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Angular-momentum-projected yrast levels from a coherent phonon state
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Expressions for the energies of ground state yrast bands of even-even nuclei are obtained by angular-
momentum projection on coherent phonon intrinsic states starting from a pairing plus quadrupole interaction.
The results of the theory for a local minimum corresponding to zero deformation are investigated numerically
and a good fit is found to the spectra of the xenon isotopes. Quadrupole moments and B(E2)'s are also
discussed.
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I. INTRODUCTION

Numerous phonon expansion models have been
used in the past several years in attempts to
understand various anomalies associated with de-
partures from harmonic vibrational nuclei and
nuclei in the transition to spherical region. Some
of these models have been microscopic in nature'
and some phenomenological', however, both types
usually require several parameters to fit com-
paratively few experimental quantities. Haapa-
koski, Honkaranta, and Lipas' have proposed a
phenomenological model with only two parameters
to explain the ground state bands of even-even nu-
clei. Their model employed the so-called coherent
phonon, i.e. , the ground state or deformed va-
cuum was written as

I &0) = 3I exp[filo] I 0)

where Bo is the harmonic quadrupole yhonon, X is
a normalization constant, and f can be interpreted
as a deformation. The states of the system with
good angular momentum are then obtained through
angular-momentum projection via the Peierls-
Yoccoz prescription. ' These states are then used
to diagonalize a phenomenological yhonon Hamil-
tonian. It is the purpose of this paper to develop
similar ideas from a microscopic starting point.
The procedure is, in essence, to start with a
pairing plus quadrupole interaction which is then
rewritten in terms of. phonons. The expressions
for the energy of each angular-momentum state
are evaluated using angular-momentum-projected
states based on the ground state of Eq. (1). These
are then minimized to obtain the energy. To il-
lustrate the theory, a numerical example is dis-
cussed for the case of small f. In this limit the
equations are very similar to the schematic ran-
dom-phase approximation (RPA) model and yield
the evenly spaced levels of an harmonic vibrational

yrast band. However, a slight modification of the
number equation of pairing theory alters the spec-
tra considerably and results in a very good fit to
the spectra of the xenon isotopes.

II. THEORY

We begin by assuming the intrinsic state of an
even-even nucleus to be of the form given in Eq.
(1) with f= 1. The restriction of the phonon's
(J,') to zero will limit the discussion to X=0 ro-
tational bands. The vacuum state )0) is the phonon
vacuum. The phonons are expressed in terms of
quasiparticle pair operators in the usual manner:

(2a.)

(2c)

(3a)

[B~,B~t]=—Q h,.(X~Xt —YtY~~) =fAt, . (3b)

In the above equations the index i labels a two-
quasiparticie state (a, , b;) and 6,.=1 if a, =b, ; 6,.
= 2 if a, 4b&. The index f labels the various modes
of collective phonons. The lowest collective mode,
the harmonic phonon, will be written without the
superscript g. The expansion parameters X and
7' are assumed to be real.

Of course Eqs. (2), which express bosonlike op-
erators in terms of fermion operators and vice
versa, correspond to a lowest order Beliaev-
Zelevinsky transformation and such a truncation
may not even be approximately valid in a transi-
tional nuclear system' such as the xenon isotopes,
which are to be considered below. Before one ap-
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I y, ) =K exp(Bt) I0), (4)

and the normalization of the commutator will play
the role of the "deformation" f.

The states of the system with good angular mo-
mentum are obtained through projection:

plies any theory based on these equations, the con-
tributions from higher order contributions should
be determined.

Note that we are not requiring the phonon com-
mutator to be normalized. This means that we
can write Eq. (1) in the form H=HO+p e,qo.(i}——g Q„Q~,

where got(i) = [a~ a~ ] ~ o,

e,.=(e, +e, ),

(12)

(13)

Q, = —Qh, {Q;[At(I) + (-}"A'„"]+2Q;qt„(i}], (14)

have a very important influence on the results and

will be discussed in more detail below.
The Hamiltonian, rewritten in terms of quasipar-

ticle operators, is:

I J,M&=
I J, M, If=0} =iv,„'"dfID„',*@)Iqg. (5} Q'; = (u,v~+ u~v, ) &j,llr'Y, ll j~),

Q,.= (u,u, —v,v~)&j,llr'Y, llj, ).
(15a)

(15b)

The properties of each state are determined by

the values of the parameters I and Y, which are
in turn calculated by minimizing the quantity

&
J' M lHl J M) fo d(cos8)P~(cos8)H(8}

& J,M I J, M) f; d(cos8)P~(cos8)n(8)

after projecting. In Eq. (6), Pz is a Legendre
polynomial and

H(8) = &y, I
He '~ ~

I yg =—n(8)h(8),

n(8)=&y, Ie "~'Iqg,

(6)

(7a)

(7b)

H=H. , —gt2,'(i)n, (i) ——g Q, Q „(-)', (6)

where H is the Hamiltonian, which we choose for
simplicity to be of the pairing plus quadrupole

type;

«.I B."=fr&~. I 6..«' (16b)

However, before this can be accomplished we

require an approximate expansion of the quasipar-
ticle scattering operator @2~„(i}in terms of phonons.
This expansion is usually expressed in the form

Qn; Q, q, (i)=—5+4; 6, W(~C~ A~, p(i)A~(j) 17)
i if/

where

A„'(i)= [a,'.a,'.],„. (15c}

The task now is to evaluate H(8), Eq. (7a), using

Eq. (11}for H. The procedure is to express the
Hamiltonian in terms of phonons via Eq. (2) and to
use the identities

B„e y
I yo):—B„I q „(8))=f&g~o(8) I yo(8))5„, (16a)

where W,.&- W(a,.h, 22; 2a;)5~, ~ Q. . . (16)

H = 6 c (9a)

&o(i) = [c,', c„',]~ 0,

Q, =P &j~m, Ir'Y»
I j~m~)[c, c8],„. (9b)

(9c)

The c~ operators are particle creation operators
and the index a means the set of quantum numbers
(n, I, j, m ) plus the charge. The index a is
the set a less m, and -a means the set with -m .
Also, G and X are the pairing and quadruple
strength parameters.

Quasiparticles are next introduced by the usual
Bogolyubov-Valatin transformation to approximate-
ly diagonalize the pairing part of the Hamiltonian

a~ =u,ct -(-)~o ~v,c .

and W( ) is a Racah coefficient. The validity of
such an expansion is the same as that of Eqs. (2}
and (3). The presence of the quasiparticle scatter-
ing operator in the Hamiltonian via Eq. (14) pro-
hibits diagonalization by a canonical transforma-
tion to phonons and thus is responsible for an-
harmonicities in the theory.

After a, bit of algebra the result for h(8) is

2h(8) = P,(cos8) {C,-~x
x [D' —10B,-10' 7 D(2A, +A,)])

+ P, [C, —,—', y(D' —10B,—10M)DA, ], (19)

where

D=Q n)Q((X;+ Y)),
f

C, =g n, e, (X,.'+ Y, '), .
The occupation probability amplitudes u, and v,
are determined by the gap and number equations.
The form of the number equation will, however,

I

c,= 2g n, e,.x,.Y„
(20a)
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B,=Q a~h~B, ~(X,X~+ F;F~),
fg

Bo=Q a (b ~B)((X)Y~+ X~Fq),

(20b)

A, =Q aqhyA)~(X, X~+ FqF~),

A2 =+6)8~A)~(X)F~+X~F;),

A)q -—Q, , 5, ~ W(a)5~22;2aq),a~a~ b.b~
(21a)

No~ = d(cos8}P~(cos8)n(8),
p

B;,=Q, , Q~ ~ Qa;aqb~b~, 22)(-)'& ~o. (21b}

All of the terms involving A, or B represent an-
harmonic effects and are traceable to the inclusion
of the quasiparticle scattering term.

The integration over 0 to obtain the energy, Eq.
(6), involves two integrals which must be done
numerically:-

5/f' if Z=O
P(f') ~-

J
(24)

so that the expression for the energy in the limit
of small f' becomes

harmonic theory, as we shall see. The solution of
the problem for an absolute minimum where f'4 0,
besides being much more complicated, also re-
quires a justification of the truncation of the Bel-
iaev-Zelevinsky expansion and the elimination of
the nonphysical many-fermion states contained in
the coherent phonon basis state. These problems,
although soluble in principle, have not as yet been
solved for the formulation of the problem dis-
cussed here. A more detailed analysis of the non-
harmonic solutions of Eqs. (19}is in progress.
For the present we shall investigate only the prop-
erties of the solution in the vicinity of the local
minimum, f'-0, for which the theory becomes
very simple indeed.

In the limit of small f' the terms in h(8) involving

A, z (the cubic terms) can be ignored. Also in this
limit,

N,' = d(cos8)P, P~n(8),
p

with

n(8) = exp[f'P, (cos8) ]. (23)

Using standard computer codes, one then min-
imizes the energy expression as a function of the
parameters X and Y. It should be noted that since
f' depends on X and Y through Eq. (36), each stage
in the minimization requires a reevaluation of the
integrals in Eq. (22). In the present situation it is
more economical to fit these integrals to polyno-
mials in f' to some prespecified accuracy than to
recalculate at each step. Alternatively, one could
apply the variational principle to the expression
for the energy mhich mould result in a set of alge-
braic equations in the parameters X and F. These
equations are nonlinear [h(8) is cubic in X and F]
and their solution then requires a linearizational-
goriihum plus solution by iteration. Both of these
procedures have been applied, but because of the
complexity of solution, a variation of the Hamil-
tonian strength parameters and the single particle
parameters to obtain a best fit to the data was not
feasible and these results mill not be presented
here. However, for all reasonable input param-
eters, the energy expression has a local minimum
for f'-0. Also in this limit, the abrupt trunca-
tion of the Beliaev-Zelevinsky expansion is less
disturbing since the elimination of anharmonic com-
plications occurs naturally and results in a purely

E~ = =—C ——(D' —10B )
x

(in l) 2P ' 10

+ p C2 ——(D2 —10B2) (. (25)

All terms are now quadratic and thus proportional
to f'. Most importantly, the J=O state has zero
energy in the small f' limit. For Zoo 0 states the
terms multiplying P can be ignored and thus to de-
termine the energies me must only minimize the
expression

E~(Js0) =—C, ——. (D' —10B,}

The minimization can be accomplished by dif-
ferentiating mith respect to the X,. and 1', param-
eters, obtaining 2n linear equations

(e, f'yE~)X, —
1

—DQ; -10+ ro,B„X, = 0,

(2Va)

'where

N~

Np N2
'' (28)

The terms involving B&& are invariably less than
5%%uo of the magnitude of the other terms in the equa-
tions and the properties of the solutions can be



462 G. J. HORSE

1E (30)

In the Omit of small f' it is easily determined
that

(31}

and thus the theory predicts equally spaced or har-
monic levels. This result has been obtained sever-
al times before. '

However, a flaw in the argument has been in the
transformation to quasiparticles. This occurred
in the solving of the gap and number equations:

most clearly seen by ignoring these terms, al-
though this is not necessary for the solution of the
set of equations. Without the 8,&

terms and de-
fining ruz= f'@ED, the equations become identical
to the schematic model HPA equation which yield
a single dispersion equation for m~,

xg Q e. (29)
5 (8s (dg )

The solution of this equation will yieM a value
of + that is independent of J and the energies of the
yrast states are then determined by

ean be achieved. See, for example, the appendix
to Ref. 9. The number equation will then have a
dependence on J that it did not have px'eviously. It
will also depend on the parameters X and F and on
the expansion parameters A~. We also would face
all of the difficulties involving in eliminating non-
physical states from the multiphonon basis. How-
ever, if the numbex equation is evaluated in the
basis employed hex e, viz, angular-momentum
proj.eetions of the coherent phonon state, the only
external parameter dependence is on f', which is
to be determined by minimization. Further, if we
restrict our attention to the local f'-0 minimum,
the problem is self-contained and parameter free,
except for Hamiltonian strength constants and sin-
gle particle parameters. Thus, the lowest order
anharmonic corrections are found in the number
equation and the simple form of the angular-mo-
mentum-projected coherent phonon state makes
the inclusion of this correction rather easy. The
number equation in this basis becomes

A

Q j 2((g y)2+ps} laQ j 2 Q

I

(32a)

where

+P ' C,', 34a)
84 e

1C~= Q [(X„'+I',~')+ 2PXg~&g, j
(34b)

That is, the average number of quasiparticles un-
dergoing pairing was constrained to equal the num-
ber of particles in the shell. This average was
taken over the BCS vacuum, whereas it would be
more correct to calculate the average for each
projected state individually.

The number opex'ator, written in terms of quasi-
particles, is

N=g ' qt(aa)+-, j,' I—
&a

The term in the quasiparticle scattering opera-
tor (in this case, for J'=0, the, quasiparticle num-
ber operator} is of course zero when evaluated in
the BCS vacuum. It is also zero in ardmrmonic
phonon theory in which the vacuum is both the pho-
non and the quasiparticle vacuum and where the
phonon-quasiparticle commutator is zero. In an
anharmonie theory in which the vacuum is not a
quasipartiele vacuum and in which the phonon-
quasiparticle commutator is not zero, the evalua-
tion of the matrix elements of gc'(aa) in a phonon
basis of the form

In Eq. (34b) an extra factor of s has been included
to avoid double counting. '

This prescription changes the nature of the so-
lution. The solution of Eqs. (27) or Eq. (29) for the
parameters X and I depends on the values used
for X and 6 from the gap and number equations
which in turn depend on the values for the param-
eters X and I' through Eq. (30a). Thus the problem
is nonlinear and must be solved self-consistently.
Since the number equation now has a dependence on
J, the dispersion equation solution for ~~ will like-
wise, which was riot the ease above. The inclusion
of the C, terms in the number equation for J40
resembles a blocking effect. That is, for J40
the number of quasiparticles undergoing pairing is
effectively reduced, thereby increasing the collect-
ive energy ~~. 'It was found that the ~ 's calculated
by this means increased with increasing J thus be-
coming more rotationlike.

Once the prescriptions indicated above have been
followed to obtain (d~ and the set X&~, and F; fox
each level in the yrast band the energies are ob-
tained from Eq. (26) and the set X, and F; can be
used to calculate static quadrupole moments. To
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MeV

A I P.Q IP4- 126 128 130 13P.

10 IQ
~l

~IQ Neutrons (50 & N & 78) Protons (50&Z&76)

TABLE I. Single particle shell model energies.

3.0- 8 (10)
8

8
J8)

2.O- 6
6

6 (6)

I 0 4 (4) —4 (4)

2 P. (2) 2 2 (2)

8

8 8 ~8
8—8 (8) —(» (6,5) 6 —"'

6 (56)
(6)6 6 (6) 6 (6) ——

(4)
(4)

4 (4) 4 4 (4) ——
2 2

2 2

2 P (2} 2 2

O 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
+»z a b exp a b exp a b exp a exp a exp a exp a exp

XA 205 164 194 161 l86 174 185 l92 203 215
GA P. O 144 PQ 16.3 20 18.8 20 20 20 20

lowest order in f' this yields

&ollq, ll»= —p n, q;(x,.+ y,.), (25a)

&2llqll2&=- — fp ~,.q;. (x,. + r,.) ~ o. (25b)
1 ~10

Thus in the small f' limit the static quadrapole
moments are zero, which is to be expected as the
model is then essentially harmonic.

FIG. l. A comparison of the experimental spectra of
the even xenon isotopes with the theory. Spectra (a) were
obtained by varying g to fit the first 2+ state and keeping
6 = 20/A throughout. Spectra (b) were obtained by vary-
ing X and C to fit the 2' and the 4+ levels.

2ds/2

3si/2

2d3/p

0.0
0.2
2.0
i.9
2.6

2'/2
i~i j/2
2d3/g

0.0
0.8
2.i
2.6
2.95

is the only parameter which was varied to fit the
data and this was done to fit the first 2' state. A
theoretical estimate of the strength constant is
X = 240A '/' MeV." The values used here are rep-
resented on Fig. 1 with the calculated spectra.

Comparing the calculated with the experimental
spectra, one sees a very good fit for the heavier
more vibrational isotopes and the fit deteriorates
as the nuclei become rotational. What appears to
be happening is that as one moves toward the mid-
dle of the shell the overall strangth of the residual
interaction weakens and by holding the pairing
force constant we require too large a quadrupole
interaction to bring the 2+ down to its experimen-
tal position and thus overstress the rotational na-
ture of the system. If, however, we allow the pair-
ing force to weaken as mell when moving towards
the center of the shell, the fit becomes much bet-
ter. Of course, these latter spectra are nom two-
parameter fits to the 2' and 4'.

III. NUMERICAL EXAMPLE

To lllustl ate these ideas we next present some
results of calculations on even-even xenon iso-
topes. As can be seen in Fig. 1, as one progress-
es through the xenon isotopes, which corresponds
to proceeding from about the middle of the neutron
shell to a nearly closed shell, the spectra changes
from rotational-like to vibrational-like and thus
provides a rather good test of the range of utility
of the theory. The input parameters used were as
follows. For single particle neutron and proton
parameters we use the values of Reehal and Sor-
enson, "which are listed in Table I. These values
are quite similar to the earlier and perhaps better
known values of Kisslinger and Sorenson. " No at-
tempt was made to vary any of these parameters.
The only other parameters are the pairing and
quadrupole force constants, 6 and X. For the
pairing force constant we chose G~= G„=20lA MeV.
Neutron and proton pairing were assumed equal
for simplicity and this value is consistent with val-
ues used in most previous calculations. This pa-
rameter was not a vari. able in the calndations;
however, some calculations were performed with
different pairing strengths for reasons that mill be
noted below. The quadrupole strength parameter

IV. CONCLUSION

The expression for the energy of levels in the
ground state yrast band of even-even nuclei has
been obtained by angular-momentum projection on
the coherent phonon state. The energies are then
obtained by a minimization of this expression.
Since this formulation contains a minimum of pa-
rameters as compared with ordinary phonon ex-
pansion models, more reliable tests of the model
are possible. Because of the computational com-
plexity involved in determining the absolute mini-
mum, numerical results are presented only for a
local minimum corresponding to harmonic vibra-
tional nuclei. The resulting band is then of course
evenly spaced. Homever, if the number equation
of pairing theory is corrected by using the pro-
jected states rather than the BCS vacuum, excel-
lent one-parameter fits to the data are obtained for
the vibrational-like xenon isotopes. In addition, if
the pairing strength is reduced in the rotational
region, satisfactory two-parameter fits are ob-
tained in this region as mell. These results are
quite helpful in the interpretation of the contribu-
tion of the pairing force in the transitional region.
More complete investigations of the absolute mini-
mum are underway.
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