4. For bombarding energies in the
range 110Me V ~ E,~ ~ 200 Me V, we have determined
1.

&
with a precision of 2-4S. We find no lower fu-

sion cutoff in this energy range with any force.
Since with force I I&= 25 for E„,=278 MeV (see
above), the highly inelastic events at low impact
parameters must begin somewhere in the interval
200 Mep&E, ~&278 MeV. All TDHF calculations
are below the data throughout most of the range
of comparison although they differ significantly
among themselves. While the data can be described
by Eqs. (2) and (4b) with It~ = 10.2 fm, Vz= 51 MeV,
the TDHF calculations can be fitted with R~= 10. 0
fm and V~=59, 70, and 56 MeV, respectively,
for forces I, II, and III. These differences are
due to the different surface properties of the forces
(Table I). Indeed, the 5% difference in rms radius
and surface differences in the force I and force
III "Ca solutions is sufficient to change V~ by 3
MeV.

The results presented above demonstrate the
sensitivity of the calculated fusion cross section
to the surface properties of the interaction. It
therefore seems evident that TDHF can provide
a quantitative description of experimental results,
provided a force is used which describes correctly
both nuclear matter and the simple surface prop-
erties of the reacting ions. A more sophisticated
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energy functional than that used here, capable of
simultaneously reproducing both the "Q and 'Ca
ground states, should result in accurate fusion
cross sections without any ad hoc modification of
the force parameters.

IV. CONCLUSION

In summary, we have presented three-dimen-
sional TDHF results for the ' Q+ "Q and 'OCa+ "Ca
fusion excitation functions. For the former sys-
tem, we obtain good agreement with experiment
with no adjustable parameters. The TDHF ap-
proach therefore seems to contain sufficient dis-
sipation to account for the data. Qur calculations
also show a dynamical lower angular momentum
limit to fusion which is consistent with the data.
This lower limit, should it exist in nature, is
most likely due to the mass and spin-isospin sym-
metries of the experimental "P+"Q system and
the approximate axial symmetry of nearly head-on
collisions. All of these inhibit energy dissipation
by reducing the number of relevant degrees of
freedom. An alternative explanation of the differ-
ence between the experimental fusion cross section
and the optical model total reaction cross section
shown in Fig. 3 is inelastic scattering in the high
partial waves due to a lack of high angular momen-

turn compound nucleus states. It is therefore a
challenging problem to distinguish experimentally
these two very different situations.

For the "Ca+ "Ca system, we compared our
three-dimensional solutions to calculations re-
stricted to axial symmetry. Although agreement
was found at both small and large impact param-
eters, nonaxial degrees of freedom are essential
for a proper description of the intermediate par-
tial waves. Qur calculations of the fusion cross
section near the Coulomb barrier are sensitive
to the effective interactions used. Agreement
with experiment can be improved by adjustment
of the force parameters or presumably by using
a more sophisticated form of the energy functional.
The encouraging results presented here clearly
warrant such improvements as mell as the exten-
sion of our calculations to other light-ion systems.
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