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Determination of internuclear potentials from heavy-ion fusion excitation functions*

J. R. Birkelund and J. R. Huizenga .

(Received 20 July 1977)

The. internuclear potential determined from published fusion barrier parameters is compared with the
proximity potential of Blocki et al. Discussion is given of the uncertainties introduced into the data analysis

by the effects of friction and errors in the barrier radii.

NUCLEAR REACTIONS Fusion, determination of internuclear potentials from
heavy-ion fusion excitation functions.

In a recent paper' Scobel et al. have deduced
fusion barrier parameters from a considerable
number of well determined complete fusion ex-
citation functions measured for "Cl induced re-
actions on a series of targets with masses be-
tween '"Al and '"Sn. In principle the barrier
parameters determined from complete fusion re-
actions may lead to a measurement of the inter-
nuclear potential at radial separations smaller
than the separation region tested by elastic scat-
tering measurements. However, because of the
depth of interpenetration of the target and projec-
tile necessary to reach the fusion barrier, the ef-
fect of nuclear friction cannot be ignored if the
nuclear potential is to be extracted from fusion
barrier parameters. In addition, since the nu-
clear potential is determined from the difference
between the barrier height and the Coulomb po-
tential, the deduced nuclear potential is very
seriously affected by errors in 'the radial posi-
tion of the barrier.

If friction is neglected in the analysis of fusion
excitation functions, the fusion cross section oz(E)
at incident projectile energy E is given by'

o'~(E) = mRs'(I —Vs/E),

where B~ is the s-wave barrier radius and V~ is
the barrier height obtained from the combination
of the Coulomb potential Vc and nuclear potential

If radial friction is dominant and included in the
derivation of v~(E) for the case of constant orbital
angular momentum, Eq. (1) is modified to first
order to

o'~(E) = wRs' 1— (3)

where E~ is the energy loss due to radial friction on
that portion of the trajectory in the entranc e channel
leading up to the barrier. The magnitude of the
energy loss due to friction depends on the radial
dependence of the friction forces near the barrier.
For some systems it may be that the s-wave bar-
rier lies close to or outside the range of the fric-
tion where E~ is zero, and the friction correction
included in Eq. (3) may be neglected. However,
in most cases as the projectile energy increases,
the l-dependent barriers move to smaller radii.
Hence, the friction loss is expected to become
more important than at the s-wave barrier radius
and, in general, E& will be a function of the pro-
jectile energy. Qualitatively, the effects of radial
friction on the derived nuclear potential may be seen
by the assumption that E& is constant for the
bombarding energies used in the data analysis.
If Rs is assumed constant also, then Eq. (3) rep-
resents a straight line with a. 1/E axis intercept

.which leads to a value of V~+E&, and a slope re-
lated to the s-wave barrier radius by

V„(Rs)= Vs(Rs) —Vc(Rs) .

Barrier parameters are obtained from the data
by fitting a straight line through a plot of 0& vs
1/E The slope and in.tercept of this line with the
1/E axis lead to the s-wave barrier radius and
height, respectively. 'The validity of this analysis
xequi ves that all l waves contributing to the fusion
cross section have the same barrier radius R~, a
condition which is probably not fulfilled for most
reactions.

(4)

Thus, the effect of a neglect of radial friction in the
analysis of fusion cross section data is to pro-
duce a value for the barrier which is too high and,
hence, an underestimate of the absolute magnitude
of the nuclear potential, if the barrier radius is
independent of l. Tangential friction effects on
measured fusion barriers are more difficult to
estimate since tangential friction reduces both
the kinetic energy and the orbital angular momen-
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turn of the system. Preliminary classical trajec-
tory calculations suggest that these two effects
tend to compensate each other for projectile en-
ergies near the s-wave barrier and lead to only a
small change in o& at near-barrier energies.
However, tangential friction markedly alters Of
at higher energies.

Further, in most cases the slope of the 0&

vs 1/E curve is less well determined than
the intercept on the 1/E axis, and this leads
to an uncertainty in the barrier radius R~. 'This
uncertainty is further increased by the general
dependence of the barrier distance on l, and hence
projectile energy, which causes the o&(E) vs 1/E
curve to deviate from a linear function. An error
in the barrier radius is reflected as error in the
nuclear potential through Eq. (2), since an accu-
rate knowledge of the radius is necessary to eval-
uate the large and strongly radial dependent Cou-
lomb potential.

Scobel et al. ' have compared the nuclear po-
tential derived from their fusion data with various
theoretical potentials. In Fig. 1 this comparison

is extended, using the proximity potential of
Blocki et al. ' and nuclear potentials derived from
fusion excitation functions listed in Table I. The
fusion data for Fig. 1 were analyzed neglecting
nuclear friction by the use of Eq. (1). The prox-
imity potential is expressed as a function of the
surface separation P and given by'

v„(g)=4wy[c, c, /(c„+c,)]b4 (g),

where

y = 0.9517{1—1.7826 [(N r+ Nr

z, z, )/(~, +~,)]),
Ci =R, [1 —(b/R()2+ ],
R) ——1.28A]' ' —0.76+0.8A) ' ',
f=r —C~ —Cp,

b=1 fm.

The quantity 4(f) is a universal function given by
Blocki et al. ' Thus an experimental value for
4 (fs) at the fusion barrier is given by
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FIG. l. A comparison of the universal proximity potential (Ref. 2) 4(() as a function of the dimensionless quantity &

(solid line) with experimental data (points). The analysis of elastic scattering data (Ref. 3) produces the circles and
the analysis of inelastic reaction data produces the triangles. The open triangles are based on excitation function mea-
surements of fusion cross sections by counter-telescope measurements of evaporation residuals and/or fission frag-
ments, while the filled triangles rely on excitation functions based on summing measured partial fusion cross sections.
The latter values are subject to the largest errors. The region enclosed by the dashed line in the insert shows the part
of the proximity potential tested by experimental data. Errors in & are reflected also in 4 (see text) as illustrated for
two fusion points.
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DETERMINATION OF INTERNUCLEAR POTENTIALS. . .

g~ =B~ —C~ —C~.

The experimental values of 4(rs) are compared
with the theoretical curve in Fig. 1. The triangles
repxesent values obtained frorq fusion data, and
the full dots indicate values obtained from elastic
scattering using the method of Christensen and
Winther. In addition, the open triangles in Fig.
1 are based on excitation. function measurements
of fusion cross sections by counter telescope
measurements of evaporation residues and/or
fission fragments, while the filled triangles xely
on excitation functions based on summing mea-
sured partial fusion cross sections. The latter
values are subject to the largest errors. Figure
1 shows the smaller surface separation region
tested by the 'fusion. data. There is a qualitative
agreement between the data and the theoretical
proximity potential down to surface separations
of 1 fm. However, the experimental potentials
are systematically deeper. than the proximity po-
tential.

The errors shown in Table I arise from the un-
certainty in the slope of the o& vs 1/E line which
causes an error in A» and in the intercept on the
1/E axis which causes an error in V„(Rs)and,
hence, in C (gs}. Thus the error in V„(Rs}pro-
duced by an error in B~ is not included in Table
I. Errors in the barrier radius alter both l'(Rs)
and V„{Rs)through the Coulomb potential in Eq.
(2) and cause the fusion data points in Fig. 1 to
move roughly parallel to the theoretical curve as
shown by the slanted erxor bars in Fig. 1. Thus
the agreement between the proximity potential
and the measured values of V~ from fusion is
not altered greatly by errors in R~. However,
there remains considerable uncertainty con, e'ern-'

ing the actual magnitude of V„(Rs),because of
uncertainty in A~, even if a friction free analysis
is accepted. The effect of including friction in the
analysis is to increase the magnitude of the de-
rived nuclear potential, thus-moving the fusion
data point below the theoretical cuxve in Fig. 1.
However, there is at present no simple method
for the esti-mation of the energy loss due to fric-
tion. Seglie, Sperber, and Sherman4 have used
the proximity nuclear potential together with
friction described by a form factor of range to
g =4.0 fm in a classical trajectory calcul. ation of
the critical angular momentum for fusion. These
calculations give reasonable agreement with ex-
perimental critical angular momenta for some
heavy-ion x eactions. Handrup in a proximity

formulation of nuclear friction suggests that the
range of the friction should be to f = 3.2 fm. In
both of these cases, the friction is effective be-
fore the projectile reaches the barrier, and can-
not be ignored in analysis of fusion excitation
functions.

The experimentally determined values of B~
may be compared with the values expected from
the proximity potential by use of an approximate
expression for 4(l }given by Biocki et al. ' For
values of g &1.2511 the position of the barrier is
given by

R~ exp ——~

ZrZz Cr+CJ e C2'+C~K, exp

where K is a universal constant. The experimental
barrier radii are compared with the values derived
from the proximity potential in Table I. As can be
seen from the data in this table, the proximity po-
tential, without including friction, gives qualita-
tive agreemeint with the experimental radii.

A method for fusion excitation function analysis
has been recently suggested by Bass' 1n which the
nuclear potential 18 extrReted Rt dlstRnees 1nslde
the l = 0 barrier by measurements of the slope of

'

the o'& vs 1/E curve at energies where this func-
tion is no longer a straight line. In the Bass
analysis the slope of a tangent drawn to the 0& vs
1/E curve gives the barrier position and the inter-
cept of the tangent on the 1/E axis gives the bar-
rier height. This method is greatly affected in
accuracy by uncertainty in the barrier position
since the slope Of the tangent is not well deter-
mined by data currently available in the higher
energy range. The Bass analysis leads to esti-
mates of the nuclear potential which lie on curves
roughly paxallel to the theoretical proximity po-
tential curve extending over a range of g values.
However, with currently avail. able data no pre-
cise VRlue for the g VRlue tested 18 obtained. Of
more fundamental significance, Bass purports to
sample g values smaller than the s-wave barrier
where the effects of friction are. even more im-
portant than for measurements of the s-wave bar-
rier.

'The effect of friction is also important for the
analysis of fusion cross sections by use of the
method suggested by Glas and Mosel7, 8 wh1eh d
pends upon the concept of a critical separation
necessary for fusion. In the Glas and Mosel anal-
ysis the fusion excitation function near the s-wave
barrier is given by Eq. (1), while at higher ener-
gies the asymptotic expression for the excitation
function is given by
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(8)

where Rc„is the critical radius and V~„is the
conservative potential at the critical radius (Rcs
& Rs). In view oI the important role of Iriction
and energy dissipation at higher energies and

smaller separation distances, the validity of Eq.
(8) is questionable.

In summary, the analysis of fusion data for the
nuclear potential at the barrier is complicated in

principle by the difficulties involved in a calcula-
tion of the frictional energy loss, and in practice
by the problem of mea, surement of excitation func-
tions with sufficient accuracy to closely define
the barrier radius. Until these two problems are
adequately solved, it is not possible to make
quantitative comparisons between the nuclear po-
tential derived from fusion data and theoretical
nuclear potentials. A mor e quantitative discussion
of the importance of friction on fusion excitation
functions will be reported elsewhere.
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