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Analytic wave function for the deuteron D state*
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For calculations involving the deuteron S-state wave function it is common to use the asymptotic form for a
rough approximation and the ad hoc Hulthen form for a better estimate. The two parameters of the Hulthen
function are determined by the deuteron binding energy and the singlet effective range. In like manner we

propose an ad hoc analytic form for the D-state wave function, which contains two parameters which are
determined by the deuteron quadrupole moment and D-state percentage. The resultant function coincides very

closely with the functions obtained from several widely used potential models. Since the chief value of such
an analytic wave function is to calculate matrix elements quickly and easily we explicitly calculate a form of
integral that allows a large class of matrix elements to be evaluated immediately.

NUCLEAR STRUCTURE 2H D-state wave function, cal.culated e1.ectromagnetic
moments.

I. WAVE FUNCTIONS

The Hulthen wave function

u(r) =N(e ""—e ~"), P» y

is widely used to represent the deuteron S-state
wave function. Basically the justification for this
form is that the term e ~" modifies the asymptotic
form e ""at small distances in such a way that
u(0) =0, and more specifically u-r, as is reason-
able for S waves. ' Moreover the parameters y and

p are not arbitrary; y is given in terms of the
deuteron binding energy & and nucleon mass M
as"

y=qM~=0 2316fm

„(r)=nNe"' 1 ~ —+, ,),3 3
yg y't' (1.5)

where rj is termed the asymptotic D/S ratio, and
is found to be about 0.026 in many potential mod-

0.6

of comparable simplicity is in common use for
calculating D-state effects. %e have felt the need
of such a function in the past when studying the
deuteron magnetic form factor, "" radiative np
capture, ""and recently the controversial process
of doubly radiative np capture n+ p -d+ 2y."""

As is well known the asymptotic form of the D-
state wave function is'*'

and P may be determined from the triplet effective
range parameter ro= 1.75 fm as approximately"

(3 —&ro)+(&'ro' —lour, +9)' '
5 9sy (1 3)

fp

Similarly the normalization constant N may be
expressed in terms of the effective range as

N' = = 0.783
2y

+o
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~t ~

For many potential models the wave functions coin-
cide very closely with the simple Hulthen function,
except of course in the region r ~ 0.5 fm where
many potentials have a hard core (Fig. 1.)' '

Historically the Hulthen function has been so
often used in calculating deuteron matrix elements
that it would be hopeless to give a list of refer-
ences. However, so far as we know, no function
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PEG. 1. S-state wave functions: Reid hard core
. . . , Hamada- Johnston — —,Hulthen —,asymptotic
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els. ' ' Unfortunately the tensor force has a large
effective range and the wave functions obtained
from potentials approach this asymptotic form
very slowly, i.e. , for r& 4 fm (see Fig. 2). More-
over the behavior at small r is se- r ' as opposed
to u - r' as we would expect for a D state. ' Thus
the asymptotic form is an extremely bad approxi-
mation.

To remedy this we multiply the asymptotic form
by an interpolating factor which behaves like r' at
small r and like 1 at large r. We choose explicitly

0.3

0.2—

O. I

tr(.) =02((l — ")'e "' 1 ~ —+, ,)
3 3

Yr Y'r' (1 6)

which clearly displays the desired limits. The
parameter r is the same as appears in (1.2), while
we will treat q and & as arbitrary parameters to be
determined by experimental properties of the deu-
teron.

II. INTEGRALS AND PARAMETERS

The form (1.6) is surprisingly easy to handle
when doing integrals, despite the occurrence of a
fifth power in the interpolating factor. We will ob-
tain the necessary integral formulas to calculate
all matrix elements of the form

(2.1)

where f and g are either the u or nt wave func-
tions, and p is either a positive or negative inte-
ger. It is clear from the functional forms of u and
u) in (1.1) and (1.6) that we need to evaluate only

0

FIG. 2. D-state wave functions: Reid hard core. . . ,
Hamada- Johnston — —,Yale — —,present —,asymp-
totic -- —.

SI(&, &, n, m) ('svt= nI(!(.+ r, v, n —1, m —1) . (2.3)

Since I(X, O, n, m) is zero we may integrate to ob-
tain

t(1. . . ) = I l(1+ r', r', 1, —1)dr'.

(2.4)

We now consider n = m and obtain the following:

t(l, r, 0, 0)= —,l(l, r, 1, 1)=ln( ). (2.42)

It is now easy to show by induction that for n ~ 1
2O e-)t,q'

I(A2&2 n, m) = (1 —e '")" dr (2.2) t(1, r, , ) =(, )(-1)"'(1+ lr)
(n —1! =o

for positive and negative integral values of m.
Observe that we must have n ~ m in order that the
integrals converge. By differentiating with re-
spect to 7' we find the recursion relation

x ln(X+ kr) . (2.5)

To obtain the general case of n ~ m we split up the
interpolating factor and expand part of it:

e"" n —m . " e '""""
I(X, &, n, n) = (1 —e '")" (1 —e '") „dr = . (- 1)' (1 —e ") dr

p r g p j p r

(- 1)"«(X+ j&+ kr) 'ln(A+j r+ kr). (2.6)

With the substitution of a new dummy index g= j+k
and the elementary relation

I(X, r, n, )=m(- 1) '(X+ q&)
1 n

(m —1)! q

we then obtain a simple final form

(2.7}
x ln(X+ qr), n & m~ 1.

(2.8}
For m negative or zero we need only expand the
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interpolating factor and use elementary integral
formulas to obtain

f(X, r, n, -p)= n (- 1)'p!
P~Oy Pl~0 ~

2 y y
q y+ qlp P+1

(2.9)
We now have evaluated the function f(X, &, n, m) for
all the necessary values of n and m in (2.8) and

(2 9)
Let us consider now the values of the parameters

q and r in the function av of (1.6). These may be
fitted to the experimental values of the deuteron
magnetic moment p, ~ =0.858 and quadrupole mo-
ment @=0.288 fm'. Since the deuteron magnetic
moment may be expressed in terms of the nucleon
moments p.~= 2.79, p,„=—1.91 and the D-state
probability (P~) we can equally well fit the value
of P~; explicitly the deuteron moment is given in
elementary theory by"

!g (pp+ p„) z Pn(lip+ P 2) (2.10)

which may be solved to give P~=0.04. There are

however additional contributions to p. ~ which are not
included in the above, such as Ineson exchange cur-
rents, ' "'"velocity dependent spin-orbit forces,
etc."'" These increase p, ~ by several percent,
according to estimates, and thereby increase P~
to about 0.07. This value of P~ is also in agree-
ment with that obtained using some of the more
popular potential models. ' ' %e will thus consider
the two cases of P=O.O7 and P=0.04, with the
former being probably more realistic.

%e now fit g and & using the relations

PD= cv'dr, P~(exp) =0.04 or 0.0'f,
0

CCl

$0
Q= ~ (utu ~)r'dr, Q(exp) =0.288 fm'.

(2.11)
With use of the wave functions (1.1) and (1.6) and
the integral formulas (2.8) and (2.9) these reduce
immediately to simple algebraic expressions.

For the D-state percentage

Ps= q'N' a„, (-1)" '(2y+ qr)" 'ln(2y+q&) + q'N'a, g (- 1)'1 10 „„„1 10, 1

q 2y+ qr

61518 9a„= 1, —,~,~,~ 2.12'y'y 'y' 'y
and for the quadrupole moment

x2 2 5

F50 „. "
q (qr+2y)™ (qr+y+p)""Q = b„—1)'n!

2@+qy tf j.ln 2@+qy

(
3

q2N2 2 lo 10 ( 1)c
Cn ~20 „"~0 q (2y+ qr)

—,1, c„= ~, —,1, d„= ~,—4 . 21

0.36

0.34

I

To solve these we choose a value of 7' and calculate
0 from (2.12). These values of & and q are then
substituted into (2.13) and the resultant Q compared
to the experimental value, with the final solution

0.30 0.30

0.28

0.26 0.28
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FIG. 3. Solution for the parameter T in terms of Q exp

andP&. g is given in terms of 7 from (2.12); see (2.14}
and (2.15).
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FIG. 4. Q as a function of 7 for q= 0.025.
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given by numerical interpolation.
A plot of Q versus & is shown in Fig. 3 and we

see that, for P= 0.07

0.30

& = 1.09 fm ', q = 0.025

and for P = 0.04,

(2.14) 0.28—

& = 0.83, g = 0.029 . (2.15)

Not surprisingly these values of q agree quite well
with that obtained with potential models, due to
the fact that Q is determined largely by t and the
long range behavior of the wave functions. The
behavior of Q as a function of & and g is displayed
in Figs. 4 and 5.

The function w with the parameters (2.14) and

(2.15) is plotted in Fig. 2 for comparison with
several potential models. It is clear that for
r & 0.5 fm it is an excellent approximation with
the P~ = O.OV set of parameters.

III. SUMMARY

Ne have obtained a model for the deuteron D-
state wave function (1.6) which is independent of
dynamical considerations in the sense that no
specific properties of the nuclear force are utilized.
Instead the wave function is constrained to fit the
percentage of D state, which is related approxi-
mately to the magnetic moment, and the deuteron

0.26—

0.24
0.020 0.022 0.024 0.026

FIG. 5. Q as a function of q for ~ = 1.09.

quadrupole moment. A large class of integrals in-
volving this function are readily done using the re-
lations (2.5) and (2.9). From the graph Fig. 2 it is
evident that this function is a good approximation to
several widely used potential model wave functions,
and because of this it is hoped that it will be a useful
tool in calculating deuteron properties. In particu-
lar it should be useful in situations where a matrix
element must be integrated over a parameter, e.g.
second order perturbation theory for the process
Ã+P d+ 2p.
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