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A finite expansion for the scattering of a structureless projectile from a complex target of A particles is

presented. This development is given as a spectator expansion, in the sense that the first term represents the

scattering of the projectile from single target constitutent particles, with all other target particles playing a
passive role {i.e., acting as spectators). Similarly, the second term represents the scattering from pairs of
target particles with {A-2) spectators, and so on. It is demonstrated that such expansions, one of which has

been obtained previously as a resummation of the multiple scattering series, are very general in nature and

obtain under circumstances for which the standard multiple scattering treatment is not valid.

NUCLEAR REACTIONS Scattering theory, nonperturbative finite expansion of
the transition operator for an A-body target.

I. INTRODUCTION

Recently Ernst, Londergan, Miller, and Thaler'
(EI.MT) offered an alternative to the multiple scat-
tering theory of Watson' or Kerman, McManus,
and Thaler' (KMT). This treatment is referred to
as a correlation expansion. This expansion yields
a finite series of A terms, where A is the number
of target particles. The nth term of this series
represents the scattering from n (n ~A) target
particles. This series is presented as a resum-
mation of the standard multiple scattering series.

In this paper, this result is obtained in a some-
what different manner which indicates more clear-
ly the general nature of this type of formulation.
Furthermore, this present approach makes it
easy to obta, in a variety of different developments,
all within the spirit of the correlation expansion.
Moreover, since the present treatment is nonper-
turbative, it is more readily adapted to problems
where perturbative expansions can be shown not
to exist. Thus the present discussion is not only
more general than the original presentation, but
it will be seen to be applicable to a wider class of
problems. In particular, it will be shown that this
expansion, unlike the multiple scatt ring treat-
ment, can be applied without modification in the
case where many-body forces play an important
role.

We begin by presenting some of the main results
of ELMT in Sec. II. We also discuss in that sec-
tion the utility of the ELMT type expansion. In

Sec. III, we show that an expansion of the full
Green's operator allows one to work with the
solved form of the 'many-body Lippmann- Schwinger
equation. and to obtain the ELMT expansion without

any iteration. In Sec. IV, an expansion of the full
Green's operator is given as a spectator expansion.

11. CORRELATIVE EXPANSION OF ELMT

In the paper of ELMT the transition operator is
taken to be the solution of the linear operator
equation

T" = g v„+g v, (G, (Z) T'

=g vo(+rG, (Z) g v„,
i

with Go(Z) defined to be

G, (z) = (z - h, H„+ t g)-',

(2. 1)

(2 2)

where all the symbols have the standard meanings,
i.e. , E is the parametric energy, ho is the kinetic
energy operator for the projectile, and 0„ is the
target Hamiltonian. The definition of to) ls also
given via a linear operator equation, viz. ,

ot ok + ot o ot ot of o of (2.3)

In the usual way, Eq. (2.3) may be used to elimi-
nate v„ from Eq. (2.1) in favor of to(

The standard result is

T(=to+to(GOZ T(
jAi

(2.4)

That is to say, the nth term in this expansion is
characterized by the treatment of n target parti-
cles as active participants in the scattering pro-
cess, while (A —n) target particles are passive
spectators. Such an expansion has advantages
which will become apparent in the text. We demon-
strate in Sec. 7 that the inclusion of many-body
forces results in no changes in the formalism. In
the Appendix we apply these techniques to the ex-
pansion of the optical potential. All the results ob-
tained in the text for the T ma, trix have their ana-
logs in the discussion of the optical potential.
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(2.5)
i

Iteration of Eq. (2.4) leads to the Watson multiple
scattering series, viz. ,

T=Z'of+ Z (fo if- 'oi —fof)
f& j

to fja —to, fj- to, fa- ~0, jest

f& j&k

+ 'o» + fof + 'ok ) + (2.13)

7'= g f„+Q f„G,Q t„

+ Q 'oiGO Q fofGO Q 'ok+

This series may be rearranged as follows:

T= Q foi+ g foiG. Q f.f+ Q f.«. Q fofGofoi
f jA jA

+ P t„opt„o,,t„o,&„+
IjAf

fik if (Vol+ of)+ ( of+ Vof)Gofo, if

= (Vol+ Vof)+ ts ifGo(Vol+ Vof), (2 6)

which may be solved, according to the steps lead-
ing to Eq. (2.6), to yield

~o. f j ~of + ~of~o~oj + ~ofoo~ jGotof + ' ' '

Of+ 080 0»+ OfGO Oi 0 Of+ ' (2.9)

From Eq. (2.9), we may identify the term in the

curly brackets in Eq. (2.7) to be

2 (fofGofof+ foiGofof Gotoi+ foiGofof Gofoi Gofof+ ' ' ')
jef

(to if —foi —t f). (2.10)
f& j

Similarly, the definition

0 ifk ( Oi Of Ok) ( Oi Of Ok)GO
Oky ifk

(Vol+ Vof+ Vok)+ 0, ifkGO(Voi+ Vof+ Vok) (2 11)

permits us to identify the term in the square
brackets in Eq. (2.7) as

fof Gofof Gofok+ ' '

j4f
A&f, j

t j -t, j-t —t j +t +t j+~
f&j&ft

(2.12)

Thus ELMT rearrange the infinite multiple scat-
tering series of Watson as the finite series

I

+ g foiGOQ fofGO P fok+ ' ' +

auf, j
(2.7)

We then define the operator to;j by means of the
linear operator equation

This finite series groups the (A+ 1)-body T opera-
tor into ft terms: The first term, Q, t«, in some
sense represents the projectile scattering from
single target particles. The second term Z«f
(t, ,f - t« —fof ) similarly represents the scattering
from pairs, and so forth.

The underlying physical motivation in the work
of ELMT as represented by Eq. (2.13) is clear.
That is, ELMT wish to rearrange the multiple
scattering series into a finite series, the first term
of which contains only scatterings from single
target particles, the second term of which contains
only the scattering from pairs of target particles,
and so on. In this sense Eq. (2.13) resembles the
familiar linked- cluster decomposition' of nuclear
structure.

In the extreme closure approximation the ELMT
series becomes particularly appealing. While the
work of ELMT does not necessarily stand or fall
on the validity of this approximation, we shall
scrutinize the achievements and shortcomings of
ELMT in the form based on the extreme closure
approximation. The extreme closure approximation
as referred to here means operationally that the
operator H„ in Eq. (2.2) is set equal to zero. As
has been discussed at length in ELMT and else-
where, this approximation implies that all the ex-
citations which contribute to the scattering lie suf-
ficiently low in energy that they can all be con-
sidered to have the same energy as the ground
state energy, which we conventionally set equal to
zero. What is achieved in the extreme closure ap-
proximation is an extraordinary simplification of
the multiple scattering series and likewise the
finite series of ELMT. This follows because in
this approximation the propagator of Eq. (2.2) be-
comes a one-body (the projectile) operator.

If we simplify the problem to the extent indicated
above„ that is, if we truncate the propagator such
that it becomes a one-body operator, then Eq. (2.3)
is equivalently simplified. The operator t„. of
Eq. (2.3) is, in general, not a, two-body operator,
with the propagator taken as defined in Eq. (2.1).
In the extreme closure approximation, t„ is ob-
viously a two-body operator. We note in passing
that other approximations to the propagator are
possible which will transform the many-body
operator foi, as defined in Eq. (2.3), into a two-
body operator. All such approximations suffer
from shortcomings similar to those under present
discuss ion.
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W'e note that only in the case where t« is a two-body operator can we treat the lowest order term
of the W'atson series or ELMT series for elastic scattering as

&p,
' p„{o)

I
p Ipp„(o)&'" = p fdp, ~ dp„+p,'&p'p' , It„(p p &.&p„(o)lp, ~ ~ p,

'
~ ~ ~ p„& &p, ~ "i.lp„(o))

A

ffp dP((ptpflfof lpoP() p (Pfppf ) t (2.14)

where
l 4&A(0)) represents the fl-particle target ground state and p'" (p, p, ) is the usual density

(Pf )P() pl Pl-1 Pfp1 PA( A( ) IP1" pi "PA) (P1 p (A& I (A)( (2.15)

It cannot be emphasized too strongly that this standard "tp" result only obtains if t« is a two-body operator.
Similarly, the second term of the ELMT expansion, in the extreme closure limit in which the propagator

G, is treated as a one-body operator, becomes a true three-body operator and hence it follows immediately
that the next term in the ELMT series for elastic scattering can be represented as

&Plo (O)(plod'„(O)&'"=

geste(dote

dpt&p'it(p)l&t. t
—t. —t t& lop pt)p'"(p' pt' ppt) l'o (O)

j& j

Thus in the extreme closure limit the series of
ELMT is a series in the one-body density, the
two-body density, and so on.

Now if the finite series of ELMT in the extreme
closure limit is rapidly "convergent, " i.e. , con-
tributions from higher order terms decrease
rapidly from order to order, then the contributions
from the higher order terms may be less significant
than corrections to closure. Obviously then, we must
at some point consider corrections to the closure ap-
proximation. At that point we immediately encounter
the difficulty engendered by the fact that the propaga-
tor of Eq. (2.1) is a many-body propagator, and for
that reason even f fofoEq. (2.3) is no easier to cal-
culate than T. Thus we must seek some system-
atic way to treat corrections to closure.

In this paper, we seek an expansion of T that
inherently posseses all the advantages of the ELMT
series in the closure limit, namely that the first
term is a two-body operator, the second term a
three-body operator, and so on. Further, we
would like to have this series become identical with
the ELMT series in the closure limit. Obviously
such a treatment is possible, and ean represent a

better over-all systematic approach to the prob-
lem. In this paper we present such an approach.

III. NON ITERATIVE TREATMENT

In the preceeding section the Watson multiple
scattering series was resummed according to the
prescription of ELMT to obtain a finite series of
A terms. The treatment of ELMT represents a
particular way of "counting" or "arranging" the
scatterings, i.e. , according to the number of tar-
get particles which play an active role. The phys-
ical motivation behind this treatment clearly trans-
cends the perturbative derivation of the Watson
series and the selective resummation of this series
as presented by ELMT. In this section we shall
show how the ELMT result may be obtained without
recourse to iteration. Such a derivation will make
it easy to grasp the essential elements in the
ELMT arrangement and hence to improve and ex-
tend this result.

To this end, we now present an identity which is
central to our development. This identity, which
is proved in Appendix B, is

A

((f) Q [)(if& t(f& g( ]f&Q [(&ifk& t(if) t (fk& ](f ~gk(&f)+ ](f) t( )]k
j= 1 j& j j&j& 0

[g( ffk1) t (ifk) ( (ffi) g(fki)
g

(fkl)+ t (ff&~
g

(ik)+
g

(fi)+ ](fk)
g

(i!)
j&j& p&l

~(kf) (( &~f(f) ~(k) ((1))

—P ft( i )+ g f( f &fg&+f( )tffkg+ft( ffki&+. . .
j&j j&j&0 j&j&k&l

(3.1)
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where the definitions of the I"s are given oy the
term by term identification in Eq. (3.1). This
series is a finite series of A terms. It is an iden-
tity provided only that

—](122, 32 ~ ~ ~, A) (3.2)

[](123) t (12) ] (13) ] (23)

+ t" (1)+ ](2)+ ](3)] ( (123) (3.3)

as expected. Clearly, therefore, Eq. (3.1) is
merely a combinatorial identity. However, we note
that Eq. (2.13) is in the form of the identity given
in Eq. (3.1).

From the above exercise we thus learn that the
expansion given in Eq. (2.13) is by no means unique.
Obviously, there are an infinitude of possible defin-

independent of the definitions of the other $'s. Al-
though it is easy to prove Eq. (3.3} in general (cf.
Appendix B), we shall content ourselves with illu-
strating how it works for the case in which A =3.
In that case Eq. (3.3) becomes

[t(&)+ t(2)+ g(3) ]

+ [t (12) ((I) ](2) ](13) ] (1)

2 (3&+ ](23) ( (2& ] (3)
] r= gv„.++V„G(E)gv„, (3.4)

where the full Green's operator for outgoing waves
G(E) is given by

G(E) =(E —H+i&») ', (3.5)

with 0 taken to be the Hamiltonian of the entire
(A+ 1)-body system. In the case at handof couse,
H = ho+ H„+Q& vo(.

We now introduce the expansion of Eq. (3.1) for
the propagator, viz. ,

itions of the operators /of, t, ,j, I;, f jk, . . . for
which Eq. (2.13}will hold. The definitions given
in Eqs. (2.3), (2.8), (2.9), and (2.11) are those of
ELMT and are physically motivated. From one
point of view, therefore, Eq. (3.1) is empty. A
better way of looking at this, however, is that
Eq. (3.1) provides us with the flexibility to define
the operators $("» (where (vj represents i, ij,
ij k, or ijkl, and so on) as to put as much of the
physical answer as possible into the lowest terms
in a way consistent with computational reality.

With this prelude, we return to the problem under
consideration. We begin with the solved form of
Eq. (2.1), viz. ,

G(E) QG(f&+ Q [G(fj) G(f) G(j&]+ Q [G(fjk) G(fj) G(fk& G(jkl+G(fl G(j)+G(k))+. . .
i f& j f& j&k

r(&)i Q I'(1 j&+ Q I'(&jk&+
f& j i&j& k

At this point we shall treat Eq. (3.6) as a formal identity without defining the G("' beyond the necessary
identification of G(E) with G'" '"""'. Insertion of Eq. (3.6) into Eq. (3.4) yields

(3.6)

r=g(v„+v„r(&)v„)+ P {(v„+v„}(r'"' I "' r"')(v„+v„) v„r")v„v„r(j&v„]+~ ~ ~

=g[ 2&+v(&&G 'vo&]+ P f[(vo&+voj)+(vo&+voj)G'' (vo&+voj)]
i f& j

[ of+ of of] [ oj+ oj oj]j+'''.(f) (f) (3 7)

The definitions

(f)
~of ~of+~of G ~of y

to fj (v()f + vo j) + (vof + v() j)G (v()& + voj)

O&if jk ( Of (&j Ok}

+ (vof + v()j+ v()k)G (v()& + v()j+ v(&k )(f jk)

(3 8)

(3.9)

(3.10)

+ ~ ~ ~ (3.11)

and so forth, thus enable us to rewrite Eq. (3.7} as

T =Z to& + Z [to &j to& toj]
f& j

+ 2 [to, f jk to 1j to &2 to, jk+ to&+ toj+ tok 1
i& j&k

If we now define G'" to be

G"'=(E-h, —H„+vo, +i)}) ', (3.12)

then to, as given by Eq. (3.8) is. clearly the solved
form of Eq. (2.3}, and hence this choice of G" '

makes Fof tpi Similarly, the identification

G "j'= (E —ho —H„+v«+ v, j+i&»)
' (3.13}

yields the equality of to, j of Eq. (3.9) with t«j of
Eq. (2.8). This process of identification can con-
tinue in this through all terms of the series to re-
produce exactly the result of Eq. (2.13).

The exercise above indicates clearly that a
particular expansion of the Green's operator is at
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IV. SPECTATOR EXPANSION

We now follow through on the suggestion of the
previous section that the key to the proper ex-
pansion of the T matrix is the appropriate treat-
ment of the Green's operator. Thus we begin with
the full Green's operator of Eq. (3.5), which we
write as

1

G(E& =(Z —II, —II„-P „.~ II (4.1)

with the target Hamiltonian H„given. by

H, =gh, . + gv, , .
j&j

(4.2)

Now we may choose to concentrate our attention
on a given target particle, the ith particle. To
emphasize our interest in this particle we rewrite
Eq. (4.2) as

H~=h;+ vi) + +hi+ Q v)(
jW jest j Q(l

the heart of the ELMT result given in Eq. (2.13).
Once we recognize this, we are in a position to ex-
pand the Green s operator somewhat different1y in
order to retain the "connectedness" of the EI.MT
expansion in the extreme closure limit without
making any approximations. In the next section we
present a choice for the operators G'"' that gen-.
erates the desired properties in the expansion for
T.

active role in the scattering and the remaining
(A-1) target particles act as passive spectators.
This simplification takes p1ace in the case where
the (A-1) target particles are uncoupled from the
projectile and the ith target particle, i.e. ,

Q(VO(+ V(i) = 0 . (4.5)

By setting the coupling term in the propagator to
zero, we are dealing with two separate systems;
the (A-1) target particles are one connected sys-
tem and the projectile and ith target particle are
another separate connected system. In this ap-
proximation the Hamiltonian is

H = H = Hpj+H(g-j)(j)— (4.6)

We denote the eigenstates of the Hermitian Ham-
iltonian H« through the relation

H. I &"(p)& = . (p) I c"(p)& (4 7)

H ~-;) I
4 (.-()(a)&

= ~ (.-(&(a)14 (.-()(a» (4.6}

with the obvious definitions of the quantities which
appear in Eq. (4.8}. The eigenstates of H"' are

where the plus superscript indicates the outgoing
wave boundary condition for two-body scattering
states and is irre1evant for bound states, and P is
a parameter which selects a particular eigenstate
among the complete orthonormal set of eigenstates
of Hp) Sim ilar ly, the eigens tates of H &„„are
given by

h'+ 2 ii + (A-i)
jgj

(4.3)

H" 'I (t'."('(p) @~ ()(a))
= [&.((p) &(+,-()(a)]

I
() 0((&(p)@(„()(a)&, (4 9)

where H&„„ is the Hamiltonian governing the be-
havior of all the target particles in the absence of
the ith particle. If we now insert Eq. (4.3) into

Eq. (4. 1) we have

and in this approximation

(4.10)

G(E) = E —(ho+ h, + Vo, ) —H(„,&

(Voi + Vip) + (&I
, - jIti

Oi H(A i)
I I 1

Vpj+ Vj j +j'g (4 4)

If we make the further approximation that
e ~;(a) is some average energy 7&„,&

independent
of the state label n, i.e. , if we make the closure
approximation for H&„.j&, we have then simply as-
signed some average energy e(„,&

to the (A —1)
passive (spectator) particles independent of their
configuration. These approximations lead to

where H« is the first term in parentheses in Eq.
(4.4) above and represents the Hamiltonian govern-
ing the projectile and the ith target particle. The
term in the square brackets represents the coupling
between particles 0 and i and the remaining target
particles.

This way of writing the full Green's operator
conveniently simplifies in the situation where we
wish to con.sider that only the ith target plays an

G E) p ~(P,( (p) (g-(&(a)&(4,( (p)4'(„()(a) I

e, &o((p)+ i
a, g

with

= (e, —H„+ i&I) ', (4.11)

e, =-E —& ~-j). (4.12}

We define the approximate Green's operator of Eq.
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(4.11) to be G"'(E), i.e. ,

G "'(E) —= (e, —l(0 I&,. —v„.+ i&}) '. (4.13)

G(E) = E —(I(0+ I&(+ I&,. +v, &+ v„+ vo&)

I

1

(A f f) ol+»f+ jl
~ tII«, f

E ~ Ho f ' H(g~ ~g)

We observe that the operator G" '(E) is a two-body
operator, which is indeed a desirable property to
be possessed by an operator which is supposed to
represent the propagation of particle 0 interacting
with particle i, in the presence of (A —1) passive
spectator particles. We note that the energy e,
given by Eq. (4.12) is an appropriate energy for
this two-particle system since it represents the
energy of the entire (A+ 1)-body system less the
average energy of the (A —1) spectators.

In an analogous manner we may define the prop-
agator G "~&(E) through the treatment of G(E) as

in order that

G(E) —Q G(( + Q [G((J& G((& G(J&]+
f&j

Q I (i&+ PI(i&&+. . . (4.21)

7'(E}=Q t„.(e,)

be an identity.
I'he finite series for the Green's operator of Eq.

(4.21) is a spectator expansion. The lowest order
term Q,. G"' is a two-body operator (one body in
the same space of target particles), the next order
term Z«; [G "~' —G "' —G ' &'] is a three-body oper-
ator, and so on. In the first term all but one of the
target particles are truly spectators, i.e. , they
are uninvolved in the scattering process, in the
second term all but two of the target particles are
spectators, and so on.

We now follow the procedure outlined in the
previous section, to obtain the result

of+ «r+ ~y i + ~'0

-t&ky J
(4.14)

+ ~o. fg efg —~of e» —~op eJI

G(E) = (E —HO (&
—H(„, ~&+i&I) '. (4.15)

and in the closure approximation for the eigen-
states of H &„.f »,

o( ( s& l @+-(-J&-(+-)& = ~ u-(-»(o) I
@ (w-(-y&(n)&

-=&( -(-i& I4'( ~-»(o)&

we obtain the definition for G "~&(E) to be

(4.16)

In the approximation in which the (A —2) target
particles are spectators, i.e. , uncoupled from the
projectile and the two active particles (i and j),
this propagator becomes

+ ~o, «ga efga —~o, fy -~o, fa eff —~o, pa ega
f &2&k

+ t„(e,) + t»(e,.) + t»(e~) ] +. . . , (4.22)

where

tO((e, ) = v„+v„(e, H„+ (.&.)) 'v„,
tO, ,(e, ,) = (v„.+ VO&)

+ (v(&( + vO&) (e (& Ho (& + I g) (v(&( + vO&)

(4.24)

tO ( (e&)=(&(v(&(+ v(&, + v„)

G "»(E)=(e, H, „+I&),
where

(4.17) 0( 0& 0&.' (A 0 (N+

x (v„+v„+v„), (4.25)

and

e;&=E —6&„«&& (4.18)

(4.19)Hp fgkp+A«+hr+Vp«+Vpf+V»f r

The propagator G "~&(E) so defined is obviously a
three-body operator. The continuation of this
process to obtain G" ", etc. , is obvious. We note
that the procedure we have described leads to

G'-'"&=(E H, ,...„+i@)'-
= (E —H + i &I)

' = G (E) . (4.20)

That is, our procedure defining the operators
G'"' automatically satisfies the required constraint

and so forth. Clearly the lower case t's of Eqs.
(4.23)-(4.25) are free t's with energies shifted to
account for the energy assigned to the passive
particles.

We emphasize that the expansion given in Kqs.
(4.22)-(4.25) has all the properties we proposed as
desirable in such an expansion. The first term is
a two-body operator, the second term is a three-
body operator, etc. Of course, the simplicity of
this expansion is somewhat illusory. To go beyond
the first term in this expansion we need tO (~(e(J).
However, to obtain fO (&(e(&) represents a formid-
able calculational task. Problems of connected-
ness,"which appear to have been dealt with here,
reappear in the treatment of the tO („&(e(„&). How-
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ever, these problems, although difficult, are not
unsolved.

U. MANY-BODY FORCES

Here we shall show that the treatment given
above requires no modification in the case where
many-body forces play a significant role. We as-
sume, as before, that the behavior of the system
of (A+ 1) particles is governed by a Hamiltonian H,
which is the sum of kinetic energy and potential
energy operators. As usual, we may arrange this
Ham iltonian as

H= P h, + P v„, + Q v„„„+ ~, (5.1)

H —=H' =H;+H(A « (5.3)

by neglecting the coupling of particles 0 and i to
the (A —1) other particles. This permits us to ap-
proximate G(E) as

where we have used Greek subscripts to call atten-
tion to the fact that in Eq. (5.1) the summations
over the Green indices include the projectile (0) as
well as the target particle (1. . .A) indices. We
may then rearrange the Hamiltonian H as

0 0 )+ +0(A-'1 i(A-i&+H(A-( fr

(5.2)

where 8', & «represents the potential terms which
couple the projectile to the remaining (A —1) tar-
get particles, ~, „represents the potential terms
which couple particle i to the remaining (A —1) tar-
get terms, and H,„.„is the Hamiltonian for the
(A —1) remaining target particles. As before we

may then approximate H by

and so on. In this way we quickly observe that

T(E) = g t„(ef)+p [tp ff(e, f) —. t„(e,).—t.,f(e,)).
+ P [to, fk(e;fk) —tp ff(e, f).

t. ..(e-,,) —t„,,(e f)

+ f„.(e,.) + t pf(e, )+ tok(.ek) j + ~ ~ (5. 7)

where

fp ( f) =
of + Vof( f

—Hof + t)) Vof

to f,(e f,.) = (vof + vof + v«,.)

+ (v„+v„+v„,)(e,, .H. ..—+iff) '

"('of+ of + off»

0, ffk( 'fk) ( Of Of Ok off Ofk Oik Offk)

+ ( Oi + Of + Ok + Oif Ofk

(5.8)

(5.9)

Ofk Offk ( ffk O ffk+ l)

X (Vpf + Vpf + Vok+ Vpff+ Vofk+ Vpfk+ Vpf fk)

(5.10)

and so on. We observe that the t's defined above
are exactly what we would expect for the scattering
of a projectile from a single particle (i), a, pair of
particles (i and j), a triplet of particles (i, j, and

k), a.nd so forth.
Similarly, the results of Secs. II and III may be

generalized for many-body forces in a completely
straightforward manner. It thus becomes obvious
that one of the unique advantages of the expansions
under present discussion is that, unlike the mul-
tiple scattering expansions, these hold even if the
potentials have significant many-body components.

G(E) —= (e,. —H„+if)) '

= (ef —hp —if ( —Vpf —Vpf+ lTf)'
=-G "'(E), (5.4)

and

—Voj —V]j—Vog j+ 'L'g)

= ( ffk-"0 —ff,. —h,. —hk —v« —v»-v k
(f ja)

vol j- vole vojk- voija-
~ ) m]

kk' jk fjk

=(effk &O. ffk+if)) '-

(5.5)

(5.6)

where all the definitions are just as defined in Sec.
IV. Similarly, we define the propagator G "f'(E) as

G""(E)-=(e„—ap .f+iff) '

= (eff —ho —hf —hf —v„

UI. CONCLUDING REMARKS

In summary, we remark on the advantages which
accrue to the present treatment of the scattering of
an elementary projectile from a composite target
of A particles.

We believe the "correlative" expansions for the
optical potential given by ELMT to be more natural
than those of Watson or KMT. Furthermore,
these expansions show greater flexibility. It is
much easier to build the transition operator or
optical operator as a two-body operator plus a
three-body operator, and so on, this way than
any other way. It will be seen in another discussion
that this treatment can be taken over almost ver-
batim in terms of creation and destruction opera-
tors. %'hen this is done, these expansions be-
come hole- line expansions.

We have seen in Sec. III that the present treat-
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ment is obviously independent of any perturbative
considerations. -We also see that the present ex-
pansions are completely contained within the ex-
pansion of the full Green's operator. Such a treat-
ment is readily adapted to the demands of a field
theoretic formulation of the many-body scattering
problem.

Finally, in Sec. V we observed the present form-
ulation to be sufficiently general to subsume many-
body forces without alteration of the conclusion.
This property, together with the nonperturbative
nature of the treatment, suggest that such a frame-
work might be more appropriate for the discussion
of pion-nucleus scattering than is conventional
multiple scattering theory. This is indeed the case.
A formulation of the problem of the scattering of a
pion from a nucleus which uses some of the ideas
presented here is also in preparation.

where tpf ls defined by means of

~of Vof + vof Go@~of

= Vof + tofGoVof

and t, ,f is defined through

(vp( + vpy) + (vp» + v(&y)G pt&ttp

=( o(+vol)+ o, (fGo@(vo(+ o&&)

and so on. Comparison of the defining equation
for t and t indicates that f and t are related as

t"=t tG,PI;=t tG,Pt,

where t and t represent tpf and &pf or tp ff and

tp f f y
or to f fg and to f fff etc. , respective ly. We note

that Eq. (A7) is simply a reflection of the relation
between U and T as given in Eq. (2.16}, i.e. ,

APPENDIX A U= T —TGoPU= T- UGoPT (A8)

T = U+ UGoP T = U+ ~G pPU, (Al)

where P is the projector onto the nuclear ground
state. We may easily combine Eq. (2.1) and Eq.
(Al) to obtain an explicit relation for U in terms of
the external potential Z; v„, viz. ,

U =g v«+gv«GpQU

In this Appendix we shall demonstrate that the
treatment presented in the text may be applied,
without difficulty, to the optical potential. We also
illustrate, in a simple case, how the target cor-
relations enter the expansion of the optical po-
tential.

Paralleling the text, we begin with a review of
the ELMT treatment of the optical potential. The
optical potential operator U is conventionally de-
fined by means of the linear operator equation

A noniterative treatment for the optical operator
U is equally straightforward. The operator U is
defined through Eq. (A1). If we eliminate T be-
tween Eq. (Al) and Eq. (3.4), we obtain after some
manipulation

Of course, we recognize Eq. (A9} to be the solution
to the integra, l equation Eq. (A2). We may now

follow the course taken in Sec. III to obtain an ex-
pansion for the propagator in Eq. (A9) and from
that an expansion for U. The steps are a com-
pletely straightforward extension of the argument in

Sec. III. We begin by defining the propagator

=pv«+ UGp(I)+ v«,

where

(A2)

which we expand as

(A10)

Q= 1 —P. G(E} QG(()+ Q (G((&&) G(() G(J))~. . .
f& f

We note that Eq. (A2) for U is identical to Eq.
(2. 1) for T with the replacement of the propagator
Go by the modified propagator Go@. Hence we may
take over the results obtained above with a min-
imum of effort. We thus obtain in analogy with
Eq. (2.13)

U= Q tp(+ Q (t q o (t„—to~)—
+ & ( P, (N O, il Oit(k Peak

f&f&lf

p(f)+ p(ff)+. ..

where

G»" =— (E —hp —h{p}—V{„)q+ir/) '

and

V, =v (, V(~= (v (+v ~),

V(~k = (v(&(+ Vo) + 'v(&k), e'tc.

(A11)

(A12)

A

+ to, + tp~ + to„}+ ~ ~ , (A4) We then insert Eq. (All) into (A9) to obtain
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U=g (v„+v„ql «)v„)

[( )q(ft(li) Z
(i) fP( j))(

which corresponds to the G'"' of Eq. (4.16), and
so on. By inserting Eq. (A17) into (A9) we obtain
the spectator expansion of the optical potential:

—v„QI' "'v„—v„QI' "v„.]+ ~ ~ , ~

which we can rewrite as

U= t«+ (t«j- t, i —toj)+ ~ ~ ~,
f& j

(A13)

(A14)

U=g To(+ P (To li To( Toj)+

where
"(f)

~of ~of + ~of@~ ~of
tpp

0 l j ( oi oi} ( oi+ oj)t() 9 ( oi+ oj} '

(A20)

(A21)

(A22)

where

(f)
tof = Vof + Vof QG l)of ~

t(). li = (Voi+ Voi}+ ("oi+ Voj}II}G

(A15)

(A16)x (voi+

vol�

)

and so on. With the choice of G'"' given in Eq.
(A12), the operators t defined in Eqs. (A15)-(A16)
are obviously identical to the operators t defined
in Eqs. (A5)-(A6}, from which it immediately
follows that the series for U given by Eq. (A14) is
the same as that of Eq. (A4).

The spectator treatment of the optical potential
may be obtained by expanding the propagator G of
Eq. (A10) as

9 "'(E) —= (e, —ho —h, —vo, Q+ i)7) ', (A8}

G(E) =+9"'+ Q (9''i' —9'"—9' ')+ (A17)

where the operators 9'"' are the appropriate pro-
jections of the operators G "' of Sec. IV. That is,
for 9")we have

and so on.
Thus, the ideas and manipulations used in the

text to obtain an expression of the (A+ 1)-body 7'

operator trivally go over to obtain an expansion
of the optical operator. It is of interest to see
how target particle correlations enter into the ex-
pansion for the optical potential.

We shall compare within the closure approxima-
tion the second-order T matrix to the second-order
optical potential. As mentioned in the text, the
ELMT series and the spectator series become
identical in this approximation. Hence we need
not distinguish between them. Now, to obtain the
first nonvanishing contribution of the second-order
T matrix, we insert the expansion of to f& given by
Eq. (2.9) into Eq. (2.17) to obtain

(,C„(O)
i
7'(E) ip, c„(O)}"'

dpldp, .'dp, dpi
flan

x (pop(pi I t, (E)Go(E)tj(E}I pop(pi)

x p "(Pit Pi, P(, Pi), (A23)

which is analagous to the G '" given in Eq. (4.13).
For 8 "~' we have

where the closure propagator is

Go(E) = (E —ho+ i j}) ' . (A24)
9 "i'(E) =—[e,i —h —h, —hi —v, i

—(v„+voj)Q+ j)7] ', (A19)
Using a complete set of plane waves we may write
Eq. (A23) as

(0 0 (0) IP(E) IPP (0)) ZfpptEptt(P ~Ps

x fKpp (pop~( I l(E) I p() pl)(p() pi I ti(E) I popi) p (pi, pi ', pl, pi) (A25)
(E —(Po")'/2m + i j})

Similar considerations yield the first nonvanishing contribution of the second-order optical potential to be

(Po 4'~(0}
i
U(E} I po 4~(0}}"'

= g (p, c„(0) I(t((E)qG, (E}tj(E) iP,4„(0))

= P (PP„(0) I(t (E)G(E)tt(E) —fEP,"F(E) Ip,"0„(Dl)(p,"0„(0)IG(E) t( )) IPP (0))

dp(dp+p(tdptj dp,"(p~t(t I t, (E)Ip,"p,)(p,"pi I t, (E) I p~ j}
(E —(i)")E/2m + z)7)

X [P (Pl Pi' Pl Pi) —P (Pl P(}P (Pi, Pi)] (A26)
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where in going from the first equality to the sec-
ond we have used the explicit representation of
the projector Q off the nuclear ground state as

dpo po 4'g 0 po @'g 0

%e observe that it is the optical potential that
brings in the two-body correlation function'

—jf "'(pt, pi) ff
' "(pf', pf), (A23)

and not the T matrix.

APPENDIX B

In this Appendix we shall prove the lemma stated
in Eqs. (3.1) and (3.2). For this purpose we write

kf + P ((if $1 hf) + g (5 fik (if k ik (fk+ h 1+if+ 5k)
f& j&k

+ Q ($ 1 jki (ijk $1jt. k flk~ jkl + ~if+ ~1k + ~1k+ «1 + ~ jl+ ~kf « ~f ~k
f &j&jt&l

%e sh311 then prove that this finite series can be summed to be

To facilitate this demonstration we rewrite Eq. (Bl) as

(81)

(82)

- A
k k 2A= lim p (, + p(), f x$, —x(j) + g (],jk —x),j x],k-x(»+x'«+x'gf+x'$k)~

—j~l - -j& j
I

2 2 2+ 2 (~ifki xklfk x~111 xhiki ~jki+ ~ff+x 51k+x
f& j& k&l

*'4, **1„++1,+*'4+&*4 )1] +~
' (83)

or
A A

A= lim Q $, + Q $„—(A —1)x+ «+ Q ),jk (A 2)x g ]„i.
] j~1 f ~l.

(A —2)(A —3) ~ ~ (A —1)(A —2)(A —3)
~fjki ~ ifk+ ~ 5ij 1

x ~ ki +
i&j&k&1 i&f&k 2t j& j 3 k

(A —1)(A —2) , (A —1)(A —2)(A —3)
k 1

~ ~ ~

2f 3t

(A —2}(A —3), (A —2) (A —3)
2f 3 k " f&j

(A —3)(A —4), (A —3)(A —4)
(A —5)x'+ ~ ~ ~

&& E «jk+[1-(A —4}x+ '] Z «jki+ +&1 ~ ~ A

A

=lim (1 —x)'"" Q g, +(1—x)'A~' Q ),j+(1—x)'A~' Q (,jk+(1 —x)" & Q ),jk, + ~ ~ ~ +g,. . .A
j&j f&j& k i&j&@&J

l~ ~ ~ A'

Thus we have proved that the series of Eq. (81) sums to the result given in Eq. (82) and the identity

given in Eqs. (3.1) and (3.2) is proved.

(84}
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