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The dynamical assumption that single mesons are emitted or absorbed by nucleons is applied to m-nucleus

scattering and leads to a m-nucleus Low equation. With the neglect of multinucleon currents and true meson

absorption, the ~-nucleus Low equation is shown to be equivalent to a linear equation of the same form as in

standard theories except for a striking propagator modification arising from the energy dependence of the driving

term. The use of a corresponding linear equation for m-nucleon scattering enables us to derive a field-

theoretic multiple-scattering series. It is found that the propagator modification eliminates the Kisslinger

singularity, reduces the Lorentz-Lorenz effect and local field corrections. The effect of true meson

absorption on m-nucleus elastic scattering is also examined and found to be somewhat important at low (-50
MeV) energies but negligible (due to strong first-order optical absorption) for energies greater than 100 MeV.

NUCLEAR REACTIONS Scattering theory, x-nucleon scattering, x-i60 scatter-
ing, 8=50-275 Me&.

I. INTRODUCTION

We consider the problem of how a meson inter-
acts with a nucleus when the basic meson-nucleon
interaction is taken as either a single absorption
by, or emission from, a nucleon. This is opposed
to the standard treatment which assumes that mes-
ons and nucleons interact via a potential and in
which a sum over all of the potential interactions
with nucleons is carried out. Our different dy-
namical assumption leads to effects which are not
contained in standard treatments. Among these
effects are the presence of crossed diagrams and
the influence of reactions in which the meson de-
posits its entire energy into the nucleus on elastic
scattering.

The understanding of 7t -nucleus interactions is
being pursued with great vigor, and a complete
set of references may be found in Ref. 1. Of par-
ticular relevance is the work of Dover and Lem-
mer' (see also lngraham') and Cammarata and
Banerjee. ' Dover and Lemmer were the first mod-
ern workers to use a field theoretic approach, and
Cammarata and Banerjee initiated attempts to
solve the m-nucleus Low equation.

The present approach can be described as fol-
lows. First we obtain a linear equation which is
equivalent to the nonlinear m-nucleon Low equation.
A linear equation equivalent to the 7t -nucleus Low
equation can also be obtained. The development of
the multiple-scattering theory proceeds via the
technique of inserting m -nucleon scattering infor-
mation (as summarized by the linear equation) into
the m-nucleus linear equation. A brief report of

some of the salient features of this work is given
in Ref. 5.

The energy dependence of the n -nucleon and m-

nucleus driving terms complicate the procedure of
finding equivalent linear equations. In many cases,
however, such equations can be obtained.

It is worthwhile to give a brief table of contents.
The linear equation equivalent to the m-nucleon
Low equation, derived in Ref. 6, serves as essen-
tial input, and the principal results of that refer-
ence are given in this Introduction. Sections II-V
contain the necessary approximations and essen-
tial development in which the multiple-scattering
series as an expansion in terms of a crossing-sym-
metric 7t -nucleon T matrix, which includes m-

nucleon inelasticities, is obtained from a basic
field theoretic Hamiltonian. Sections VI-VIII con-
tain discussions of the implications of the resulting
theory and treatments of various correction terms.

The results of Ref. 6 may be summarized as fol-
lows. If one works in the m-nucleon c.m. frame,
includes only p-wave scattering and nucleon recoil
kinetic energies to order (1/m), the following
equations obtain. The driving term of the Low
equation is v(q, p)/z where

=Q -au (q, p) = u, (q, p), -
2

where q represents the (relative) momentum of the
pion and its isospin index; a is the label for the
spin-isospin channel (o = 1, 2, 3, and 4 refers to
the 11, 13, 31, and 33 channels, respectively).
The interaction strengths X are (2/3) f'!
p, [4, 1, 1, -2j where f is the renormalized cou-
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pling constant and u is the pion mass. The quanti-
ty u, (q, p) is given by

u (q, p)=(,~» u(q)u(p)P (q, p)
4m

4G0~(d~
(1.2)

with u(q) representing the v-nucleon form factor,
u, =(q'+ I»')' and P (q, p) are the channel projec-
tion operators of Chew and Low. ' The m-nucleon
T matrix t is given by

t,(q, p) =Q h (z)u (q, p),

1 "" dS'qk
h.{z)=~ +-,

Ih (W»} I ~ Ih»(W») I'

(1.4)

where A~& is the crossing matrix. ' It may be
shown that the solution of the linear equation

a, (z} a (h,)
' z' 1

z o a z ho~ z -ho+i&

where h, (k) = W» and

(1.5)

( )
z ~ ""

dW» Ih»(W») I

. „(1+(u»/m)» z+ W,

is a solution of (1.4}. Equation (1.5) does not nec-
essarily simplify the solution of the Low equation
because a, (z) depends on f (z). However, once
h, (z) is obtained, (1.5) provides a useful summary
of the w-nucleon scattering information. If one ne-
glects the crossed term [third term of Eq. (1.4)],
then it follows that a (z) =X and Eq. (1.5) is sim-
plified

f (z) =-su 1+—v h
. f (z)

z' 1
z ho z -ho+i&

In Sec. II we state our assumptions about the
Hamiltonian, and use the techniques of Wick' to
obtain the w-nucleus Low equation. An assumed
complete set of zero and one meson-nuclear eigen-
states is used to simplify the equation.

The crossing-symmetric driving term arises
from the sum over zero meson-nuclear intermed-
iate states, and depends on matrix elements of the
current operator, J~, between nuclear eigenstates.

with

h ( W,) = —e"~ sin&, [u'(k) k'] '(1+ &o»/m),

where W»= (k'+ p, ')'~'+ k'/2m and m is the nucleon
mass. The Low equation is

Many-body perturbation techniques are applied to
obtain the necessary matrix elements of the cur-
rent operator as an equivalent matrix element of
an effective current Z» between unperturbed eigen-
states of a chosen H, . In general, J„ is a multi-
nucleon operator, but as a first approximation we
keep only its single nucleon term J~"'. As a fur-
ther approximation, in performing the sum over
intermediate states, we assume that low excita-
tion energies dominate, and neglect the excitation
energies of the nuclear states. As a result of these
approximations the driving term is simply the sum
over nucleons of the driving term of the m-nucleon
Low equation. Such approximations are implicit in
conventional multiple-scattering theories in which
the fundamental interaction (driving term of the
linear wave equation) is taken as a v-nucleon po-
tential which is the same in the nuclear medium as
in free space. Hence, we call these approxima-
tions the usual approximation. Under the usual ap-
proximation the crossing symmetric driving term
is given by V/z.

The full driving term is the sum of V/z and a
correction term, nV(i. e. , nV is the full driving
term minus V/z). Now n V is also given as a sum
over intermediate zero-meson eigenstates. Some
of these states have excitation energy equal to the
pion energy of the pion. Excitations of such states
in hV, give rise to a complex potential. Because
this term is not included in the usual approxima-
tion, it is said to arise from tme meson absorp-
tion. (The usual optical absorption arises from
various iterations of the m-nucleus driving term
V/z. )

In Sec. III, the Low equation under the addition-
al approximation of neglecting the ~-nucleus cross-
ing term C(T ~D,T) along with the usual approxima-
tion is solved. The m'-nucleus equivalent linear
equation is used in conjunction with Eq. (1.7) to ob-
tain the multiple-scattering theory. A significant
difference between this theory and conventional
versions is the appearance of an additional factor
of (z/H, )' in the propagator. This factor, which
arises from the 1/z dependence of the driving
term, considerably reduces off-shell scattering.

The importance of m-nucleus crossing has been
emphasized by Cammarata and Banerjee. ' Such
effects are included in the crossing term which is
handled, in Sec. IV, by first including its single-
nucleon contributions. This enables us to develop
the multiple-scattering expansion in terms of the
crossing symmetric m-nucleon T matrix of Eq.
(1.5). Only the first term (involving one nucleon) is
crossing symmetric. By crossing the series of
many-body {two-nucleon, three-nucleon, etc.}
terms and adding them to the original series, one
obtains a crossing symmetric result. For the case
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of N= Z, closed shell nuclei and in the fixed scat-
terer approximation the multiple-scattering series
has approximately the form of the conventional
theory except that the propagators are of the Klein-
Gordon form of Ref. 9 multiplied by the ( x/H, )'
modification.

In Sec. V the one-meson truncation is relaxed.
First, a v-nucleon equation similar to Eq. (1.5}
but including the effects of m-nucleon inelasticities
is obtained. The techniques of Sec. IV may be ap-
plied (for pion energies less than v-production
threshold) to obtain a multiple-scattering series in
terms of a crossing-symmetric, m-nucleon T ma-
trix which includes inelasticities.

At this point the only effect of the field theoretic
approach (other than the explicit manifestation of
crossing symmetry) 'is the (x/H, )' propagator modi-
fication. The implications of this factor, with re-
spect to the Kisslinger singularity, Lorentz-Lor-
enz effect, and local field corrections, are dis-
cussed in Sec. VI. First-order optical model cal-
culations are performed for elastic m-"0 scatter-
ing. The relationship between our theory and those
of others' '" is also discussed.

In Sec. VII the effect of true meson absorption is
estimated. It is found that at low energies the ef-
fect of the (v, NN} reaction on elastic scattering is
substantial.

The nonstatic crossing corrections are defined
and estimated in Sec. VIII. These are small.

A discussion of the strengths and weaknesses of
this approach is presented in Sec. IX.

Various technical details are presented in Ap-
pendixes A-E.

H,.=g. g ((~'I ~, l~&a,'b,', b, (f 'I~,'If»a, b,'.b,),

(2.1)

Hg=p ~ptpa~ (2.2}

(2.3)

where g, is the unrenormalized coupling constant.
The operator b&(b&~) destroys (creates) a bare nu-
cleon of momentum p, spin magnetic quantum num-
ber s~, and isospin magnetic quantum number t~.
The operator a,(a~) destroys (creates} a meson of

II. n-NUCLEUS LOW EQUATION

The starting point is a field-theoretic Hamilton-
ian consisting of a pion interaction term H,„, a
noninteracting pion Hamiltonian H„and a nonrela-
tivistic noninteracting nucleon Hamiltonian. %e
have

momentum q and isospin index X,(X,=1,2, 3). The

quantities p and m, are the mass (139.6 MeV) of
the physical pion and the mass of the bare nucleon.
The operator j, is the m-nucleon interaction vertex
function.

The S matrix element for the scattering

w(b) + M - s(q) + fq, (2 4)

where M and X are any two nuclear eigenstates, is

S«='-'&Nq ~Mb&" . (2.5)

The states ~Mb&'" refer to eigenstates which con-
sist of a nucleus plus a free pion of quantum num-
bers k at an infinite time before or after the scat-
tering event.

The straightforward application of the techniques
of %ick yields an equation for the scattering states

~Mb&"'=a,'~M&+@ H . g, &„~M&, (2.6)

where

8« = 5« —2wt 5(E, —E~)Tq, ,

r«-' '&Nq)Z, (M&

(2.8)

2=go

N k
(2.9)

where the second line of Eq. (2.9) is obtained by
the equation for a, ~M&,

a, ~M&=

which is derived and discussed in Appendix A.
In using our simple Hamiltonian the seagull
terms have been neglected. 'The importance of
such terms has been recently discussed by Baner-
jee." Equation (2.S) has been derived by Cam-
marata. " The nucleon-nucleus version of (2.9) has
been obtained by Ernst. "

The next step in solving Eq. (2.9) is to insert a
complete set of intermediate eigenstates of H. In
this section only the no-meson and one-meson
states are included so that inelastic states in-
volving production of an additional pion are ignored.
Thus we insert the truncated set

go~a= I.H~aal —~aaa

and E=E„+to~. The first term of Eq. (2.6) repre-
sents a free pion and a nucleus at t= a~ and the sec-
ond term represents the scattering.

By using Eq. (2.6) in Eq. (2.5) one has
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xp)'-"-'(xq
~

(2.10)

into Eq. (2.9).
It is necessary to inquire if the states of Eq.

(2.10) have the necessary orthogonality properties.
In particular, states (M) with excitation energy
greater than a pion mass are degenerate with some
of the one-meson states. It is shown in Appendix
A that

counterterm CT to the Hamiltonian, with

p'
CT =~ btb ————+ m —morn mo 0

2 Q (f&&p2I& IPA)b,'b~& bp bp (2.15}

Then one has an unperturbed Hamiltonian H, and a
perturbation Hamiltonian H,

(M INP&"' = 0,
"&&Mk INP) &"= b(k, P}b(M,N} (2.11)

H=H +H,
p2

Ho=H, +Q b~~b~+ V„„,

(2.16)

(2.17)

so that Eq. (2.10) is meaningfuL
Using (2.10) in (2.9) we have

(N I Zt I L)(L I J~ IM)
Ty& =go

L E„+&dk —E~+sq

,~ &N I J~l L)(L I
J& IM)

+gp E~ —Q) —EL +tQ

(NIZtILP»' " (LPI 8~IM&
+gO E~+ &dk —E~ —&d&+ Zg

LP

(NIP IL r )&&( t tiJLt&-lM)

)EN-Ma-EL -~p+in (2.12)

It is interesting to notethatfor states IL) such that
E+„=Ez, (LI J&, IM& is the transition operator

for the meson absorption reaction.
The 7t-nucleus Low equation gives T&,. in terms

of a nonlinear equation involving other T matrices
T„, {where n is any one-meson state) and a driving
term. The first two terms of Eq. (2.12), which
come from the no-meson intermediate states are
defined as the driving term T'3'. Then in a more
concise notation

T'T
E~+ k —En+«

T nf Tn&

kf+ k n+~~
(2.13)

T= T 'e&+ TtD T+ C(TtD T), (2.14}

where z = E~+ +k.
In order to solve Eg. (2.14) it is necessary to ob-

tain expressions for the matrix elements (L IZ, IM).
We proceed by developing a perturbation procedure
for this quantity. First, add and subtract a Her-
mitian nucleon-nucleon potential V» and a mass

where the crossing operator C designates the re-
placement (k, p} by (-p, -k) where the minus sign
does not apply to the isospin indic es. An even more
schematic notation which stresses the matrix char-
acter of E&I. (2.13) is

H, =H,„V„„CT. (2.18)

The unperturbed states IN), are defined by

H, IN), = E„IN&„ (2.19)

where we assume that V» may be chosen so that
the spectrum of H, is a good approximation to the
physical spectrum. Of course, H, IN), = 0. Fur-
thermore, nuclear eigenstates of H, form a com-
plete set.

By using the expressions for physical states in
terms of unperturbed statea one may write (see
Appendix B) (N I J~I L) as a matrix element of an
effective operator Jk acting between unperturbed
states, and a linked cluster expansion may be ob-
tained for Jk, i.e. ,

In general Jk is a many-nucleon operator and

i = J'"&+i"&+i"&+~ ~ ~

k k k k

where the superscript denotes the number of nu-
cleons involved in the matrix element. Here we
consider only the single-nucleon terms. Examina-
tion of the perturbation series (Appendix B) shows
that such terms depend only on CT and H,„, and
furthermore, that CT cancels all terms involving

H, „except for a series which renormalizes the
coupling constant. Thus under the single-nucleon
approximation

&N Ii,"'
I
L& =,&NIgz, IL&, (2.20)

and the only influence of the meson degrees of free-
dom of the nucleus is to renormalize the coupling
constant.

Even with the single-nucleon approximation to
the effective current, it is necessary to make a
further approximation. It is useful to define the
quantity z = E„+&uk+i p = E„+~, +i p and rewrite the
energy denominator, I/(s we}, of the Born term in
the form
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1 1 1 1
8~x g

' 8~x
which has an explicit 1/z dependence plus a spe-
cific correction term. We have

We are then able to write the Born term as one
(2.21)

where

, ~ 0(&IJ~ If), ,(f I J~IM), ,(N—IZ,IL)00(I I JiIM),
(2.22)

nVi, (z) =g' Q 0(NI/i If)00(f I J~IM), —— +g' Q,(NIZ, II)oo(I, I J,'IM)0—
8 ~

L g 'z z+Ei (E„+E„
L L

t(NIP,'""I },(,( V(,'"'t },M, (IZ}('"'Il},,((. IZ,'""IM}„(
I,n, m

(2.23)

(2.24)

Because the commutation of two single-nucleon
operators is itself a single-nucleon operator, one
may write the operator V/z as

V 1
V( )8 8

(2.25)

where the matrix element is to be taken between
nuclear states. In terms of second quantized no-
tation

(2.26)

Qur strategy is to first solve the Low equation
with the driving term V/z and then to treat 6 V(z)
as a, perturbation, if possible. Note that AV(z) in-
cludes the effects of the multinucleon current op-
erator and is complex because there are energies
Ei greater than p. Furthermore, AV(z) is cross-
ing symmetric. Because conventional theories
neglect three-body m-nucleon potentials and true
meson absorption, we call the approximation of
neglecting n V(z) the usual approximation.

The use of the completeness property of the ei-
genstates of 8, gives

(2.27)

w'here use of the completeness of the momentum
representation is made in obtaining (2.27). This
expression for the approximate driving term has
been obtained by Cammarata and Baner jee.4

At this point it is worthwhile to remind the read-
er that E(I. (2.27) represents an operator, which
is to be taken between the one-meson eigenstates
of ff, in order to obtain V«/z. In order for this
to be meaningful, it is necessary that the wave
functions of H, be reasonable approximations to
the wave functions of the physical states.

It is often noted that within the static model for
J„ the ground state expectation value of V van-
ishes for closed shell nuclei with zero isospin.
However, the off-diagonal matrix elements of V/z

do not vanish so that V/'z may be used as a driving
term even in the static model.

The next step is to rewrite the equ~ ).on

T~( ——V«/z+ TtD T+ C(TtD, T)

as an equivalent linear equation. Before proceed-
ing with the solution of E(I. (2.28) it is worthwhile
to consider the effects of introducing other meson-
nucleon couplings into the Hamiltonian. This en-
ables one to calculate better nuclear eigenstates.
lf these other mesons do not interact with the pion,
the current operator J„ is unchanged. The exis-
tence of other mesons requires us to modify the
completeness relation, E(I. (2.10), so as to in-
clude a sum over the appropriate meson-nuclear
states. However, if the coupling is weak, or if
the mass of the meson is very large, such terms
may be ignored and the form of the equations for
the T matrix are unchanged. (See, however, Ref.
15.)
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III. SOLUTION OF THE LOW EQUATION

IN THE USUAL APPROXIMATION-NO CROSSING TERM

The Low equation, under the usual approximation
along with neglect of the crossing term, is solved
in this section. In this case the Low equation is

T,. =u, .u,.G(z) gT, .

The linear equation'

t =@+ZAN

(3 8)

(3.7)
T' T

( )
V~; gT~T„;
z + „z-E„+iq ' (3 1)

Because the driving term of (3.1) is obtained by
taking matrix elements of operators between un-
perturbed eigenstates, we look for solutions which
are also expressible as operators taken between
such eigenstates.

The solution of f( =u( +ugg(z)f( ~
(3.8)

is a solution of the ~-nucleon Low equation for p-
wave v-nucleon scatt, .ring [neglecting the C(ttDt)
term). Here, as in Sec. I, h, is a propagator
which includes the recoil kinetic energy of the nu-
cleon to order I/m. Then for scattering from the
ith nucleon

z Ho z -&0+i' (3.2}
where

where matrix elements of T, are to be taken bet-
ween unperturbed eigenstates, is a solution of
Eq. (3.1). This is proved in Appendix C.

The appearance of the (z/H, )' factor in the prop-
agator may also be understood from a consider-
ation of the analytic structure of Eqs. (3.1) and
(3.2). From Eq. (3.1) we see that in the limit of
z approaching zero, T,~1/z. The same limit
obtains from Eq. (3.2). Furthermore, the elimi-
nation of the (z/H, )' factor would completely change
the z equals zero limit of (3.2). Similarly, it is
apparent that as z approaches infinity, the T ma-
trices of Eqs. (3.1) and (3.2) are both proportional
to 1/z.

The linear equation (3.2) is much more tractable
than the nonlinear Low equation. Indeed, except
for the presence of a factor (z/H, )2, Eq. (3.2) is
the starting point for the usual multiple-scattering
theory. One may obtain equations for multiple-
scattering expansions by simply modifying the
Green's functions of the standard theories.

In the remainder of this section the optical po-
tential of Kerman, McManus, and Thaler (KMT)"
is obtained. A discussion of several current mul-
tiple-sca. ttering theories has been presented by
zrnst, Londergan, Miller, and Thaler" and we
closely follow their techniques.

In order to simplify the notation define

~ ~

z 2 1
g(z) =

ho z —ho+i@
' (3.8)

By solving Eq. (3.8) for u; in terms of f; and in-
serting the result in Eq. (3.6) we have

T; =f, +t;g(z}QT, +f,[G(z)-g(z))QT, . (3.10)

At this point we are faced with one of the more
difficult problems of multiple-scattering theory.
In order to proceed we must evaluate the terms
involving (G -g). As this problem has not been
solved and because our present interest is in spe-
cific changes caused by the field-theoretic ap-
proach the G gterm of E-q. (3.10) is simply ig-
nored.

By iterating Eq. (3.10}and summing over i we
have

T = Qt, + t,gtj+Q t; gt~ gt~+ ~ ~ ~, (3.11)
c j

The optical potential of KMT, U', when in-
serted into a Lippmann-Schwinger equation, yields
the pseudo T matrix T'= [(A —1)/A) T. It is de-
fined by

ug =u(/z (3.3) Z'= U'+ UigPV', (3.12)

z ' 1
G(z) =-

H z-H +ig

so that

T, = Qu, [1+G(z)T,) .

(3.4)

(3.5)

where P is the ground state projection operator.
In Ref. 17 it is shown that U' is given by the ser-

ies

U'=(A —1} Q f, + Q t gQt~

The procedure of %'atson" is followed by defining
T =Q&T, with T, given by

(3.13)
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where Q= 1 -P and where it is understood that we
may only take matrix elements of U' between anti-
symmetrized states. The use of (3.13) in (3.12),
along with the definition of T', gives the series
(3.11).

This means that within the usual approximation
the field-theoretic multiple-scattering theory. has
the same form as conventional theories except for
the use of a modified Green's function.

T, = V/z+ T'D, T+ C(Z'D, T) . (4.1)

As a first approximation we extract the one-body
piece of the crossing term,

IV. CROSSING

In Sec. III the term C[T'D,T] is ignored. This
leads to a multiple-scattering expansion in terms
of a m-nucleon T matrix which is not crossing sym-
metric. Furthermore, crossed m'-nucleus pro-
cesses, which have been emphasized by Camma-
rata and Banerjee, ' are also neglected. We seek
to remedy these deficiencies by the following pro-
cedure. First, the C[T~D,t] term is approximated
by its one-body part. This term, when added to
V/z, defines a new driving term W, which is the
sum over nucleons of the driving term of Eq. (1.5).
A linear equation which is a solution of the m-nu-
cleus Low equation with W as the driving term is
then obtained. This enables us to develop the
multiple-scattering expansion in terms of the
crossing symmetric m'-nucleon T matrix of Eq.
(1.5)., Only the first term, Z, t„of this new series
is crossing symmetric, while terms involving two
or more nucleons are not. By crossing the series
of such terms and adding them to the original ser-
ies one obtains a crossing symmetric result.

In doing the algebraic manipulations a problem
occurs in that for each of the spin-isospin channels
the driving term has a different energy depen-
dence. An approximation method based on the fact
that the most rapid energy variation, the 1/z de-
pendence, is treated exactly is developed.

Consider the equation

and

(4.6)

Using Eq. (4.2) in Eq. (4.1)

T = g to&(z) + T~D T = W+-T'D T,

We wish to obtain an equivalent linear equation.
The operator W is defined by replacing a (z) by
a (H, ) in (4.5)

—= Q ][a,(Ho)]'~'(u /z)[a (Ho)]'t'), . (4.8)

x [a (E„+&u,)a„(E„+oo~)]'t'

(4.9)
where IMq)o is a one meson eigenstate of H, .

Consider T where,

T,= W/z + T~D,T (4.10)

by the proof of Sec. III and Appendix C

W W z 1
+ ~ T

z Ho z -8,+i@
(4.11)

so that Eq. (4.10) is in a solvable form However. ,
we want a solution of Eq. (4.7). Consider the ma-
trix elements of T. We have

.&vt&
I T.I»&.=p .&M I[a.(z)]'"«."'/z)[a. (z)]'"It' ).

The idea of having a single-nucleon operator de-
pend on a many-body Hamiltonian seems unusual.
However, the matrix elements of W between eigen-
states of H, are well defined:

u (q) u(p)
o&» IWIMq&o g ( )ago(

(4 2)C(T'D, T) = P C(t'D&"t), ,

where D,"' neglects effects of nucleons other than
i. This approximation is suggested by the form
of the m-nucleon Low equation

but z —+g+ (dg —Fg+ &dp.

(4.12)

t, = v + t'D,"'t+ c(t'D,"'t) (4.3) T = W+ T~D,T (4.13)

u, + tea&0)t (4 4)

(4.5)

where Eq. (4.4) defines ur. As shown in Ref. 2 and
summarized in the Introduction

~(e, p) = g u.(q, p) = Q ~.(z)
a (z)

and for on-skell values of z, T is equivalent to T
so that it is sufficient to solve (4.11). Thus the
linear equation is obtained, but at the expense
of having a driving term which is a many-body
operator.

Because Eq. (4.11) involves W it is useful to de-
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fine F and sv

[a (h,)]'~'t, [a (h,)]'~'
a (z)

[a (h,)]'~'u [a (h,)]'"
a (z}

(4.14}

K) ——(Wq/z)(1+ 8 'g8 'K().

For a given spin-isospin channel

a {ho) a {ho

a, (H,) a (H, )

(4.22)

(4 .23)

By multiplying Eq. (4.6) by [a (ho)/a (z)]'~' from
the left and right we obtain

z' 1 a(h)'
h, z-h, +ft) a.(z}~ ~

Another equation is

z 2 1
=so 1+

(4.15)

(4.16)

where the equivalence of Eqs. (4.15) and (4.16} is
assured by eliminating t between the two equa-
tions to obtain so in terms of av . In Appendix D,
it is shown that nr and ~ are equivalent to better
than five percent at resonance and to higher ac-
curacy at lower energies. This obtains from the
slow variation of a (z) and the presence of the
(z/H, )' factor which inhibits off-shell scattering.
In the following we set so equal to sv . The cor-
rections may be systematically inserted, if nec-
essary.

Consider the multiple-scattering series obtained
from

T= ( W/z)(l+ GT),

We proceed to obtain the multiple-scattering ser-
ies by solving (4.23} for W in terms of K. One ob-
tains

Tj = Kj 1+6 T~ + Kj8 ~g8 1Tj

= K ~ 1+g Ty +Kj -g)
jAj jpj

+K,(8 'g8. '-g)T-, - (4.24)

which defines the multiple-scattering series. Even
if one makes the impulse approximation,

K((G -g) Q T~--O, (4.25}

an additional term remains. However, if the im-
portant matrix elements of (G -g) are reasonably
small then 8 'g8 ' -g must also be small. This
is because the replacement of C by g involves the
replacement of (z/H, )'/{z -H, ) by (z/ho)'/(z —ho)

and these functions are more rapidly varying than
a (ho}/a (Ho). Thus a generalized impulse approxi-
mation is defined by

8 ' 1
G=

Ho g -HO+i@
'

In the usual manner take

(4.17)
Tj = Kj+Kjg

or

(4.26)

T, = +—GP—T, .
S'j Wj
z z

(4.18) T =g K, + P K, gK& + g K; gK; gKz + ~ ~ . (4.27)

~ = 8$vj8.
W

8

The required operator is

(4.19)

We wish to rewrite 5'j in terms of some effective
scattering operator. However, Wj depends upon

H„but sej depends upon h, . Define the operator
8 such that

and one now has a multiple-scattering series in

terms of an operator K which is equivalent to the
solution of the Low equation for on-shell kinemat-
ics, H, = z. In the event that G -g terms are to be
included, the expression (4.24) may be used.

We now turn to a discussion of the crossing
properties of the amplitude, T. Consider the first
term of (4.27}, T„ for elastic scattering

(Pl8le) =g ~4, (P, q}6(P e};{h'}—(4.20) T, = 0&. Q K, Ok9. '

and its inverse is
O~ t(e)(g) e~ a~ e~ a

joe e

(4.28)

Define

Kj= 8tj8
so that

where lOW) represents the one-meson, nuclear
ground state eigenstate of H, . For on-shell scat-
tering lkl = lk'I and z = ~ and [a (~Pa (+a')/
a '(z)]'~'=1. For closed-shell, N=Z nuclei, the
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where

H"(z) = h, (z) + 2h, (z) + 2h, (z) + 4h, (z).

For solutions of the Low equation

H"(z)=H& &( z). (4.30)

In order to ascertain crossing symmetry define
the crossing operator C by

C(E(IT%, k9. ', z)) = E(-k9.', -G., -z). (4.31)

If CF=I' the operator is crossing symmetric.
From (4.29) and (4.30) we see that CT, = T, .

Next consider the higher-order terms. These
are of the form

expectation value has the simple form'

T, = — 5„„,u(h')M(h'2)k k'p(q)H'~(z), (4.29)1

lations occur such that the two-body density
p(r„r, ) = p(r„r, ), and for X= Z, closed shell nu-
clei, the Cammarata-Banerjee result which we call
the crossing theorem, applies to the most impor-
tant of the terms of Eq. (4.35) in the fixed scatter-
er approximation. Of course our g(z) includes the
z'/ho' modification. The method of proof is to cross
the terms of Eq. (4.35) and add the resulting terms
to Eq. (4.35).

Consider the second-order terms of Eq. (4.35)
T,. Under the ONCA we have

T(k&, k9.', z)= g d'r, d'r~e"'~& '~ ''sp(r„r&)

xp ~, h (,)p«(h p) ',

g K, g(z)K&g(z)K g(z)K, g(z) ~ ~ ~ K„.

In the term

~ -a, (H,)- '~' a (H, )

a„(z} a.(z}

(4.32)

(4.33)

&-if';(1;-r )

hz(z) P,U '( p, h').
8 —COp + 1'g

(4.36)

We wish to make (4.35} crossing symmetric by add-
ing in the crossed version of the second- and high-
er-order terms. The quantity CT, is given by

the factor on the left.-hand side may be replaced by
1 and in the term K„ the similar term on the right-
hand side may be replaced by 1. If we then express
each K in terms of t„one has the usual multiple-
scattering series, except that each Green's func-
tion is of the form

a (H) 't'z' 1 a(H)
.a (z} h, ' z -h, aB(z)

(4.34)

P t, g(z)t, + g t, g(z)t, g(z)t, + ~ ~ ~ . (4.35)

For a, given application one may use Eq. (4.34), but
we wish to make a further approximation to simpli-
fy the equations. The approximation in which the
factors [a (H,)/a (z)]'t and[a&(H, )/az(z)]'~' are re-
placed by 1 is defined to be the on-shell crossing
approximation (ONCA). This approximation is
suggested by the slow variation of a (z) and by the
presence of the (z/h, )' factor which dampens the
off-shell scattering. Under this approximation the
second- and higher-order terms are given by

i(
lI

(c)

il
il-il

Jl
/

Banerjee and Cammarata have argued that the in-
clusion of w-nucleus crossed graphs lead to the re-
placement of g(z) in Eq. (4.35} by g(z)+g(-z).
Their considerations do not include the effects of
correlations. Here we show that if pairwise corre-

(e)
FIG. 1. Some terms of Eq. (4.35) for which the proof

of Eqs. (4.36)-(4.42) applies. The dashed line repre-
sents pions, the solid line represents nucleons and the
heavy dot represents t.
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CT, =Q ' d3r, d3r~p(r„y, )e '" ''&''"''s

d' z 1x p z-'2«)-"~)gh ( z}P"'(-k' p) h ( z)P-"'(p, —k}
(2z)3 u u t ~ 2 z (g 2 2 (4.37)

Convert the integral over d'p to an integral over —d'p, then use the crossing symmetry of the 3-nucleon T
matrix,

P h (-z)Pi"(-k', p) =Q h (z)P"'(-p, k') (4.38)

to obtain

CT, =Q ~ d'r d'r p(r r )e '2"")'"' "i
isj

d3 z' -1x e'2'"& g'~ h (z)P'~'(k p) h (z)P"'(P k')
I (2v)3 o c y ~ 2 z+~ g 8

a,B P

(4.39)

where o. and P have been interchanged and where
fori~j

For simple models of p(r„r,) such as

[P()) P(J) ] 0 (4.40) p(r„r, ) = p'[(r, + r,)j2]R(
~
r, —r,

~
) (4.42)

0
z' 2h
0' z'-@,'+i@ (4 .41)

one may switch the indices i and j in Eq. (4.39)
and find that CT, is obtained from T, merely by
the replacement of the z in the Green's function by

Then the sum of the two terms is given by the
replacement of

1
z) =-

h0' z -A,0+i&

by

g, (z) =g(z) +g(-z)

the condition on p(r„r,) holds. However, for other
models the condition is not true and the result
(4.41) is not necessarily obtained. Note that the
2h, factor in (4.41) serves to cancel the (2h, ) '~2

factor appearing in the m-nucleon T matrices.
Under the stated assumptions it is straightfor-

ward to see that the proof and result of the above para-
graph holds for all terms of (4.35) in which the last
nucleon struck is different than the first nucleon
and in which the first and last nucleon are struck
only once. Examples of such terms are given in
Fig. 1.

Consider the local field correction of Foldy and
Walecka" illustrated in Fig. 2(a).

T = Ok Qf) gfggf) Ok

d3*d'r d'r 8'"' ri"'"" '~ ex &-iy(ri-r )&iy~(r&-2i)
(2z)3 (2z)'

2 1 z2

ne Bet
{4.43)
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I IC

pV

:Al
lk

.41

pv

FIG. 2. (a) Local field correction. (b) Another term
for which the crossing theorem can be proved.

g (o~ [p(.(&, p«&]~0}=0 (4.44)

for closed-shell N=Z nuclei. This gives

TLF + gz'Lr TLF(g ) (4.45)

Copsider CT F, replace p and p, by -p and -p„
use Eqs. (4.41}, (4.40), and (4.39) and the fact that

(0)
FIG. 3. The crossing theorem applies for the term

(a) but not for (b).

where the notation (g,) means g, replaces g in Eq.
(4.43).

By similar means the corresponding proof for
the term of Fig. 2(b} follows immediately for N= Z

closed-shell nuclei.
Consider now terms in which the initial nucleon

is struck more than twice such as in Fig. 3. By
writing the relevant integrals one can show that the
theorem obtains if the expression

P(i&(b p)P(i)(p p )P(i&(p bt) P(i)(p bt}P(i&(p p )P(()(b p)

[P(()(b p) P(i &( P P ) ]P(i)(P b&) + P(i)(p p ) [P(()(b p) P(i)(p bl)]+ [P(i)(p p ) P(i)(p bl)]P(()(b p)

(4.46)

g b b b„(k'x p, } [(p, xp, ) x (p xk)] (4.47)
eePy X

for (4.46}, where the spin-dependent part of the
c( projection operator is b . The expression (4.47)
is rewritten as

p b bp„k' ~ (p, xp, )k (p, )(p),
a,gsx

(4.48)

vanishes. Consider the spin dependent terms aris-
ing from the commutator and use the fact that
terms linear in o vanish for a closed-shell nucleus.
Straightforward algebra gives

where the Eq. (4.48) obtains because p, x p gives,
upon integration, a tei"m proportional to (r, —rg
x(r& —r2) If only two nucleons are inv'olved [Fig.
3(a)] then p~ &(p4 gives a term of the form (r, —r, )
&( (r, -r, ) =0 so that the theorem holds. However,
for three-nucleon terms, Fig. 3(b), (4.48) does
not vanish and the theorem is not true.

Similar consideration of two-nucleon terms shows
that the theorem is true for all two-nucleon terms
in which the last nucleon struck is also the first
one (Fig. 4). It is also possible to show that all
terms of the form shown in Fig. 5 obey the theo-
rem.

-I I

Al

Al
gP-

Al
IK
lk
I V-

Al

~l
Al

Al

-4F
IK
IK
I W-

IW

)V

IW ~l
Ik

Al
IV

gV

I k-:
lk

Ql

FIG. 4. More terms for which the crossing theorem
can be proved.

FIG. 5. Nore terms for which the crossing theorem
can be proved.



2386 GERALD A. MILLER 16

The crossing theorem holds for the terms of
Figs. 1, 2, 3(a), 4, and 5. This means that for
all terms involving two struck nucleons the cross-
ing theorem holds. It is also true that, because
T, = CT, (and under the ONCA), all terms of the
form (4.35) obey the crossing theorem under the
coherent approximation (replacement of g by gP}.

The correlation expansion of the optical potential
has been discussed by Ernst et a/. " In that work
an expansion in which terms involving two struck
nucleons is summed as a three-body problem is
recommended. Terms involving more than two nu-
cleons are also included but these terms do not
contain successive scatterings from more than two
different nucleons in which the scattering does not
proceed through the ground state at some point be-
tween the scatterings.

We have showed that all terms involving tw'o

struck nucleons and al1. coherent terms obey the
crossing theorem. By combining these results one
may show that the terms of the above para-
graph also obey the crossing theorem. 'Thus

for the optical potential of Ref. 17 one has

on-shell center-of-mass momentum. Our notation
for the various terms of (5.1) is given in Eqs.
(1.1)-(1.5). The observed separable form of ~ and
t, result from the simple form of the interaction
current,

0'q
&y =go

(
yyg2u(q)T2(d )

If one considers a few r-nucleon scattering graphs
which have a two-meson cut one finds that a similar
representation may be made for the terms involv-
ing r. We write

where y (z) depends onthe model of I' &. At this
point we do not investigate such models but merely
show that one can find a linear equation, the solu-
tion of which is a solution of the Low equation of
(5.1).

The analytic structure of Eq. (5.1) tells us that
y (z) has a cut for z ~m +2 p.. We assume that
y (z) has no other singularities and write

Tl U'/ + U/g QTt (4.49) IU ( o)I',
1 dip

where g, is used in obtaining U . This means that
if the correlation expansion including two struck
nucleons converges the replacement of g by g, by
in Eq. (4.35) is valid.

The crossing theorem has been proved using the
simplification afforded by the fixed scatterer ap-
proximation. The result is probably true under
more general considerations, but we have not at-
tempted to obtain the necessary derivation.

t„(z) = ~ u +y (z)u„y
a'(z) d'p ~f (W)~'

where

(5.4)

where IU~(W~)l' =-Imy„(W~) and U (W~) =0 for W~

& m +2/.
By using Eqs. (5.2} and (5.3) in (5.1}we find

V. INCLUSION OF m-NUCLEON INELASTICITIES

In this section the one-meson truncation is re-
laxed. We begin by examining the resulting modi-
fication of the n-nucleon scattering equation. Then
the set gf two-meson nuclear states is inserted in-
to Eq. (2.9) and a solution which makes use of the
modified ~-nucleon equation is presented.

The m'-nucleon Low equation as modified by the
inclusion of two-meson states is

a'„(z}= X~+zb „(z)+ zb'(z) (5.5)

and where &'„(z) arises from the crossed I' 1 term.
The analytic structure of &'(z) is assumed to con-
sist of a cut for z & -(m +2 p). The use of (5.3) in
(5.4) followed by the evaluation of the angular inte-
grals gives

a'(z) 1
t

dW~ dp
z z (u~ dW~

t= —+
t t-nf ni C nf nit t

z —E„+ig n z —En+i'
r'

+ . +CC
r fr,. r~r

z —E +ig z-E +i@ ' (5.1)

where r; is the T matrix element for the process
w + N- n + m+ N and the sum over m is a sum over
the two-meson states. Equation (5.1) is given in
the v-nucleon center of mass and (for on-shell ele-
ments) z = W~ =(p2+ p')'~2+p'/2m where p is the

(5.6)

-imp(W} = I& (W}l'p(W}+ IU/W)I',

where

(5.7)

The evaluation of Eq. (5.6) at z = W +is and z = W
—i& followed by the taking of the difference be-
tween the two quantities gives
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p(W)=
(1 / )

u'(P)

evaluated at @& = W. We use the form

sin(6 +i@,)
p(W)

(5.8)

with & g real and q & 0. The use of (5.8) in (5.'I)
gives

IU (W)l'=(1 —e '"o)/4p(W) (5.9)

The use of (5.8) and (5.9} in (5.10) gives

which shows that g depends only on the reaction
cross section and p(W). Furthermore, the equa-
tion (5.9) is consiitent with the usual condition,
based on conservation of total flux, that the reac-
tion cross section in a given channel is less than or
equal to 4 of the maximum elastic cross section in
that channel.

It is useful to combine lh„(W~)l' and IUo(W~)l' as
follow s

p(~)lh. (w)l'+ I&.(w)l' = Ih-.(w.)l'p(w}f '(w) .
(5.10)

From Ref. 5 we know that (5.16) is a solution of

t, )
a'(z) „-, d'P I~ (Wp)l'

z (2w)' z —W~+iq

The result (5.12) is reestablished by multiplying
Eq. (5.1V) from the left and right by f '(ho) and us-
ing (5.15). Thus (5.14) is a linear equation equiv-
alent to the Low equation when inelasticities are
included. Note that a (z) and f (z) depend on h (z}
so that (5.14} is not necessarily an aid in solving
the Low equation.

We now turn to the use of these ideas and Eq.
(5.14) in w-nucleus scattering. Inclusion of the sum

Ql Nw„w )(Nw„w I
in Eq. (2.9) gives the additional

terms
A A$ A

(5 18)z-E~+ig ~ z-E~+ig '

where I&~ is the T matrix for the m-nuclear reaction
m+A - m+ m+A'. Thequantity AT includes various
complicated many-body effects and our treatment
of it closely parallels the treatment of the crossing
term. As a first approximation, only the terms in
(5.18} involving single nucleons are kept and we
take

2 —2 cos2~~
1 —2 cos26 e '"o+e '"o (5.11) gr„=g (r'i},r), + cP (r'D, r},, (5.19)

Clearly f„'(W) is positive definite, and indeed is
greater than 1.

The use of (5.10) in (5.6} gives

where 8, is the two-meson nucleon propagator.
This enables us to write the modified ~-nucleus
Low equation as

(z) — ~( } + dWp(W) I a( o)l f 2(W) T=Q Q " +y(z) u +TtDT.
a

(5.20)

z o h ag(z) z —ho+i@

x f'(h, )i (z) (5.14)

where h, includes the recoil kinetic energy of the
nucleon. This is established by defining 7~ and u~

i (z) =f(h, )i (z)f(h, ),
u (z) -f(h, )u f(h, )

so as to recast Eq. (5.14)

a '(z) ' a '(ho)
z o

)
a'(z) h, '

1
t (z)

g —Ao+ig

(5.15)

(5.16)

(5.12)

A relation between f '(W) and y„(W) is obtained by
comparing (5.6) and (5.12)

-p(W)[f'(W} —1]=Imy (W)/lh~(W)l' (5.13)

We claim that a linear equation which is a solu-
tion of (5.12) is

Equation (5.20) is very similar to Eq. (4.7) ex-
cept for the significant difference that y (z) is com-
plex. However, the main interest of this investiga-
tion is on energies up to and slightly above the
(3, 3) resonance. For such energies Re[y (z)] has a
significant effect on ~-nucleon elastic scattering, "
but Im[y (z)] is important only at higher (&400
MeV) energies. Thus for the energies of interest
here, it is reasonable to ignore Imy (z}. This
means that the techniques of Sec. IV may be used
with a (z) replaced by a'(z) +Rey„(z), and one is
therefore able to obtain a multiple-scattering ex-
pansion, equivalent to the Low equation, in terms
of a ~-nucleon 7' matrix which includes the effects
of crossing and pion inelasticities.

In making the approximation (5.19) certain many-
body effects are ignored. For example, terms in
Fig. 6 in which two-pion system is created on one
nucleon and destroyed on another nucleon are ne-
glected. For a thorough discussion of such effects,
see Londergan and Moniz. "

In order to be specific, we have restricted our
discussion to the two-pion inelastic channels.
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very large and purely imaginary value. For scat-
tering by a finite nucleus the imaginary part of f
presents a barrier so that the effective density is
much lower than p and the problem is mitigated.
However, even in situations where potentials of
the Kisslinger form fit the elastic scattering data
the ~-nucleus wave functions have kinks inside the
nucleus.

In our theory the equation corresponding to (6.2)
ls

Z2
P'-K'+4wpfK' » =0.K2+ pP

(6.3)

FIG. 6. Term not included in our treatment. The
square box represents I'.

However, the same considerations apply for any
ii-nucleon inelastic channel for which Eq. (5.2) is
valid.

p2 —K +4mpfK'=0, (6.1)

where P' =z'- p,
' and f is the on-shell ii-nucleon

forward scattering amplitude divided by P '. The
solution of (6.1) is

p2

1 - 4mpf
(6.2)

and the Kisslinger singularity arises at low ener-
gies because the imaginary part of f is small and
because Re(4vpf) -1 for values of p near the nu-
clear density, po(= 6 fm '}. Thus K 'takes ona-

VI. SIGNIFICANCE OF THE (z/Ho)2 FACTOR

At this point the only effect of the field theoretic
approach (other than the explicit manifestation of
crossing symmetry}, is the modification of the
propagators by the factor (z/H, )'. By considering
processes in which a sum over virtual states is
involved, one sees that the factor (z/H, )' decreases
the contribution of the high energy states consider-
ably. As a result the importance of effects which
depend on the high energy part of such sums is ex-
pected to be decreased. In order to illustrate these
ideas we consider the consequences of the (z/Ho)'
factor for three effects which are of present inter-
est. These are the Kisslinger singularity, the
Lorentz-Lorenz-Ericson-Ericson effect (LLEE),
and local field corrections.

The "Kisslinger singularity" is the result of the
attractive P-wave nature of ~-nucleon scattering
at energies below the resonance. In a uniform
medium of density p

2zpC/(z -E„+ir/2 —3vpC), (6.4)

where n=K/P. The term -3iipc pushes the posi-
tion where the real part of the denominator of
(6.4) vanishes down in energy by about 30 MeV.
This downward shift is caused by the R' behavior
of t, . Using the same scattering amplitude, the
solution of (6.3) is

n —1 = -2wpc/(z Es+ ir/-2+ iipc) (6.5)

and the position of the zero in the denominator
rises by about 10 MeV. The result (6.5) is also
obtained from (6.3}by noticing that for resonance
energies p' =4 p' and the factor z'/(K'+ p.') is well
approximated by p'/K'. In this ease, the wave
equation (6.3) reduces to the equation of the stan-
dard theory, but with the local I.aplacian off-shell
extension of t, .

If one does first-order, optical model calcula-
tions in finite nuclei one finds that the propagator
modification causes significant differences. For
scattering on "Q at 30 MeV, the unmodified model,
corresponding to Eq. (6.3), gives a reaction cross
section os of 210 mb and de/dQ (180') = 1.5 mb/sr.
The same calculation done with the propagator
modification gives 129 mb for &rs and da/dQ (180')
= 1.1 mb/sr.

If one uses various off-shell models of t, that
eut off at lai ge (-1000 MeV} but finite momenta,

Even if we solve (6.3) for the extreme case, 4vpf
= I, we find that K is finite. This is because the
K' factor in the denominator of (6.3) prevents the
P-wave scattering term from being too large. For
example, at a kinetic energy of 50 MeV one has

K/P =1. 55instead of infinity. Thus the use of the
modified propagator destroys the Kisslinger singu-
larity.

Et is also interesting to consider the effects of the
propagator modification at resonance energies
where the neglect of meson annihilation and multi-
nucleon currents is better justified. Erieson"
and Hiifner parametrized the scattering amplitude
by the crude (see Ref. 2) formula f= C/(z E„+iT/-
2), with C & 0, and obtained the solution of (6.2)
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TABLE I. Effects of (s/Ho)2 factor on reaction cross
sections (in mb) for (7(', 0) scattering. The column
labeled (&/H0) 6 includes our modification in the Green's
function, the column labeled 6 does not.

2

L = — d's[R(s) —1]», . e"'.
(2x' p'-q'+in

30
66

150

118.28
347.8
587.3

118.68
350.2
587.1

g p
P —0 P —9'

and neglect terms of order p', t,he integral over
d'q is -6"'(s) and one has

the effects of our modification in first-order opti-
cal potential calculations are negligible. Table I
shows that the inclusion of the (z/H, )' factor
changes the reaction cross section by less than
1% . Furthermore, negligible changes in angular
distributions are also obtained. For a variety of
energies and targets no change greater than 3%
was obtained, and this only at the diffraction mini-
ma. The insensitivity occurs because the first
order optical potential is proportional to
u(k)u(k')p(~k —k'~). For k=k', the cutoff function
u(A. ') removes the Kisslinger singularity. For k =-k'

the density cuts off contributions for large momen-
tum transfer so that (z/H, )' takes on values of
the order of 1.

Next we turn to the LLEE. As shown by several
workers, "this effect is caused by successive iter-
ations of the term of Fig. 1(a), i.e., Figs. 1(b),
1(c), 1(e), etc. To obtain the optical potential one
removes the uncorrelated part of Fig. 1(a) and the
remaining piece has a large value which is inde-
pendent of the details of off-shell m-nucleon scat-
tering and the correlation function. In nuclear mat-
ter the contribution to the optical potential from the
term of Fig. 1(a) is proportional to L,

L = —.'Z'+ @(z',K'-') . (6.10)

The ~' term is the origin of the I.I,EE.
In the present theory, under the same approxi-

mations, we have

L = d's[R(s) —1],e'~'

(6.11)

which becomes, after doing the d'q integration,

z;eNL =
3

—
4

— d's (P'e'~'+ p.'e ").(6.12)

The integral over d'q gives no 5 function and the
lowest order contribution to the proper self-energy
is of order p', a', or p'g', where a is a typical
correlation length. These terms are much smaller
than 3 and the conventional LI EE is suppressed.
A simple evaluation of (6.12) using R(s) =0 for
s&a and R(s)= 1 for s~ a gives L = (K'/3)(0. 23
+0.05i) for 50 Me& pious and a=0.7 fm.

Another effect is the local field correction shown
in Fig. 2(a). Keister" has shown the correction
to the optical potential is proportional to M,

d' (K ~ )'
(2x)' P'-q'+ij x'dxR(x)[a„'(x)+ 2I,'(x)], (6.13)

(6.6)

where R(s) is the two-nucleon relative density.
By doing the q integral we have

ef(q-K) 8

d'sR s —1

where x= p,s. In order to estimate M we use the
simple correlation function of Fig. 7 and find a
huge correction which results mainly from the
large values of h, (x) for small x near pa. The
modification of the propagator by the factor (z/
H, )' causes M to be replaced by M'.

x [f',(q)+ 2P, (q)], (6.7)

where we have taken the direction ofEparallel to the

pp axis. The next step is to make the small K s ap-
proximation in, the medium, i.e. , we sete 'K ~ equal
to 1. IfR(s) is spherically symmetric, the first
error in this approximation is of order (K s)'.
Then FIQ. 7. Correlation function R (s).
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x'deaf(z) a, (x) - ". , a,

+2 t, (x)- ". , h,ip' ' p

Now lim 0 h, (y) is 3i/y' so we see that

(6.14)

(6.15)

g z

0

8 8
g=—t—

0

one obtains

(6.17)

T= +4+2 4gc~j+ f«e~jgefz+
' ''

~

i&9

(6.18)
where

and not ~x' so that the large value of M is de-
stroyed. A straightforward computation gives
M = -59+ 4.9i and M' = 7.57 —2.5i for 58 Me@ pion
(P = u), so that the effect of local field corrections
is reduced by a factor of about 7.

'The results of this section may be summarized
by the statement that the (z/ff, )' factor introduces
a cutoff at a low momentum (strong cutoff) into
the multiple-scattering series even though the
fundamental form factor contains either no or a
very weak cutoff.

It is interesting to obtain a direct relationship
with theories which use the conventional Green's
function. Our field-theoretic multiple-scattering
series, under the impulse and ONCA approxima-
tions, is given by

T= Pt, +g t,g, t&+ t, g, t&g, tr+
Qk

(6.16)

By defining

VII. EFFECTS OF TRUE MESON ABSORPTION

So far nuclear excitation energies and multinu-
cleon contributions to the driving term (2.21) have
been neglected. These terms contain specific field
theoretic features not found in conventional theo-
ries. However, I am not yet able to include many of
these terms within the framework of obtaining lin-
ear equations equivalent to the Low equation. 'The

problem is that these terms are complex and en-
ergy dependent. The driving terms considered
previously are energy dependent but of a form
such that an equivalent linear equation could be
found. The terms of the present section are not.

%e may, however, calculate the leading con-
tributions to EV(z) [cf. Eq. (2.23}]and determine
the conditions under which meson annihilation is
significant. If d V(z) is important it is used as an
additional term to be combined with V/z or W(z).
If V/z and W(z) were energy independent and AV(z)
were Hermitian as well as energy independent then
such a procedure would be equivalent to solving
the Low equation. 'These conditions do not obtain,
our procedure is not a solution of the Low equa-
tion, and hence our results should be taken as an
order-of-magnitude estimate. (If one is using a
perturbative or other /inear scheme this procedure
would be valid. )

In this section effects of true meson absorption
are considered. Of course many kinds of states
are excited when a meson deposits its entire ener-
gy into the nucleus. Here we examine only the ef-
fects of the (w, N) and (v, NN) reactions. Because
these reactions occur at high momentum transfer
it is expected that the (v, N) effects are small and

that the (v, NN) effects will be more important.
We first focus on effects of the (w, N) reaction,

discussed in Ref. 25, where generally modest cor-
rections to standard theories are obtained. %e
provide, here, the promised derivation of Eq. (1)
of that reference. Start with that part of AV(z),
V, (z), obtained from the one-body effective cur-
rents [the first term of Eq. (2.23)]

2h
&e= ~& (6.19) V, (x)=g g', & 0~v,'~ &L, &L~Z„~0&,

and we again note that the 2h, cancels the (2&v) 't '
factors of the m-nucleon T matrix. By redefining
t which has a different off-shell behavior than t,
we have converted our theory into one which uses
the conventional Klein-Gordon Green's function.
However, the operators t fall off rapidly for mo-
menta for off shell. Thus the series (6.18) bears
a striking resemblance to theories such as that
of Monjz and collaborators' and Gibbs eg al."
which employ w-nucleon T matrices which are
strongly damped for off-shell momenta.

g-E +iq z
(7.1}

where ~0), is the unperturbed ground state. The
crossed version of (7.1) has no cut and is discussed
in Sec. VIII. To examine the effects of the (v, N)
vertex consider only those states ~L&, that asymp-
totically consist of one fast nucleon and a residual
(A —1)-nucleon state

~

L'), .
The term, (L ~Z,

"'
~
0&, which is the matrix ele-

ment of the single-nucleon current is not the corn-
plete matrix element for pion absorption which
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appears in (2.12), as it is well known that pion
rescattering processes play a dominant role. How-
ever, we consider V, (z) as a correction to be eval-
uated between distorted waves of the optical poten-
tial of the previous sections. Thus a reasonable
representation of the (», N) and (N, &l) matrix ele-
ment is used.

Next consider the sum over intermediate nuclear
states as a Green's function Gt»(z),

IO

IO

l6

G"'(*&=2 I» «I(, ~ „„-—,) ~ (7.2)

where the state
~
L), is approximated by t&&t

~

L'),
with X representing a single-nucleon continuum
wave function. %e consider only single-nucleon
transfer in which the core is inert. Then the
Green's function may be written

G," (~&, r')=g P„*(r)P„(&") . ——,(7.3)
Z —4) +gQ Z

where a„ is the excitation energy of the continuum
nucleon. The quantity G,"&(r, r') is just the coor-
dinate representation of the operator G,"',

Gg
1 1

Z-H, +ig Z
' (7.4)

where H,~ is an effective single-nucleon Hamilton-
ian, consisting of the kinetic energy plus nucleon
optical potential. The biorthogonal basis is used
in Eq. (7.3) because H,~ is complex. The use of
(7.4) in (7.1) allows us to write the correction due
to the (», N) process V, as

l

l50
I

60
l I

30 90 t 20
ec.m. (deQ)

FIG. 9. Effect of {~,N) reaction at 50 Mep.

which is Eq. (1) of Ref. 25 (except that binding ef-
fects are neglected here).

Technical details for the calculation of V, and
the corresponding change in the optical potential
are provided in Ref. 25. For completeness we in-
clude the angular distributions of Figs. 9 and 10

V =g2 Q (ZtG(»J ) = Q V (t) (7.5) IO

(7.6)

The optical potential is then given by

A picture which represents V, is given in Fig. 8.
In developing the multiple-scattering expansion

repl. ace the n-nucleon scattering operator t, by
f& where

i, =t, + V, (t).

lp

F

bc,'~~ io'
O' = — Q t&+ Q t&GQt~+ ' '

A jA)
(7.7)

0-I

FIG. 8. Effect of (~,N) reaction. The heavy bar re-
I resentS H,p.

0=4l
O

o ~-25
50

I

60 90 l20
8, (deg)

I50

FIG. 10. Effect of {x,N) reaction at 100 Mev.
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TABLE II. Effects of the {7(:,E) reaction channels on
total reaction cross sections {given in mb) on {Vt'+, ~60)

scattering. The notation IA designates the standard im-
pulse approximation. The notation {~,N) designates the
inclusion of that channel.

30
50
75

100
125
150
175
200

153
288
417
528
567
547
496

99.7
175
312
429
526
562
543
489

and the reaction cross sections of Table II. The
effects of the (v, N) reaction are very small.
Furthermore, the results of Figs. 9 and 3.0 repre-
sent an overestimate of the effect. Recent data"
show that the procedure of Ref. 25 (using distorted
waves from the local Laplaeian potential) leads to
"O(s,p)"N cross sections that are too large. Thus
the present results should be taken as an upper
limit, and it is safe to ignore the effects of the
(v, N) reaction.

Next we examine the effects of the (v, NN} reac-
tion which are expected to be more important.
We sum over states

l
I,&, that asymptotically con-

sist of two nucleons plus an inert, (4 —2)-nucleon
core. The reaction p+ p -d+ m' is dominated by
terms [Fig. 11(a)] in which the pion scatters from
one nucleon and is absorbed on another (see, how-
ever, Ref. 27). The two-nucleon emission pro-
cess in nuclei is expected to be dominated by a
similar term. Our procedure is to determine the
two-nucleon pion absorption (or production) opera-
tor from the Nick reduction technique, and to per-
form the sum over two-nucleon states by Green's
function methods. The two-nucleon current is ob-
tained in Appendix E and is described by

,(L li,"'lo&,=.(L lr(b) lo&, . (7.8)

I"(b) is a two nucleon operator of the form

r(u)=
2 Q &p p. ll'(b)lpga. &bt, bt, b.,b., (7.9)

where g~ + g~ is the excitation energy of the nu-
.1 2

cleon pair, a, b denote states below the Fermi sea,
and the subscript a denotes the antisymmetric ma-
trix element

lab&, = lab& —
l
ba) . (7.12)

In E(I. (V. 11) we have used the dominant part of the
reaction mechanism for both (0

l 4, l
L& and (L

l
J, l

0&.

The calculation is facilitated by defining the two-
nucleon Green's function G»,

(7.13)
P P2 2 —CP -CP +f'g

which is approximated by the use of plane waves
for lp, & and lp, &. The coordinate space representa-
tion of Q» is then

G (R s R's')= P P +is ~ &a-R )+ip. &s s &

NB) 1st (2v)6

where

(7.14)
~ -I"l4M -P'lm+fq '

R= g(r~+r2) s=r~ —r2

R' = —,'(r'+ r,'), s'= r' —r,',1 2P 1 2P

P= p, +p„ p = k(p, —p.).
If one considers the two nucleons as an indepen-
dent pair moving about the nucleus, the relative
momentum may be quite high, whereas the total
momentum is generally smaller and is bounded

by twice the Fermi momentum. %e use this as
guidance, and neglect the P'l4M term in E(l. (7.14).
This provides an important simplification because
then

To calculate the contribution &V"', due to two-
nucleon intermediate states, take

lL&, =b', b', lL'&, (7.10)

Use ('l.s} and (7.10} in the n = m = 2 term of (2.23)
and assume lL'&, is inert. Then, defining the con-
tribution of the (v, NN) reaction as «"),

«(.) g &ab
I
~'«) lf'J.&&f'P. I~(» lab&. (7.11)

ab
—4p + f'ft

-=5"'(R -R')g(s, s'). (V. 15)

FIG. 11. Dominant mechanisms for the dx-pp reac-
tion. The wiggly line represents the p meson.

The 5 function considerably simplifies the evalua-
tion of E(I. (V. 11}. Note that Im(G») is proportion-
al to 5(p —q, ), where q, =))'mz. Thus C V(2' will
be complex.
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TABLE III. Effects of the {7(,&N) reaction channels on (m+, 60) scattering. F is the pion's
kinetic energy in Mev; & is given in fm; Im(&U(0)) is given in fm as is U( (0) (these
are potentials evaluated at the origin). IA designates the impulse approximation result for

The column with &U represents the effects of including &U.

50
75

100
125
150
175
200
225
250
275

7.2 + 0,61i
7.4 + 0.53 i
8.2 + 0.49i
9.1 + 0.48 i
9.1 + 0.42i
7.0 + 0.29i
4.6 + 0.17i
2.8 + 0.092 i
1.7 + 0.051i
0.83 + 0.023 i

0.24
0.25
0.28
0.31
0.31
0.22
0.16
0.094
0.056
0.028

ImU('&(0)

0.17
0.37
0.62
1.0
1.4
1,6
1.3
0.88
0,60
0.43

IA

153
288
417
528
567
547
491
433
379
341

With AU

206
339
451
540
570
548
493
435
381
343

The remainder of the calculation is outlined in
Appendix E, where it is shown that the change in
the optical potential is given by the formula

2 2

nV '(k, k') ih (z)
i
F ( )

p,'z 4m ' pnz+ p.
'

8 22' " 1+2z/m

& [I+i[-.'(g/q. )' --.'(p/q. )']],
where E(q) is the Fourier transform of the square
of the nuclear density and where p', z, m, and

q, are given in MeV and all other momenta in fm '.
At 50 MeV q,/}'= 3 and is larger for higher ener-
gies. This means that Re(AV"')/Im(~V"') ~ 0.10
at all energies of interest. The magnitude of
Re4V'" is of interest because it simulates the
Lorentz-Lorenz effects. However, the value ob-
tained here corresponds to a contribution of less
than 5%%uo to the parameter $. In coordinate space

Vn"'(r}= CI~ p'(r)~, (7.1V}

where

(2z)~ ' . . . mz
C=, mq, h'c'~ h, (z) ~'

x -' —"' " (1+2z/m)

x [1+I(-:(~/q. )' —z(~/q. )')],

order optical-potential calculations is shown in
Figs. 12 and 13. At low energies the reaction
cross sections are increased by as much as 30%
and the angular distributions are, for the most
part, unaffected. At energies greater than 100
MeV the effect of true meson annihilation is es-
sentially negligible. This is because of the use of
a strongly absorbing first-order potential.

The size of the effect caused by 4U is, somewhat
sensitive to the details of the distorting optical
potential. For Figs. 12 and 13 we use the local
Laplacian model. If the Kisslinger model is used,
the effect of 4V is decreased because there is
greater absorption in the Kisslinger model.

Recent work'7 shows that inclusion of p exchange
[Fig. 11(b}]plays an important role in reducing

0 50MeV

bQ
io'

so that one has

SV= gyVp2V (V. 19)

with B=2teC/(Kc)' The values o.f B are given in
Tabl. e III, which also includes a comparison of
~U(x=0) to lmV"'(x=0). The effect of hU on first-

IO
ul — 20
C5

4P~ ~-20 40
] l

80
ec.m. (deg)

120

Effect of the (w, NN) reaction -50 MeV.
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IO

IO

E

IOOMev

terested in pions of small momentum and because
of the short-range of the two-nucleon relative wave
function, these approximations should not be too
bad. It seems that the result (V. 1V) represents a
qualitatively reasonable estimate of the effects
of the (v, NN) reaction.

VIII. NONSTATIC CROSSING TERM

bIc',
Ul~ o

10,"
~ c- —IO
UJ ~

4)

0) $0
CL

40 80 I 20
8, ~ {deg)

Although inclusion of the correct energy denom-
inators in the second term of Eq. (2.23} introduces
no imaginary piece into the driving term, it is
interesting to see if there are significant nonstatic
corrections. One way to obtain an estimate is to
cross the terms of Sec. VII. Instead we simply
employ a sum-rule technique.

To first order in excitation energy, the non-
static crossing term 4V„given by the single nu-
cleon currents, is

nV, = -g'g;, &O~Z, ~I,&„&I,~Z '„(0&, . (8.1)

FIG. 13. Effect of the {m,N+) reaction -1QQ Me&.

md-pp calculated cross sections and in improving
agreement with experiment. %e have not included

p exchange. However, I'(k) includes only terms in
which the intermediate meson propagates forward
in time (see Appendix E). The neglect of inter-
mediate states with mesons propagating backward
in time also has the effect of reducing the annihila-
tion cross section. It turns out that when I'(k) is
used in calculations of the md-pp cross section
good agreement with experiment is obtained.
These deuteron calculations will be reported else-
where.

It j.s worthwhile to review the development and
to assess the approximations used in obtaining
(V. 16). We have used dynamics that are consistent
with the pp -dw' reaction in obtaining the operator
1. 'This is the strongest feature of the calculation.
However, several approximations have been made.
Nucleon plane waves have been used in obtaining
the two-nucleon Green's function G. %hereas this
is adequate'~ for pp -dm', the optical distortions
provided by the nucleus are neglected. However,
for nucleons of about 100 MeV such distortions
are relatively weak. A further approximation in
obtaining 6 is the neglect of the center-of-mass
momentum of the pair. Finally, the simple quasilocal
form of (V.1V} obtains from neglecting the varia-
tion of the pion wave function over the distance
between the two nucleons and by setting the rela-
tive two-nucleon wave function to one except at
the origin where it vanishes. Because we are in-

By performing some algebraic manipulations and

using the time-reversal invariance properties of
the ground state, we have

~v, = —g, ,&0
~
[z„[H„z,']]~0&, . (8.2)

Here Hp is

(8.3)

and we further assume that v, &
is local, spin and

isospin independent. 'Then the only terms con-
tributing to the double conimutator come from the
kinetic energy. We take ~0) to be an N = Z, closed
shell nucleus so that terms arising from commu-
tators of spin and isospin operators vanish.

Using

1
Z = v'4v — &r qve""

a ~ (2~ )1/2 (8.4)

«'(a)=, (o I, e"'"
p e (8.6)

This is to be compared with the first-order optical
potential which is dominated by terms arising
from the (3, 3) phase shifts

U= 4v, —— ' „,q kF(iq —ki), (8.V)
fa I 4 2 D (z)

z 3 (4&@,&ua)' "

and performing the required manipulations of Eq.
(8.2) gives

f' 1 (q k}' 1
nV, =4v 7r (2 2 )

F(~q —k~),

(8 5)
where the form factor is defined by
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where D, (z)=k, (z)/X, . We consider the ratio of
the term of Eqs. (7.6) and (7.7). In the forward
direction

al approximation (ONCA) the analog of the Cam-
marata-Banerjee crossing theorem may be proved.
That is, for the most important terms, the series

(8.8) T =g I, +g .t,g(z)t, +g. t, g(z)t~g(z)t„+ ~ ~ ~,

At low energies D, (z) = 1 and at 50 MeV we have
5V,/U =0.02 so that the correction is very small.
At energies nearer to the (3, 3) resonance ~D, '(z)

~

is greater than 1 so that the effect of 5V, is even
smaller.

IX. DISCUSSION

This work is an attempt to learn if solutions or use-
ful approximate solutions of the I ow equation for 7] nu-
cleon andm nucleus scattering could be obtained. The
procedure of looking for linear equations equiva-
lent to the Low equations is employed. Under the
usual approximation, the driving term of the &-

nucleus Low equation is a single-nucleon operator
of the form V/z. In this case, and neglecting the
crossing C (T DT) term, a linear equation equiva-
lent to the Low equation is obtained. The use of
this equation in conjunction with a corresponding
equation for m-nucleon scattering enables us to
obtain a field-theoretic derivation of the multiple-
scattering series. The difference between this the-
ory and conventional ones is the appearance of fac-
tors (z/H, )' and (z/h, )' in the various Green's
functions. Such factors, which arise from the as-
sumed 1/z energy dependence of the driving term,
significantly reduce off -shell scattering. Three
specific consequences of this are the elimination
of the Kisslinger singularity, reduction of the
Lorentz-Lorenz effect (correlations), and the re-
duction of the local field correction.

The principal problem of applying our method
is that equivalent linear equations are difficult to
obtain for cases in which the m-nucleus driving
term has a more complicated energy dependence
or is non-Hermitian.

The first place where this difficulty occurs is
in the inclusion of the crossing term. The single-
nueleon approximation to this term, when com-
bined with V/z, results in a single-nucleon driving
term which has a different energy dependence in
each spin-isospin channel. This difficulty is h3n-
dled by replacing the term a„(z)a by [a„(&,)]'~'
xa„[a (Ho)] ' '. A linear equation equivalent to the
Low equation (for on-shell z -nucleus scattering) is
obtained at the cost of having the n -nucleon potential
depend on JJ,. However, the multiple-scattering
series can then be developed as an expansion in a
crossing symmetric n -nucleon T matrix. Further-
more, for closed-shell, N =Z targetnuclei, in the
fized scatterer approximation, and under an addition-

is rendered crossing symmetric by making the
replacement@(z)-g(z) +g(-z). In our case, g(z)
=(zk. )'(z -a.) '.

The effects of n-nucleon inelasticities can also
be included, to a certain extent. First with the re-
laxation of the one-meson truncation, a linear
equation equivalent to the m-nucleon Low equation
is obtained. The techniques of Sec. IV may then
be applied. However, for pion energies above
pion-production threshold, the w-nucleus driving
term is complex. I have been unable to find the
necessary equivalent linear equation in this energy
region. However, the main interest of this study
is on energies up to and slightly above the (3, 3)
resonance. For such energies He[y (z)] (Sec. V)
has a significant effect on m-nucleon elastic scat-
tering, but Imy„(z) is important only at higher
(&400 MeV) energies. Thus for the energies of
interest here, it is reasonable to ignore Imy„(z).
In this case, we obtain a field-theoretic derivation
of the multiple-scattering series as an expansion
in a n-nucleon T matrix which includes the nucleon
pole, crossing symmetry, and inelastic channels.

The effects of true meson absorption leads to
important n-nucleus inelastjcities. At low energies
the imaginary part of the no-meson driving term is
comparable to the imaginary part, ~ V, of the first
order optical potential. Thg necessary linear equa-
tion equivalent to the n-nucleus Low equation has
not been obtained. Instead we use A V, together
with the optical potential of the previous sections,
to obtain crude estimates of the size of the effect.
For scattering at 50 MeV the reaction cross sec-
tion is increased by about 30/& but for energies
greater than 100 MeV the effects of true meson
absorption are negligible.

Recently, the importance of virtual p-meson
exchange has been emphasized. " Suppose, for ex-
ample, we include a p-nucleon coupling term in
the Hamiltonian. This has two consequences. The
first is that we are able to obtain better nuclear
eigenstates. The second is that a sum of p-nuclear
states must be inserted into Eq. (2.8) and a more
complicated equation is obtained. %ith the cou-
piings, "dominated by the (3, 3) resonance, we are
able to find the equivalent linear equation. This
will be reported elsewhere.

Note added. In the time since this manu-
script was accepted, I have been able to solve the
Low equation including the effects of true meson
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The orthogonality properties of the various wave
functions of the theory are discussed in this Ap-
pendix. By following the arguments of %ick one
obtains

INp&"=sptIN&+ . z, l». (Al)
1

It is also necessary to obtain a, I M). We have

H.„IM& =IH...~IM&+Z„., IM&

= ( cl), (d)) Qp +Eprs)))l M) ~ (A2)

pne then solves Eq. (A2) by keeping only the in-
homogeneous term,

(AS)

The addition of the term ie requires some explan-
ation. In applications by previous workers, I M)

absorption. The procedure of using 4V as an addi-
tional optical potential is essentially correct. I
have also been able to show that Re(b, V) depends
strongly on the m-nucleon cutoff.

I thank R. A. Friedenberg, E. M. Henley, and
J. F. %alker for many useful discussions.

&MINp)" = &Mlsp'IN& +, „., &Ml &, I»

= (Ml z, I
&r & (

1
+

Eg +(up —F.~ +i&

-0 (A4)

The choice +is in (A2) gives orthogonality with
the state INp)", a choice of ie in-(A2) would give
orthogonality with the state INp)' '. In obtaining
Eq. (2.9) the state I M) must be orthogonal to the
state INq&t ' and we use ie. -

The next task is to prove the orthogonality of the
different one-meson states. Consider

was the ground state and E„=O so that no singu-
larity could occur. However, in some cases E„&p,

so that one must choose the sign of & correctly.
The choice given in (AS) guarantees the orthogon-
ality of I M& and INp)" and, furthermore, if one
looks at quantities involving g, I M& in a time de-
pendent representation these quantities vanish as
t-~ so that asymptotically there are no mesons
present in the no-meson state I M).

To show the orthogonality consider (MINp)"

1 (+)
(Mp("l&rp(')& =(Mlo, l&rp&"'+ (M zr

Eg +(dp —Eg
—40p+s'g

=5(p,p)5(M)r)+(MI)a , l&r) )+rr(M 1) . — prp&'
EN +0 Ep (It)p ~g

+ Mg~ . Jp & (A6)

=6(u, P) 6(M, N)+Z.

Our task to show that the sum of the three terms in n, vanishes. The use of (AS) in the first term of
4 gives

&Mlapap, IN) = . M Jp
1 1

(dp +EN +4)p EJII*f'g (Op 0 +Eg+4'g

The second term of g is

1
J~ N-v~ -H +E„+iq

1 (a) 1 1
E~ +4)p —E~ +4)p+i'g Eg +40y Eg (jt)p+i'g

(happ 0 +E~+z'g

1 ~ 1
E~+(d~ E~ ~p ~~ E~+~p

Consider the last term of (A6). The identity

1 1 t 1
' z-H z-H " z-H

X= M Jp . Jq
1 1

z —E~ —(o~ (dg H +Ep + &TJ

+ MJ~ J N (Alo)
is useful. Taking z =E~+(dp~ ig and defining the
last term of (A6) as X we have The sum of X and the terms of (AV) and (AB) van-
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ish. Thus one has

&Mk" IN'"& =6(M, N) 6(k, tp) . (A11)

APPENDIX B. CONSTRUCTION OF & I j Jk j N&

The unperturbed Hamiltonian Ho and perturbation
H, are defined in Egs. (2.16)-(2.16). We use the
time-independent Brillouin-signer techniques and
follow a discussion given by Brander. 2' First a
projection operator P is defined,

(a) (b)

P= JIM&„&MI,

where

ff, lM&, =d„"IM&,

(d)
FIG. 14. First-, second-, and some third-order con-

tributions to J~ . The wiggly line with the x repre-
sents CT.

The Schrodinger equation is

z„lM& =(z'„"+«„)IM&=(a, +a, )I M&.

By using standard techniques one may show

(82)

nz, PI M& =PH, f I M&+Jr,q gv, pl M&,
E~ -Hqg

(84)

where Q=l-P, andH+ =@HE. It is useful to use
the normalization, (MIM) 0

= 1 =,(MIM) . Multi-
plying (84) by, (MI we have

~k'
goQ) J„A

&f, lfltg IL, &
~~~ &Mlgtg IM) '~2 811

The operator g, is a many-body operator, and
Brandow ' has shown how to derive the necessary
linked-cluster expansions. Our main concern is
with the single-nucleon part Pn of J', . The terms
up to third order in CT and fourth order inH, ~
are shown in Figs. 14-16. For P,", terms involv-

~H~ P+@

which may be used to define the operator Q

n.F..=,&MI e,n„IM)„
(a) (b) (c)

10 =P+Q QH, P ~

QO

However, multiplication of (83) by, (MI gives

«.=.&MIN, IM&.

Hence

(86)
)

/

/ !
/

/
(d) (e)

/
/

/
/

/
/

/
/

v

IM& =n. lM&, .
We have ignored difficulties arising from possible
degeneracies of the unperturbed states. A re-
normalized wave function I M) =0

I M), /
(.&Mln.'n. l

M&0)'~' is defined so that

,&L,Inta, n.IM&,

.«Ifl,'fl, If&.".&Mla'fl IM& " '

I

(g)

1

/ /
/

/
/

/
/

]
/

I

{s)

A many-body effective current is defined by

g, &fly, lM) =,&fl&, IM), (810)
FIG. 15. Some second- and fourth-order contribu-

tions to J~~~
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/
/ ~ C

/
/

/
/

/
/ /I

/
/

(e)

!

(f)

V= V+V - V.
1 1

0 0
(C4)

The non-Hermiticity of V requires us to examine
the scattering caused by V~. This defines T„

Although V is non-Hermitian it is energy indepen-
dent, so that a complete bi-orthogonal set of basis
states may be set up. By solving Eq. (C3) for
(1/H, )V and using the resulting expression in the
second term of (C3) one finds

X!
K

K

(g)

/ K

/
/

FIG. 16. Some fourth- and third-order contributions
to i(i)

ing V» do not appear explicitly. The terms of Figs.
14(b}and 14(c) are chosen to cancel the terms of Figs.
14(e) and 14(f). The terms of Figs. 15(a), 15(b),
and 15(c) are chosen to cancel the terms of Figs.
15(d)-15(1). The terms of Figs. 16(g)-16(j)are used
to cancel the sixth-order graphs. The remaining
series, Figs. 14(a), 14(d) and Figs. 16(a)-16(f),
are almost identical to the series found by Wick
which simply replaces the unrenormalized cou-
pling constant by the renormalized coupling con-
stant. The only difference is the appearance of
the energy F.„in the operator 0 . The important
contributions to the graphs of Figs. 14(a), 14(d)
and Figs. 16(a)-16(f) come from the virtual states
with excitation energy on the order of the cutoff
energy which is about a nucleon mass. As all of
the states of interest have excitation energies much
lower than 1000 MeV we neglect these energies in

evaluating the remaining diagrams. Hence our re-
normalized coupling constant is the (free) physical
coupling constant.

1
z —V -0, +i@

(C6)

which together with the assumed completeness of
the bi-orthogonal basis and Eq. (C4) gives

Tfff Tnf

z -E„+ig E„
(CV)

In general T, and T,' have no simple relationship
(see Ref. 30, for example}. In the present case
one may show that VtH', =H, V and then with (C2)
and (C5) that T,H, =HOT,'. This relation gives

z T f T fT' = V+
&o &0 n

where z/Ho=z/E~ when acting on an eigenstate
~ f)

of Ho. For the half-shell matrix elements of T'
appearing in (C8), z/H, corresponds to E„/E„and
in that case T =T'. The proof is completed by
multiplying by Ho/z from the left.

Note that we use the term equivalent to mean
that the solution of (3.2) is a solution of (3.1).

(C8)

T, = V~+V~ . T, ~

1
(C5)

z -Ho+i'

The next step is to define wave functions j p„,)~ ' and

g'„',) which correspond to solutions of the Schrod-
inger equations, with the potentials V and Vt.
Solution of Eq. (C2) by eliminating T,' from the
right-hand side gives

APPENDIX C. EQUIVALENCE OF EQS. (3.1) AND (3.2)

To prove that Eqs. (3.1) and (3.2) are equivalent,
define T,' = (z/Ho)T, . Then

APPENDIX D. EQUIVALENCE OF w™ AND w

The potential u „has the form

u „(q,k) = '
u (q, k) [a (IV, )]'/'.[a.( W,)]"

(Dl)
1 1 z 1

T,' = V+ V . Tg
Ho Ho Ho z Ho+i'

(Cl)

1
T,'= V+V .. . T,'.z —Ho+ g,'g

(C2)

The equivalence of (Cl) and (C2) are assured by
equating them and obtaining

V= V+ V
1 1 1

llo Ho Ho

which may be written in the equivalent Lippmann-
Schwinger form a„gr

Pu„=w +m„, —1 g(z)ur„.
a~ z) (D2)

The separability of u implies that the solution of
(D2) is of the form

tv~ = K~(gqk) .y (z)
z

(D3)

Insertion of (D3) into (D2) and performing the nec-

The elimination of f between Eqs. (4.15) and (4.16)
gives
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essary angular integrations gives

z y (z) q'dq I'(q)a (W, )r (z =1+-
v a„(z) (0,W,

' z —W,

& [a„(W,}-a„(z)].
In Eq. (1.6) it is convenient to define a (W, )

o„(W») =+A„B (I / )
Ik8(W»)I

so that

(D4)

(D5)

0.944 «y, (z) &0.966,

0.986 &y, ,(z) &0.992,

0.998 &y,(z) &0.999

(D13)

zr, (z) WRI' m ' m —i(,

v k m+(() (z +W )
~z~ =1+ A

(D12)

where a cutoff of the order of a nucleon mass is
assumed. Evaluation of (D12) gives

a„(x) =X„—— a„(w»).
cAV~

x+W,

The use of (D6) allows us to write

(D6)

r
()((» (1 / )3 k 3 6(w» WR} ) (D8)

where the subscript 3 implies that the quantity is
to be evaluated at the resonance energy. The use
of (D8) in (D7) gives

zy (z) W 1 m

k ' m+(g!z =1+
R R

zr~(z) q'dq»( }
a2(W»)

(a,w, ' a,(z)

dW, W» o'~(w» )
'

(W, +W„) (z +W„)

(D7)

It is our intention to make a crude estimate of the
integrals in (D7). To this end we assume that the
(3, 3) channel dominates the dW, integral and fur-
thermore approximate sin'6 (W, ) by a 6 function
5(w» —W„) times a width I = 120 MeV which simu-
lates the resonance peaking. We take

for energies p, ~z &3p. so that setting se equal to
sy is a good approximation for all of the energies
of interest.

These estimates are substantiated reasonably
well by numerical calculation.

APPENDIX E. TWO-NUCLEON ABSORPTION VERTEX
AND TRUE MESON ABSORPTION

In this Appendix the two-nucleon absorption
vertex is obtained and used to calculate ~ V ' .

We start with the pion current J, which is de-
fined bygo J» =[H, a~~] —(d»a»t=[H„„, a»]. It is use-
ful to define a nucleon current by g,L» = [H, b~~]

—(M+P'/2m)b»t Consi.der the T matrix I' for the
absorption of a pion on a pair of bound nucleons
leading to a two-nucleon final state,

1(k) =g. ' '&p.p. I J. If&, (El)

where If& is the initial bound state and (El) is ob-
tained by reducing the pion in the expression for the
S matrix. The techniques of Wick as applied to the
nucleon-nuc)eon wave function give

q dqa (q)a„(W, )

~,W, '(z+W, )a.(z)(W, +W, )
' The use of (E2) in (El) gives

(E2)

We may also use (D8} in (D6) to obtain

(D9)

a.(w, ) y x„
(2.42 +y) z

where x„=(-—,', ——', , ——,', —„)and W, =yp, . It is
therefore reasonable to replace a„(W, )/a (z) by
1 in Eq. (D9) because the maximum value of y is
of the order of a nucleon mass =6.7. This gives

(D10)

«.(*)=(. '. ~.~( )

~,w, ' (z+w„)(w, +w, )
'

The integral over dq is evaluated by effective range
techniques, and we find

1(k) =g.&p. l b, ,~, lf&

~ g &p. ILJ, Ip. p.&' " '&p.p. l~»lf&

P3P~ EI, p -Ep p +iq

7

tl 7I' E -F +i@
1 2

(E3)

where a set of two-nucleon and two-nucleon one-
meson states has been used in the intermediate
state sum. It is necessary to identify the various
matrix elements of (E3). By reducing the S matrix
element ' '(p, p, Ip, p,&" it is easy to show that
' '(p, p, IL» Ip, ) represents the nucleon-nucleon T

3
matrix. It is also possible to show that
& p. I L», I«&' ' is ' '&p» p. I&»ln& for E» ~ E It.
is well known that nucleon-nucleon rescattering
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P3n P

ff

/

P, n

/

n
/

p, n A picture representing this term is given in Fig.
17.

'Ibe isospin and space spin parts of I'(k) can be
treated separately. To use (E5) in evaluating (7.11)
we include v scattering only in the dominant (3, 3)

channel. The isospin factor appropriate to Figs.
17(a) and 17(b) is defined as T(1, 2) and is given by

T(1, 2) =T, (2) —7,(1) (E6)

FIG. 17. Charge states contributing to p(k}.

plays a minor role in the dm-pp reaction, and we

neglect the second term of (E3). Furthermore,
terms involving both nucleons dominate. The
matrix element ' '(p, p, ~Z, ~n) is approximated by

its Born term I e and the Born term of (E3) is
neglected. Then

1(k}=g, g I,', &nv&-'i g, ii)
(E4)

I', I E )r(a)-~ "" "' "' i-2)~ - z-Z„, +sq
(E5)

The matrix element (nv ~
J', )i) includes z-two-

nucleon scattering. The quantity I"(k) is the T
matrix element for the full m-nucleus absorption
process. However, we are interested in the ab-
sorption process involving only two nucleons and

neglect terms involving more than bvo nucleons.
We approximate (E4) by replacing I e by a re-
normalized single-nucleon absorption operator and
(nz~ ~

~ J, ~i) by a pion scattering on one other nu-
cleon. Thus

The space spin part of Fig. 17(a) or 17(b) is de-
fined as F(1,2) and

k&(z)f d'p [2k p-io, ~ (kxp)]F(12)= ~ (2)

T(1, 2) =T(+)+T(-) (E8)

F(1,2) ~F(2, I)

F(1,2) =F(+) +F(-) (E9)

are useful because we take a ground state expecta-
tion value and only terms even in the spin, isospin,
and space coordinates survive.

Using (E7) and (E9), one may show that the quan-

tities F(~) are given by

& e& P ~ ( r~-r]) ei& ~ R (E7)

It is useful to decompose T(1,2) and F(1, 2) into

parts even and odd under interchange of particle
labels. The decompositions

T(+
T(1, 2)+T(2, 1)

F(+) =
(2z)s, e'" " 2e'~' 2k ~ pS p- —(o,xk}~ po, ~ p ——(o,xk)o, .p

F(-) = f k,(z),.-.; d p, -.-, — i
,e'",e '~' -k pZ ~ p- —(o,xk) pg, ~ p+ —(o,xk) ~ po, ~ p

~(og (2&)' (u,
' '

2 ' ' 2
(Elo)

where

a, +O28= 1 2yZ=o -o

Y + f 2R= j. 2's=r -r .

In obtaining (E10) a low momentum approximation
is used to set g&~.s/2=1.

The calculation of Eq. (7.11) requires the quan-
tity

[T(1,2) F(1;2)+ T(2, 1)F(2, 1)]

x [T(l, 2)F'(1, 2) +T(2, 1)F'(2, I}]t,
where the prime designates the replacement of s
and k in Eq. (E10) by s' and O'. This term equals
[via (ES) and (E9)]

4T(+) T' (+)F(+)F'(+) +T(-) T'~(-) F(-)F'(-)
(E11)

because the ground state expectation values of
7;T~ =0.
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The use of (E11) and (7.15) in (7.11) gives

2
~v'"= . I((,(*)l* Q&iM, li&rM, I fi id 'si'''i:(R ~ —,'i)i:(((--,'i')i(i, i')

aa

x[T(+) & (+)F(+)F (+)+&(-)~ (-)F(-)F (-)]
x [(p, (R+-,' s)(p, (H ——,

' s) —(-1)s'r(p, (R- —,
' s)(p, (H+-,' s)] ISMs) 3(l TMr) (E12)

when the sum over a, 5 in (7.11) is decomposed into its space, spin, and isospin parts
In evaluating (E12) we neglect the s and s' dependence of the single particle wave functions except to as-

sume that the relative wave function is zero at s =0. This means that S+7=1. From (E6) and (E8) it may
be shown that only terms with T = j. contribute, so that S =O. Then after evaluating the spin matrix elements

86 V("= — d'll e' ' p'(R) siP s-ig s'g(~s s()
9 (2W) &d(( &d((i

x[-2k.p k' p'p ~ p'+4k ~ p k'. pp" +4k p'k' ~ p'p' k+~ k'(p p')'], Ih, (s)l'.
Zp,

To simplify (E13) use the partial wave decomposition of g(s, s )

(E13)

g(s, s') = —
h2

~' j,(qos, )h,"(qos, ) Q Y(~ (s) Y, (s'),S2 2 (E14)

where qo=i(mz and s,&,~ is the lesser (greater) of s and s'. Then defining E(Q) as the Fourier transform
of p'(R) and performing the four angular integrals of (E13) obtain

6 f'
~ V"' =—,

I h, (s)I'k. k'F, (q) —,
9 zp, ' 4 " m'

&(o &(o p4gp pl4gp1
x p s ds s' ds' i- i,» ji(ps)ji(p's')j i(qos )hi (qos )

lo2 e, P +P P' +I

(/ 1 I )' (( (/ 1 I )'
x — (2I +1)I

I

+ 3 ~(I o) +
I&oooj &oooj

(E15)

where q is an infinitesimal quantity to be set equal to zero after performing the integrals.
The integrals in (E15) are most easily handled by doing the coordinate integrals before the momentum

integrals. Careful attention to the limits is necessary. The result is simply

f' Ih, (s)l' - - F(q) (E16)

where the (I +2s/I) results from the kinematic transformation of the momentum.
A similar calculation has recently been performed with similar results by Bockmore et al.~

~Work supported jn part by the U. S. Energy Research
and Development Administration.
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