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Elastic electron scattering cross sections of "Mg were measured over a momentum transfer range from 0.19
to 2.56 fm ' at both forward and backward angles. Information on all of the ground state multipole moments

of both Coulomb and magnetic character has been obtained.

NUCLEAR REACTIONS Mg{e, e), E =40.0-260 MeV, & =28 -180; measured
&(E, 9); deduced CO, C2, C4, M1, M3, and M5 moments.

I. INTRODUCTION

During the past decade, electron scattering has
been widely used for the determination of the
electromagnetic properties of nuclei. By observ-
ing forward- and backward-angle scattering one
can learn about both the nuclear charge and cur-
rent densities. Although a great deal of informa-
tion has been obtained about nuclear excited states,
we shall restrict ourselves here to a discussion
of ground state information as determined by elas-
tic electron scattering.

From forward-angle elastic electron scattering
the most common ground state parameters ex-
tracted pertain to the spherically symmetrical
part of the charge distribution, the Coulomb mono-
pole or CO part. ' From a study of the region of
the first CO diffraction minimum some informa-
tion on the quadrupole or C2 part has been ob-
tained for a few light nuclei. ' At backward angles,
magnetic scattering has been observed from mag-
netic multipole moment distributions up to and
including that of the Mg moment. The charge
scattering provides information about collective
properties of nuclei, whereas the magnetic scat-
tering, resulting principally from one or a few
nucleons, is a measure of single particle aspects.
In preceding experiments information about only
some of the moments could be obtained. The im-
proved accuracy of the present work and the ap-

propriate choice of the experimental facilities
permitted the extraction of all of the multipole
moments of both the charge and magnetic distribu-
tions of "Mg. The charge scattering was measured
at forward angles with sufficient accuracy to per-
mit the extraction of the CO, C2, and C4 moments
and the magnetic scattering at backward angles so
as to obtain information on the magnetic moments
M1, Af3, and M5.

Three different experimental facilities were
used, each of which had particular properties
suitable for certain aspects of the measurements.
The electron scattering facility of Mainz, Germany,
was especially suitable for measuring the forward-
angle cross sections with high precision, ' the 180'
scattering apparatus of the Instituut voor Kern-
physisch Onderzoek (IKO), Amsterdam, The
Netherlands, provided the only means of measur-
ing the M1 and M3 scattering at low momentum
transfers. The higher energy of the Bates accel-
erator of Middleton, Massachusetts, permitted
the measurement of M3 and M5 scattering at high-
er momentum transfers.

II. THEORY

In the plane-wave Born approximation (PWBA)
the cross section for the elastic scattering of an
electron from a nucleus can be simply related to
the charge and current densities of the nuclear
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ground state. %'e limit ourselves here to a sur-
vey of this simple formalism for illustrative pur-
poses, although in our final data analysis we take
into account the distortion of the electron waves
by the nuclear Coulomb field.

multipole densities'.

p(r) = p
l

l
p&, (~) &&,'(~)

"(r ~

",=0 iE 0 -I/
and

A. Electron scattering from multipole moment distributions

The PWBA cross section dc/dA(E, 8) for the
scattering of an electron of total energy E through
a laboratory angle 6} from a nucleus of ground
state spin I is given by'

(E,8}—=c„(E,8) [EL + (-,'+tan' ,'8)Fr-],

with

and

s', =Q M', (I .) Iz,"(q)l'.
odd

Here M~ denotes the proton mass, and o„(E,8) the
Mott cross section for an electron to scatter from
a point nucleus of mass M ~ and of unit charge

ate 'cos'-,'8
s( Ey8) 2E ~ 418 qtSin 2

where the recoil factor q=[l+(2E/Mrc ) sin'-,'8] '.
The Coulomb form factor Fc(q) with the cor-
responding Coulomb multipole moment Q„of
order X, and the magnetic form factor E z(q)
with the corresponding magnetic multipole mo-
ment Mz, contain all of the information about the
nuclear charge and current densities. These form
factors are functions of the momentum trans-
ferred to the nucleus by the eiectron, q = (2E/Rc)
vg sin —,'8. The multipole moments are restricted
by conservation of angular momentum to A &2I.
Parity conservation and time-reversal invariance
further require that only even Coulomb multipoles,
CO, C2, . . . , and odd magnetic multipoles, M1,
M3, . . . , contribute to the scattering. %e will use
the convention

j./a

q =
2 )

' r"prror" d'r

I„=
2 ~

"j Y„~fd

so as to obtain QO=Z, the nuclear charge, Q,
, where Q is the quadrupole moment, and

M, = N. , the magnetic dipole moment. The charge
and current densities are given in terms of the

The Coulomb and magnetic contributions to the
cross section given in E|l. (1) may be separated
experimentally because of their different depen-
dence on 8. However, all of the individual multi-
pole form factors of these two contributions add
incoherently if the electron beam is not polarized
and the polarization of the recoil nucleus is not
observed. Therefore it is impossible in this type
of experiment to separate the individual multipole
contributions in a model-independent way. Never-
theless, calculations using various nuclear models
indicate that the form factors of different multi-
poles dominate at different q,' generally, the
higher the multipole, the higher the q where its
form factor dominates. In the next sections dif-
ferent models used for the determination of the
multipole distributions are discussed.

B. Multipole moment distributions

Since all of the charged particles in the nucleus
contribute to the Coulomb multipole moments, we
have used a phenomenological collective model for
the cha, rge distribution as was suggested by
Uber all, where

[4s(2I+1)]'E'p(r}, X=O,

EE„(,',' ', ) r'-' —p(~), x~0,
dr

where the N& are normalization parameters which
are related to the deformation of the nucleus. For
p(r) we used the phenomenological three parameter-
Fermi distribution

( )
1+&v(r/c)'

1+exp [(r —c)/z]
'

Since the magnetic moments of the nuclear ground
state are generated mainly by the valence nucleons,
we have used a shell model (SM} for their calcula-
tion. The nuclear current density is a sum of a
convection current part and an intrinsic spin mag-
netization part:

j ~(r) =j'x(r)+Vxp)(r).
Consequently the magnetic form factor contains an
orbital or g, component and an intrinsic magnet-
ization or g, component':
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~i(q)~ fa&~ &nl
I j~-,(qr)+j ~„(qr)I&I)

+ kg. (&II j~-~(q~) —&gjg. i(q~)Iuf& )]

x+(q),g +(q)

and

2l + 1+ X

A + 1 2l +1 v (a +1)
for l =j+ ~.

For a free nucleon the gyromagnetic ratios are
g, =1 and 0 and g, = 5.59 and —3.83 for a proton
and a neutron, respectively.

In the extreme single particle model (ESPM),
the magnetic moment of "Mg is completely gen-
erated by a 1d,~, neutron, and consequently the
orbital convection current part vanishes. How-

ever, the experimental static dipole moment
(p, =0.855'„)' deviates strongly from the Schmidt
value ( —1.9lg„). Although this can be accounted
for by introducing a pure quenching of the g, factor
of the neutron, it is more realistic to use a more
complete shell-model calculation where the mag-
netic moment is generated by all valence nucleons.
In the simplest approach one can assume that the
magnetic moment is generated by all of the par-
ticles in the 1d,~, shell, protons as well as neu-
trons. By only allowing states with seniority one,
we can describe the ground state for "Mg using
the extreme single particle model with effective
gyromagnetic ratios g, =+0.19 and g, = -2.04.' This
so-called individual particle model (IPM) yields a
dipole moment of —0.64p.„.

Recent shell-model calculations' which allowed
the valence particles to occupy the full 2s,~„
1d,~„and 11,~, shells predict a dipole moment of
—0.74',„if the Kuo two-body interaction is used,
and —0.79 p,„for the Preedom and Wildenthal
interaction. We have compared our experimental
results with the Michigan State University shell-
model calculations performed with the Oak Ridge-
Rochester computer code. In these calculations a
semi-empirical model has been used for the de-
termination of the one- and two-body matrix ele-
ments. According to this calculation the mag-

for I =j+ I/2. The matrix elements (nl (j„(qr)~nl)
-=fft„,' j~(qr)r'dr contain the spherical Bessel func-
tions j~(qr) of order X and the radial shell-model
wave functions R„,(r) of the nucleon. The form
factors F(q),„„and F(q) account for the finite
size of the nucleon and for the motion of the center
of mass of the nucleus, respectively. The con-
stants Az and B„are given by

A
2l+1+X

x+1

netic dipole moment is -0.85',„.
The differences between these models are ap-

parent from Fig. 1, where the total current dis-
tribution j~(r), the sum of the intrinsic and the
orbital currents, is given. This figure shows that
all magnetic moments resulting from both the
IPM and the SM calculations are strongly quenched
with respect to the extreme single particle, 1d,g,
neutron model. In Table I we have given the pre-
dictions for the static magnetic moments for all
three models. Throughout these calculations a
value of 1.831 fm has been used for the harmonic-
oscillator parameter b.

III. EXPERIMENTAL PROCEDURES

The measurements were performed at three
different experimental facilities in order to obtain
the optimum accuracy for the determination of the
parameters of the multipole distributions.

(i) The 300 MeV electron scattering facility at
Mainz' was used for the study of the Coulomb scat-
tering (CO, C2, C4). In this part of the experiment
primary energies between 77 and 250 MeV and
scattering angles between 28'and 110'were used.

I I

Mg

0 0

0

"o -i

-2-

IOo -I

OJ
O

FIG. 1. Current distributions of the magnetic multipole
moments for different models. The dashed curves re-
present the extreme single particle model; the dashed-
dotted curves the individual particle model, where the
moments are generated by four protons and five neutrons
in the 1d

&y 2 shell; and the solid curves the shell model
calculations of Ref. 8, where all nine valence particles
can occupy the complete 2s-1d shell.
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TABLE I. The static magnetic multipole moments
predicted by three model calculations: the extreme
single particle model (ESPM), the independent particle
model (IPM), and the shell model (SM) calculation of
Ref. 8.

ESPM IPM

Magnetic dipole moment p
W~)

-1.91 -0.63 -0.85

Magnetic octupole moment 0 -19.19 -9.21 -2.69
{p,z fm2)

Magnetic triakontaduopole
moment I

W~fm )

-56.2 -29.8 -35.4

The total resolution was 0.1% full width at half-
maximum (FWHM), thus permitting a clear separa-
tion of the elastic peak from the peak due to the
excitation of the lowest excited state at 590 keV.
Beam currents between 10 nA and 20 p,A were
used. The scattering from a C target of 81.79
mg/cm' was measured under the same experi-
mental conditions for normalization purposes. A

split-foil secondary emission monitor' was used
for stabilizing the beam position at the target. The
effective target thickness was constantly monitored
by measuring the scattering at a forward angle of
28 with a fixed-angle spectrometer. "

(ii) The 180' scattering apparatus which is part
of the 100 MeV electron scattering facility" at
the IKO in Amsterdam was used for the study of
the scatter. ing from the magnetic dipole and octu-
pole moments. Primary electron energies be-
tween 40 and 90 MeV were used. The beam cur-
rent was between 10 and 20 p, A. A total resolution
of 0.35% assured a clean separation of elastic from
inelastic scattering. The magnetic cross sections
are extremely small compared to the charge cross
sections, even at 180'. In order to determine the
charge contribution to scattering from "Mg ac-
curately, the scattering from a 63.79 mg/cm' nat-
ural Mg target was also observed.

(iii} Finally, the cross sections for magnetic
scattering were determined at q values between
1.20 and 2.56 fm ' with the electron scattering
facility' of the Bates linear accelerator. " The
measurements were performed at energies be-
tween 120 and 260 MeV. A polyethylene target of
25.09 mg/cm' was used as a reference target. The
cross sections were measured at a far backward
(160') angular setting of the spectrometer.

The same "Mg target, isotopically enriched to
99.2%, was used throughout the experiment. Its
average thickness was 63.07 mg/cm'. The homo-
geneity was accurately determined with an x-ray

absorption technique. " The differences in thick-
ness over the whole target area turned out to be
a 5%, but in the region of the beam spot the thick-
ness could be well established with an error of
0-5'.

IV. ANALYSIS

The theoretical formulas given in Sec. G have
been derived by using the plane-wave Born ap-
proximation (PWBA). For a quantitative analysis
of the data this formalism is inadequate because
it does not account for the distortion of the elec-
tron wave functions by the Coulomb field of the
nucleus. %'e have taken these effects into account
by performing an exact calculation of the monopole
scattering in a phase shift analysis, "whereas for
the higher order multipole moments the distorted-
wave Born approximation (DWBA) has been used. "
The cross sections were determined from the area
under the elastic peaks after applying radiative
corrections. ' Since the procedures used in the
analysis of the charge and the magnetic parts are
different, we will describe these procedures sep-
arately.

A. Charge scattering

For the forward-angle data "C was used as a
reference nuclide. " The cross sections for "Mg
are presented in Table II. Before extracting the
charge multipole parameters from these data, the
small magnetic scattering contributions, as de-
rived from a fit to the backward-angle high-q
data, were subtracted from the highest-q data.
These contributions never exceeded 8%.

A first approximation of the parameters for the
monopole distribution was determined by analyzing
only the cross sections at low q values (q ~ 1.0
fm '). The quadrupole contribution (C2} in this
region was calculated in D%BA according to the
phenomenological quadrupole distribution p, (r) of
Sec. II. Here we used a value of @=22 efm' for
the static quadrupole moments as measured in an
atomic beam experiment, "and the Fermi dis-
tribution parameters of z'Mg [c= 3.1421(47) fm,
z =0.6047(61) fm, su=-0. 1926(42)]"which were
determined from the simultaneously measured
"Mg cross sections. This procedure is justified
because of the small C2 contributions (&5%) in
this q region. After subtracting the C2 contribu-
tions from the low-q data, the monopole charge
(CO) parameters were determined from a fit to
the remainder.

Next the CO contribution corresponding to these
parameters was calculated for all data and sub-
sequently subtracted. The remainder was then
attributed to the C2 and C4 components, and was
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TABLE II. Cross sections determined in the charge scattering experiment. The last column gives the statistical
error. The data are corrected for finite spectrometer aperture.

E
(MeV) (deg)

der/dQ
(fm2/sr)

Ado /dO

(%)
E

(MeV)
e

(deg)
do /dQ
(fm2/sr)

Ader/dQ

(%)

76.93

90.73

100.03

119.23

139.95

28

28
40
45
50
55
60
65
70
75
80
90

100
110

28
45
50
55
60
65
70
75
80
90

100
110

0.3236 x 10

0.2224 x 10

0.1769x 1Q

0.3481
0.1957
0.1123
0.6751x 10 i

0.4130xlp ~

0.2554 x 10- ~

p.16p4 x 10- ~

0.1Q05 x 10 ~

0.6569 xlp 2

0.2738xlp ~

0.1159x 10- 2

0.5044xlp 3

0.1142x 1Q

0.7481
0.6268xlp i

0.3241 xlp ~

0.1.652 xlp i

0.877' ~O 2

0.4698 .10 2

0.2591 xlp 2

0.1383x 10
0.7326xlp 3

0.2128 x 10 3

0.5644xlp 4

0.1553x 10-4

0.60

0.60

0.60
0.54
0.60
0.80
0.90
0.80
0.90
0.8Q

0.90
0.80
0.60
0.80
0.80

0.60

0.60
1.10
1.20
1.30
1.00
0.90
1.00
1.00
1.00
1.00
1.00
0.90

249.80 40
42.5
45
47.5
50
52.5
55
57.5
60
62.5
65
67.5
70
72.5
75
77.5
80
82.5
85
87.5
90
92.5
95
97.5

100
102.5
105
110

0.6213xlp ~

0.3538xlp 2

0.1885xlp 2

0.1054xlp 2

0.5507xlp 3

0.2741 xlp 3

0.1363xlp 3

0.6782 xlp 4

0.3358 x 10-4
0.1812xlp 4

0.1093xlp 4

0.7629xlp 5

0.6167xlp 5

0.5506xlp 5

Q.4745xlp ~

0.4151xlp 5

0.3514xlp 5

0.2867 xlp ~

0.2347 xlp 5

0.1861xlp 5

0.1453 xlp 5

0.1118xlp 5

0.8943xlp ~

0.6466xlp ~

0.4853 x 10
0.3599xlp 5

0.2666 x 10 ~

0.1456xlP 5

1.00
0.90
1.00
1.00
1.00
1.00
1.10
1.00
1.00
1.10
1.20
1.2Q

1.10
1.20
1.10
1.00
1.2Q

1.40
1.70
1.90
2.00
2.10
2.30
2.40
3.30
2.60
2.60
4.10

fitted with Q2 and Q4 as free parameters while
using the previously determined CO parameters.
The multipole contributions were basically cal-
culated in PWBA, but a Coulomb correction factor
Cc =o "(E,&)/o (E, 8) has been applied. " From
the fitted parameters the DWBA predictions were
calculated. The resulting C2 and C4 contributions
were then subtracted from all data points, and the
remainder was used as a starting point for a sec-
ond iterative step. The results of this analysis
are presented in Table III. The errors result from
trying many different sets of Fermi distribution
parameters which, after performing the above
iterative procedure, give an acceptable description
(y /P «2) of the data over the complete q range.
In addition, we have included in Table III existing
results for the CO distribution from electron scat-
tering" and muonic x rays. "

8. Magnetic scattering

In the 180' experiments the cross sections were
measured using the established values of the solid

angle, detector efficiencies, etc." In the 160
experiments the cross sections were determined
relative to those of the proton. "

For the analysis of the magnetic multipole cross
sections, both data sets had to be corrected for the
charge contribution. The charge scattering at 180'
was determined from the measured pure charge
scattering from ' Mg. An extensive description of
this subtraction procedure is given elsewhere. "
The charge contribution ranged between 99% at
40 MeV to 80%%ug at 90 MeV. For the 160' data points
the expected charge cross section was calculated
according to the charge parameters determined
from the forward-angle experiment. Essentially,
this amounted to a transformation of the measured
forward-angle cross sections to equivalent q values
at backward angles. This procedure was rather
insensitive to the relative errors in the various
charge multipoles because of the large correla-
tions in their errors. The charge contribution
varied from about 84/~ at 140 MeV to about 12% at
260 MeV.
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TABLE III. Charge distribution parameters.

Monopo1e (CO) distribution

3.003+0.011
3.11 + 0.05
3.01 +0.03

3.218 a 0.052
2.76 + 0.05

0.585 + 0.043
0.608 + Q.032

-0.236 + 0.034 (e, e) (This work}
(e, e) (Ref. 24)
Muonic x rays (Ref. 25)

nat Mg

Quadrupole moment:
Iql =2IQ2I =24.4~go' efm' (this work)

=22 e fm2 (Ref. 22).

Hexadecapole moment:

I Q4I = 15.2'f030 e fxn4.

The magnetic form factors I'~ obtained from the
180 experiment are given in Table IV. The col-
umns labeled "stat" and "syst" give the statistical
and systematic errors, respectively. The system-
atic errors include uncertainties in the subtraction
of the Coulomb cross section, and in the normal-
ization (target thickness, solid angle, etc.). ln
Table V the total form factor E&,&

= Fg +(s
+ tan' —,'8) Er' is given for the 160' experiment to-
gether with the deduced magnetic form factors.
The errors quoted are the linear sum of the sta-
tistical errors (3—13%), the systematic errors
due to uncertainties in the proton cross section
(4%), and the uncertainties in the subtraction of
the Coulomb form factors (10%).

The magnetic form factors obtained were ana-
lyzed in HVBA after transforming the experi-
mental q values to effective momentum transfer
values by using

q,« = q(l +f, Zalc/ER),

where 9 is the equivalent radius related to the rms
radius of the charge distribution by R'=ss (y') .
Here we have determined f, empirically by com-
paring DWBA and PWBA calculations; for "Mg it
turned out that with f, = 1.20, an excellent overlap

TABX.E TV. Transverse form factors (180').

between D%BA and P%'BA form factors was ob-
tained for all magnetic multipoles for the range of
momentum transfers of this experiment. In the
analysis both harmonic oscillator (HO) and Woods-
Saxon (WS) wave functions were used.

V. DISCUSSION

The charge parameters given in the preceding
section have been obtained for a three-parameter
Fermi distribution. The fit to the data is shown in
Fig. 2. The monopole data were also analyzed in

terms of a Fourier-Bessel expansion. " The re-
sulting charge distribution of this "model-inde-
pendent" analysis is given in Fig. 3, together with
the C2 and C4 distributions as determined by the
derivative of the Fermi distribution given in Table
III. within error these results agree with those
obtained by taking the derivative of each Fourier-
Bessel distribution fitting the data.

%e have also analyzed the data with an extreme
single particle model using a harmonic oscillator
1d wave function and effective charges. This
model, however, cannot simultaneously describe
the measured electron cross sections and the
known quadrupole moment.

TABLE V. Transverse form factors (160 ).

(Me7)
&etc

(fm ~) (xl{}-4)
Syst
(%)

(MeV) (fm-') +tot2 (x10 )

Q+ 2

(Vo)

40
55
60
65
70
75
80
85
90

0.459
0.610
0.661
0.711
0.761
0.812
0.862
0.912
0.963

5.97
4.42
3.30
2.22
2.40
4.15
4.66
2.68
3.92

62
48
57
32
66
32
37
56
43

79
37
36
39
26
10

7
8
4

140
160 (I}
160 (II)
170
180
20Q

220
240
260

1.442
1.639
1.639
1.738
1.836
2.033
2.229
2.425
2.621

1.60xlp i

1.77 x 10"'
1.76xlp i

1.67xlQ ~

1.40xlp '
6.97 x 10- 2

3.71x 10 2

1 37 xlP-2
1.24 x lp" 2

7.75 x 10 i

1.03
9.82 x 10 '
1.44
1.70
1.27
9.20 x 10 ~

3.82 x 10-'
3.35 x 10 i

15
15
15
15
15
15

+ 12,-30
+13,-16
+18,-10
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0.5
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I
2.0

1

4
r (fm)

FIG. 2. Ratio between the measured cross sections
for charge scattering and 22 times the Mott cross sec-
tion versus q,&z, the effective momentum transfer. The
solid curve represents the best fit to the data for a
Fermi distribution. The individual charge multipoles are
also indicated. The curve laheled+JrIL represents the
magnetic scattering at 250 MeV as-calculated from back-
ward angle data.

FIG. 3. Multipole density distributions for the indivi-
dual charge multipoles. The shaded area represents the
CO distribution with its error band as determined from
the Fourier-Bessel analysis. The dashed and the dotted
curves show the quadrupole and hexadecapole moment
distribution, respectively. The shape of these distribu-
tions has been taken to be the derivative of a Fermi
distribution as explained in the text. The error bars
indicate the uncertainties in the distributions.

The results for the complete multipole charge
distributions are model dependent, and the errors
of the quadrupole and hexadecapole. moments given
in this paper refer only to uncertainties which fol-
low from systematic examinations within the model
described above. However, the good agreement of
the value of the determined quadrupole moment
with that of the atomic beam experiment" gives
confidence in the quadrupole density. Due to the
high pregision with which the charge scattering
cross section has been measured over a wide
range of momentum transfer, we have been able
to extract for the first time ground state para-
-meters for the hexadecapole distribution, together
with the quadrupole and monopole distributions.

Prom the current distributions described in
Sec. II, the magnetic form factor Ers(q) was cal-
culated for all three models used (ESPM, IPM,
and SM) with harmonic oscillator radial wave func-
tions. In Pig. 4 these results are compared with
the experimental data. Although both the IPM and
the SM calculations yield a strong improvement
over the ESPM predictions, the agreement with
the data is hardly satisfactory. The q dependence
of especially the M5 moment differs markedly

——SP
IP

1

q]) ffm ]

FIG. 4. Comparison between the present experimental
data and theoretical predictions for the magnetic form
factor. The dashed-dotted curve indicates the extreme
single particle model prediction, the dashed curve that
of the individual particle model, and the solid curve that
of the shell model calculation of Ref. 8. The solid cir-
cles denote data taken at 180 and the open circles data
taken at 160 .
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TABLE VI. Besults of the analysis in the generalized single particle model, where ~}, de-
notes the quenching factor of the magnetic multipole moments with respect to the extreme
single particle model prediction. All numbers include systematic errors. The symbols HO
and WS refer to the use of harmonic oscillator and Woods-Saxon radial wave functions, res-
pective1y. M3= 3.9+2.6 pzfm2, M5= 28+ ll p~fm4, including model dependence (WS- HO}.

(~2) i/2

(fm) x'/(x-s )

9SI M/HO
9SI M/WS

0.455
0.455

0.22 + 0.13
0.27 + 0.12

0.47 + 0.03
0.50+ 0.08

2.98+ 0.07
3.18+ 0.08

25.1/15
23.8/15

--- 'tjtIS—HO

p /

(I !
/. ) i!ii!! lI I

M3 '~M 1

0
q ~f (fm ')

2

FIG. 5. The magnetic form factor data taken at 180
(solid circles} and at 160' (open circles). The solid
curve represents the best fit for the generalized single-
particle model with harmonic oscillator wave functions,
and the dashed curve that with Woods-Saxon wave func-
tions. The dashed-dotted curves indicate- the individual
multipole moment contributions with Woods-Saxon
radial wave functions.

from the experimentally observed behavior.
The data were finally analyzed with a generalized

version of the single particle model (GSPM), where
the q dependence is still given by a 1d,~, radial
wave function for a single neutron, but the static
multipole moments, except for the dipole moment,
were used as free normalization parameters. The
magnetic dipole moment was fixed to its experi-
mental value (-0.855p,„}.Both harmonic oscilla-
tor (HO) and the Woods-Saxon (WS) wave functions

were used for the radial behavior of the valence
particle. This leaves three parameters to be
determined from the fit: the size parameter b or
r, for the HOor S wave functions, respectively,
and M3 and the M5 moments. The skin thick-
ness a, of the WS well and the 1d-shell separation
energy E p were fixed at 0.65 fm and —7.332 MeV
(the experimentally determined value for a neu-
tron}, respectively.

The sensitivity to a, and E„p was estimated by
performing separate fits with values of 0.50 fm
for ao and —14 MeV for E~p. The quality of the
fit did not change, while the resulting values of
the M3 and M5 moments and ro were consistent
with those of the original fit. The results of the
final fit are presented in Table VI and in Fig. 5.
The quality of the fit is quite good (X'/(N —P)
= 1.6). No preference is found for either HO or WS
wave functions. For a more accurate determination
of the M3 moment, additional data are needed in
the q range between 0.9 and 1.8 fm '. These can,
however, only be obtained from 180 scattering
experiments. At present no facility is available
for such an experiment.

The good agreement between the quenching fac-
tor obtained in the IPM, SM, and GSPM indicate
that the M5 moment can be described quite well by
a single d, ~, neutron, ' therefore, an interesting
comparison can be made with magnetic scattering
from the M5 moment in ~ Al which is generated
mainly by a 1d,~, proton. A comparison with the
existing data" seems to indicate a somewhat lar-
ger radial size for the neutron orbit. More ex-
tensive and accurate data, especially for "Al,
are needed in order to investigate the difference
between the proton and neutron radii more care-
fully.
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